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AsstrACT. In this paper, we apply a weak Galerkin method for solving system of non linear time Frac-
tional Reaction-advection-diffusion Equation in Porous Media(FRDEs). Based on a conservation form
for nonlinear term and some of the technical derivational. Theorticly, the convergence for discrete time
weak Galerkin finite element schemes is proved. Numerically, the accuracy and effectiveness of the weak
Galerkin finite element method (WG-FEM) are illustrated by using Numerical example with the lower
order Raviart-Thomas element RT}, for discrete weak derivative space.
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1. INTRODUCTION

We consider the time fractional reaction-advection-diffusion equation in porous media as [1]:

OCDf‘lu — €Uz — V1 OCDflu + duu™ — G (uv)y = Uy (u) + fi(z,t), (1.1)

thazv — €1Vpz — V2 ng% + 020, 0™ — (o(uv), = Vo (v) + falx,t), =€ J, (1.2)

where J ={z:0<z<b},0< 1,00 <1,1<B1,02<2,0<t<1,¥(w) = Nw(l —w),i=1,2, are

nonlinear functions, with the initial-boundary conditions

u<x70) = gl(x)v ’U(Q?,O) = 92(‘%')7 (13)

u(0,t) = u(b,t) =0, v(0,t) =wv(b,t) =0, (14)
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In the above expressions, €1, €2, are diffusion coefficient, d1,d2 be the advection coefficients, A1, Ao
denotes the reaction coefficient, u(z, t), v(z, t) are the velocity components to be determined, fy; s, C; 8,1 =
1,2 are constants and fi, f2, represents the force terms.

Fractional Reaction-Diffusion equations are widely used in demonstrating abnormal slowly diffusion
process for non conservative system viz, the FRDEs are the mathematical modeling of the change in
time and space of the concentration of one or more modecules of a substance.

In the study of nonlinear physical problems, fractional order reaction-diffusion model plays a
significant role, therefore authors are motivated to find the approximate numerical solution of space-
time fractional order reaction -diffusion equation and to analyses their physical behavior in porous
media associated with Liouville-Caputo fractional order derivative.

To solve fractional differential equations, there exist several methods: Laplace and Fourier transforms,
truncated Taylor series, numerical methods, etc. (see [2] and references therein). Recently, a lot of
attention has been put on the fractional calculus of variations (see [3], [4] and [5]).

In this paper, we adopt the notations H™(.J) to indicate the usual Sobolve spaces on subinterval
J C J equipped with the inner product (., ), g thenorm ||| 5 and the seminorms |.| 5 form > 0.

The space H'(0,T; H™(J)) is defined as:

T w
O T () = we B [ 1750t < o,

where H™(J) is Hilbert space of order m defined as:
H™() = {u:0"ue L*(Q); Vv st |v| <m}

This paper is organized as follows. In section 2, we introduce some of definition of fractional
derevative and fractional integral. In Section 3, we establish a weak variational form for problem
(1.1)-(1.2). In Section 4 we introduce definitions of weak derivative and discrete weak derivative. In
Section 5, we devoted to the continuous and discrete time WG-FEM. In Section 6, we establish the
optimal order error estimates in L?-norm for discrete time WG-FEM. Finally, we present a numerical

example to verify theory.

2. PRELIMINARIES

There are several definitions of fractional derivatives and fractional integrals, like Riemann-Liouville,
Caputo, Riesz, RieszCaputo, Weyl, Grunwald-Letnikov, Hadamard, Chen, etc. We will present the
definitions of the first two of them. Except otherwise stated, proofs of results may be found in [6].

Let w : [a,b] — R be a function, « a positive real numbers, n the integer satisfies n — 1 < o < n, and

I the Gamma function, Then
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e The Riemann-Lioville fractional integral of order o defined by
(o) / (z — 5)* tw(s)ds (2.1)

e The Riemann-Lioville fractional derivatives of order o defined by

d” I “w(x) = 1 4 /x(x — 5)" " Lw(s)ds (2.2)

R o
D -4
o Dzw(@) dxn® I'(n — «) dz™

e The Caputo fractional derivative of order o defined by

C Dy (z) = I;*a%w(a:) _ F(nl_a) / "o = s)rmo 1™ (s)ds (2.3)

Based on definitions of fractional derivatives, fractional integrals above, the thierd term in equations

(1.1)-(1.2) can be written as:

x xr
N §DEu = / Fi(z — s)ugu(s)ds and 75§ Do = 4y / (@ — 5)vaa(s)ds
0 0

where k;(z — s) = (?z;l;? ,i=1,2.

3. WEak VariatioNnaL FOrM

In order to defined the WG finite element approximation to problem (1.1)-(1.2), we first need
to derive a weak variational form associated with problem (1.1)-(1.2).
Based on definitions of fractional derivatives, fractional integrals, multiplying equation (1.1)-(1.2)

by x, p € Hi () and integrating by part, the weak form is find u,v € H(0,T; H}(Q2)) such that

(D ux) + alu,x) = (P1(u), x) + (f.x), Yx € HY(J), (3.1)
(G DF2v,p) + a(v,p) = (W2(v),p) + (fa,p),  Vp € HY(J), (3:2)
u(x,()) = gl(x)ﬂ U(I,O) = 92(‘7:)7 x € J, (33)
where
a(qu) = (eluanx) + 71 /Ox kl(iv - S)(ux(5)7Xx)d8 + my + 2(um1uﬂc7X) - mf:_ 2(um1u7Xx)
+  G(uv, xz)- (3.4)
v.p) = (eavenpe) 72 [ Bl = 3)(0ul) s —2s (070 p) = 2 (00 p0)

+  C(uv, p). (3.5)
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4. WEAK GALERKIN FINITE ELEMENT APPROXIMATION

In this section, we present some of weak derivative concept. Let J = [4, xp) closed interval with
interior J, = (x4, ). A weak function on J refer to a function w = {wo, wa, wp}. wo = w|y, € L%(Ja),
values w, = w(x,) and wy, = w(zp) exist.

Note that w, and w;, may not be necessarily the trace of wy at the ends of the interval (z,, z;). Denote

the weak function space by
W(Ja) = {w = {w()awcwwb} Two € LQ(Ja)v ‘wa‘ + ’wb| < OO} .

Definition 4.1. [/] Let w € W (J,). The weak derivative 0w is defined as a linear functional in the dual space

H~Y(J,) whose action on each ¢ € H'(.J,) is given by
@o,0) =~ [ wndde + wnalen) ~ woale), Vo € H'(J), (41)
I,

It is obvious that, as a bounded linear functional on H'(.J,), dqw is well defined for all w € H'(.J,),
considering w as a weak function with components wy = w|;,, w, = w(z,) and w, = w(xyp), then by

integration by part, we have for any ¢ € H'(.J,) that

Ty
/ wqdr = / w'qdr = —/ woq dx + Wy — Waqq
a Ta a

= Oqwqdzx. (4.2)

which means that d;w = 1 is the usual derivative of function w. We then present the discrete weak
derivative which is actually used in our analysis. For non-negative integer & > 0, let P, (.J,) is the space
consisting of all polynomials over .J, with degree less than or equal k. Then, P;(J,) is a subspace of

H'(J,).

Definition 4.2. [5] For w € W (J,), the discrete weak derivative Ogw € Pj(J,) is defined as the unique

solution of the following equation,

Og pwqds = —/ woq dx + wpqy — Waqa, Vq € Pi(Jy). (4.3)
Ja o

From (4.1) and (4.3), we have
(Qaw, q) = (Japw,q) = / dapwqdr Vq € Py(Ja).
Ja

This shows that 9, ,w is a discrete approximation of dyw in Py(J,). In particular, if w € H'(J,), then
from (4.2) and (4.3) that

/ (Basw — w')gdzr =0 Vg € Py(Jy). (4.4)

a

That is, 04 xw is the L?-projection of w' in Py, (J,) if w € H(J,).
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5. THE Discrete TiMe WG-FEM

Let J,:a =21 <22 < .. <xy_1 < zy = bbe partition of interval J = (a, b) with elements

Ji = (x4, zi41). Denote the mesh size by h = max h;, where h; = z;11 — 3,7 = 1,2,..., N — 1. In the
K3

weak finite element analysis, for any integer » > 0, the discrete weak function space defined on the

partition .J;, defined by [§]
W(Jp,r) ={w:w|; € W(J;,r),i=1,2,..,N -1}, (5.1)
where
W (Ji,r) = {w = {wo, wi, wit1} : wo € Pr(J), |wi| + [wiy1| < oo} (5.2)

Note that for a weak function w € W(J;,r), the endpoint values w; = w(z;) and w11 = w(wit1)
may be independent with the interior value wg.Recall the discrete weak derivative definition (4.2) for

w € W(J;,r), its discrete weak derivative 04w € Py (J;) is given by the following formula
/ O pwqdr = —/ woq'dz + wit1¢iv1 — wigi, Vq € Py(Jy), (5.3)
Ji Ji

where ¢; = q(i), ¢iv1 = q(zit1).

Therefor the space of discrete weak derivative Y}, defined as :
Y, = {'1979’J1 EPk(Ji),i: 1,2,...,N—1} (54)

In our discussion, with the exception of the weak function w = {wp, w;, wi+1} € W(J;,r), values of
end a smooth function w on J; should be determined by its trace from the interior of .J;. For example,
for z € HY(J;) 2 = z(x;) = mh_)ngl z(z), z € J;. Let Jp, = (wj—1,x;) and Jr = (x;, xi+1) be two adjacent
element with the common endpoint z;, weak function w| 5, = {wl, wl,wk} wl in = {wf, wl,wk |},

we define the jump of weak function w at point z; by
[W]a;, = wlR — wiL,w € W(Jp,r).

Then, weak function w is unique value at the point x; iff [w],, = 0. The weak finite element space X}, is
defined by

Xp={w:weW(Jy,r), [wg =0,i=2,..,N—1}. (5.5)
We refer to X 2 as the subspace of X} with vanish on endpoints of the interval [a, b]; i.e.,

XP ={w:we Xp,w(z) =0,w(zy) =0}, (5.6)

Denote the discrete L? inner product and norm by

N-1 N—-1
wwn =3 (wws =3 / wwdz, [[wll} = (w, w).
; i=1 Vi

=1
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Now, we shall establish the discrete time WG-FEM for time Fractional Reaction-advection- diffusion
Equation, let 0 = tg < t; < .... < tpr = T be a partition for time interval [0, 7] and the time level
t = t, = nT where n is nonnegative integer and denote by U,, € X} the approximate solution of u(t,).

The Caputo derivative and Caputo integrals are approximated by the following lemmas:
Lemma 5.1. [9] Let y(t) € C?[0,t,]. Then
6 Diy(t) = Dfy(t)+TRy. (5.7)

where

—a n—1

Dgy(t) = ﬁ(bﬁy(tn) - (bn—é—l - bn—f)y(tn) - bn—ly(tO))>
1

~
Il

and
by =[(0+ 1)\ — 172 0> 0.

The truncation error T R} can be estimated by:

TRy

| <
11—«

1 1—a+ 22—«
12 2 — «

(149 @ 2—a " ¢
(127 772 mae 190

Lemma 5.2. [10] According to the backward Euler convolution quadrature rule, the integral term discretized as

follows:
/Orn K(z, — s)y(s)ds = 1—\(21—5) /:n (2 — s) " Py(s)ds
n—1
= WY dyy(an—g) + TRS. (5.8)
q=0

where the weight d,, is determined by the generating function (1 — z)%=2 = 3°°° , d,, x4

Lemma 5.3. [11] Forn > 0:
51 < on {0l + [ 0 - 9 (ol 59
Now, the fully discrete WG-FEM for problem (1.1)-(1.2):Find U,,, V;, € X}, such that

(D2UY xo)n + an(Un,x) = (T1(U2_1),x0) + (f, x0)n ¥x € X}, (5.10)

Un(x,0) = qipn(z), =€,

D2V xo)n + an(Vi,p) = (Ua(VY 1), po) + (f2,x0)n Yx € X1, (5.11)

Vn(CC,O) = g?n(x)a S Ja
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where, the bilinear form is defined as

n—1

_ 5 .
an(Un, X)n = (Elad,kUm OakX)n + ’Ylh(Q A Z dg <8d,kUn—q; 8d,kX> + ! ((UT(L)) 104.kUn, X0)
q=0 my + 2
0
pl— ir 5 (U)™U°, 8akx) + C1(ULVz D) (5.12)
n—1
(Vo Pln = (€204 Vi, Q) + 12k go Ao Du Vg, Oakp) + - = (V)" 0uVas po)
0
= (VY0 Bag) + UV, D) (5.13)

6. ERROR ANALYSIS

In this section, we will get error estimates for the continuous and discrete time WG-FEM in the
L?-norm and H!-norm, respectively. To balance the accuracy of approximation between space X}, and
Py (J;) used to calculate 0y ;up, from now on, we fix always index k = r + 1 in the definition of discrete

weak derivative (5.4).

For v > 0, let RY is the local L*-projection operator, restricted on each element J;,

RY :w € L*(J;) — RYw € P,(J;), such that
(w—Rjw,q) =0, Vqe P,(J;),i=1,2,..,N —1.
By the Bramble- Hilbert lemma, it is easy to prove that

lw = Rywl 5, + hillw — Rywlly, < Chiljw

sgi, 0<s<v+1. (6.1)
We now define a projection operator Q, : w € H(J) — Qprw € W (Jp, r) such that
Qhw|ji = {Q%w, (Qrw)i, (QhUJ)i+1} = {R};w,w(:ni),w(xiﬂ)} ,i1=1,2,..N —1.
Obviously, Q,w € X} if w € H{. It follows from (6.1) that
1Qhw —wll; < Chfl|wlls.zy 0<s< 7+ 1. (6.2)
Furthermore, using the definition of operator @}, and the discrete weak derivative J; . in (4.3) we have
[ on@uwats =~ [ Qhudde + (@Quu)ngis = @)
= — [ wide+ @y — ()
= /J w'qdx, Vg € Pr(J;). (6.3)
Hence 04 ,Qnw = R’,?Lw’ and (noting that k = r + 1)

||8d’thw — ’U),HJi < Chf”w||s+1’Ji 0<s<r+42. (64)
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Estimates (6.2) and (6.3) show that Q,w € X} is a very good approximation for function w € H}(J) N
H* 1 (J),s>0.

In order to do the error analysis, we still need to construct another special projection function.

Lemma 6.1. [/] For w € H'(J), there exists projection function Myw € H*(J), restricted on element J;,
My € Pryq(J;) satisfies

(Myw),q) = (', q)s,, Vg € Pa(i), i= 1,2, N = 1, (65)
Myw(x;) = w(z;), i =1,2,...,N, (6.6)
|w — Mpwl| s, + hil|w' — (Mpw)'|| 7, < CRETH|wl|s41, 0<s<r+1. (6.7)
Lemma 6.2. [12] Suppose that the nonnegative sequance ¢™.g" | n =0, 1,2, ... satisfy

D™ < A" + Aa¢™ !+ g™ n > 1

where \1 > 0 and Ay > 0 are constants. Then, there exist a positive constant 7* such that when T < 7.

tCY
U (7 S I - NE,(2A\*).0<n < N

where Eq(2) = X322 0F(1+ka) is the Mittag-Leffler function and X = \; + m-

Lemma 6.3. Let u(t),v(t) € H*(0,T, H*(J)) be the solution of problem (1.1)-(1.4). Then for all x,p € X},

we have
(§ D, x0)n + €1(Mptua, OakX)n + / (k1 (z — 8) Mpug(s)ds, Og 1 X)
01 )
Tt (s . _ M mi1+1 o M )
m1+2(u Uz, X0)h m1+2( 30 ;0dkX)n + CL(Mpuv, Og e X)n
= (\Ill(u)a XO) + (fla XO)ha (68)
and

(§Dy2v, po)n + €2(Mpva, Oapp)n + 72 / (k2(z — 8) Mpvz(s)ds, Oqkp)

- 5
+m2+2(v Uxapo)h—m2+2

(Mo, 8 kp)n + Co(Mpuv, dg pp)n
= (W2(v), po) + (f2, P0)- (6.9)
Proof. For Eq.(6.8), multiplying equation (1.1) by xo and integrating we obtain
(§ D, X0)h — (€1taa x0) — M /j ki(z — 5)(uzz(s), x0)ds + 1 (uzu™", X0)
= GQ((wv)az, x0) = (¥1(u), x0) + (f1, x0)n (6.10)

the nonlinear term of above equation can be written as

(W™ )2, X0)ns

(uzu™, X0)n (W™ ug, X0)n +

T+ 2 my + 2
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1

- my + 2<UmluwaX0)h +

— 2((Mhum1+1)an0)ha

And
_((uv)xa XO)h = _((Mhuv)xv XO)h-

By the definition of operator Jy ,, we have
(Mpu™ )5, x0)n = —(Mpu™ ™+, 8 1x)n + (Mpu™ ) ipixin — (Mpu™ 1) ix,

—((Mpuv) g, x0)n = (Mpuv, g X)n — (Mpuv)iy1Xiv1 + (Mpuv)ixi,

since y € X}, noting that y; = 0 and xn = 0.

Hence,
(Mpu™ )5, x0)h = —(Mpu™ 1, 8y e x)- (6.11)
—((Mpwv)z, X0)n = (Mpuv, 04 X)n (6.12)
Similarly, by using Lemma (6.1) and the definition of operator Jq 1, Vx € X U we have
—€1(tgz, X0)n = —€1((Mpuz)z, Xo)n

= —e{—(Mpuz, 0arX)n + (Mpuz)it1Xi+1 — (Mpuz)ixi}

= e (Mpug, OdkX)h- (6.13)
and
= [ e e (dson0) == [ ke = 5) (s (s))ads, ol
= = [ Bl = ) (- (e (5, D) + ()i i = (M)

= 7 /:C ki (z — s)(Mpug(s)ds, ad,kx)h (6.14)

Substituting (6.11),(6.12), (6.13) and (6.14) into (6.10) we complete the proof.

In the same manner for Eq. (6.9). O

Theorem 6.1. Let u(z,t),v(x,t), Up(z,t) and V,,(x,t) are solutions of problem (1.1),(1.2), (5.10) and (5.11)
respectively and let u(t),v(t) € H?(0,T, H™t1(.J)) then there exist constant C such that

T op) 2 9
m{h (fgﬁg@ w2 + nax o) [l512

IN

I(€)ollE + I eholl
e fo)l0) + 72| ) IR + () s
QO+ 1O+ [ (sl + ool

+ Og;fgn(lutt(t)l + Jvee ()]} (6.15)
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Proof. Sett = t,,x = x, in equation (6.8), we have

(§ Dy x0)n + €1 (Mpug (tn), BapX)n + M1 / (k1(x — s)Mpuy(s)ds, Oq kX)
0

51 51

(W1 (u(tn)); x0) + (f1(tn); X0)n;

Subtracting (6.16) from (5.10), we have

Lete! = Qnuy, —

where

1 _ m u 1
5D (ol + exlldarenli +1h® )N " dy (Balen_q), darer) = Y @1,

o)
o2

o)

+

(D2 (QVuy, — UD), x0)n + €1(0ar(Qnuun —

Un), 0akX)n

n—1
71h(2*51) Z dq (&Ug(@hun—q — Un—q)y ad,kX)

q=0

(D2 Qhun, —§ D), x0)n + €1(0akQntin: OapX)n — €1(Mpug(tn), DaxX)n

n—1

~y1h (2B Z dg (0qkQntn—q, OarX) — 71/ (k1(x — s)Mpug(s)ds, Oq rX)
0

q=0

4]
- l 5 {(UR)™ 00k Un, x0)n — (™ ta, X0)n}
o
e A D) — (U™ Uy DapxOn}

G {(Mpunvn, OaixX)n — UV, OarX)n}

(W1 (un), x0) — (¥1(Uy_1), x0)

n—1

q=0

(D2 Qhun —G Ditu), (e5)o)n

€1(04,kQntn, Oaren)n — €1(Mpug(tn), O ke )n-

n—1

A h (=61 Z dy (OakQntin—g, Oa rel) — 71/ (k1(x — s)Mpuy(s)ds, Oq ke,,)
0

q=0
J
o LU ™ DakUn, (€5)0)n = (™ s (€5)0 )}
0
o A ae ) = (UR)™ Un, Dapesn)

—G{(Mpu(tn)v(tn), Bares)n — (UVY,

(T1(un), (e3)0) = (P1(Up 1), (en)o)-

Od ken)h}

(Mpu™ 0015 + G (Mptnvy, OaxX)n

Uy.and e} = Qnv, — V,,. Taking x = e} in equation (6.17) we have

7

=1

(6.16)

(6.17)

(6.18)

(6.19)
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For ®1), we can estimate as follows:

n

o) = (D2QVu, —§ Du, (e)o)n

= (D' Qhup — D", (ep)o)n + (D" —§ Ditu, ()0,

n n

1 1
< SIDY Qhun — DI + S| D =G Dpull + [i(e)o)ll;
1 1
< SCIQhun — P + SIDF " =G Dyl + [ (en)o)]l
< CRUD |y + O Jmax fu ()] + [(en)o)ll- (6.20)

For (2

3@ = € (0axQnultn) — uz(tn), Oarel)n + €1 (un(tn) — Myuy(tn), darel)n,
Using Youngs’ inequality, we have

3 €
90| < as@uu(ta) — st + 5l 9anell?
3 €
ol (tn) = Muwa ()l + 35 110arex 7 (6:21)

For ®®)

i
L

‘@(3)’ < ,Ylh(Qfﬁl) dq (04 kQntn—q, Odkep) — M / (k1(z — s)Mpug(s)ds, 8d,ke}j)
0

S
- o

NN " dy (001 Qntin—q — Uz m—g, Dakel)
0
1

IN

S
Il

+ '71h(2_51) dq (U:c,n—q - Mhux,n—qa 8d,k€rul)

q=0
n—1 T
+  (phEP) Z dg Mpugpn—q—m / (k1(x — s)Mpuy(s)ds, Og key)
q=0 0
€ 9 n—1
1 .
< Souretl + 1A Y dy Qua@ut—y — o)
q=0

9 n—1
+ *”'71]1(2_51) Z dq (tgn—q — Mhuw,nﬂ])”%

€1

q=0

9 n—1 Tn

+ aH(%h@‘B” > dg Mpuap—g —m / (k1(z — 8) Myug(s)ds|?
q=0 0

€1 ) 2 2
< lfarenlli +C max [10axQ@nuj = ta )l + C max lue; = Mutz)i

9 n—1 T
b IO S dy Mg = [ (e = )M o)l (622

0

q=0
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To estimate ®®) + &) we can write ®4) and ®©) as follows:

ol = mfiﬁ((UO)mlad kUns (€n)o)n — (W™ ug, (€n)o)n}
— 51 5 L™ (uxQnu = ua), (e )o)n + (((Qu)™ — u™ ) Dk Qnu, (ef)o)
m

+ (((U)™ = (Qhw)™)Dax@nu, (er)o) + (UR)™ 0ap(Un — Quu), (e)0)} (6.23)

and

o
OO = A M Qaei)n = (U)™ Uns Baern)

01

= o 5 O™ (@ = UR). Bael) + (Q)™ — (UD)™)@hu. Buey)

+ (um1+1 . (Q%U)ml—i_l,ad,ke;i) + (Mhuml—H _ uml"rl’ &meﬁ)

(6.24)
Hence, we have
)
4) B — 1 m1 _ u
o+ @ m1+2{(u (D4 kQru — uz), (ep)o)n
+ (((Qu)™ — u™)dg xQnu, (e5)o)
+ (((UNH™ = (Qhu)™) D4k Qnus, (€4)o)
+ (@)™ = (UN™)Qhu, Daren)
+ (WMt = (Qu)™ T, Oy et
+ (Mhum1+l — umlH, 8d,k€g)}
(6.25)
By using Youngs’-inequality and 04, Qnu = R} u,, we have
) 1
4) ®| <« 1 u™ 1 2
29100 < (™ 2 0unQne — wsl + el
601 (m1+ 2)e
2 2y w)|2
+ Ol ol + 0=l ol + 55 ol
601 my 2 0 2, (m1+2)e 2
+ Ol = Qul? + Y ok
661 (m1 +2)er
M mi+1 _ , mi+1 w2 2
e M+ -t TS o e ) (6.26)
For ®(©)
O = —G[(Myu(tn)v(tn) — ultn)v(tn), daretn + (Vi — QGu(ta))(@hultn) — UY), dapet)n

+ HQPu(tn)(Qu(tn) — UR), dagem)n + (Qho(tn) — Vi) Qhu(tn), Daren)n
+ (0(tn)(ultn) — Quu(tn)), Oarel)n + (Qnu(tn)(v(tn) — Qhuv(tn)), Oaret)n),
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By using Youngs’-inequality, we have

)@(6)‘ < 3’@’ | Mpu(ty)v(tn) — u(ty)v (tn)||h+ ||8dkeu||h

9|¢ u
n ’1’ €20l + S ekoll2 + L 10t
3|¢ u
+ ’1’ A o2 ol + L 0nsetl?
3|¢C u
n ’1’ Ju(t €0l + S loarel
3|¢C € u
n ’1’ o) 2 Ju(ta) — QRutn) I + L 0uketl)
3’41’ 0 2, )
B 2 ot — Qo) + L loasel ). (627)

For ®(7), by using the Lipschitz continuity, we have

D) = (Wi(un), (€2)0) — (B1(U1), (ko)
< Llfun — U9l
< Slhin — tmalP + o lhn 1~ Qa1 + 2 1@~ US| + 2 ()2
< Ly / o (5) s + & llum-1 — Quunr [P + 2 eI + S IERPI (6.28)

Substituting (6.20), (6.21), (6.22), (6.26), (6.27) and (6.28) into (6.18), we get

DC“H( “ol|2 + 13~ Z dy (Da (e’ ,), Daxel)

q=0
< ChZ(rH)(HUHrH + [Juv||Z o + [[0]|240) + CT 22 02%(” [uge (t)|
+ 5T t |ute(s)]|“ds + §||( Dollz + C(ll(e%)olli + N1 (e2)oll?)
n—1

+ Coglég(llug)llr+3+||uy)||r+2)+CTQ(IIU(0)II+/ lusl*ds) (6.29)
0

In the same manner, we have

n—1

1 _
5D I(ER)ollh + 207> dg (Bun(es—g): Daner)
q=0

< ORIl + vl + 0]2,0) + O max fug(t)

—+ 572/" Hvtt(S)HQdS—Fg”( )0"h+0(”( OHh—i_H( )OHh)

tn—1

+ O max (Ilvy)||7»+3+||vy)||7n+z)JrC’TQ(Ilv(O)|+/O lva|*ds)  (6.30)
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Combin the equation (6.29) with (6.30), and using Lemma 6.2 with (o = «, 5; = 8,7 = v,i=1,2),
we have

TO[
'+«

A

2 2 2(r+1 2 2
I(eollf + i (epoll < (24D ma i) 24 + max o) 25

tn
+  max luv(t)[1741) +72[/ (l[uee ()17 + llvee(s)[17)ds
<I<n 0

+mmwwwwf%w%mmm

+ max (fug(4)] + [vn () ])]}- (6.31)

0<t<tn

7. NUMERICAL EXPERIMENT

In this section, we consider the following one dimensional coupled Burgers” Equation in J = [0, 1]

[13]:
ou  %u ou ov ou

2u— + (u-— +

ot o o tlugy Trgg) =0 (7.1)

o v ov ou ov
— — — — 20— — —) = 7.2
5 52 U8m+(v6x+u8x) 0, zeJt>0, (7.2)

with the initial-boundary conditions are taken from the exact solution to above system which can be
expressed as

u(z,t) = v(x,t) = e 'sin(x), Vo e Jt>0. (7.3)
In this example, the accuracy and effectiveness of the WG-FEM are illustrated where the interval .J
is divided into N partial intervals with grid size in x-direction » = 1/N and the WG-finite element
space X}, consists of constant polynomials on J and 9.J, also the time interval [0, 7’| was divided into
M partial intervals 0 = ¢y < t; < ... < t)y = T with time step 7 = T/M, M € Z*. Table 1 shows a
comparison of numerical and exact solution and absolute error for v and v at N = 20, M = 50 and
T = 1. Table 2 shows the L? error and convergance order for u and v at r = 1 and T' = 1. Figure 1
shows a comparison of numerical and exact solution at N = 80, M = 50, and 7" = 1 .Figure 2 shows

the solution for different values of (aw = 0.1,0.2,0.3, ..., 1).



TABLE 1. Comparison of numerical and exact solution at N = 20, M =50 and T = 1.

h L?— error order
1/20 2.8962e-02 -
1/40 7.2224e-03 2.0036
1/80 1.8100e-03 1.9965

1/160 4.5253e-04 1.9999

TaBLE 2. Convergence rate for uand v at r=1and T=1.
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x Exact Numerical Error

0 0 0 0
0.05 0.018386 0.014945 3.4409e-03
0.1 0.036727 0.029853 6.8732e-03
0.15 0.054975 0.044687 1.0288e-02
0.2 0.073086 0.059409 1.3677e-02
0.25 0.091015 0.073983 1.7032e-02
0.3 0.10872 0.088374 2.0342e-02
0.35 0.12615 0.10255 2.3598e-02
0.4 0.14326 0.11647 2.6786e-02
0.45 0.16001 0.13013 2.9885e-02
0.5 0.17637 0.14352 3.2854e-02
0.55 0.19229 0.15667 3.5612e-02
0.6 0.20772 0.16974 3.7978e-02
0.65 0.22264 0.18308 3.9560e-02
0.7 0.23699 0.19747 3.9529e-02
0.75 0.25076 0.21454 3.6221e-02
0.8 0.2639 0.2373 2.6604e-02
0.85 0.27638 0.27021 6.1709e-03
0.9 0.28817 0.31624 2.8066e-02
0.95 0.29924 0.36079 6.1556e-02

1 0.30956 0.30956 0
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Numerical solution
s 2 2 2 g

o
5

Approximate solution

0 0.1 0.2 0.3 0.4 05 0.6 0.7 038 0.9

x-axis

FiGure 2. The approximate solution at different value of a.
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