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Abstract. We recall and apply results recently obtained on non autonomous evolution equations concern-
ing mainly non autonomous Cauchy problem. The main contribution is a more general perturbation of
Black-Scholes operator considered in the Hilbertian context.
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1. Introduction

The current paper is a natural continuation of recentworks on the emergent notion ofmaximal regularity,
particularly [10] and [11] where interesting results related to the form associated to the Black-Scholes
operator are detailed. A special interest mainly in [11] has been granted to positivity. By this latter
concept, we mean the positive character of the solution of non autonomous evolution equations.
It is worth mentioning that many works in this direction concern the linear case, for instance [20], [1]
or [18]. But a big interest begins to be granted to the non-linear case. As a prototype, we cite [12]
where the analysis was dedicated to semilinear non-autonomous evolution equations. The linear case
developed in the current paper is slightly close to semigroup treatment of evolution equations. The
semigroup theory has proved its robustness in solving evolution equations: one may see fruitfully the
single parameter theory [15] or bi-parameter one as developed in [2]. However, when the problem is
non-autonomous, evolution families give a more efficient tool to deal with evolution problems, see for
instance the recent work of Kharou on analytic evolution families [14].
For a class of regular operators, the existence and uniqueness are well known and by some classical
techniques, one may extend the well-posedness to a large "neighbours" of such operators. This remark
leads to the maximal regularity. Let us recall the definition of this important property. We start first with
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the autonomous case (i.e., the operator does not depend on time). In the second step, the case of a
family of operators that is time-dependent and give a common, different definition in this case.

For a fixed horizon T and two Banach spaces D and X such that D ↪→ X , (this notation means that
D is continuously and densely embedded into X).

Definition 1. A single operatorA ∈ L(D,X) hasLp−maximal regularity or is of categoryMR (p ∈ (1,∞))

if for every f ∈ Lp(0, T ;X) there exists a unique u ∈W 1,p(0, T ;X) ∩ Lp(0, T ;D) such that u̇(t) +Au(t) = f(t) a.e. on (0, T ),

u(0) = 0.
(1)

In the autonomous case, the well known result of Baillon (Baillon’s theorem), as restored in [7],
ensures operators with maximal regularity on C([0, T ], E)(i.e. space of all continuous mappings on
[0, T ]with values in a general Banach space E) are exactly bounded operators. This surprising result
gives no chance to pursue researches on this kind of spaces. Hence, the interest accorded toLp−maximal
regularity or Cα− regularity is clarified.
Lp−maximal regularity has many applications in the wide field of PDEs, mainly to prove existence,

uniqueness and regularity of solutions of linear and non-linear evolution equations. There are a lot of
manners to express this property, for instance, when the horizon T is finite, the maximal regularity of a
single operator A is the same thing as saying that u̇, Au and f belong to the same space Lp(0, T,X).
The spaceMR =W 1,p(0, T ;X) ∩ Lp(0, T ;D) of all solutions of (1) is a Banach space for the norm:

‖u‖MR = ‖u‖W 1,p(0,T ;X) + ‖u‖Lp(0,T ;D).

and is commonly said of maximal regularity space.
The trace, at zero or at any t0 ∈ [0, T ] of all elements ofMR, namely
Tr = {u(0);u ∈MR} = {u(t0);u ∈MR} is known in literature as the trace space. When it is endowed
with the norm:
‖x‖Tr = inf {‖u‖MR : x = u(0)} ., or indifferently ‖x‖Tr = inf {‖u‖MR : x = u(t0)}, Tr is a Banach
space. This space takes its interest in defining all admissible start data for well-posedness of the Cauchy
problem:  u̇+Au = 0 a.e. on (0, T ),

u(0) = x
(2)

More precisely, the trace space describes the start datum x as being the image of {0} by all solutions of
(1). More details are given at the end of this introduction.
It is well known that if the operator has the Lp−maximal regularity as given by (1), then for all x ∈ Tr,
the problem (2) is well-posed. Naturally, this important bridge between the forcing problem (1) and
the homogeneous one leads to the necessity of characterizing operators with this remarkable property.
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de Simon characterized completely the maximal regularity in Hilbertian spaces (see [3]) by establishing
that this latter property is equivalent, in any Hilbert space, to generation of holomorphic semigroup.
In general spaces, holomorphic generator are notMR. A counterexample was given recently by
Fackler [9] generalizing by this way some results and counterexamples related to the fail of maximal
regularity in general space such as Lp-spaces are discussed by Kalton and Lancien in [17].
Some classical spaces are associated with the treatment of maximal regularity. The most important
of these are the maximal regularity spaces, denoted: MRp(0, T ) = W 1,p(0, T ;X) ∩ Lp(0, T ;D) and
the trace space Tr = {u(0);u ∈ MR}, as mentioned above, which is a Banach space isometric to an
interpolation space between D and X .

2. Preliminaries

When the operator A is not single and forms a family A(t)t∈[0,T ], the definition of maximal regularity
is not, in general, reduced to the punctual maximal regularity. Other hypotheses on the map t 7→ A(t)

are required to ensure the well-posedness of the evolution problem (1). The time dependence case (i.e.,
A(t) varies with time) has recently gained great importance, mainly in the hybrid studies (deterministic
and stochastic ones). To illustrate this importance, one may see [16].
Let us recall the definition of maximal regularity in this non-autonomous case:

Definition 2. Fix a real p ∈ (1,∞). The non-autonomous operator A(t) is said to have Lp−maximal regularity

(for short, we write A ∈ MRp(0, T )) if for every f ∈ Lp(0, T ;X) and every [0, τ ] where 0 ≤ τ < T there

exists a unique u ∈MR(0, τ) such that u̇(t) +A(t)u(t) = f(t) a.e. on (0, τ),

u(0) = 0.
(3)

Although all operatorsA(t) have theMR property, additional hypotheses on t 7→ A(t), as mentioned,
are required. For example, Prüss and Schnaubelt established the maximal regularity for parabolic
equations in [19] under two hypotheses: norm continuity of t 7→ A(t) and individualmaximal regularity
for each operator A(t). Arendt et al. (see [4]) generalized this result to bounded and measurable
functions t 7→ A(t) using a notion of relative continuity, which consists of a local perturbation of a single
regular operator.

Among applications of maximal regularity, the most important, to the best of our knowledge, we
cite the integration of the homogeneous Cauchy problem with start data in the interpolation space Tr.
It is henceforth worth recalling

Theorem 1. Let A(t)t≥0 be a family of maximal regular operators such that

A : t ∈ [0, T ] 7→ L(D,X) is relatively continuous.
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For all f ∈ Lp(0, T ;X) the problem:  u̇+A(t)u(t) = f a.e on [0, T ]

u(0) = x
(4)

has a unique solution for all x ∈ Tr.

The hypothesis "A is relatively continuous" is replaced by two embedding hypotheses, H1 and H2,
as detailed in [10].

Our focus is onmaximal regularity within the Hilbertian framework, specifically examining perturba-
tion results whenA coincides with the Black-Scholes operator. The paper is organized as follows: In the
first section, we recall essential results on operators associated with sesquilinear forms and reformulate
the form associated with the Black-Scholes operator in an appropriate Hilbert space. We then explore
the possibility of perturbing the autonomous operator, mentioning some results on multiplicative
perturbations of holomorphic operators. In the final section, we apply these results to generalize the
perturbation of the Black-Scholes operator within the context of non-autonomous forms.

3. Black-Scholes Operator

Here we introduce and study the maximal regularity of Black-Scholes operator. We restrict ourselves
to Hilbetian case and treat the case of operators associated with forms. For a general theoretical study,
the best resource is manifestly [5] since it gives, with good notations, a simple bridge between forms
and associated operators in Hilbert spaces. The ambient space X is a Hilbert one, denoted henceforth
H and the form is defined on a dense subspace V densely embedded into H . For more results on
operators which arise from elliptic forms, one may consult fruitfully [22] or [21].
In the following, we recall some facts about the Black-Scholes operator as a prototype of an operator
associated with a suitable form in a suitable space. To do so, we refer to the results and findings
presented in [10] and [11].

Owing to the known Baillon’s result on maximal regularity (see again [7]) of operators acting
on spaces of continuous functions, the natural framework will be L2(0,+∞). To define suitably the
BS-operator, consider H = L2(0,+∞). For all (a, b) ∈ R+ × R the BS-operator is defined as

Au = ax2D2u+ bxDu− bu (5)

where u ∈ H2(0,+∞). We recall Einemann method to determine precisely the form associated with
the operator A acting on L2 as detailed in [10].

Consider the form:

a(u, v) = (xDu, xDv) + (2a− b)(xDu, v) + b(u, v)
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with domain

V = {u ∈W 1,1
loc (0,+∞), xDu ∈ H}.

It is known that V associated with the form a is a Hilbert space with inner canonical product:

(u, v)V = (u, v) + (xDu, xDv).

and in particular ‖.‖H ≤ ‖.‖V which we transcribe in functional words by writing that V ↪→
d
H and

saying that V is continuously embedded in H .
The form a enjoys suitable properties, and we recall in particular these most important ones.

Proposition 1. [10, Proposition 3.6] The form a is continuous, densely defined and elliptic (on H). Moreover,

if b ≥ 2
3a then a is coercive.

By continuity and coercivity of the form a, one should understand that there exists a constantM > 0

and ω ∈ R such that

i): ∀(u, v) ∈ V |a(u, v)| ≤M‖u‖‖v‖

ii): ∀u ∈ V a(u) = a(u, u) ≥ ω‖u‖2.

These properties of the form a ensure that the associated operator −A is a generator of an analytic
semigroup on H . Given the Hilbertian framework, the Black-Scholes operator possesses the property
of maximal regularity (see [10] for technical proofs).

Now, let us address the non-autonomous case. In [11], it was demonstrated that for suitable
constants a and b, and for an appropriate time horizon T , the evolution problem associated with the
time-dependent form

a(t;u, v) = (xDu, xDv) + (2a(t)− b)(xDu, v) + b(u, v)

is well posed for the special case of t 7→ a(t) = a + t provided that the coefficients a(t) and b satisfy
some estimation. In the next section, we hope to study a more general case, precisely multiplicative
perturbation, and give a category of such coefficients susceptible to ensuring well-posedness and
preserving maximal regularity of the associated operator.

4. A New Multiplicative Perturbation of BS Operator

The general framework of this section, which contains the main results, is the multiplicative per-
turbation of regular operators. One of the most important papers related to this topic is [6], which
addresses the right multiplicative perturbation of non-autonomous Lp maximal regularity. Since we
restrict ourselves to one dimension in time, all results can be applied to both left and right perturbations.
Specifically, the authors treated the case
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 u̇(t) +A(t)H(t)u(t) = f(t) a.e on [0, T ],

u(0) = 0.
(6)

Recently, the obtained results were applied and extended to study a class of non-autonomous
boundary control and observation linear systems that are governed by non-autonomous multiplicative
perturbations (see [13]). Unfortunately, the tools used therein may not conform to our problem, since
in the general Hamiltonian equation treated

ẋ(t, ξ) =
n∑
k=1

Pk
∂k

ξk
[H(t, ξ)x(t, ξ)] + P0H(t, ξ)x(t, ξ). t ≥ 0, ξ ∈ [a, b]

does not take in account the term of degeneracy x2 which appears in (4) when A coincides with BS
operator.
To encounter the degeneracy problem, we restrict the study to characterize coefficients a(.) and b(.) in
(5) which are "admissible" to preserve the maximal regularity of BS operator in the non-autonomous
case. Precisely, we consider the operator family depending on time given by

A(t)u = a(t)x2D2u+ b(t)xDu− b(t)u ∀t ∈ [0, T ]

where
• a : t 7−→ a(t) denotes, financially speaking, the volatility and hence it is a positive quantity and
may be assumed piecewise continuous on [0, T ] and globally bounded. That means there exist
mT > 0 andMT > 0 such thatmT 6 u(t) 6MT , ∀t ∈ [0, T ].
• b : t 7−→ b(t) denotes the instantaneous rate t assumed to be constant by parts (piecewise) on
[0, T ]. In other words, there is a subdivision 0 = t0 < t1 < · · · < tn = T and bk ∈ R for 0 ≤ k ≤
n− 1 satisfying:

b(t) =

n−1∑
k=0

bk.χ(t)[tk,tk+1[ ∀t ∈ [0, T [ and b(T ) = bn−1.

We have
∀t ∈ [0, T [ ,∃!k ∈ [|0, n− 1|] tq : t ∈ [tk, tk+1[

and
A(t)u = a(t)x2D2u+ bkxDu− bku

A(T )u = a(T )x2D2u+ bn−1xDu− bn−1u

According to proposition (1) in preliminaries section above, the form a(t, ., .) associatedwith the operator
A(t) is continuous densely defined on H . In addition,

∀k ∈ [|0, n− 1|] ; ∀t ∈ [tk, tk+1[ bk >
2

3
a(t) and bn−1 >

2

3
a(T )
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then a(t, ., .) is coercive.
As stated in [10], the operators (A(t))t∈[0,T ] share the same domain D = D(t) = H2(0,+∞) and the
correspondent forms are all defined on the same domain

V =
{
u ∈W 11

loc(0,+∞);xDu ∈ H
}

It is a direct application of the autonomous case for a frozen time in [0, T ].Henceforth, the punctual
maximal regularity of (A(t))t∈[0,T ] is proved. Since t 7→ a(t, ., .) is piecewise continuous, it is enough
to prove the global coercivity of the non-autonomous form a. To do so, we proceed as in the proof of
proposition (1)

a(t, u, v) 6 (3a(t) + 2 | bk |) ‖u‖‖v‖

6 (3MT + 2NT ) ‖u‖‖v‖ where NT = max0≤k≤n−1 | bk |

DenotingM = 3MT + 2NT then:

∀(u, v) ∈ V 2; ∀t ∈ [0, T ] a(t, u, v) 6M‖u‖‖v‖.

The continuity of a(t, ., .) is then proved.
A similar technical calculus used again in (1) enables us to establish its coercivity

∀u ∈ V ; ∀k ∈ [|0, n− 1|] and ∀t ∈ [tk, tk+1[

a(t, u, u) = (xDu, xDu) + (2a(t)− bk) (xDu, u) + bk(u, u)

= ‖xDu‖2H −
(2a(t)− bk)

2
‖u‖2H + bk‖u‖2H since (xDu, u) =

−‖u‖2H
2

= ‖xDu‖2H +
3bk − 2a(t)

2
‖u‖2H

> ‖xDu‖2H +
3mT − 2MT

2
‖u‖2H wheremT = min

06k≤n−1
bk,

which holds for every 0 ≤ t ≤ T .
These results allow stating the well-posedness of the problem. They translate otherwise, that the
non-autonomous operator BS of Black-Scholes has the property of maximal regularity provided that
(A(t))t∈[0,T ] satisfies la condition 3mT

2 −MT > 0 and b is any step function. Moreover, under these
hypotheses the form a(t, ·, ·) remains positive independently on time. This property is financially
crucial to avoid important loss in portfolio transactions, as explained at the conclusion of [11].
In more clear words, among other possible multiplicative admissible perturbations, the functions that
have the same regularity as a and b are good candidates. The question is:" Are they the only admissible
ones?"

Remark. In fact, one might be tempted to justify the preservation of the maximal regularity property
using a direct computation. It seems easier to prove that t 7→ A(t) is relatively continuous. However, it is
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prudent to avoid such seemingly straightforward calculations, as the norm on V is not easily managed.
Thus, the method presented is both elementary and effective. A numerical treatment will be provided
in our future works.

5. Overcoming Degeneracy by Suitable Perturbation

In this section we come back to the initial model where a(.) and b(.) are considered in a general case,
say C1 functions. To overcome the degeneracy, we consider the sequence of problems (Pn)n≥1 given by:

(Pn) : Au = a(x2 +
1

n
)D2u+ bnxDu− bnu. (7)

It is easy to see that (Pn) is equivalent to:

(Qn) : Au = D
(
αn(x)Du(x)

)
+ βn(x)u(x). (8)

for some suitable functions αn(.) and βn(.). The form an that governs the problem (Qn)may be written:

an(u, v) =

∫ T

0
α′n(x)u

′(x)v′(x)dx+

∫ T

0
βn(x)u(x)v(x)dx

which leads (but also results from) naturally, for every f ∈ L2[0, T ] and every u, v ∈ H1
0 [0, T ] to the

variational problem:

∫ T

0
α′n(x)u

′(x)v′(x)dx+

∫ T

0
βn(x)u(x)v(x)dx =

∫ T

0
f(x)v(x)dx.

Thanks to compacity of finite horizon [0, T ] and to continuity of the coefficient α′n and β′n, it is so easy
to establish that an is continuous
(i.e. ∀(u, v) ∈ H1

0 : an(u, v) ≤ Mn‖u‖H1
0
‖v‖H1

0
). To apply Lax-Milgram theorem immediately, one

must establish the ellipticity property (strict coerciveness). To this end, consider w ∈ H1
0 and remark

that Poincaré inequality allows this

an(w,w) = an(w) =

∫ T

0
α′n(x)w

′(x)2dx+

∫ T

0
βn(x)w(x)

2dx ≥ Kn‖w‖2H1
0

whereKn = cminx∈[0,T ]{αn(x)} for some strictly positive constant c > 0, so alsoKn > 0. Then an is an
elliptic form for all integer n ∈ N.

All hypothesis to apply Lax-Milgram theorem are satisfied, then there exists a solution un that solves
uniquely the approximate problem (Qn) or equivalently the problem (Pn). Since ‖un‖H1

0
≤ K‖f‖L2 , a

classical extraction argument completes the claim.
The results obtained will be crowned by a numerical treatment using recent numerical and statistical

efficient concepts, mainly copulas as initiated by R. Nelsen and explained and improved, for this purpose,
in [23] and [8].
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