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Abstract. The purpose of this work is to establish the concept to be of a (ησψ − p)-monotone operator in
the context of a hybrid-type mapping β : K×Γ∗ → Γ∗. It explores the presence of HVI(βησψ) using KKM-
mapping in within reflexive Banach spaces and establishes that the solution to HVI(βησψ) is equivalent to
HVI(βη). Our findings constitute substantial and noteworthy improvements over the previously published
findings.
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1. Introduction and Preliminaries

The studying of nonlinear issues is one of the important topics in functional analysis, difficulties
with differential inclusion, optimization, economics, engineering, hemi-equilibrium, complementarity
and Nash equilibrium are all examples of specific types of equilibrium issues (see, for instance [1]- [5]).
Researchers in this area have considered the existence of equilibrium problems and the uniqueness of
their solutions by using a wide range of methodologies for example KKM theories, fixed point theories,
critical point theory and forced operators (see, for example, [5]- [9]).

It’s now common to study quasi-monotonicity, relaxedmonotonicity, semi-monotonicity,α-monotonicity,
and Nmonotonicity, as well as hemi-equilibrium issues and equilibrium issues. You can find more
information about these topics in [10]- [14]. The study of variational inequalities, initially introduced
in 1964, holds significant relevance in the exploration of economics, optimization and engineering
sciences. Moreover, variational inequalities find application and generalization in nonlinear analysis.
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One of the applications in variational inequalities is "emergence," which is a major tool for analyzing
various issues in industrial, physical, and dynamical systems (see [15]- [19]).

The following paragraphs will discuss a few definitions and ideas that are relevant to the primary
results. In the beginning, we make the assumption that Γ is a Banach space and that Γ∗ is a dual space
of Γ.

Definition 1.1. [20] For each u in Γ, we say that a function A : Γ→ R is Locally Lipschitz if, for any v and w

in U , there exists a neighborhood U of u and a constant Lu > 0 such that

|A(w)−A(v)| ≤ Lu‖w − v‖Γ

Definition 1.2. [21] Considering J : Γ→ R is a Locally Lipschitz functional(LLF), we can describe J0(u; v),

which is the generalized derivative of J at u ∈ S in the direction of v ∈ Γ, as:

J0(u; v) = lim
w→u,λ⊥0

J(w + λv)− J(w)

λ
.

Lemma 1.1. [21] Considering J : Γ→ R is (LLF) of rank Lu near the point u ∈ Γ. So

i. There is a sub-additive function v 7→ J0(u; v) that is finite, positively, homogeneous, and meets the

situation that
∣∣J0(u; v)

∣∣ ≤ Lu‖v‖Γ;
ii. J0(u; v) is upper semi-continuous.

iii. J0(u;−v) = (−J)0(u; v).

Definition 1.3. [22] Assume that K is a convex subset of Γ that is not empty. Let there be two mappings,

denoted as T : K → 2Γ∗ and η : K ×K → Γ. Consequently, T is referred to as η− Hemicontinuous if, for any

θ, ϑ ∈ K, there exists a mapping g : [0, 1]→ 2R, which is denoted by η −HC and defined by

g(t) = Uut∈T (θl) 〈ut, η(ϑ, θ)〉 , where θt = θ + t(ϑ− θ) is usc at 0+.

Definition 1.4. [22] Assume that N : K× Γ∗ → E∗, T : K→ 2Γ∗ and $ : K×K→ Γ are three mappings

and a function L : K × K → R ∪ {+∞} is proper. T is titled to be w-coercive for L if, there is an θ0 ∈ K in

which for any u ∈ T (θ) and u0 ∈ T (θ0)

〈N(θ, u)−N (θ0, u0) , $ (θ, θ0)〉+ L (θ, θ0)

‖$ (θ0, θ)‖
→ ∞

whenever ‖θ‖ → ∞.

2. Main Results

In this section, we employ a novel monotone function known as the ( ησψ − p ) -monotone operator
with respect to the 2 -arg of a hybrid-typemapping β : K×Γ∗ → Γ∗. In this context,K is a nonempty set
of real reflexiveB.S.Γ, andΓ∗ is a dual ofΓ. The outcomeswe have obtained include the establishment of
some existence results forHV I(βησψ) through the use of KKM-mapping in reflexive B.Ss. Furthermore,
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There is a direct correspondence between the HV I(βησψ) solution and the HV I(βη) solution.
We present here a new definition we constructed for a quasi-monotonary operator. The idea has made
an important contribution to our primary findings.

Definition 2.1. A mapping T : K → 2Γ∗ is called a (ησψ− p)-monotone operator for the 2-arg of a hybrid-type

mapping β : K × Γ∗ → Γ∗ if it has a set value. η : K ×K → Γ and σ : Γ→ R such that σ(tz) = Λ(t)σ(z)

for z ∈ Γ, where Λ : (0,∞)→ (0,∞) is a function such that limt→0
Λ(t)

t = 0, and ψ : K ×K → R by

Limt→0

[
Λ(t)α(ϑ− θ)

t
+
β(θ, tϑ+ (1− t)θ)

t

]
= 0,

where for any θ, ϑ ∈ K

〈β(θ, u), η(ϑ, θ)〉+ J◦(θ, ϑ− θ) ≥ 0 for all u ∈ T (θ). (2.1)

Implies

〈β(θ, v), η(ϑ, θ)〉+ J◦(θ, ϑ− θ) ≥ σ(ϑ− θ) + ψ(θ, ϑ) for all v ∈ T (ϑ). (2.2)

Theorem 2.1. Consider that a non-empty closed convexK is subset of real reflexive Banach space , T : K → 2Γ∗

is an η-H.C and (ηκσψ − p)-monotone operator for the 2-arg of a hybrid-type mapping β : K × Γ∗ → Γ∗.

Consider that

i. η(θ, θ) = 0∀θ ∈ K;

ii. θ 7→ η(., θ) is convex.

iii. J : S → R is a locally Lipschitz functional.

Then, θ ∈ K is a solution of HV I(βη) if and only if it is a solution of HVI(βησψ).

Before proving Theorem 2.1, we make Remark 2.1.

Remark 2.1. i) If β(θ, u) = u, β(θ, v) = v and ψ(θ, ϑ) = 0 in Definition (2.1) reduces to that for all

θ, ϑ ∈ K

〈u, η(ϑ, θ)〉+ J◦(θ, ϑ− θ) ≥ 0 for all u ∈ T (θ)

implies

〈v, η(ϑ, θ)〉+ J◦(θ, ϑ− θ) ≥ σ(ϑ− θ) for all v ∈ T (ϑ)

ii) If β(θ, u) = u, β(θ, v) = v, η(ϑ, θ) = ϑ− θ and ψ(θ, ϑ) = 0 in Definition (2.1) reduces to that for all

θ, ϑ ∈ K

〈u, ϑ− θ〉+ J◦(θ, ϑ− θ) ≥ 0 for all u ∈ T (θ)

Implies

〈v, ϑ− θ〉+ J◦(θ, ϑ− θ) ≥ σ(ϑ− θ) for all v ∈ T (ϑ)
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iii) If β(θ, u) = u, β(θ, v) = v, η(ϑ, θ) = ϑ− θ and ψ(θ, ϑ) = 0 = J◦ in Definition (2.1) reduces to that

for all θ, ϑ ∈ K

〈u, ϑ− θ〉 ≥ 0 for all u ∈ T (θ).

Implies

〈v, ϑ− θ〉 ≥ σ(ϑ− θ) for all v ∈ T (ϑ)

iv) If ψ ≡ 0 and limt→0
Λ(t)

t = 0, then in Definition 2.1, reduces to that

〈β(θ, u), η(ϑ, θ)〉+ J◦(θ, ϑ− θ) ≥ 0 for all u ∈ T (θ)

implies

〈β(θ, v), η(ϑ, θ)〉+ J◦(θ, ϑ− θ) ≥ σ(ϑ− θ) for all v ∈ T (ϑ)

See the topics of generalization for pseudomonotone ( [24]- [26]).

Proof. As per Definition 2.1, if θ is solve of HV I(βη), it is also a solution of HV I(βησψ). Let θ be a
solution of theHV I(βησψ) equation and ϑ ∈ K. The setK contains θt = tϑ+ (1− t)θ, where t ∈ [0, 1],
If HV I(βησψ) holds, then for ut ∈ T (θt)

〈β (θ, ut) , η (θt, θ)〉+ J◦ (θ, θt − θ) ≥ σ (θt − θ) + ψ (θ, θt)

= σ(t(ϑ− θ)) + ψ (θ, θt)

= Λ(t)σ(ϑ− θ) + ψ (θ, θt) . (2.3)

As a result of circumstances (i) and (ii), we obtain

〈β (θ, ut) , η (θt, θ)〉+ J◦ (θ, θt − θ)

= 〈β (θ, ut) , η(tϑ+ (1− t)θ, θ)〉+ J◦(θ, (tϑ+ (1− t)θ)− θ)

≤ t 〈β (θ, ut) , η(ϑ, θ)〉+ (1− t) 〈β (θ, ut) , η(θ, θ)〉+ tJ◦(θ, ϑ− θ) + (1− t)J◦(θ, θ − θ)

= t [〈β (θ, ut) , η(ϑ, θ)〉+ J◦(θ, ϑ− θ)] . (2.4)

It follows from (2.3) and (2.4)

〈β (θ, ut) , η(ϑ, θ)〉+ J◦(θ, ϑ− θ) ≥ k(t)

t
σ(ϑ− θ) +

1

t
ψ (θ, θt) (2.5)

for all ϑ ∈ K,ut ∈ T (θt) .

Given T is η −H.C and t→ 0 in (2.5), one can obtain

〈β(θ, u), η(ϑ, θ)〉+ J◦(θ, ϑ− θ) ≥ 0, for all ϑ ∈ K and u ∈ T (θ).

Then, θ ∈ K is a solution of HV I(βη). �
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Theorem 2.2. Consider that the set K is a convex set of a reflexive B.S.E. that is bounded. Considering

T : K → 2Γ∗ be an η-H.C and ( ηκσψ− p )-monotone operator for the 2 -argument of a map β : K ×Γ∗ → Γ∗.

If

i. η(θ, θ) = 0 for all θ ∈ K;

ii. θ 7→ η(θ, ·) is usc and convex in 1-arg ;

iii. σ : Γ→ R and ψ(., θ) weakly lsc.

Consequently, there is at least one solve of HVI(ωη).

Proof. Consider that F,G : K → 2Γ are set-valued mappings that defined as follows for each ϑ ∈ K

F (ϑ) = {θ ∈ K : 〈β(θ, u), η(ϑ, θ)〉+ J◦(θ, ϑ− θ) ≥ 0, u ∈ T (θ)}

G(ϑ) = {θ ∈ K : 〈β(θ, v), η(ϑ, θ)〉+ J◦(θ, ϑ− θ) ≥ σ(ϑ− θ) + ψ(θ, ϑ), v ∈ T (ϑ)} .

As far as we are concerned, F is a KKMmapping. Should F not be a KKMmapping, then there is
{ϑ1, ϑ2, . . . , ϑn} ⊂ K such that co {ϑ1, ϑ2, . . . , ϑn} 6⊂

⋃n
i=1 F (ϑi),i.e., there is a ϑ0 ∈ co {ϑ1, ϑ2, . . . , ϑn},

so, ϑ0 =
∑n

i=1 tiϑi, where ti ≥ 0i = 1, . . . , n,
∑n

i=1 ti = 1, but ϑ0 /∈ Un
i=1F (ϑi). By the definition of F ,

we get for i = 1, 2, . . . ,n

〈β (ϑ0, u) , η (ϑi, ϑ0)〉+ J◦ (ϑ0, ϑi − ϑ0) < 0, for some u ∈ T (ϑ0) .

It is evident from both (i) and (ii) that

0 = 〈β (ϑ0, u) , η (ϑ0, ϑ0)〉+ J◦ (ϑ0, ϑ0 − ϑ0)

=

〈
β (ϑ0, u) , η

(
n∑
i=1

tiϑi, ϑ0

)〉
+ J◦

(
ϑ0,

n∑
i=1

tiϑi − ϑ0

)

≤
n∑
i=1

ti 〈β (ϑ0, u) , η (ϑi, ϑ0)〉+

n∑
i=1

tiJ
◦ (ϑ0, ϑi − ϑ0)

=

n∑
i=1

ti [〈β (ϑ0, u) , η (ϑi, ϑ0)〉+ J◦ (ϑ0, ϑi − ϑ0)]

< 0

for some u ∈ T (ϑ0), This is a contradiction in terms. It may be deduced from this that F is a KKM
mapping. We can now demonstrate that

F (ϑ) ⊂ G(ϑ), for all ϑ ∈ K.

For any ϑ ∈ K, letting θ ∈ F (ϑ), we get

〈β(θ, u), η(ϑ, θ)〉+ J◦(θ, ϑ− θ) ≥ 0 for u ∈ T (θ).
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Since T is (ηκσψ − p)-monotone operator

〈β(θ, v), η(ϑ, θ)〉+ J◦(θ, ϑ− θ) ≥ σ(ϑ− θ) + ψ(θ, ϑ) for v ∈ T (ϑ).

It follows that θ ∈ G(ϑ), so

F (ϑ) ⊂ G(ϑ), for all ϑ ∈ K

which implies that G is a KKMmapping.
Conversely, if 〈θn〉 is a net in G(ϑ) that weakly approaches θ0, then for every v in T(y),

〈β (θn, v) , η (ϑ, θn)〉+ J◦ (θn, ϑ− θn) ≥ σ (ϑ− θn) + ψ (θn, ϑ) .

Given that σ and ψ are weakly lsc and θ 7→ η(θ,.)andθ 7→ f(θ,.)areusc, then follows that

〈β (θ0, v) , η (ϑ, θ0)〉+ J◦ (θ0, ϑ− θ0) ≥ lim sup
n
〈β (θk, v) , η (ϑ, θk)〉+ lim sup

n
J◦ (θk, ϑ− θk)

≥ lim sup
n

(〈β (θk, v) , η (ϑ, θk)〉+ J◦ (θk, ϑ− θk))

≥ lim inf
n

(〈β (θk, v) , η (ϑ, θk)〉+ J◦ (θk, ϑ− θk))

≥ lim inf
n

σ (ϑ− θk) + ψ (θk, ϑ)

≥ σ (ϑ− θ0) + ψ (θ0, ϑ) .

The fact that θ0 ∈ G(ϑ) demonstrates that G(ϑ) is a weakly closed set for all ϑ ∈ K. Due to the fact
thatK is closed, bounded and convex, it is weakly compact. Therefore, G(ϑ) is weakly compact inK
for every ϑ ∈ K. After considering Fan-KKM Theorem and Theorem 2.1, it can be concluded that

⋂
ϑ∈K

F (ϑ) =
⋂
ϑ∈K

G(ϑ) 6= ∅.

At least one solution exists for HVI(βη). �

Theorem 2.3. For the 2-arg of a mapping β : K × Γ∗ → Γ∗, Considering T is a set-valued mapping and be

η −H.C, (ηκσψ − p )-monotone operator fromK to 2Γ∗ . LetK be a nonempty, unbounded, closed, and convex

set of a reflexive B.S. Γ. Assuming the following are true,

i. η(θ, θ) = 0 for all θ,∈ K;

ii. η(θ, ϑ) + η(ϑ, θ) = 0 for all θ, ϑ ∈ K;

iii. θ 7→ η(θ, ·) is usc and convex in 1-arg;

iv. σ : Γ→ R, ψ(., θ), is weakly lsc;

v. T is η-coercive w.r.t κ.

Therefore, there is at least one solve of HV I(βη).



Asia Pac. J. Math. 2024 11:94 7 of 9

Proof. For r > 0, let

Br = {ϑ ∈ Γ : ‖ϑ‖ ≤ r}.

Considering the preceding issue, determine the value of θr ∈ K ∩Br and ur ∈ T (θr). where

〈β (θr, ur) , η (ϑ, θr)〉+ J◦ (θr, ϑ− θr) ≥ 0 for ϑ ∈ K ∩Br. (2.6)

Via Theorem 2.2, we know that problem (2.6) has unique solution θr ∈ K ∩ Br. In the coercive
circumstances, take θ0 whose norm ‖θ0‖ is less than r. Following that θ0 ∈ K ∩Br and

〈β (θr, ur) , η (θ0, θr)〉+ J◦ (θr, θ0 − θr) ≥ 0 for ur ∈ T (θr) . (2.7)

The result of condition (i) and for ur ∈ T (θr) and u0 ∈ T (θ0) is that

〈β (θr, ur) , η (θ0, θr)〉+ J◦ (θr, θ0 − θr)

=− 〈β (θr, ur)− β (θr, u0) , η (θr, θ0)〉+ J◦ (θr, θ0 − θr) + 〈β (θr, u0) , η (θ0, θr)〉

≤ − 〈β (θr, ur)− β (θr, u0) , η (θr, θ0)〉+ J◦ (θr, θ0 − θr) + ‖β (θr, u0)‖ · ‖η (θr, θ0)‖

≤‖η (θr, θ0)‖
(
−〈β (θr, ur)− β (θr, u0) , η (θr, θ0)〉+ J◦ (θr, θ0 − θr)

‖η (θr, θ0)‖
+ ‖β (θr, u0)‖

)
.

We can choose r large enough so that the inequality and the η-coercivity of T with regard to κ involve
that, if ‖θr‖ = r for every r, then

〈β (θr, ur) , η (θ0, θr)〉+ J◦ (θr, θ0 − θr) < 0.

It contradicts (2.7). There is r where ‖θr‖ < r. A small enough 0 < ε < 1 can be chosen for each
ϑ ∈ K.

θr + ε (ϑ− θr) ∈ K ∩Br.

As a result of the fact that (2.6), thus,

0 ≤〈β (θr, ur) , η (θr + ε (ϑ− θr) , θr)〉+ J◦ ((θr + ε (ϑ− θr) , θr − θr + ε (ϑ− θr))

≤(1− ε) 〈β (θr, ur) , η (θr, θr)〉+ (1− ε)f (θr, θr) + ε 〈β (θr, ur) , η (ϑ, θr)〉

+ εf (ϑ, θr)

=ε [〈β (θr, ur) , η (ϑ, θr)〉+ J◦ (θr, ϑ− θr)] .

This suggests that

〈β (θr, ur) , η (ϑ, θr)〉+ J◦ (θr, ϑ− θr) ≥ 0

for ϑ ∈ K and ur ∈ T (θr). With this, the proof is finished. �
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Remark 2.2. (i) In the case where T is continuous on subspaces with finite dimensions, theorems 2.2-2.5 also

hold.

(ii) The known results of P. Hartman and G. Stampacchia (1966) are made better and more general by theorems

2.2-2.5.

Question 2.1. Can anyone investigate the concept of (ησψ − p)-monotone operators using a different method

instead of KKM-mapping?
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