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AsstrAcT. In this paper, we investigate the Linear Constrained Regulation Problem LCRP for discrete-time
delay dynamical systems, with the symmetrical constraints on the control variable and origin of the
input space positioned on the boundary of the constraint’s domain. Our primary aim is to examine the
conditions under which a state feedback law can be established, ensuring both constraints satisfaction on
the control variable and asymptotic stability of the state variable. In our investigation, we consider both
delay-independent and delay-dependent conditions.
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1. INTRODUCTION

The regulator problem for linear discrete-time delay dynamical systems with non-symmetrical
constrained control was extensively investigated by many authors, such as Hmamed [24], Benzaouia
and El Faiz [7], Bensalah and Baron [3], and Dorea and Olaru [19]. In all these publications have
considered the origin on the interior of the domain of constraints. So, for the origin situated on
the boundary of the domain of constraints results are needed. Recently, Benzaouia [5], Bistoris and
Olaru [11] and Bistoris et al [ 12] have considered the linear constrained regulation problem, for discrete
system and continuous system with the origin on the boundary of the domain of constraints. Ou-azzou
and Abdelhak [36] have considered the linear constrained regulation problem, for linear continuous-
time delay system with the origin on the boundary of a symmetrical domain of constraints. In this
paper, we investigate the linear constrained regulation problem for a discrete-time system with delay

and the origin on the boundary of a symmetrical domain of constraints.To resolve this problem we
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choose the postive invariance concept, proposed by Gutman and Hagander [21].
We consider linear discrete-time systems with time delay described by the difference equation:
z(k+1) = Aox(k) + Aiz(k —r) + Bu(k), k>0

(1)
z(0) = ¢(0), 0 € [—r,0]

where z € R" is the state vector, u € R is the input vector, k£ € T is the time variable and r € N is the
time delay.

Matrices Ag € R"*", A1 € R™™ and B € R™*™ are constant and satisfy the following condition:

(a) (Ao, B) is stabilizable in the independent delay case.

(b) (Ao + Ay, B) is stabilizable in the dependent delay case.

The control vector u(.) has to satisfy a constraints of the form
u(k) e U{ueR™ —g<v<qg}, k>0 (2)

where ¢ € R’
The linear constrained regulation problem (LCRP) consists of finding a linear state feedback control
law u(.) = Fz(.), where F' € R™*". Such that the constraints (2) are satisfied and the state of system

(1) converge asymptotically to the equilibrium x. = 0, thise is only possible if the domaine
D(F.q,q) ={z e R"| —q¢ < Fz < ¢} 3)
is positively invariant with respect to the system
z(k+1) = (Ao + BF)x(k)+ Ayx(k—r), k>0 (4)

In the most of the preceeding papers, the hypothesis ¢ > 0 is made, that is at least one component of ¢
is null, or equivalently at least one component of control variable has to satisfy u; > 0 or u; < 0, then
the results of theses papers can’t apply. The objective of our paper is to give a solution of the regulation
problem in this case. So consider the domaine of constraints (3) defined with a vecteur ¢ € R which
has at least one null component. Define the integer s’ as the numbre of non null components of ¢. Then

0 < s < m. Without loss of generality, we assume that

g >0,j=1,...,sandgq;=0; j=s+1,...m (5)
. q1
In the following, we will denote ¢ = 1 ,withg"* =] ' | e R®and ¢* > 0.
0
ds

The paper is organized as follows: In section 2, we present some definitions and useful results for

the following. In section 3, we establish sufficient conditions for u(.) = Fz(.), with F' € R™*" and
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rank(F) = m, to be a solution to the linear constrained regulation problem. Finally, an example is

given in section 4.

NorartioN

In this paper, we employ distinct notations and symbols to denote different mathematical objects
and concepts. Below is an overview of the notations used:
v" The capital letters represent real matrices.
v" The lowercase letters denote column vectors or scalars.
v T represents the discrete time set 7' = {0,1,2,... }.
v R" represents the real n-space.
v" Rl denotes the nonnegative orthant of the real n-space.
v  R™*P refers to the set of real n x p matrices.
v = = [x1 13 ... )7 denotes a real vector.
vV o<y (r<y)isequivalentto z; < y; (z; <wy;),i=1,2,...,n.
v' H = (hij)1<i,j<n denotes a real matrix.
v |H| denotes the matrix |H| = (|hi;|)1<i,j<n-
v H <G (H<G)isequivalentto h; j < g;; (hij < gij), 1,7 =1,2,...,n.
v p(H) is the spectral radius of H.

2. CONDITIONS OF POSITIVE INVARIANCE
In this section we will establish results on positive invarience with respect to autonomous systems
described by:
2(k+1)=Hz(k)+Gz(k—7r), k>0 ©)
2(0) =(0), 0 € [-r,0]
with z € R™, H € R™*" and G € R™*".

Let us define the domain

D(Im,q,q9) ={z € R"| —q¢< 2 < q}

with g = 1 ,¢* > 0and ¢* € R".
0

Definition 2.1. A set D of R" is said to be positively invariant with respect to motions of system (6), if

for every ¢(0) € D(6 € [—r,0]) the motion z(k;v) € D for every k > 0.

Throughout this paper, if A is a matrix of R™*™ we will denote by A1, € R**%, A1y € Rsx(m—s)
Ay € RM=8)%s and Ayy € R(m=5)X(m=5) the matrices such that
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A A
e 11 A2 7)
A9 Ag

2.1. Conditions for positive invariance dependent of delay.

In [24], the author has considered the case where x. = 0 is in the interior of D(I,,, q, q), thatis ¢ > 0

and has proved that D(1,,, g, ¢) is positively invariant with respect to system (6) if and only if
(IH|+1G)a < q (8)

we will use the following decomposition

Theorem 2.2. The polyhedral set D(1,,,q,q) with ¢ = 1 , ¢* > 0and g* € R® is positively invariant
0
independent of delay with respect to system (6) if and only if
(|H11| + |G11])g* < ¢" and Hoy = G91 =0

where Hy1, Ho1, G11 and Ga; are given by decomposition (7).

Proof.
If:) Let assume that (|H11| + |G11])¢* < ¢* and Ha = G21 = 0. Let 2(.) be the solution of system (6)
with z(k) € D(Ip,q,q), Vk € [—r,0], that means

_ (q> < 2(k) < (q> Yk € [=r 0] 9)
0 0

k
If we decompose z(k) as z(k) = z1(k) , where z; (k) € R® and z2(k) € R"™~%, then it follows from (9)

z2(k)
that —¢* < z1(k) < ¢, Vk € [-r,0] and z3(k) = 0, Vk € [-7,0].

According to the above, using the decomposition (7) of matrices H and G, we obtain
z1(k+1) = Hi1z1(k) + Hio22(k) + Griz1(k — r) + Giaze(k — 1), k>0
zo(k + 1) = Hoyz1 (k) + Hapzo(k) + Gor21(k) + Gaszo(k — 1), k>0 (10)
21(0) = 11(0) and 22(0) = ¥2(0), 6 € [-r,0]
Since Hy; = G971 = 0, then
21(k +1) = Hi121(k) + Hi220(k) + Gr121(k — r) + Go122(k — 1), k> 0

21(0) = ¢1(0), 0 € [-r,0]

(11)

and
Zz(k‘ + 1) = HQQZQ(k) + G2122(/€ — 7"), k>0

22(0) = 12(0), 0 € [—r,0]

(12)
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From (12) and 23(k) = 0 for all & € [—r, 0] we deduce that z2(k) =0 forall & > —r.
Using (k) = 0,Vk > —r, system (11), can be written as

z1(k+1)=Hyz1(k) + Guizi(k—1), k>0

21(9) = ¢1(9), VRS [—’f‘, 0]

with —¢* < z1(k) < ¢*, Yk > —rand ¢* > 0.

(13)

By replacing ¢ by ¢* in (8), and system (6) by system (13), we deduce from [24] that D(Is,¢*, ¢*) is

positively invariant with respect to system (13), that is

finally

this implies that the polyhedral set D(1,,, g, ¢) is positively invariant independent of delay with respect
to system (6).

Only If:) Assume that the polyhedral set D(1,,, g, q) is positively invariant with respect to system (6).
Let z(.) be the solution of system (6), with

—q < 2(k) < g, Vk € [-1,0]

The positive invariance of the set D(1,,, ¢, ¢) implies that

Therefore

then z3(k) =0 forall k > —r.

From system (10), we obtain
z9(k+1) = Ho1z1(k) + Go121(k—7) =0, Vk >0
for £ = 0, we have
22(1) = H2121(0) + Gr21(=7) = 0, Vz1(0), z1(—7) € D(Is, q1, q1)
which implies Hy; = G1 = 0.
From system (10) and H3; = G21 = 0, we deduce that
z1(k+1) = Hy1z1(k) + Griza(k—1), k>0

z1(0) = ¥1(0), 0 € [—r,0]

(14)
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with
- <znk)<¢ ,Vk= -1, ¢ >0

this implies that the domain D (I, ¢*, ¢*), with ¢* > 0, is a positively invariant set respectively to system
(14). As mentioned at the beginning of the subsection we deduce from [24] that (|H11| + |G11])¢" <
q*. O

2.2. Conditions for positive invariance independent of delay.

In this subsection, we will use the following Lemma.

Lemma 2.3. [24, Lemma 3.1] The solution of system (6) satisfies the following relation:

r—1
sk —r)=2(k) =Y [si+k+1—1)—2(i+k—7) (15)
i=0

7

We use a similar reasoning as in [ Halle [22] ]. System (15) can be written as

r—1
2k —r)=2(k) = > [(H—Da(i+k—r) — Gz(i+ k —2r)] (16)
=0

If we substitute this expression for z(k — r) back into system (6), we obtain the equation:

r—1
2k +1) = (H+G)z(k) — G [(H - Dz(i + k —r) + Gz(i + k — 2r)] (17)
=0

Then
2(k+1) = Ma(k) + Y5 [Va(i+ k—r) + Wa(i+ k= 2r)], k>0 as)
2(0) = ¢(0), 6 € [-2r,0]
withM =H + G,V =G(I - H),W=-G2
If the zero solution of (18) is asymptotically stable for arbitrary initial data on [—2r, 0], then the zero
solution of (6) is also asymptotically stable, as (6) is a specific case of (18). To simplify the analysis, we
will use the system dynamics described in (18) to obtain stability or positive invariance conditions for
system (6).
In the forthcoming, we will provide a set of conditions that are both necessary and sufficient to ensure

the positive invariance of D(I,,, ¢, ¢) with respect to the motions of system (6), accounting for delay

dependence.

Remark 1. In [24] the author has proved that D(I,,, ¢, q), with ¢ > 0, is positively invariant dependent
of delay with respect to system (6) if and only if

(IM[+r(V]+[W])g<q (19)

In this paper, where ¢ = (q ) ,q¢* > 0, we prove the following result.
0
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Theorem 2.4. The polyhedral set D(1,,,q,q) with ¢ = 1 , ¢* > 0and ¢* € R? is positively invariant
0

dependent of delay with respect to system (6) if and only if
(|Mu| + (Vi + [Wil)¢" < ¢* and Moy = Vay = Woy =0
where M1, Moy, Vi1, Va1, Wi and Wy, are given by decomposition (7).

Proof.
If:) Let assume that (| M| + r(|Vi1| + [Wi1]))g* < ¢* and My = Va3 = W = 0.
Let z(.) be a solution of system (18) with

_ (q) < z(k) < (q) , Vk € [~2r,0] (20)
0 0
Zl(ki)

Let z(k) = , where z;(k) € R® and 22(k) € R™™*. Then equation (20) implies that —¢* <
za(k)

z1(k) < ¢* and z2(k) = 0 for all k € [—2r,0].

According to the above, using the decomposition (7) of matrices M, V and W, we have

2k +1) = Myzi(k) + Mizo(k) + g Virza(i + k —7) + Vigzo(i + k — 1)
+Wiiz1(i + k — 2r) + Wiaze(i + k —2r)], k>0 (21)
z1(0) = ¢1(0), 6 € [-2r,0]
and
2ok +1) = Moyzi(k) + Magzo(k) + S d[Varz1(i + k — 1) + Vagza(i + k — 1)
+Wor21(i + k — 2r) + Wagzo(i +k —27r)], k>0 (22)
22(0) = ¢2(0), 0 € [-2r,0]

Using My = Vo1 = Way = 0, we obtain

2o(k 4 1) = Maoza(k) + 3020 [Vazza(i + k — 1) + Wagza(i + k — 27)], k> 0 (23)
22(9) = ¢2(0)7 0 e [—27“, 0]

By 22(k) = 0, Vk € [—2r, 0], we can deduce that z3(k) = 0, Vk > —2r. System (21) can be written as

Zl(k + 1) = anl(k) + Z::_&[Vnzl(’t + k- ’I”) + anl(i + k- 27")], k>0 (24)
z1(0) = ¢1(0), 6 € [-2r,0]
with —¢* < z1(k) < ¢*, Vk > —2r and ¢* > 0.

By virtue of remark 1, we deduce that

—q¢* < z1(k)<q", Vk = =2r



Asia Pac. J. Math. 2024 11:95 8 of 18

finally, we obtain —¢ < z(k) < ¢, Vk > —2r. This implies that the polyhedral set D(I,,, ¢, q) is positively
invariant dependent of delay with respect to system (6).

Only If:) Assume that the polyhedral set D(/,,, ¢, q) is positively invariant dependent of delay with
respect to system (6). Let z(.) the solution of system (18) with

—q < z(k) < ¢q, Vk € [-2r,0]

The positive invariance of the set D(1,,, ¢, q) implies that

Therefore

then z3(k) = 0, Vk > —2r. From system (22), we obtain

r—1

Zg(k + 1) = Hglzl(k) + Z[Vglzl(i +k— 7’) + Wlel(i + k- 27’)] =0, Vk > —2r
i=0
Therefore, we have
r—1
22(1) = H2121(0) + Z[szl(i - T) + Wlel(i - 27")] =0
i=0

for all z1(0), z1(i — r) and 21 (i — 2r) in D(I;, ¢*, ¢*) with i = 1,...,7 — 1, this implies that My = V5, =
Wy = 0.

From system (21) and My; = Va1 = Wy, = 0, we deduce that

Zl(k + 1) = anl(k) + Z::_(}[Vnzl(l + k — 7“) + WHZl(i + k- 27’)], k>0

21(9) = (251(9), 0 c [—27’, O]

(25)

with
—¢" < z1(k) < ¢, Yk = —2r

By virtue of remark 1, we obtain (|Mj1| + r(|Vi1| + |[Wi1]))g* < ¢*. O

3. MAIN RESULTS

In this section, we will establish sufficient conditions for a linear state feedback control law u(.) =
Fz(.), with F € R™*" and rankF’ = m to be a solution to the linear constrained regulation problem.

For that, we need the two lemmas below.
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Lemma 3.1. [?4, Lemma 4.1] The set KerF with F' € R™*", and rankF = m is positively invariant with
respect to motions of system (4) if and only if there exist matrices
H, G € R™*" satisfying:

F(Ay+ BF)=HF (al)

FA; =GF (a2)

Lemma 3.2. [?4, Lemma 4.2] If domain D(F', q, q) is positively invariant with respect to system (4), then ker F’

is also positively invariant with respect to system (4).
Remark 2. The strict positivity of ¢ in Lemma 3.2 is not necessary.

In the following, we apply the results established in section 2 and the results of Lemma 3.1 and
Lemma 3.2 to the problem of the constrained regulator described in section 1, we obtain the following

results.

3.1. Independent of delay case.

Theorem 3.3. The polyhedral set D(F, q, q) with F' € R™*", and rankF = m is positively invariant indepen-
dent of delay with respect to system (4) if and only if there exist matrices
H, G € R™*" satisfying:

F(Ay+ BF)=HF (01)
FA, =GF (b?)
(|Hu1| + |G11])¢* < ¢* and Hyy = Go1 =0 (b3)

where Hy1, Ho1, G11 and Gy are given by the decomposition (7).

Proof.
Necessity: Suppose the domain D(F, ¢, q) is positively invariant with respect to system (4). According
to lemma 3.2, Ker F), is also positively invariant with respect to system (4), and from lemma 3.1, we

deduce that there exist matrices H and G € R™*" that satisfy:

F(Ag+ BF) = HF (b1)
FA; =GF (b2)

Consider the change in variables y(k) = Fx(k). By conditions (b1) and (b2), system (4), can be
transformed to system (6), and D(F, ¢, q) to domain D(1,,, ¢, q) which is also positively invariant with
respect to system (6) and by virtue of theorem 2.2 this is equivalent to condition (b3).

Sufficiency: By introducing the change in variables y(k) = Fz(k) and considering the conditions (b1)

and (b2), we can transforme system (4) to system (6), and domain D(F, ¢, q) to domain D(Iy,,q,q).
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Using theorem 2.2, condition (b3) guarantees the positive invariance of domain D([,,, ¢, ¢) with respect

to system (6), which is equivalent to the positive invariance of D(F, ¢, q¢) with respect to system (4). O

We are now in a position to establish conditions for a linear state feedback control law u(.) = Fxz(.)

to be a solution to the linear constrained regulation problem.

Theorem 3.4. For a matrix ' € R™*", with rankF’ = m if there exist matrices

H, G € R™*" satisfying:

F(Ao+ BF) = HF (cl)
FA, = GF (c2)
(|H11|+|G11|)q* <q* and Hyy = G91 =0 (63)

where Hy1, Ha1, G11 and Goy are given by decomposition (7), then u(.) = Fx(.) assymptotically stabilizy the
system (4) when the initial data x(0) € D(F,q,q), V0 € [—r,0] and also satisfies the constraints 2.

Proof.

By virtue of theorem 3.3, the conditions (c1), (¢2) and (¢3) imply the positive invariance of the set
D(F,q, q). To complete the proof we shall prove that u(.) = Fz(.) is a stabilizing control in D(F, q,q)).
Let us make the change in variables z(k) = Fz(k), with rankF" = m. From conditions (c1) and (¢2)
it follows that z(.) is a solution of a system described by (6) and the domain D(/,,, g, ¢) is positively
invariant independent of delay with respect to system (6).

Let z(.) a solution of a system (4), such that 2(0) € D(F,q,q) for 6 € [—r,0], by positive invariance
of D(F,q,q), we deduce z(k) € D(F,q,q), Yk > 0 thus, we have z(k) € D(I,,q,q), or equivalently
z1(k) € D(Is,q*, ¢*) and z2(k) = 0, Yk > 0, where z; € R® and 2, € R™*. From system (6) and
decomposition (7) of matrices H and G it follows that z; (.) verify system (13). Consider the norm on

R® defined by

| v; |

ol = gmax ==

where ¢; is the i-th component of ¢* and v; the i-th component of v. The subordinate matrix norm

based on the norm ||.|| is given by

L
IL|| = max 2

wli#0 [lwl]
with L a matrix of order s.

put L = (|Hi1| + |G11]) = 0, by (|H11| + |G11])¢* < ¢*, we have
1L <1

On the other hand, it can be observed that the necessary and sufficient condition to ensure that all

eigenvalues of system (6) are located within the unit disk D(0;1).
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All the solutions of the characteristic equation
det(t]m — H11 — t_TGH) =0 (26)

verify |t| < 1. Suppose that there exists a solution of the characteristic equation (26), with [t| > 1. We
have (See [31])
|t] p(Hi1 +17"Gn)
p(|Hu| + [t77||G1l)
p(|Hi1| +|G11|) because |t77| <1

1]

NN NN

This is a contradiction.
Then lim (z1(k;41(0))) = 0. From 22(k) = 0, Vk > 0, we deduce that lim (z(k;v(6))) = 0.
k—+o00 k—+oc0

By rank F' = m, we have lim (z(k;¥(0))) = 0. O
k——+o0
3.2. Dependent of delay case.

Theorem 3.5. The polyhedral set D(F', q, q) with F' € R™*" and rankF = m is positively invariant dependent
of delay with respect to system (4) if and only if there exist matrices H and G € R™*™ satisfying:

F(Ay+ BF) = HF (d1)
FA, = GF (d2)
(|IMua] + r(|Vi1] + [W11]))¢* < ¢* and Moy = Vay = Way =0 (d3)

where My1, M2y, Vi1, Va1, W11 and Wy are given by decomposition (7).
Proof. This follows readily from theorem 2.4 and theorem 3.3. O

Theorem 3.6. For a matrix F' € R™*", with rankF’ = m, if there exist matrices
H, G € R™" satisfying:
F(Ao+ BF) = HF (el)
FA, =GF (e2)
([Mya| + r([Vir] + [Wii]))g" < ¢* and Moy = Vor = W2 =0 (e3)
where M1, Ma1, Vi1, Va1, Wi and Woy are given by decomposition (7), then u(.) = Fxz(.) assymptotically

stabilizy the system (4) when the initial data x(0) € D(F,q, q), V0 € [—r,0] and also satisfies the constraints 2.

Proof.
By virtue of theorem 3.5, the conditions (el), (e2) and (e3) imply the positive invariance of the set
D(F,q, q). To complete the proof, we shall prove that u(.) = Fxz(.) is a stabilizing control in D(F, ¢, q).

The change in variable z(k) = Fz(k) transform the system (4) to system (6). The usual scheme used in
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the literature for obtaining delay-dependent stability is to use system (18) instead of system (6), the
asymptotic stability of (18) guarantees the asymptotic stability of (6) .

Let z(.) a solution of a system (4), such that z(0) € D(F,q,q) for 6 € [—2r,0], by positive invariance
of D(F,q,q), we deduce that z(k) € D(F,q,q), Yk > 0 thus, we have z(k) € D(I,,,q,q), Yk > 0 with

*

q= 1 , then by using the decomposition (7) of matrices M, V and W, we obtain z3(k) = 0 and the
0

system (24), with 21 (k) € D(Is,¢*,¢*), and z; € R®.

Consider the norm

]| = poax p

with ¢ the i-th component of ¢* and v; the i-th component of v. The subordinate matrix norm based

on the norm ||.|| is given by

L
2] = max 121

Jwll£0 lw
Put L = (|Mq1] +r([Vi1| + [Wa1l)) = 0, by (|M11] + r(|Va1] + [W11]))g* < ¢*, we have

1Ll <1

On the other hand, it is seen that (See [29]) the necessary and sufficient condition for the asymptotic

stability of (24) is that all the solutions of the characteristic equation

r—1
det |thy — My — Y [Vigt"™" + Wit ™| =0 (27)
1=0

verify |t| < 1. By contradiction, suppose that there exists a solution of (27) with [t| > 1, then

] < p(Miy + Y2y [Viat™ + Wit =2r])

< p(IMaa| + X (Vi || + (W [[#720)
< p((IMyg] + r(|Var] + [W1i))), because [t77| < 1and [t727| < 1
< L

which is a contradiction.
Then klim (z1(k;91(0))) = 0 and z3(k) = 0, Vk > —2r, hence klirJlra (z(k;0(8))) = 0. By rankF =m,
——+o0 —T 0
we deduce that lim (z(k;(0))) = 0. O
k—+o00

4. ALGORITHM
All the results that we have indicated in section 4 are based on the existence of the matrices H and

G. It is obvious that there existence depends on the matrices Ay, A;,B and F'. For this we have the

following lemmas.
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Lemma 4.1 (Hmamed et al [25]). There exists a matrix H € R™*™ and G € R™*"™ solution of

F(Ay+ BF) = HF

(28)
FA =GF
where F' € R™ " and rankF = m, m < n if and only if
F(Ay+ BF FA
rank (Ao ) = m and rank Hem (29)
F F
Corollary 4.2. If condition (29) is satisfied, then the solution of (28) is given by
H = [F1((Ao)11 + B1FY) + Fo((Ao)a1 + Bo )| Fy (30)
and
G = [Fl(Al)ll + FQ(A1)21]Ff1 (31)
with F = [ o) F1 € R™X™ By € R rankFy =m, B= | |, By € R"™*™,
By
(Ao)11 (Aog) A A
By € R"™MXM, Ay = i o) ,A1 = (Ao (Ao , (Ao)1t, (A1)11 € R™*™,
(Ao)21 Ao (A1)21 (A1)22
(Ao)12, (A1)12 € R™*(=m) (4g)g )21 € RIVmXM apg (Ag)gg, (A1) € Rv-m)x(n=m),

The search of a matrix F solution of the LCRP problem can be done according to the following
algorithms:
Algorithm 1: (Independent of delay case)
Step1: Choose F' € R™*" such that:

F(Ay + BF)
F

rankEF = m, rank
F

FA
=m and rank =m

Step2: Compute H and G by equations (30) and (30).

Step3: Using the decomposition (7) of matrices H and G, compute |H11|, |G11|, |H21| and |Ga1].
Step4: If |H;1| and |G11]| satisfy the condition ¢3 of theorem 3.4 then stop, else go to Stepl and change
the matrix F.

Algorithm 2: (Dependent of delay case)

Stepl: Choose F' € R™*" such that:

F(A0+BF)
F

rankF = m, rank

FA;
= m and rank =m
F

Step2: Compute H and G by equations (30) and (30).
Step3: Compute M, V and W by equations M = H + G,V = GH and W = G*.
Step4: Using the decomposition (7) of matrices M, V and W, compute |Mi1], |Vii|, |[Wi1|, [Ma21], |Va1
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and |W21|.

Step5: If [Mi1], [Viil, [Wiil, [M21], |Va1| and |Wy; | satisfy the condition ¢3 of theorem 3.6 then stop, else
go to Stepl and change the matrix F'.

5. ExaMPLE

Consider the system (1) with

1 111 11
2 -5 0 i 8 o 3 3 0
m=lo 1 a0 g i |mas=]o ]}
0 % 3 0 0 1 00 -2
u(.)
The control vector u(.) = [ uy(.) | € R? is subject to constraints
us(.)
3

—q <u(k) <gq, whereq= |1
0
or equivalently
—3<u(k) <3, =1 < uzs(k) <landus(k) =0, Vk >0

Note that Ay is unstable. The eigenvalues of Aj are \; = 2, Ao = 0.59 and A3 = 0.41.
Let

-3 0 0
_ 1
F=10 3 0
0 7 3
then
1 -3 1 1
2 10 0 i 1 0
_ 71 _ 1 1
H=10 % 1 and G =10 5 3
3
0 0 0 0o o 3
by using the decomposition (7), we have
1 =3 1 1
Hyi=(%? Y], 6u=|" 14 ,H21=(0 O) and Ga1 =0
0 L 0o i
16 2
therefore
1 3 1 1
|H11| = 2 170 cmd ‘G11| = 4 114
0 16 0 2
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We can verify that | H11| and |G11] satisfy the hypothesis of theorem 2.2. Then u;(.) = —3x1, u2(.) = ixg

and us(.) = x2 + i3 stabilizes the system on
D(F,q,q) ={z cR®| —-1<2;<1; —4<29<4; x9+4 213 =0}

In Figure 1, we plot the trajectory of system (1), for the initial conditions 3 = [~1,4, —2]T in D(F, g, q)
with a delay » = 1. We notice that the trajectory of our system does not leave the domain D(F, ¢, q)
for any instant k£ > 0, moreover it converge asymptotically to the origin z. = 0. The same results are

obtained for arbitrarily initial conditions ¢ € D(F, ¢, q).

X1
x2

State values

0 20 40 60 80 100 120
Time step

Ficure 1. The asymptotic stability of the closed-loop system for initial state ¢o =

[—1,4, —2]7 withr = 1.

0.7

—ul
uz| 7
u3

061

0.5

0.4

031

02r

Control

011

-0

02}

-0.3

0 20 40 60 80 100 120
Time step

Ficure 2. The evolution of the control u.



Asia Pac. J. Math. 2024 11:95 16 of 18

6. CoNCLUSION

The symmetrical constrained regulation problem for discrete-time delay dynamical systems with
origin on the boundary of the domain of constraints is studied.
Two cases are considered: delay-independent and delay-dependent. In each case we use properties
of positive invariance to give sufficient condition for a state feedback control law u(.) = Fz(.) tobe a
solution to the linear constrained regulation problem. Finally, an example of application of the results

is given.
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