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AsstrACT. We provide new approximation solutions to telegraph equations with Caputo fractional operator
using the Yang decomposition method in this paper. To confirm the suggested method’s high accuracy,
certain specific instances are given, and the resulting solutions are compared to the exact answer and
analytical data. The findings show that, for lower degree of approximations, Yang decomposition method
converge quickly to accurate solutions of the given problems.
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1. INTRODUCTION

During recent decades, researchers have been interested in studying fractional calculus and its
applications, not only in mathematics but also in many other sciences, such as physics, thermodynam-
ics, engineering, economics, etc. Fractional calculus has many applications in the field of electrical,
electrochemistry, statistics, and probability. In addition, fractional differential equations can describe
many cosmological phenomena that traditional differential equations cannot describe [1]- [8]. Dif-
ferential equations of fractional order are particularly suited to describing critical aspects in finance,
electromagnetic, acoustics, viscoelasticity, biochemistry, and material science [3]. Therefore, broad
classes of semi-analytical and numerical techniques were used to solve these equations such as ADM,
VIM, HPM, DTM, RDTM, LADM, LVIM, SADM, SVIM and other methods [8]- [60].

The Adomian decomposition technique is one of the important methods for finding the approximate
solution to differential equations and it has been dealt with in many researches. The Yang transform is
also one of the integral transforms used in solving differential equations. Therefore, when we merge the

ADM with the Yang transform, we get a new method to find the approximate solution to differential
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equations. In this paper, we apply the Yang decomposition technique to find solution of fractional
differential equations with the fractional operator Caputo. The order of the paper is as follows: The
basic definitions for calculus and fractional integration are presented in section 2, the method used is
analyzed in section 3, many examples are given that explain the effectiveness of the method proposed

in section 4, and finally, the conclusion is provided in section 5.

2. PRELIMINARIES

This section [61]- [66] goes through some FC definitions and notation that will be used during this
period of work.
Definition 2.1. The fractional integral operator of order v > 0 Riemann Liouville, of p(u) € Cy, 9 > —1 s

i Jot =) tu(t)dr, a>0, t>0.
u(t>7 a=0

Iou(t) =

Properties of operator I :
1. I*17u(t) = I*T7u(t).

2. I°I%u(t) = I° I%u(t).

— _L(mt1)
3. It = w oyt

Definition 2.2. The Caputo fractional derivative of order o of u(t) is

D%u(t) = I *D™u(t)
1 ! m—a—1, (m)
:F(m—a) 0(75—7') w"™ (T)dr
Form—1<a<m,meN,t>0andu e C™,.
The properties D are:
1. D%k = 0, where k is a constant.

_ I(o+1 _
2. D0 — I‘(aicx—i-)l)ta o

3. DODu(t) = Do+u(t)
4. 1°D%u(t) = u(t) - Yt u®) (0) 4

s

Definition 2.3. The MLF with o > 0 is

Oé

o
ZI’moH—l

m=0

3. Yang transform

Definition 2.4. The Yang transform of the function is

Y{u(t)} = /0 T e tu(ydt, > 0,
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with v representing the transform variable.

Few properties of YT is stated as.

The YT  Y[f(t)] of the caputo fractional derivative as defined by

—_

Y oDz ()] =

Y[f(t)] —=UW(0F)
e o — pla—k=1)

Wheren —1 < a<n
3. FORMULATION OF YANG DECOMPOSITION METHOD FOR FRACTIONAL TELEGRAPH EQUATION

We now consider the following and hence illustrate the basic
§D2U (z,t) = A(z,t)07U (,t) + B(z, 1)U (z,t) + C(z, )U(z,t) + U (z,t) + g(, t), (3.1)

with the initial condition U(0,t) and U,(0,t),0 < < a,0 < a < 2 and A(x,t), B(x,t),C(x,t) are
continues functions and U"(z, t) is nonlinear function.

Applving the YT to both sides of (3.1), we have

Y[U(z,t)] = U® (07) v Az, )0}U (x,t) + B(x, t)0,U (w,t) (32)
v gt +C(@, U (2,8) + U (@, 1) + g(a,1) |

or

+ 0 [A(z, 102U (x,t) + B(x, )0,U (x,t) + C(z, t)U (x,t) + U"(x, t)]. (3.3)
Hence, applving the inverse YT to the both sides of (3.3), we conclude that.

n—1
1w U® (ot N
Uz, t) =Y o) 7}(06_;(6_1)) +0*Y[g(, t)]

k=0
+0°Y [A(z,1)07U(z,t) + B(z,t)0,U (z,t) + C(z,t)U(z,1)

+U" (z,t)] (3.4)
So that
Uz, t) = p(z,t) + Y [v°Y [A(2,t)07U (,t) + B(z,t)0,U (z,t) + C(x, )U (2, ) + U"(z,1)]], (3.5)

Where

oY g(x, 1] - (3.6)

Now, suppose that
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Uz, t) =Y Un(x,t) (3.7)
n=0
and
U'(z,t) =Y An(a,1).
n=0

Substituting series (3.7) in (3.5), we have

> Un(,t) =p(a,t)
n=0
+ Y Y [A(z, t)0fUn(, ) + B(x,t)0Un (2, t) + Oz, ) Up(z, 1) + An(z,1)]] -
(3.8)

For the recursive iteration system, by the computing of both side of (3.8), we get the components of

the approximation as the of the following respectively.

Up(z,t) = p(x,t).

Ui(z,t) = [Y 7 [0°Y [A(2, )07 Uo(,t) + B(z,t)0Up(x,t) + C(z,t)Up (2, t) + Ao(,1)]]] (3.9)

Us(x,t) = |Y 1 [0°Y (3.10)

Az, t)0?Uq (2, t) + B(x,t)0,Us (, t)+]
C(z,t)Uy(z,t) + Ay (2, 1)

Us(z,t) = [Y ! [0*Y [A(2,1)07Us(2,t) + B(z,t)0Us(z,t) + C(z,)Us(, ) + Ao(z,t)]]] . (3.11)

Upt1(z,t) = [Y_l [0°Y [A(z, 102U (x,t) + B(x, 1)Uy (2, t) 4+ C(x, t)Uy(x, t) + Ap(z,t)]]] (3.12)

4. CONVERGENCE ANALYSIS

In this section, the sufficient condition that guarantees existence of a unique solution is introduced

and we discuss the convergence of solution,

Theorem 4.1. The equation
Un+1(z,t) = p(x,t) + [Y_l [UO‘Y [8t2Un(x, t) + 0Un(z,t) + Up(z,t) + Uﬁ” ,n>0

hase unique solution whenever 0 < ¢ < 1, and

(Ly + Ly + Lg) tetD)
(o —1)!

Proof. let E = (C[I]2]| - ||) be a Banach space of all continuous function on I = [0, T] with norm || - ||

we defin amapping F : E — E where
U1 (z,8) = ez, ) + [Y—l [Uay [L U (,8)] + M [Up(,8)] + Up(z,t) + U/;m

Where L [Uy,(x,t)] = 07U (z,t)] and M [Up(z,t)] = 0;Un(z,1)
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Now suppose that L [U,(z,t)] and M [Uy,(z,t)] is also lipschitzian with
and |LU — LU| < Lo|U — U||MU — MU| < L1|U — U]
Where L; and Ly is lipschitz constant respectively and U, U is defferent values of the function
| —F|l = max | [Y—l [UO‘Y[LU(x, ] + M[U(z,)] + U(z,t) + Uk (a, t)m
. [Y—l [vay [me, )] + M[U(z,8)] + Uz, t) + zﬁm

< max | [ - [uay [L[U(x,t) LUz, )] + Y [UQY[M[U(:U, £)] — M[U(z,1)]

ty! [wy [Uk(:v,t)} - zﬁ(g:,t)m |
< max | LY~ [UO‘Y[U(az,t) ~ U(a,t)]

FLoY [0V U, ) = U, 0] + LeY ™ [o°Y U, ) = U, 0] ]| |
< max (L1 + Lo + L) [Y—l [UQY[U(Q;, t) — Uz, t)]”

< (L1+ Ly + L) [Y_l [UQY[U@?J) - ﬁ(:c,t)]”

s

Uta,t) = Ul 1] ]|

under the condition 0 < ¢ < 1, the mapping contraction. Therefore, by Banach fixed point theorem for

contraction, there exists a unique solution to the equation. O
y®
Theorem 4.2. The solution of equation 3.1 and with initial condition Y}, snr=t will be convergence.

Proof. Let s, be the one partial sum., Le, s, = Y., Uj(z,t). We shall prove that {S,} is a Cauchy

sequence in a Banach space E. By using a new formulation of Adomian polynomials, we get

Z Ull‘t

i=m-+1

|$n — Sml|| = max|s, — spm| = max
tel

Yﬁ [ Y [Ez m+1L [Ug—1<‘rvt)]]]

< max +Y [0y [, M U (2, 0)]]]

Y [V [ [Ana (@ )]
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y-! [WY [Z?;%L [Un(xvt)]”
< max +Y-ly [Z?:_nle [Un(fﬂvt)]”
Y [0V [0, [Ana (2, )]

Y= 0*Y [L (sp-1) — L ($m-1)]]
Smax| Y Y [M (s0-1) = M (si-1)]]
VY [0 [UF (30mt) = UF (500)]]

<Ly max Y0 [(sn-1) = ($m=1)]]|

+ Lo max Y [0Y [(sn-1) — (8m-1)]]]
+ L3 r}?»glx Y_l |[’UaY [(Snfl) - (smfl)]”

(L1 + Lo + Lg) tla=1)

e In1 + sm_al.

Letn =m + 1, then
Imst + smll < & 15+ smt | < € lsmr + smez || < -+ < ™ [ls1 + 5o

_ (Li+Lo+Lo)tle—D)
Where € = (a=1)! .

Similarly, we have, from the triangle inequality we have

[$ma1 = Smll < Smt2 = Smatl] < - < |[sn — spoa|| < [+ - 4" <

1 _En—m
1 = soll < ™ ———— vl

since 0 < € < 1 we have

Em

(1—e"™) < 1; then ||s, — syl max ULl
€

1

However, |U;| < oo ( since U(z,t) is bounded),

So ,as m — oo then ||s;, — s,,|| — hence {s,} is a cauchy sequance in E, therefore the series )~ , U,

convergence and the prove is complete. O
5. ILLUSTRATIVE EXAMPLES
Example 5.1. Consider the one-dimensional space FTE
SDOU (x,t) = DU (x,t) + DiU(x,t) + U(z,t), 0<z <1, 0<a<2 (5.1)

with the initial and boundary conditions
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or

U(Oat) = e_ta
Uy (0,t) = e,
U(z,0)=¢€"

Ut(l’, 0) = 0.

Applying the YT on the both side of (5.1), we have

Y DU (2,t)] = Y [D{U(z,t) + DU(z,t) + U(z,t)] =0 (5.2)

-1
Y[U(z,t)] ‘~— UW®
| v(a I > e [DFU(2,t) + DU (z,t) + Uz, )] (5.3)
k=0
(0) (1)
YU (x,t U U,
[ v(a I o — o = Y [DIU( ) + DU, 1) + Ula, )]

—t —t

e e o
— + W] + Y [D?U(x,t) + DyU(x,t) + U(xvt)]

Y[U(z, )] = v° {

Y[U(z,t)] = (1 —v)e ' +v*Y [DiU(x,t) + DU (x,t) + U(x,t)] . (5.4)

Applying the invers YT to the both side of (5.4), we get

Uz, t) = (1 —z)e "+ Y 1 [[v*Y [D}U(2,t) + DU(z,t) + U(z,1)]] .

Then, we have

Uo(z,t) =e (1 — )

Next, when we use Uy (z, t) to calculate Uy (x, t)

Ui(x,t)

I I I I I I
ol T T
s

Q

Il
| — |
('b‘
| — |
=
SRS
+Q
=
Hl s
o o
+ |+
N | =
'
| I
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After that using Uy (x,t), we get

Us(z,t) =Y ! [v*Y [D}U; (2,t) + DU (,t) + Ui (z,1)]]

ot (oo ot ] o )

[ a5y ”Eai%H)

[“ay {e {F a+1) x i;)} - {et [F(cfi Dt rx(:i;)} +e [P(cfi nt P(Zié)”
o e T ]
=c [F(ZZ—FI) + F(::LIQ)]

Now Use Us(z,t) colculus Us(x, t)

Uty =Y~ [M {Df [ [mfi 't rfmilm” o [ [mfi 't rfmilz)H !

2a 2a 2a 2a
_ _ +1 _ T T+ 1
H=Y 1 OzY t €z L o t
Us(@,?) ! { ¢ {F(Za 0 T T2a+2) ¢ T@a+D) "T@at+2))] "
X

2 2
+1
_ Y—l ay —t T z
Us(w,?) [” ¢ |TRat1) "TRat2)

4o 4o
Ly x r*+1
Us(a,t) = e [F(4a—i—1) * F(4a+2)]

So that, the approximate solution is

x® N x®+1 4ot x2 . x4+ 1
e
MNa+1) T(a+2) I'2a+1) T'(2a+2)

bt 2 n 2 41 n
F2a+1)  [(2a+2)
> pma ma-+1
xr
t) =
x Ze |: xma+ )+F(xma+2):|

m=0

)= 1)+t

When o = 2, we have
Uz,t) =e"
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[¢]

u(x ) &t \ alpha =1.3
ufxt) at\ alpha =1.7
u(x,t) al \ alpha =2
u{x,t) exact

t

Ficure 1. Plot of approximate solutions U (x,t) at different values of o at t = 0.5 and

compression with exact solution e* .

FiGure 3. The surface shows the YADM solution U (x, t) for example 1, when o = 1.7.

o i N L L L L
0 0005 001 0015 002 0.025 003 0035 004 0.045 005
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FiGUREe 4. The surface shows the YADM solution U (x, t) for example 1, when o = 1.3.

Example 5.2. Consider the following space-fractional nonlinear telegraph equation.

0w Pu  Ou
= — — > < 5.5
90— g2 +a$ u(x,t) + zu(z, t)ug(x,t), z,t>0 , 0<a<2 (5.5)

with the initial conditions

u(z,0) = z,u(z,0) = z,

By taking Yang transform for (5.5), we have

9%u ?u  Ou
Y {8’50‘} =Y {3552 to, U (@, t) + zu(z, t)uy(x, t)

Yiu, )] _ ul@,0) _ w(z,0) _ Y [6% + 61; — u?(w,t) + a:u(ac,t)ux(x,t)}

e ,Uafl ,Ua72

oz2 0

Arrangement and substitute the initial condition, we get

0*u  Ou
2 o 2
Y{u(z,t)] = v + v*x + Y [83}2 + FraC (x,t) + xu(x,t)uz(x,t)}
Applying the invers Yang transform
0?u  Ou
_ vl 2 ~1 | a — 2
u(z,t) =Y " [vz +0v7z] +Y [v Y [(%:2 + o Y (z,t) +:Eu(:n,t)uz(33,t)”
0*u  Ou

u(w,t) =z +at+Y ! |:UaY [ —u*(z,t) + vu(w, t)ug(z, t)”

922 oz

Hence
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Unt1(x,t) = (x + xt)

+vy! (vO‘Y

U (2,t) = Oup (1)
SRS S Syt

n=0 n=0

+ Z Bhxu(z, t)uy(z, t)] )

n=0

The initial term

uo(z,t) =z + xt

Therefore, the approximate is

’U,n(flf,t) - UO(.%',t) + Ul(l',t) +u2($7t) +U3(Q},t) +-
toc tOé-‘r]. toc+2
= t
T ) T Ter " T Tatry)”

substituting o = 2, We obtain the exact solution of standard Telegraph Equation in the following from

u(z,t) = xet

25

u{xt)at o =09

———u{xft)at n =15
u(xt)at o =2

2f O ulxt)exact

///
/@
15 AP

0.5 ’/O

&
Ncachi

o 005 01 015 02 025 03 035 04 045 05
t

Ficure 5. Plot of approximate solutions U(z, t) at different values of « at ¢t = 0.5 and

compression with exact solution e* .
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SEX
Sssietie)
$eseteelet,
Jresessetstietietel
SIS,
e‘s"’et‘a:,‘s‘g‘:;‘

Figure 8. The surface shows the YADM solution U (x, t) for example 1, when a = 1.5.
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Example 5.3. Consider the space-fractional linear telegraph equation of nonhomogeneous type
0% 0*u  Ou 9
— ==+ = —z°—t+1 ,0 2,t>0 5.6
gro o Cgr MU TIHE o Dsasats (5:6)
with initial condition
u(0,t) =t, wuy(0,t) =0
Taking the yang transform of the equation

0%u 0*u  Ou 9
Y[W} _Y[a%J“at“L“] +Y [-2® —t+1]

u(z, t)]  u(0,t)  ua(0,1) *u | Ou 2 s a
Y[ o :|_Ua—1_ o2 =Y @—l—a—{—u —|—[—2v —vt—{—v]
0? 0
Y[u(e, )] = [0 — 20042 — 42¢ 2] 4 Y M y 2 u]
Appling invers yang transform it give
ok 0
u(w,t) =Y ot — 207072 — p?* 4 %] 4 Y [UO‘Y [821; + 8—1: + u”
0%u  Ou Qpat2 ta® &
Y—l ay | Z 2 el — .
" [v L92t+8t UH Ta+3) Tatl) Tt
" (x t) . 21.04-1—2 B tr® N P
N =" Tla+3) T(a+1)  T(a+1)
02’LL0 8U()
t) =Y [v*Y —
ui(z,t) {v [ 5% + En + ug
x 22+2 tx® tax® ®
=Y 'y |04+1—- —" 4t _ _
[v [ - F(0<+1)7L Pa+3) T(a+1) F(a+1)+F(a—|—1)H
o N e 20T
 T(a+1) T(a+1) T(a+3) T(a+1)
ug(z,t) =Y |0?Y Fu +%+u
A ot ot !
21.204 iL‘Sa txZa 2x3a+2 tha

F(2a+1) TI(3a+1) * y2a+1) ~yBa+3) y(Ba+1)

Similarly, with find out the components ahead as authors have found out the previous components

u(z,t) = uo(x,t) +ur(z, t) + ua(x, t) + us(z, t) + - -

B 279+2 to® N z® N z® N ta®
MNa+3) TI'(a+1) I'(a+1) Ta+1) TI'(a+1)

2xa+2 tha 21:2(1 1.30( thoz
TT@+3) Tla+l) T@a+l) T@atl) TEatl)

3a+2 3a
2 tr

F'Ba+3) T'Ba+1l)
When o = 2, we get YADM solution
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() I I(7)

This solution is equivalent to exact solution

2
u(z,t) =t + x*.
3
u{xt)at o =09
——ufxfjata=15
25 ulxt) at o =2
O ufxt) exact
2+
ERE1S &
&
i o
I2)
@
P
P
05 o Ler
E = o
T
==
M

3 L L L L
o 005 01 015 02 025 03 035 04 045 05
t

FiGure 9. Plot of approximate solutions U(z, t) at different values of « at t = 0.5 and

compression with exact solution.

FiGure 10. The surface shows the YADM solution U (z, t) for example 2, when o = 2
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Ficure 12. The surface shows the YADM solution U(z, t) for example 2, when oo = 0.9

6. CoONCLUSION

In conclusion, this article investigates the use of YDM to obtain approximate analytical solutions
of telegraph equation. Through a careful comparative analysis between these approximate solutions
and exact solutions, supported by 2D and 3D graphs generated using the Maple platform, the analysis
sheds light on the accuracy and confidence of the YDM in solving fractional differential equations.
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