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AsstrAacT. Nonlinear ordinary differential equations (ODEs) play a critical role in modeling complex
dynamical systems across various scientific fields. However, the difficulty in finding exact solutions often
necessitates the use of approximation methods. This paper explores quadratic approximations, focusing
on the inclusion of only the second-order terms from the Taylor series expansion. By using only the
second-order terms, we aim to provide new insights about the solution of the system. We demonstrate the
existence of nonzero real solutions for systems of ODEs involving quadratic terms and present comparisons
between these quadratic approximations and exact solutions. The findings demonstrate that quadratic
approximations effectively capture the dynamics of nonlinear systems, providing deeper insights into their
behavior and may offer a reliable method for analyzing such systems.
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1. INTRODUCTION

Nonlinear ordinary differential equations (ODEs) are important for understanding complex dynam-
ical phenomena across various scientific disciplines. However, finding exact solutions for nonlinear
ODEs presents a significant challenge, which is why we often use approximation methods to understand
how these systems behave.

One such method involves the concept of linearization. Linearization is the process of converting
a nonlinear system into a simple linear system. Some well-known methods for doing this include
perturbation techniques ( [1], [2]), substitution methods [3], changing variables ( [4], [5]), and using
the Jacobian matrix ( [6], [7]). While these methods are useful, they mostly focus on linear terms,
which might not fully capture the behavior of systems that are far from equilibrium. Among these

techniques, the Jacobian matrix method is particularly well-known. However, it mainly considers the
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first-order terms of a Taylor series expansion and ignores higher-order terms like quadratic terms. This
has led researchers to explore more methods by considering the quadratic terms of the Taylor series
expansion in the approximation. In the study of Bogoliubov et al., they have presented asymptotic
methods for dealing with nonlinear oscillations, relying on quadratic terms for approximation. The
study highlights how quadratic terms can help model systems where linear approaches fail to capture
nonlinear behaviors [8]. Another research by Coullet and Spiegel derives amplitude equations using
quadratic terms to describe the behavior of systems near critical points where multiple instabilities
compete. The analysis focuses on the nonlinear interactions that arise in these systems, with the
quadratic terms playing a crucial role in determining the dynamics [9]. The said studies emphasized
the importance of quadratic approximations in understanding complex dynamical behaviors focusing
on quadratic terms including the linear terms.

This paper focuses exclusively on utilizing quadratic terms, without the inclusion of linear terms,
from the Taylor series expansion to solve ODEs. Through this approach, we aim to uncover new
insights and deepen the understanding of the unique dynamics that arise in systems governed solely
by quadratic nonlinearities.

The structure of this paper is organized as follows: Section 2 explores the existence of nonzero
solutions for differential equations that involve quadratic terms. In Section 3, we approximate a sys-
tem of nonlinear differential equations using the Taylor series expansion, specifically retaining only
the quadratic terms, and compare the solutions of the original nonlinear system with those of the
quadratic-only system. Finally, Section 4 concludes the paper with a summary of our findings and a

discussion of their broader implications.

2. ExistENcE oF NONZERO SOLUTIONS TO THE QUADRATIC APPROXIMATIONS

This section aims to demonstrate the presence of nonzero real solutions in a system of differential
equations involving quadratic terms. We establish the same because many real-world problems modeled
by differential equations require nonzero solutions to be meaningful. For example, in epidemiology,
nonzero solutions in a disease model could represent the persistence of an infection in a population,
which is crucial for understanding and controlling disease spread.

The theorem establishes the existence of nonzero real solutions for a system of differential equations
involving quadratic terms with n variables. The corollaries offer additional evidence of nonzero real
solutions, specifically in the cases where n = 2 or n = 3. Examples are provided for each case to

illustrate the concept further.
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Theorem 2.1. The system of differential equations involving quadratic terms

da:l

cht = Z?:l aij 1’?

i) 9

a Z?:l 25T

dz,, 9

T D=1 Onj T

has a nonzero real solution whenever the system of equations

Siiayity o= 0
diiayi+y2 = 0
L E?:l anjyjz +yn = 0

has a nonzero real solution.

Proof. Consider the system of equations:

Siiayi+y o= 0
Siiayi+y2 = 0 (21)
Z?:l anjy?‘ +Yn = 0
Let (y1,y2,---,yn) = (A1, A2, ..., \p) be a nonzero real solution of the system (2.1). That is,
(
Z?:l ale? + )\1 = 0
Z?:l CLQjA? + )\2 = 0
Z?:l anj)\? +A, = 0
Equivalently,
YiaA = M
Z?:l CLQJ')\? = *)\2
L Z?:l anj)\§ = _)\n
A1 A An
Let (z1,2z2,...,2,) = (tl’ 72, . t) where ¢ > 0. Then
Cll‘l - )\1
- = &
axz  _ _&
. t2 (2.2)
den  _ _An
.  t2
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Moreover,

& . MY 1 A

2 _ i) _ 2_ _ AL
Soned =S () =g Do 0= 3
j=1 j=1 j=1

n n s 2 1 n ) )\2

2 __ J _ —
E:@ﬂf—Eﬁ%<t> —ﬂE azj (N)" = —5
j=1 j=1 j=1

and

n , n )\j 2 1 n ) A,
Doy =) ani | L) =5 (V) =5
=1 j =1

Hence,

Using the system (2.2), we get

Thus, (21, 22,...,2,) = <

et
equations involving quadratic terms since (y1, y2, . . -

—1

n 2 —
o ajaf = =5
j=192%5 = T2

n 2 9
Zj:l as;jry =

n 2 =_
Zj:l an]xj -

da;l
cht = E?:l aljm?
i) 9
o Z;’L:I a2;jT;
dz,, n 9
[ a1
Al Ao A

Un) = (A1, A2, ..., Ay) is nonzero.

n) is a nonzero real solution to the system of differential

O

To illustrate the solution of a system of differential equations involving quadratic terms, we will

examine the solutions for the cases of n = 2 and n = 3.

Corollary 2.1. The system of differential equations involving quadratic terms

has a nonzero real solution. Moreover, a nonzero real solution is given for each of the four cases:

dl‘l
2 2
Cth = anx] + a12x;
L2 2 2
— = a217] +a2x
dt 1 2

Case 1: If a11 # 0 and age # 0, then the nonzero real solution is

I

T2

t 9| A]Pw, |A|
1 <w 40,%1 - 3&210,22 - 3&%1 2&11)

1 <w 4a%2 - 3a11a12 - 3a§2 2a22>

t

9| A2ws |A|
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where
o (81a2,a3,| A|* + 96a12a3,| A]? — 108a19a3,(a11a12 + ady)| Al
! 18] A
1
12(a11a12 + a3,)°|A]* — 12a3y(a11a12 + a3,)?|A]*)2
18] A4
1
n 2a92(ar1a12 + Q%Q) — 3aj2a92| Al _ 8a%’2 3
6AJ3 27[AP
and

N|=

(81afya3, [A* + 96ai a1 | A]® — 108af, az1 (az1a22 + afy)|A[)

w2 18 A2
n 12(ag1ags + af))?|A]? — 1243, (a1a02 + af))?| A?
18/A["
1
2a11(a21a22 + a%l) — 3&11&21’A| B 8&?1 3
6/ A7 27[AP

Case 2: If a11 = 0 and age = 0, then the nonzero real solution is

1
:L'l = —-——
3 2
1
1’2 = ———
3/,2
L/ ajpa21

Case 3: If a11 = 0 and age # 0, then the nonzero real solution is

2
x . a2 w a22
1 = — 37— 592
t 3a%2a21w3
1 a9
ro = —|\W3— —F5——
t 3a%2a21w3

where

3
1 4a3, 1
LL)3 = + —_———
2 2 2
6a12a21 3a12a21 2&12(L21

Case 4: If a11 # 0 and age = 0, then the nonzero real solution is

1 ail
rKT = - \wWw4— 5
t 3a12a%1w4

. a1 w a1l
2 = T 4= 5 5
t 3a12a§1w4

1 | 4a3, 1
Wy = + 9—
<6a12a§1 3a12a3, 2a12a3,

where

wl—=
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Proof. Consider the system of differential equations:

dl‘l
2 2
= a1y + a12x;

dt
@ = ag2? + axr? (23)
dt 2147 2249

By Theorem 2.1, the system (2.3) has a nonzero real solution whenever the system of equations

anyi +anys +y1 = 0 (2.4)
a1yt +anys +y2 = 0
has a nonzero real solution.
. . A1 A2
If there exists a nonzero real solution (y1, y2) = (A1, A2) of the system (2.4), then (21, z2) = i

where ¢t > 0 is a nonzero real solution of the system (2.3).

Now, we form the following system of equations:
ai Al +apA3+A = 0
agl)\% + agg)\% +X = 0
We solve for Ay from the second equation of the system.

-1+ 1-— 46@2&21)\%
Ay =

2@22

Substitute A, to the first equation and we get

2
—1++/1—-4 2
a1\ + aro a202171 +X =0
2(122

After some algebraic manipulations, we obtain
2 2
a11a22 — A12G21 a11a22 — A12G21 ajjal2 + a39 a12
( ) Mez( )t (TR g 22y
a2 a2 a5o a22

On the other hand, if we first solve for A\ using the first equation in the system and then substitute it

into the second equation, we can get

2 2
a11G22 — 412021 a11G22 — A12G21 az1a22 + a a21
( ) ot N G

ail a1l aiq ail
ail a2
Let A = . Then |A| = 11022 — A120a21. So we get

az1 Q22
Al? 2|A ajials + a2 a
4] 2' Ay 24 |/\§’ + <“ 2 22) N+ 2y =0 (2.5)
(59 a22 59 a2

and

Al? 2| A asiago + a? a
Ay 24 (21222” N+ =0 (2.6)
an ai aiy an
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Consider the following cases:
Case 1: a1 # 0 and age # 0
Multiplying both sides of the equation (2.5) by a2, we have

‘A|2)\Zl1 + 2a22|A|/\:1)’ + (a11a12 + a§2) )\% + aioa990A1 = 0

Equivalently,

A =0or |A’2>\? + 2&22|A‘)\% + (a11a12 + agg) Al + a12a90 =0
Multiplying both sides of the equation (2.6) by a1, we have

Ay =0or |A’2)\§ + 2a11|A\)\§ + (a21a22 + a%l) Ay +ajias =0

A A
We solve for \; and )y and substitute to z1 = 71 and z9 = 72

The nonzero real solution of the system of differential equation is:

1 4a2, — 3 —3a2, 2
1 1 <w a59 aj1ai2 as9 CL22>

Tt 9| A2w, |A|
1 ( 4a%1 — 3a21a22 — 3a%1 2&11)
To = — | W 5 —
t 9| Al 2w, Al
where
o — (81a2yad, | A|* + 96a12a35| A]® — 108a12a25 (a11a12 + a3y)| A3
18| A4
12(a1101 + a3,)*|A2 — 1203 (an1arz + a3)?|A]%) 2
18| A4
1
2&22(&11&12 + CL%Q) — 3a12a22|A| B 8&%2 3
6| A3 27| A3
and

N

(81a}; a3, |A[* 4 96at, a2 |A]> — 108a%, a2 (a21a22 + aiy)|A[*)

w2 18] A[*
12(agiag + ai,)’|A]® — 1247, (ag1a2 + ai,)?*| A
18|AJ4
1
2a11(a21a22 + a%l) — 3@116L21’A‘ B 80,‘;’1 3
6|A|3 27| A)3
Case?2: aj; =0and ase =0
The following system
an)\% + alg)\% + )\1 = 0

a21)\% + G/QQ)\% + )\2 = 0
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becomes
apA3+X1 = 0
agl)\% +X = 0

A A
We solve for A1 and Ay and substitute to z; = 71 and x5 = 72

The nonzero real solution of the system of differential equations is:

1

= t allgagl
2= E a?yas;
Case 3: a1; = 0and age # 0
The following system
anA? +apA3+A = 0
an A2 +axpA3+X = 0
becomes
a12/\% + A\ =0
an A +an)i+X = 0
We solve for A\; from the first equation.
A = —a12)3

Substitute this to the second equation.
a%Q(zgl)\% + agz)\% + )\2 =0

or

Ay = 0or CL%Qan)\% + agoXg +1=0

A A
We solve for A1 and Ay and substitute to z; = 71 and x5 = 72

The nonzero real solution of the system of differential equations is:

2
x a2 w az2
1 = —— 3 5.2
t 3a%2a21w3
1 as
r9 = —\Wg— —F5——
t 3a12a21w3

where

1
1 4a3 1\’
ws = (60,%2@21 3a%22§21 + - 2@%2(121)
Case4: a11 #0and ag =0
The following system
anM +api+i = 0
an X\ +ap i +X = 0
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becomes
an)\% + alg)\% + )\1 = 0
a21/\% + Ao = 0

We solve for \; from the second equation.
Ay = —ap A2
Substitute this to the second equation.
a12a3 A1 + a\i + A =0

or

A =0or a12a%1)\? + a1 +1=0

A A
We solve for \; and )y and substitute to z1 = 71 and zo = 72
The nonzero real solution of the system of differential equations is:
1 ail
1 = —|wp—
! t 4 3a12a%1w4
t 30,12(1%10.)4

where

1
1 | 4d3, 1\
wg = +9—
<6a12a§1 3a12a3, 2a12a3,

Remark 2.1. The rest of the solutions of system of differential equations

This completes the proof.

d[L‘l
2 2
Cflt = a1y + a12x;
L2 2 2
— = a2171] + a2
dt 1 2

are given for each case:
Case 1: If a11 # 0 and age # 0, then the zero and complex solutions are
Tr1 = 0

)

1'2:0

. (-1+V3i)wr (14 V3i) (4a3, — Baniarz — 3a3,)  2ap
' 2 18|14y ]
Iy = 1 (_1 - \/gl) w2 (1 - \/32) (4a%1 — 3agia22 — 3a%1) _ 2an
t 2 18| A[%wy A
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and
1 (—1 — \/gl) w1 (1 — \/gl) (4@%2 — 3ai1a12 — 30%2) 2a99
1= — — —
YT 2 18| A|w; Al
1 (—1 + \/gl) w9 (1 + \/gl) (4&%1 — 3agiase — 301%1) 2a11
To = — — —
2T 2 18] A|%ws Al
where
(81a%2a%2|A|4 + 96&12&%2|A’3 — 108(112a%2(a11a12 + a%Z)]AP
w1 =
18]A[f
, 12(anaiz + a3o)* AP — 1203, (an a1z + a,)|AP)
18[A["
1
2&22(@11&12 + a%2) — 3&12&22|A| B 8a§2 3
6/ A7 SPE
and

[N

(81a}y a3, |A[* 4+ 96at;a21|A]> — 108a%,a21 (az1a22 + afy)|A[*)

w2 = 18] A[*
N 12(ag1a92 + a?)3|A|? — 1243, (az21a92 + a21)?| AJ?
T8 A1
1
2a11(ag1a22 + a%l) — 3(111(121]14\ _ Sai’l 3
6| A 27| A

Case 2: If a11 = 0 and age = 0, then the zero and complex solutions are

o 1+ V/3i o 1—/3i
1= —5 1= o —5
1 =0 2t 3/ algagl and 2t 3/ algagl
o 1—/3i 1++/3i
r2 Ty = — Ty =

2t S a%Qagl 2t y a%2a21

Case 3: If a11 = 0 and age # 0, then the zero and complex solutions are

_an (—1+\/§i) w3 n (1+\/§i) a22>2

1 =20 o= t 2 6a%2a21w3
To = 0 ’ N _ (—]_ + \/gl) w3 1 (1 + \/gZ) ano
2 2 6a%2a21w3
and ,
. . a2 (—1 - \/gz) w3 I (1 - \/g’t) a2
;] = ——=
t 2 60,%2&21(.03
(-1 =V3Bi)ws (1 —/3i)an
T2 = + 5
2 6aisa21w3
where

W=

1 | 4a3, 1
w3 = + 9—
(6@%26121 3a2ya91 2a3,a91
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Case 4: If a11 # 0 and age = 0, then the zero and complex solutions are

(—1 + \/31) Wy n (1 + \/§2) a1

xrT =

1 =0 2 6a12a%1w4
2
z9 =0 7 py = 021 (—1+\/§2‘)W4+(1+\/§i)a11
2T t 2 6a12a%1w4
and
(-1=VBi)ws (1 —+V3i)an
Ty = + 3
2 6a12a5,wy
2
asy (—1 - \/gz) w4 (1 — \/gl) ail
T2 = —— + 3
t 2 60,120,21004
where

1
1 | 4d3, 1)’
Wy = +9 -
<6a12a§1 3a12a31 2a12a§1

Example 2.1. Find the nonzero real solutions of the following system of differential equations

d
T o= -t
% 1 2 (2.7)
-~ _ _Z -1 2 -1 2
Vo @1
Solution:
d d d d
Letz;=x—1landay =y — 1. Then%:d—fand%:d—i.
Now,
d.%'l 3
S
2
o = it
1
We have a11 = —1,a12 = %,agl = —3 and a9y = 1. Since a1 # 0 and age # 0, by Corollary 2.1, the

nonzero real solution is of the form:

1 ( 4a%2 — 3@116112 — 3(1%2 2&22)
1 = — | W 3 —

t 9| A| 2w, Al

1 < 4a2, — 3ag az — a3, 2a11>
T9g = — | W 2 —

¢ 9| Al 2w, |A|

where

o — { (81a?yad,|Al* + 96a12a3,| A]? — 108a12a3,(a11a12 + a3,) |AP

18| AJA

1
12((111@12 + a%2)3|A]2 — 12a%2(a11a12 + a%2)2|A|2)§
18] A|*

1
2a22(a11a12 + (1%2) — 3a12a22|A] B 8(1%2 8
6/AP 27| AP

and
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1
(81a%,a3,|Al* + 96at,a21|A]> — 108a3,a21 (az1aze + a?)|A]?)?
18| Al

w9 =

12(ag1a92 + afy)?|A|* — 1247, (ag1a22 + a3))*|AJ?
18[AJ

1
2a11(a21a22 + a%l) — 3@110,21’14‘ _ 8a?1 3
6l A3 27| A3

Substituting the values, we get the nonzero real solutions rounded to five decimal places:

4.13263 1.14043 1.27307
xr1 = 1 = ; Tl = —
4.&8710 ) 4.24298 > 0.661178 )
t t t
1.27307 1.27307
rK = — rl = —
0.80301 and 3.8¢176
'],'2 = — ':EZ = —
t t
Since x; = z — 1 and x2 = y — 1, we obtain the nonzero real solutions of the system (3.5):
4.13263 + ¢ 1.14043 + ¢ t—1.27307
r=——— r=——"-" rT=—"
t t t
t —4.58710 t — 4.24298 0.66478 + ¢
Yy=—71]""" Yy=—1]""" Yy=—7T—"
t t t
t— 1.27307 t—1.27307
r=—— r=—
¢ —0Kkogo1 and ¢ — 386176

Corollary 2.2. The system of differential equations involving quadratic terms

dxrq

_ 3 2

Cflt - Zj:l al]‘rj
X9 3 2
r Zj:l 25T
x3 3 2
dr Zj:l az;T;

has a nonzero real solution. Moreover, the nonzero real solution is

Al A A3
(xlaan'%B) = B

t ot

where A1, A2 and A3 are nonzero real roots of P1(y1), P2(y2) and Ps(ys), respectively such that
Pi(y1) =mo+ w1y + 771,2y% + 7T1,3y% + 771,4,’9% + 7T175yi) + m,ey? + 7T1,7yz7
Pa(y2) = a0 + T2,1y2 + T22y5 + 2,3y + ToaYs + T25Y5 + T2,6Y5 + T27Ys

and

P3(y3) = m3,0 + 73,13 + T3,203 + T3,3Y5 + 77374y§ + 355 + T36Y5 + 7T3,7y§
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where
m1,0 = 07 (a12a13A(1,1)61,1 — a12a1301 3 + a3201,061,7)
T2 = 61,0 (a12a1361,001,1|A| + a12a1361,061,2 + A(1,1)*514 + 07 5

— 2A(1,1)01,101,3 — 67 o016 )

T2 = 2010 (A(1,1)|A|d1,4 — 01,3(01,1| A + 01,2)

+ A(1,1)61,1 (61,2 + A(1,1)%61,0) —A(1,1)%01,001,3 — 267 4615

T3 = 01.0(01.4A|* + 612(2|Al61 1 + 013 + 2A(1,1)%510)
+6A(1,1)%61,001,1|A| — 4A(1,1)81,061 3| Al + A(1,1)67
+4A(3,2)A(2,3)57 )

T4 = 203 ol A[? ((BA(1,1)61,161,3)|Al + 2A(1, 1)1 2 + 2A(1,1)3610)

m1,5 = 203 ol A[? (61,1|A] 4 612 + 3A(1,1)%61 )

m6 = 4A(1,1)87 o[ A?

™7 = 5:1)’,01A|4

T 0 = 5%70 (a21a23A(2,2)02,1 — az1a2302,3 + a3162,002,7)

To,1 = 02,0 (a21a2302,002,1|A| + ag1a2302,002,2 + A(2, 2)252.4 + 53,3

—2A(2,2)02,1023 — 5%70(52,6 )

T2 = 202,0 (A(2,2)|A|d2.4 — 02,3(02,1|A| + d2,2)

+A(2,2)02,1 (2,2 + A(2,2)%62,0) — A(2,2)%02,002,3 — 265 (02,5)

T3 = 02,0(02,4|A|* + 62,2(2| A|62,1 + 2.3 + 2A(2,2)%52,0)
+ 6A(2,2)%02,062,1|A| — 4A(2,2)02,062,3|A]
+ A(2,2)165 5+ 4A(3,1)A(1,3)65 )
a4 = 205 0| AI? ((3A(2,2)02,102,3)| A] 4+ 2A(2,2)d2,2 + 2A(2, 2)%020)
a5 = 205 o| A]? (62,1|A| + 02,2 + 3A(2,2)%d20)
26 = 4A(2,2)03 | AP
a7 = 03| Al*

T30 = 03,0 (a32031A(3,3)d3.1 — a32a3103 3 + a1203,003.7)

m31 = 03,0 (a32a3103,003,1| A| + as2as103,003,2 + A(3,3)%63.4 + 63 3

—2A(3,3)03,103,3 — 65 003,6)
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b )
+A(3,3)03,1(d3,2 + A(3,3)%530) — A(3,3)%03,003,3 — 265 03,5

T33 = 03.0(03.4|A|* + 032(2|A|d31 + 033 + 2A(3,3)%3,0)
+6A(3,3)%03,003,1|A| — 4A(3,3)d3,003 3| A| + A(3,3)163

+4A(1,2)A(2,1)03 )

3.4 = 203 0| A]? ((3A(3,3)03,103,3)| A| + 2A(3,3)d3.2 + 2A(3, 3)%030)
3,5 = 203 | Al ( (3,3)%330)

w36 = 4A(3,3)03 o Al?

3,7 = 03 ol Al

and

o0 =A(2,1)A(3,1)

611 = a13A(2,1) + a12A(3,1)2

12 = A(3,2)A(2,1)% — A(2,3)A(3,1)°

01,3 = a3\

)

(2,1)% — azA(3,1)3
S1.4 = a33A(2, 1) + a2, A(3,1)% + 3a12a13A(2,1)2A(3,1)?
015 = a23A(2,3) + azA(3,2)
A(2,1)A(2,3) — a2, A(3,1)A(3,2) — 4agzazaA(2,1)A(3,1)
A(2,1) -

ale(3 1)

516 = a13

)

o7 = a13

)

Sa0 = A(1,2)A(3,2)

821 = a3 A(1,2)? + a A(3,2)?

S2.0 = A(3,1)A(1,2)3 — A(1,3)A(3,2)3
023 = a13A ,2)% — a31A(3,2)3

A(1,3) — a2, A(3,2)A(3, 1) — dayzaz A(1, 2)A(3,2)
a2,A(3,2)

53,0 = A(2,3)A(L,3)

03,1 = a13A(2,3)% + az2A(1,3)°

832 = A(1,2)A(2,3)3 — A(2,1)A(1, 3)3

2)
2)
,3) +az1A(3,1)
2)
2) -

9

)
1
1)
1
1,2)* + a2, A(3,2)* + 3ag1a3A(1,2)2A(3,2)?
1
1
1
)
)

833 = a21A(2,3)% — a12A(1,3)3

834 = a3;A(2,3)* + a3,A(1,3)* + 3aza31A(2,3)2A(1, 3)?

I35 = a21A(2,1) + a12A(1,2)

d36 = a2, A(2,3)A(2,1) — a2,A(1,3)A(1,2) — dag1a12A(2,3)A(1, 3)
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837 = a3;A(2,3) — a3,A(1,3)

Proof. Consider the system of differential equations:

dxy 3 2

- Zj:l 15T
T2

— = 2?21 ag;a? (2.8)
€3 3 .2

By Theorem 2.1, the system (2.8) has a nonzero real solution whenever the system of equations
S jayyi iy = 0
Z?Zl a2jyjz +y2 = 0 (2.9)
Z?:1 a3jy]2 t Y3

Il
o

has a nonzero real solution.

If there exists a nonzero real solution (y1, y2,y3) = (A1, A2, A3) of the system (2.9), then (z1, z2, x3) =

A1 g A
(1 22 23 ) where t > 0 is a nonzero real solution of the system (2.8).

Notw, vfle férm the following system of equations:
Yol ja A+ M = 0 (1)
Yl jagAl 4 Xy = 0 (2)
Y jagAi4+ A = 0 (3)

Evaluate a23(1) — a13(2) and solve for A, yields:

a1z £ \/a%g — 4 (a12a93 — a13a22) [(a11a23 — a13as) A} + azsA]

Ay =
2 (a12a23 — a13a22)

Evaluate a32(1) — a12(3) and solve for A3 yields:

== \/G%Q — 4 (a13a32 — a12a33) [(a11a32 — a12a31) A7 + asa |

A3 =

2 (a13a32 — a12a33)
We substitute A2 and A3 to (1). After a lengthy algebraic manipulation, we get A\; = 0 or \; is a nonzero

real root of P (y1) such that
_ 2 3 4 5 6 7
Pi(y1) =m0 + Ty + Tyl + T3yl + T4yt + Tyl + Tieyr + Ty

where

T1,0 = 07 (a12a13A(1,1)611 — a12a1301 3 + az201,001,7)

m1 = 01,0 (a12a1301,001 1| A| + a12a1301,001,2 + A(1,1)%614 + 67 5

—2A(1,1)61,101,3 — 67 o616 )
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b )
+ A(l, 1)5171(51,2 + A(l, 1)26170) *A(l, 1)2(5170(5173 — 2(5%06175)

T3 = 01.0(01,4A” + 612(2|Al61 1 + 013 + 2A(1,1)%510)
+ 6A(1,1)%61,001,1|Al — 4A(1,1)61,061,3]A| + A(L,1)*63

+4A(3,2)A(2,3)57 )

M4 = 25%70|A|2 ((3A(1, 1)51’1(5173)’1‘” + 2A(1, 1)51,2 + 2A(1, 1)35170)
m15 = 267 o Al ( (1,1)%61)
m6 = 4A(1,1)07 | AJ?

T = 5%,0|A|4

and

61,0 = A(2,1)A(3,1)

611 = a13A(2,1) + a12A(3,1)2

12 = A(3,2)A(2,1)% — A(2,3)A(3,1)°

813 = az3A(2,1)% — azeA(3,1)3

2, 1) + a?,A(3,1)* + 3a12a13A(2,1)2A(3,1)2
2

)
)
,3) + as3aA(3,2)
)
) —

(
014 = afsA(
01,5 = a3 A(

A(

2,1)A(2,3) — a2, A(3,1)A(3,2) — dagzaze A(2,1)A(3,1)
ale(3 1)

01,6 = ais
S17 = a3z A(2,1
We do the same line of reasoning in solving A2 and As.

After a lengthy algebraic manipulation for A\, we get A2 = 0 or Az is a nonzero real root of P»(y2) such

that

Pa(y2) = 2,0 + T2,1y2 + T2,2Y5 + W23y + T24ys + T25Y5 + To6Y5 + T27Ys

where

T,0 = 05  (a2123A(2,2)02,1 — ap1a2302,3 + a3102,002,7)

To,1 = 02,0 (@21a2302,002,1| A| + ag1a2302,002,2 + A(2, 2)252.4 + 5%,3

—2A(2,2)02,1023 — 5%,052,6 )

T2 = 202,0 (A(2,2)|A|d2,4 — 02,3(02,1|A| + d2,2)

+A(2,2)82,1 (62,2 + A(2,2)%02,0) — A(2,2)%62,002,3 — 205 ¢2,5)
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To3 = 02,0(02.4|A|* + 62.2(2|Alda1 + 02,3 + 2A(2,2)%52,0)
+ 6A(2,2)%02.002.1| A — 4A(2,2)52,002,3|A|
+ A(2,2)165 5+ 4A(3,1)A(1,3)65 )
T4 = 203 o A]* ((3A(2,2)d2,102,3)| Al + 2A(2,2)d2.2 + 2A(2, 2)%b2,0)
To5 = 205 o|A[* (62,1 A| + d2,2 + 3A(2,2)2d20)
ma6 = 4A(2,2)03 o| A

T = 5%,0’A|4

and

d2,0 = A(1,2)A(3,2)

5o = azA(1,2)2 + an A3, 2)?

b2, = A(3,1)A(L,2)° — A(1,3)A(3,2)°

02,3 = a13A(1,2)° — az1A(3,2)°

024 = a33A(1,2)" + a5 A(3,2)" + 3az1a23A(1,2)2A(3, 2)?
925 = a13A(1,3) + az1A(3,1)

626—a23A( 2)A(L, ) a2, A(3,2)A(3,1) — darsan A1, 2)A(3, 2)

After a lengthy algebraic manipulation for A3, we get A\3 = 0 or A3 is a nonzero real root of P;(y3) such

that

P3(y3) = 3,0 + m3,1Y3 + 73,23 + 3,3y + T3,4Y3 + 7355 + 73,695 + T37Y5

where

T30 = 03,0 (a32031A(3,3)d3.1 — a32a31033 + a1203,003,7)

(3,3)%03,4 + 03 5

T31 = 030 (

—2A(3,3)03,103,3 — 53053,6)

T30 = 2030 (A(3,3)|A|d3.4 — 03,3(03,1|A| + d3,2)

+A(3, 3)(5371((5372 + A(?x, 3)25370) — A(S, 3)25370(53’3 — 25%70(53’5)

m3,3 = 5370(5374’14‘2 + 5372(2|A’(5371 + 5373 + 2A(3, 3)2(53’0)
+ 6A(3,3)%03,003,1| Al — 4A(3,3)83,003,3| A| + A(3,3)165
+4A(1,2)A(2,1)83 )

T34 = 25§,0|A|2 ((3A(3,3)d3,105,3)| A + 2A(3,3)d32 + 2A(3,3)3850)
T35 = 25§,0|A|2 (65,1 A] + 83,2 + 3A(3,3)%d30)
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w36 = 4A(3,3)03 o| A

3,7 = 03 ol Al

and

930 = A(2,3)A(1,3)

831 = a13A(2,3)? + azeA(1, 3)?

830 = A(1,2)A(2,3)% — A(2,1)A(1,3)3
033 = a1 A )3 —a12A(1,3)3
)4+ a2, A(1,3)* + 3agzeazi A(2,3)2A(1, 3)2
) + a12A(1,2)
)
,3)

2

2)
(2,3
034 = a31 A(2,3
035 = a1 A(2,1
(2,3

)

636 = a31A A(Q 1) — ang(l B)A( ) 4a21a12A(2, 3)A(1,3)

9

Observe that Py (y1), Pg(yg) and P3(ys3) are odd degree polynomials with nonzero constant terms. This

means that there exists a nonzero real root \; for P(y1), A2 for P(y2) and A3 for P(y3). Hence, there

. . A1 A2 A3
exists a nonzero real solution (z1, z2,z3) = | —

i ie of the system of differential equations. [

Example 2.2. Find the nonzero real solutions of the following system of differential equations

i 51— 2y -1y
g?i = %(y—1)2+é(z—1)2 (2.10)
o= 12 -2 )

Solution:

dx dr dxs dy drs dz
Let =x—1, =y —1and =z2—1. Then — = — = —_— = .
SHh =LA =y andas =2 N T a T a M T d

Now,
d{L‘l 1 9
PR
T2
B 4;§%+3;;§ (2.11)
z3
2 R e
1 9 3 1 1 9
We have a1; = Y a2 = Y a13 = 0,a21 =0, a2 = 1 ag3 = 3’ asy = 5 azz = ~3 an;l a;)f :A—Q.
By Corollary 3.5.1, the nonzero real solution of the system is of the form (z1, z2, z3) = (tl’ 72, :)
where (y1,y2,y3) = (A1, A2, A3) is a nonzero real solution of the system
1 9
_iy% - gy% +u =0
1
TR R =0 (2.12)
oY1~ 3Y2 3
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We get the nonzero real solution of system (2.12) rounded to five decimal places:

A1 = 0.00837
A2 = —0.08608
Az = —0.49149

The nonzero real solution of the system (2.11) is

0.00837
I = ;

0.08608
Xro = —

0.45149
r3 = — n

Since z1 =z — 1, 29 = y — 1 and 23 = z — 1, the nonzero real solution of the system (2.10) is

L _ 1+0.00837
- 008608
t— 019149

z = —

3. QUADRATIC APPROXIMATION OF A SYSTEM OF NONLINEAR ORDINARY DIFFERENTIAL EQUATIONS

Consider the system of nonlinear ordinary differential equations of the form

dz
o = hi(az)
23
dt = fQ(Zl,ZQ,...Zn) (31)
dzp
L % = f’VL(Zl?ZQ)"'Zn)

Using only the quadratic terms of the Taylor Series Expansion, the approximation of the system is as
follows:

( dzy n
PR L C a;)?
£y

dt

= Y0 az;(z —aj)’ (3.2)

dz 2
g — 21 (55— )

where a = (a1, ag, . .., ay) is an equilibrium point.
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Letz; = zj —aj where 1 < j < n. Then the quadratic estimate for the system of differential equations

becomes
dml 9
adT = Z;’L:I a15%;
i) n 2
dt I=L (3.3)
dz, 9
. Z?:l n;jT

The initial corollaries and theorem from the previous section show that it is possible to obtain a
nonzero real solution for a system of differential equations involving quadratic terms. It is worth noting
that the proof of the existence of a nonzero real solution for a system of differential equations with
quadratic terms is typically non-trivial and requires advanced mathematical techniques. However,

once it is established, it can provide valuable insights into the system’s behavior.

We consider the following system of nonlinear differential equations for which an exact solution
is known. We would like to approximate this system using a system of differential equations with
quadratic terms by using a Taylor series expansion. Specifically, we will retain the quadratic terms of
the expansion and discard higher-order terms. Then we will compare the solutions of the system of

nonlinear differential equations and system of differential equations with quadratic.

Example 3.1. Find the approximate solutions of the following system of nonlinear differential equations

dz 1 . 1

Y o

& 117, (34)
- — —_— — —

dt 32 377

Solution:

Observe that the solution for this system is

t+1
€T =
t
Lt
Vo= t
where ¢t > 1.
d d
We will solve for the equilibrium points of the system by setting d%: =0and ditJ = 0.
1 1
—ryi—— = 0
2 2z
1 17,
_— — —Z —
32 377

We obtain (z¢,yo) = (1, 1) as one of the equilibrium points.
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We will find the approximate system of differential equations of the system (3.4) at the point (1, 1)
by collecting the quadratic terms of the Taylor expansion and discard higher-order terms.

1 1 1
Let Fi(z,y) = 2y — — and Fx(z,y) = = — - 22y. Then the estimate system of differential equations

2 2x 3y 3
is given by
dx 1 (9*F O*F'
% = 3 (Gaane-+ SRae-17)
dy 1 82F2 2 82F2 2
— = = 1,1 —1 1,1 —1
Y = 5 (Geane-1rs G-

We evaluate the right-hand side of both equations. So we have

dx 3
= -1+ 517
% ) 2 (3.5)
7 _Z -1 2 -1 2
0 ge-1)"+ -1
Note that the solution of this system of differential equations are
t +4.13263 t+1.14043 t —1.27307
r= - r=——— r=

t t t
t — 4.58710 ¢ — 4.24298 £+ 0.66478
y=—" y=—" y=—
t—1.27307 t—1.27307
T = — r=—
t—080301 and ¢ —3k6176
y=—"" y=—

where ¢t > 0.

The following figures show that the solutions of the system of nonlinear differential equations and

the estimate system of differential equations gets closer and closer as ¢t — oo.

t+1
xX= |—
t

t+4.13263
Py iiindotii
| t
t+1.14043
et
t
_t=127307
I t

Ficure 1. Solutions x of the system and the estimates over time

The figure 1 illustrates the behavior of solutions x over time ¢, with the black curve representing the

exact solution and the other colored curves (purple, red, and blue) showing quadratic approximations.



Asia Pac. J. Math. 2025 12:10 22 of 25

The exact solution decreases steadily, approaching zero as ¢ increases. All the colored approximations
(purple, red, and blue) are relatively close to the exact solution, with the red and blue approximations
closely following the exact behavior, showing only minor deviations as ¢ increases. The purple approxi-
mation slightly overestimates the solution, but it still remains close to the exact curve for a significant

portion of the time interval.

ys
sle—1 _t+0.66478
y=|= —_— v —
4 t = 4.58710 _t—080301 |
= e
t t
t —4.24298 _ t—3.86176
= . _—

FiGure 2. Solutions y of the system and the estimates over time

The figure 2 shows the behavior of solutions y over time ¢, with the black curve representing the
exact solution and the other colored curves (blue, green, purple, red, and orange) depicting various
quadratic approximations. All the colored approximations are generally close to the exact solution, with
the blue and green curves providing the closest estimates. The other approximations (purple, red, and
orange) also follow the overall trend of the exact solution, converging towards it as ¢ increases, though
with slight deviations. Despite minor differences, the approximations remain relatively accurate in

capturing the behavior of the exact solution throughout the time interval.

Example 3.2. Find the approximate solution of the following system of nonlinear differential equations

dz Lo 1 1,

@ iy St

gt 14 12y14y

A 2,2 3.6
gt 17 2yz+4z (3.6)
i 12 12 22 1:U +xz4+ Yz

o _lp2_lp2_2_

dt 1 Y 2 y

Solution:

Observe that the solution for this system is

|

r = -
¢

. fi-1
vy = ¢
|

z = -—
¢
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where ¢t > 1.
) —_ . . dx dy dz
We will solve for the equilibrium points of the system by setting i 0, i 0and i 0
1 1 1
——a? + sy — —y° =0
4 2 4
1o 1 z+ 122 = 0
it T -
Ll —y?— 22— 1acy—i-:lcz+yz =0
4 4 2

We obtain (zo, yo, 20) = (1,1, 1) as one of the equilibrium points.
We will find the estimate system of differential equations of the system (3.6) at the point (1,1, 1) by

collecting the quadratic terms of the Taylor expansion and discard higher-order terms.

1 1 1 1 1 1 1
Let F. — 2 - —*2F — 2 _ = 2 F — T2 T2
et i(:v,y,Z) 28 T gty = gy Faley, 2) = gaf — oyr 4 2t and Fy(w,y,2) = — 2t — 0y
22 — 5%y + zz + yz. Then the estimate system of differential equations is given by
d 1 (O°F O°F O’F
d7f = 5 ( 01,21 (17171)(17_1)2_‘_ 8y21 (17171)(?]_ 1)2+ azgl (15171)(2:_ 1)2)
d 1 (0°F O°F. O*F,
d7:g = 5 ( 8x22(17171)(w_1)2+ 8y22(1’171)(y_1)2+ 8222 (17171)(2_1)2>
dz 1 82F3 2 82F3 2 aQFJ 2
o = s (Gaane- 1 SRane- 12+ SR E-12)
We evaluate the right-hand side of the equations. So we have
d 1 9
o= T C 1)
& 37 »
;t’ = J-1DP+5(-1 (37)
z 1 9
T = - -1 -2 1P
Note that the solution of system (3.7) is
t +0.00837
r=
t— 0.%8608
t— O.t49149
p=

where ¢t > 0.

The following figures show that the solutions of the system of nonlinear differential equations and

the estimate system of differential equations with quadratic terms gets closer and closer as t — oc.

Figures 3, 4, and 5 all illustrate the solutions of the system over time, with black curves representing
the exact solutions and green curves showing the quadratic approximations. In each case, the approx-
imations are generally very close to the exact solutions, with only minimal deviations observed. In
Figure 3, the approximation for x follows the exact solution closely, with only a small difference as ¢

increases. Similarly, in Figure 4, the approximation for y accurately tracks the exact curve, showing
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5
x t+1
= 2

t
_t—0.00837

t

FiGUre 3. Solutions z of the system and the estimates over time

ys -1

t —0.08608
P e e

—

0 5 10 15 20 25 ot

FIGURE 4. Solutions y of the system and the estimates over time

1
2= (L
¢
- 049149
AT

Ficure 5. Solutions z of the system and the estimates over time

alignment throughout. In Figure 5, the approximation for z initially underestimates the exact solution
but converges toward it as time progresses. Overall, the green approximations in all three figures

remain close to the exact solutions.
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4. CONCLUSION

This study shows that quadratic approximations provide a valuable alternative for analyzing the
behavior of nonlinear systems governed by ordinary differential equations. By focusing exclusively on
quadratic terms, these approximations may offer enhanced accuracy, particularly in capturing nonlinear
dynamics. The existence of nonzero real solutions further demonstrates the practical utility of these
approximations. Through a series of examples, we have shown that quadratic approximations can
closely align with exact solutions, thus expanding the range of tools available for studying nonlinear
systems. This approach opens new avenues for better understanding and predicting the behavior of

complex systems in various scientific disciplines.
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