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FRACTIONAL POWERS OF OPERATORS AND THE ABSTRACT CAUCHY PROBLEM
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AssTRACT. In this paper we utilize the theory of fractional powers of operators to introduce an original idea
for solving a homogeneous second order abstract Cauchy problem of the form Au” (t)+ Bu'(t)+Cu(t) = 0,
where A, B, and C are assumed to be nice linear operators of exponential type.
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1. INTRODUCTION

Various linear and non-linear dynamical systems in which the unknown function and its derivatives
take values in some abstract spaces, such as Hilbert or Banach spaces, are called abstract differential
equations. One of the most powerful tools for solving linear abstract differential equations is the
method of semigroups of linear operators on Banach spaces. The basics of this method was originated,
independently, by both E. Hille in (1948) [2] and K. Yosida in (1948) [6]. The power of the semigroup
approach became clear by contribution of W. Feller in (1952, 1954) [10]. One of the classical vector
valued differential equations that can be handled via semigroups of operators is the so called abstract

Cauchy problem which has the form:

du = Au(t), t>0,
dt (L.1)
u(0) =z,

where A : D(A) C X — X is a linear operator of an appropriate type, € X (Banach space) is given,
and u : [0,00) — X is the unknown (solution) function. The solution u(t) is described by the following

definition.
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Definition 1.1. [13] A function u : [0, 00) — X is said to be a solution of the initial value problem (1.1) if

(i)ue C([0,00),X)NC"((0,00),X), u(t) e D(A)forallt >0,
(i1) w satisfies (1.1) in X.
For both linear and nonlinear abstract Cauchy problems, there are many applications in engineering
and applied sciences [17], [18].
For any abstract Cauchy problem, one can associate a family of bounded linear operators that is
known as a semigroup of operators.
Let X be a Banach space, and L(X, X) be the space of all bounded linear operators on X. A one-

parameter semigroup is a family of linear operators, namely, {7"(t)},-, € L(X, X) such that

(i) T(0) = 1, the identity operator of X,
(ii) T(s+t) =T (s)T'(t) fore very t,s > 0.
If, in addition, for each fixed z € X, T'(t)z — x as t — 0+, then the semigroup is called co-semigroup
or (strongly continuous semigroup).
The fact that every non-zero continuous real or complex function g that satisfies the property
g(s+1t) = g(s)g(t) for every t, s > 0 has the form g(t) = ¢**!, and that g is determined by the number
a = ¢'(0), reveals the association of an operator A to {T' (t)},-, such that

Ap = fim LOF ’5)”; —TO2 o all z € D(A),

t—0+

and is called the infinitesimal generator of {T" (¢)} .
The concept of this operator plays a crucial role in generating the solutions of abstract Cauchy

problems via semigroups approach.

Theorem 1.1. [13] Let A: D(A) C X — X be a densely defined linear operator with a non-empty resolvent
set p(A). Then the initial value problem (1.1) has a unique solution u(t), which is continuously differentiable on

[0, 00), for all x € D(A) if and only if A is the infinitesimal generator of a co-semigroup {T't} .

When extending the domain of the semigroup parameter to regions over C at which the non-negative
real axis is included, it is essential that in order to preserve the semigroup structure to consider domains

at which the complex parameter varies with respect to angles around the positive real axis.

Definition 1.2. [13]Let A ={z € C: ¢ < |arg z| < @2, p1 < 0 < 2} bea sector in C such that for z € A
we have Tz is a bounded linear operator. Then a co-semigroup {T'z} . is said to be a strongly continuous
analytic semigroup if

(i) z — Tz isanalytic in A,

(i1) TO = I and liH(l] Tzx = x forveryx € X,
zZ—r

z€ED

(’LZZ) T(Zl + Zz) = TZlTZQfOT 21, 22 € A.
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2. FracTioNAL POWERSs OF OPERATORS

The study of fractional powers of operators in Banach spaces is one of the main ingredients in spectral
theory. For o € R, we can associate a closed linear operator A : D(A) C X — X where X is a non-tirvial
complex Banach space, another operator A%, namely the fractional power of A with exponent «.. Here,

we emphasize that for A® to exist, then the following assumption (6.1 page 69 of [13]) must be satisfied
{zeC:0< |arg(2)] <7} C p(A),

where p(A) is the resolvent set of the operator A.
With X being a complex Banach space, there were extensive studies related to this area during the

@, in which an

second half of the twentieth century [1]. Moreover, utilizing the function f(z) = 2z~
operator A can be plugged in, leads to the field of the fractional calculus of the so called sectorial
operators. During the 1960s, the semigroups for both fractional powers of a bounded operator and
fractional powers for the negatives of infinitesimal generators were studied in [3], [4], [5]. Later, a new
extension of this concept to closed linear operators A in a Banach space X, such that the negative real
axis is contained in the resolvent set of A, was carried out in [5]. Recently, Cafarelli and Silvestre [9]
presented a new approach to describe fractional powers of operators using the Laplacian. A very

detailed study about fractional powers of operators in Banach spaces is available in [14].

Definition 2.1. [14] Let X be a non-tirvial complex Banach space (X is defined over C) and A : D(A) C
X — X be a closed and densely defined linear operator with a non-empty resolvent set p(A). Then A is called a

sectorial operator of angle p € (0, %) over a sector A, if there exist constants a € R and N > 1 such that

Ao ={AeC:0<p<|arg(A—a)| <7} C p(A),
and

Jor = <G forallde Ap\ o}

L(X,X)
Remark 1. In definition 3, if a = 0, then A is called a positive sectorial operator , and the sector in this case is

denoted by A,.

Theorem 2.1. [13] Let A: D(A) C X — X be a linear operator. Then the following are equivalent:

(i) A is the infinitesimal generator of an analytic semigroup,

(ii) — Ais a sectorial operator in X.

Definition 2.2. [15] Let A: D(A) C X — X be a closed linear positive sectorial operator such that
Ay, ={AeC:0<p<|arg(N)| <7hUb C p(A),
where & is a neighborhood of zero, and the resolvent operator (\I — A) ™" is subjected to the bound

-1 N (¢)
) HL(M) < oo fralre A,

H()\IfA
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where N > 0 depends on the value of ¢. Then A= where o € C, Rew > 0 can be defined by the following
contour integral
- __ 1 —a -1
AT = 57 | # (A—zI)"" dz, (2.1)
r
where T is any piecewise smooth curve running throughout the resolvent set of A from coe™" to coe' such that

¢ < 8 < m, avoids the negative real axis and the origin where 2~ is taken to be positive for real positive values

of .

It is easy to check that for « = n € N, the contour of integration I' can be deformed to a small one

around the origin. Therefore, one can apply the residue theorem to show that the integral equals A~".

3. MaIN Resutts

In this section, we provide the solution of the following second order homogeneous abstract Cauchy
problem
Au"(t) + Bu'(t) + Cu(t) = 0, (3.1)

where A, B, and C are linear operators with domains containing the range of u(t) with resolvents, re-
spectively, p(A), p(B), and p(C) lying in the first quadrant such that p(7') C E = {(z,y) : « > 0,y > 0}
forT = A, B,and C.

Before we start solving (3.1), we begin our main result with the following definition.

Definition 3.1. Let X and Y be any two Banach spaces. Then a closed operator T': X — Y is said to be a nice

operator if

p(T)CE={(zy):2>0,y>0}.

Clearly, definition 5 enables the fractional power of T" given in (2.1) to exist. Consequently, in (3.1),
A% B% and C¢ are defined for all o > 0.
For things to be easy, we assume that A, B, and C are of exponential type [16]. This implies that the

A

operator T'(t)x = €'z exists and is well defined for all z € Dom(A) in the sense:

(i) T is densely defined,

(it) T(t)x = e =37 5 ||T"2|| < oo, forallz € Dom(T),

i=m n!

(t31) If v € Dom(T), then C (z,T) = {x, Tz, Tz, } C Dom(T),

where T represents A, B, and C. Clearly, every bounded linear operator is of exponential type.

Now, we come to the main result.

Theorem 3.1. Let u : [0, 00] — X, where X is a normed space. Consider the equation

Ad"(t) + Bu'(t) + Cu(t) = 0. (3.2)
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Assume

(i) A, B, and C are nice operators of exponential type,
(ii) B% — 4AC is a nice operators of exponential type, (3.3)
(iii) A~! exists and satisfies (2.1).

Then (3.2) has the following solution

1 1
<B+(B24AC)2 t> (B(B24AC)2 t>
. Y E—
u(t) =e To + e To, (3.4)

where the initial conditions are assumed to be

Bz,

u(0) = 2z, and u'(0) = —2ﬂ,

(3.5)
and by the operator 5 we mean A~

Proof. We are going to use the novel idea that we treat A, B, and C as constants in (3.2). This implies

that the characteristic equation of (3.2) is

Ar® + Br+C =0, (3.6)
which has two solutions
—B++VB?2—-4AC —B— VB2 —4AC
ry = 54 and r; = 5 A . (3.7)

From assumptions (i) and (ii) in (3.3), v B2 — 4AC exists, well defined, and of exponential type.

Therefore, the general solution of (3.2) is as follows:

1 1
<B+(B24AC)2 t> (B(B24AC)§ t)
2A 2A
u(t) = cre To + o€ To, (3.8)

But, from the initial conditions(3.5), we obtain

u(0) = 126 + co6 = 2o,

and (3.9)

U/(O) =y 7B+\/QBAQf4ACxO + 9 737\/2314274140330 — _2%
Hence,
—B+VB?—4AC —B—VB?—4AC Bz,
(2—c2) To + C2 To = —2 . (3.10)
24 2A 24
Equivalently,
2V B? — 4AC VB? —4AC
T"Eo — QCQT.TO. (3.11)

Thus, ¢ = 1 and consequently, ¢; = 1. So,

<B+(BQ4AO)% t> (B(BZ4AO)% t)
2A 2A
u(t) =e To+e Zo. (3.12)
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Now, to make sure that (3.12) is a solution to (3.2), it is enough to prove that both

1 1
(B+(324AC)2 t> <5<324A0)2 t)
2A 2A
ui(t) =e xoand ug(t) = e To,

are solutions to (3.2). For uy(t), we have
—B+vV B2—4AC

1) — (=B+V/B=1AC \? (Uiﬂt)

uy(t) = 24 Lo,

and (3.13)
( —B+vVB2—4AC t)
2A

uj(t) = ——B+\/2BA?—4AC e Zo.

Therefore, by substituting (3.13) into the left hand side of (3.2), we have

2
_ 2 _ _ 2 _ —B+vB2-4AC
A( B+\/£4 4AC> +B( B+\/2i 4AC>+C 6( VB t)xo‘ 1)
But,
2
_ 2 _ _ 2 _
A( B+\/£4 4AC> +B( B+\/f4 4AC>+C (3.15)

_ A (BZ+BZ 4AC—2B\/Em>

4A?

B
- 4 2 _
4AQJFM\/B 4AC +C
B> AC _B

= 2 4T 9/ 4AC——+—\/BQ 4AC +C

4A 4A 4A 4 A2
= 0.
Hence, u;(t) is a solution to (3.2). Similarly, one can prove that uy(¢) is also a solution to (3.2). This

ends the proof.

4. CONCLUSIONS

This paper has successfully introduced an extraordinary analytical approach for solving second
order homogeneous abstract Cauchy problem, namely, Au”(t) + Bu/(t) + Cu(t) = 0 subjected to certain
initial conditions. The method is based on the concept of fractional powers of operators in Banach
spaces. The originality of treating the treating A, B, and C as constants together with the assumption
that the operators are nice and of exponential type enable the use of classical method for solving a

second order homogeneous differential equation.
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