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AsstrRACT. In this paper, we study the structure of a class of algebras satisfying the polynomial identity
(x2)® = 2w(z)*(2?)? — w(z)*z®. We show that the tensor product of an algebra in this class with an
evolution Bernstein algebra remains an evolution Bernstein algebra. Using Peirce decomposition, we
establish the connections between this class of algebras and other classes of non-associative algebras, in
particular evolution algebras and principal train algebras.
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1. INTRODUCTION

In 2006, ]. P. Tian introduced a new class of algebras called evolution algebras (see [15]). Theses
algebras are definite using a notion of natural basis. Following Tian, several authors have studied this
class of nonassociative commutative algebras (see [6], [7]). In [8], Conseibo and al studied evolution
algebras that are Bernstein, ie satisfying the identity (2%)? — w(z)?z? = 0. We can also cite Emile and
al ( [12]) who studied evolution algebras that are almost Jordan algebras. In this paper, we study
the structure of a class of finite dimensional evolution algebras that satisfy the polynomial identity
(22)? = 2w(z)?(2%)? — w(x)*x2. This polynomial identity is a special case of the identity introduced
by Basso ( [2]) which designates the class of cubic algebras of exponent 2. The relevance of this
study lies in the fact that the tensor product of an evolution algebra satisfying the polynomial identity
(2%)? = 2w(z)?(2?)? — w(x)*2? under certain conditions with an evolution Bernstein algebra remains
an evolution Bernstein algebra. Next, we describe the structure of this class of algebras and highlight

the link with principal train algebras of rank < 4.
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2. PRELIMINARIES

Let K be a commutative field and A a commutative and not necessarily associative K-algebra.

Definition 2.1. We say that A is baric if there exists a non-zero algebra morphism w : A — K called the weight

function of the algebra A. The weight of any element x of A is the scalar w(z).

Definition 2.2. A baric algebra (A,w) is said to be a principal train algebra of rank r > 2 if there exists y; in K
(i € {1;--+ ;7 —1}) such that 2" + yw(z)z" 1 + - + y_1w(x)""to = 0, for all z in A and r the smallest
integer satisfying this equality.

Definition 2.3. We say that a n-dimensional K-algebra A is an evolution algebra if it admits a basis B =

{e1,--- ,en} suchthat foralli,j € {1,--- ,n}:
e? = eie; = Zwikek and ejej =0 ifi # j, 1)
k=1

B is called a natural basis of A and the scalars w;y, are the structural constants of A relative to the basis B. The

matrix Mp = (wik)1<i k<n 15 called the structural constants matrix of A relative to B.

Definition 2.4. The tensor product of two vector spaces V and W over a field K is a vector space defined by the
set
VoW ={> \vo®w| K v eV,w € W,neNY,

i=1
where v; ® w; for all 1 < i < n is a bilinear map defined by

v@w:V*xW* — K

(f:9) = fv)g(w)

where V* and W* denote respectively the dual vector spaces of V and W. Furthermore, if By = {e; }1<i<n and
By = {f;}1<j<m are bases of the vector spaces V and W, respectively, then By ® B := {e; ® fj}i<i<n:1<j<m,

is a basis for the tensor product V@ W.

Definition 2.5. Let Ay and Ag be two K-algebras with bases By = {e; }1<i<n and By = { f; }1<j<m respectively.
We define the multiplication table of the tensor product Ay ® Ay in the basis By ® By as follows:

(ei & f]) : (ek & fr) =eiep ® fjfr-

In the rest of this paper, the field K has characteristic different from 2. In [5], the authors show that

the tensor of two evolution algebras is an evolution algebra.

Theorem 2.1. [5, Theorem 3.2] If Ay and Ay are evolution algebras, then A1 @ As is also an evolution algebra.
Furthermore, if By = {e;}1<i<n and By = {fj}1<j<m are natural bases of Ay and A, respectively, then

{ei ® fi}i<i<nii<j<m is a natural basis for Ay ® As.
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Theorem 2.2. [, Theorem 4.2] A n-dimensional baric evolution algebra (A, w) with a natural basis {e; }1<i<n

is Bernstein if and only if the following conditions are satisfied:

:0f0r2 0,7

<
= 2for? 7 < n.

3. TENSOR PRODUCT OF EVOLUTION ALGEBRAS SATISFYING SOME CONDITIONS

Proposition 3.1. Let (Al,w) and (Asz, w) be baric evolution algebras with natural bases B = {e;;1 < i < n}
and B' = {e};1 < j < m}, respectively. Then, the tensor product Ay ® Ag is an evolution Bernstein algebra
with the natural basis B® B’ = {e; ® €},1 < i <n,1 < j < m}ifand only if:

i) (e)?®(1?)?=e? @2

i) e%e} @ efel Ofor2<ir<nand2<j,s<m,

iii) efe; @ efe? = jef @e? for2<i<nand2 < j<m.
Proof. This result is a consequence of Theorems 2.1 and 2.2. O

Remark 3.1. If Ay and As are evolution Bernstein algebras, then A1 ® Ay is not necessarily an evolution

Bernstein algebra.

Proof. Let B1 = {e;}1<i<n and Ba = {fj}1<j<m be natural bases of A; and Aj, respectively, then
{e: ® fj}i<i<nii<j<m is a natural basis for A; ® Ay according to Theorem 2.1. We have, using Theorem
22: (2@ (f12)? = (D) ® (f12) e;2e? ®f-2f2 =0x0=0for2<i,r<nj;and 2 < j,s < m; and
e?e? ® flzsz =(3e})® (%ff) 2@ f2 for2<i<m;and2 < j<m. O

We give an example of an evolution algebra whose tensor product with a Bernstein evolution algebra

is a Bernstein evolution algebra.

Example 3.1. Let A; be a K-baric evolution algebra of dimension 3 with natural basis B = {e, ea, e3} whose
multiplication table is given by: €3 = ey + ex + e3, €3 = 3(ea — e3) and €3 = —e3. Consider the algebra
morphism w : Ay — K such that w(e}) = 1 and w(ely) = w(ey) = 0. This algebra is Bernstein. Indeed, let
y = ae) + bel, + cely. Then we have,

y2y? = a*e? + a?(0? — P)es and w(y)?y? = a*e? + a®(b? — 2)et. We therefore have y*y? = w(y)?y>.
Let Aj be a baric evolution algebra of dimension 3, with basis By = {e€/, €4, €4} and multiplication table given
by: e = e} + ey + €y, et = L(eh — €}) and e} = —e2. The tensor product Ay @ Ay is defined in the natural
basis B = {e, ® e; }1<i j<3. We verify that Ay ® Ay is an evolution Bernstein algebra. Indeed, let u;; = €} ® e;,
then we have:

uiy = ef @ e} = (¢) +eh+eh) @ (e +ex + eg), (ufy)? = uiy +ufy + ufy = ufy because uly = —uis.

I /
We also have, uj,uls = (e @ €3)(ef? @ €2) = e @ e3e3. Or ede? = 0, according to Theorem 2.2, so
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uiquis = 0. Similarly, we can show that uZufy, = 0, with 1 < i, j, k, 1 < 3 and ujjupy # (u3;)?.
w2 u?y = (e @ e2)(ef ® €3) = eiPe > @ e2e3 and by Theorem 2.2, e2e3 = Le2, so u? u2, = Lu,. Similarly,
we can verify that u uf; = Ju?, with 1 < k,1 < 3 and uyy # u11. The tensor product Ay ® As is therefore an

evolution Bernstein algebra.
More generally we have the following result.

Theorem 3.1. Let T} be an evolution Bernstein algebm with a natural basis B = {e;;1 < i < n}and Ty an

evolution algebra with a natural basis B' = {e; 1 < j < m} satisfying the following identities:
(e)? = e 6'26’2 = 0for2 < j,r <mand efe '2 = e'2f01’ 2< 5 <m. (2)
Then, Th ® T is an evolution Bernstein algebra of dimension n x m.

Proof. By using Proposition 3.1 we prove that 77 ® 75 is an evolution and Bernstein algebra of dimension

n X m. O

We can observe that the algebra 75 belongs to a class of baric evolution algebra satisfying a polynomial

identity.

Remark 3.2. Let consider Ay be a baric evolution K-algebra of dimension 3 with natural basis B = {e1, e2, e3}
whose multiplication table is given by: €3 = e1 + ea + e3, €3 = L(e2 — e3) and e = —e3. Consider the algebra
morphism w : Ay — K such that w(e;) = 1 and w(e2) = w(eg) = 0. We show that As satisfies the identities
(2) and the polynomial identity

(22)* = 2u(2)2(2%)? — w(x)'a. (3)

Let x = aey + bey + ces, then we have x2 = a%e? + (b — c?)el, (2%)? = a’e? + 2a%(b? — c?)e3 and
(2%)% = aBe? + 3a*(b* — c?)es.

By direct calculation, we obtain 2w(z)?(1?)? — w(x)*2? = a2 + 3a*(b? — ?)e2 and since (22)% = a®e? +
3at(b? — c?)e3, therefore, (22)? = 2w(w)?(2?)? — w(x)*2®. However, A is not Bernstein, because (12)% —

w(z)?z? = a®(b? — c?)e2 # 0 for a certain element x in A. Hence, A is not Bernstein.
Beyond the example indicated in the previous remark, we establish a more general result.
Theorem 3.2. Any evolution algebra satisfying relation (2) also satisfies polynomial identity (3).

Proof. Let A be an evolution algebra with a natural basis B = {e;; 1 < ¢ < n} satisfying (2). Consider
the algebra morphismw : A — Ksuch thatw(e;) = 1and w(e;) = 0, for any i > 2. We show that (4, w)
satisfy (3). Since the set H of elements of weight 1 is dense in A accordmg to Zariski Toplogy, the proof is

doneforx € H. Letx = 61+ZI‘JBJ € A.Wehave: 22 = el+2x . This gives w(z)z? = 61+Zﬂ§
Jj=2 7j=2
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n
Also, (72)? = e?e? +22x ele Z x?z:i(e?ez), 50 2(22)? = 2¢3e? +4Z:L“ 616 )+2 Z x5 e ez
7,k=2 7,k=2
Since, according to relation (2), (¢7)* = ef, efef = e and ejef = 0, we have 2(2?)? = 2¢7 + 423}

n
then, 2(2?)? — 22 = €2 + 3Zx?e?.

(22)3 = (e2e2)e? + 2217 ele )e? + Zx 202 (e ek e? + Zl’ e2e?) e + ZZ:B 222 ( ele Jer +
J,k=2 7,k=2

Z xfx?arz(e?ejz)ei. According to relation (2), (z%)® = 3235 . Therefore, A satisfies

Zuj)k:2

(22)3 = 2(2?)? — 22 and therefore, according to Zariski Topology, the polynomial identity (2?)3 =

2w(z)?(22)? — w(z)*a?. O

Remark 3.3. In [2], the authors show that any algebra satisfying the identity (z%)? = 2w(x)?(2%)? — w(z)*2?

admits non-zero idempotents.

Remark 3.4. Is it clear that the class of algebras satisfying identity (3) contains the class of principal train
algebra of rank < 3 and equation 3 — 2w(z)ztw(z)?2?
we have (12)3 — 2w(z)?(2?)? + w(z)*2? = 22[(2%)? — w(2)?2?] — w()?[(2?)? — w(x)?2?] = 0 because

(22)% — w(x)?x? = 0. Therefore, the identity (3) strictly contains the Bernstein algebras, as illustrated in

= 0 and the class of of Bernstein algebras. Indeed,

Example 3.1.

In the following section, we study the structure of evolution algebras satisfying the identity (3).

4. STRUCTURE OF EVOLUTION ALGEBRAS SATISFYING IDENTITY (3)

Proposition 4.1. Let (A, w) be a baric K-algebra satisfying the identity (v?)3 = 2w(x)?(2?)? — w(x)*x?. Then,

forall z,y and z in A, we have:

i) (vy)(2®)? + 20%((2y)2?) = dw(2)*((zy)2?) + 2w(zy)(2?)? — w(@)(zy) — 2w(2’y)a?
it) d(zy)((w2)a?) + (y2)(2%)? + 4(22)((zy)2?) + 42°((2y) (z2)) + 22%((y2)2?) =
8w(z)?((zy)(z2)) + dw()*((y )xz) + 8w(zz)((zy)2?) + Sw(zy)((22)2?) + 2w(yz)(a?)? —

w(@)!(yz) — dw(2’y) (2z) — dw(z’2)(zy) — w((2?2)y)a?

i) 8(zy)((zy)2?) + ¥(2?)° + 4(ay)’2® + 4@%y?)2® = Sw(@)*(zy)® + dw(x)*(2*°) +
16w (wy)((zy)2?) + 2w(y)* (2%)? — w(z)'y® — 8w(a’y)(zy) — 6w ((a? )y)l‘27

iv) 8(zy)((wt)(z2)) + 4(zy)((zt)2®) + 4(yt)((zz)? 2?) + 8(z2)((zy)(at)) +
A(z2)((yt)2?) +A(2t) (wy)a?) +4a?((zy) (2t)) + 4% ((yt) (22)) +8(at) (:vy)($2))+4:v2((y2)($t))+
A(xt)((y2)2?) = 8w(@)*((wy)(2t)) + 8w(x)*((22) (yt)) + 16w (at (22)) +8w(x)*((=t)(y2)) +
Sw(xt)((yz)z?) + 16w(zz)((xt)(zy)) + 8w(@z)((yt)2?) + 8uw(zt

~— o~
+
=
—
N
N
N—
/—\
\_/

—_ ~—

2?) + 16w(zy)((z2)(xt)) +
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8w(yt)((z2)2?) + Bw(yz)((at)a?) — dw(@®t)(yz) — 120((@°t)2)(zy) — Aw(@’z)(yt) —
12w((2%t)y)(z2) — dw(23y)(2t) — 12w (((2t)2)y)2? — 12w ((222)y) (o).

Proof. The different assertions are obtained by a partial linearization of the identity (3). 0

In [2], the authors prove the following results.

Theorem 4.1. Let A be an algebra satisfying identity (3). Then, for any non-zero idempotent e, A admits the
Peirce decomposition given by: A = Ke® Ao @A% @ Ay where Ay, = {z € kerw/ex = ax} witha € {0;1; 3

Theorem 4.2. Let A be an algebra satisfying identity (3) and admitting a non-zero idempotent e, whose Peirce
decomposition is given by A = Ke @ Ay @ A 1@ Aj. Then the following relations hold:
i) A2 C A% DA

ii) A2 C Ag @ Ay

iii) A% =0;

iv) AOA% - A% @ Ay

v) ApA; C A% @ Ap;

vi) A1AL C A @ Ay

Now assume that (A4, w) is a n-dimensional evolution algebra satisfying the identity (3). In [8], the
authors show that a baric evolution algebra (A4, w) of dimension n and natural basis B = {ey, ...,e,}

has the multiplication table given by

n n
e% =e + Zalkek and e? = Zajkek (4)
k=2 k=2
the other products being zero with 2 < j < n,w(e;) = 1and w(e;) = 0.

Theorem 4.3. Let (A,w) a finite-dimensional baric evolution algebra with natural basis B = {ei, ...,en}
and multiplication table given in (4). Then the algebra A is an algebra that satisfy the identity (22)® =
2w(x)%(2%)? — w(x)*2? if and only if the following assertions hold:
i) (efef)e] = 2efel —ei;
i) 2(616 )e3 (elel)ej ele — e Jfor2 < j
7,k < n;

9

iii) 2(616 )ez (e el)ed = ek,for 2 <y,

iv) (6262) er =0, for2 <i,jk<n.

Proof. Suppose that A satisfies the identity (22)? = 2w(z)?(22)? — w(x)*2?.

By setting = = e in the identity (z2)3 = 2w(x)?(2?)? — w(z)*2?, we obtain the assertion 7).

For ii), let # = e; and y = e; in iii) of Proposition 4.1, we have 2¢? (6161) + 4(616 He? = 86%6? - 26?,
from which 2(616 )e2 + (e%e%)e = 4616 - 62 for2 < j < n.

The assertion iii) is obtained by setting = = e, y = z = e; and t = ¢; in iv) of Proposition 4.1. Which
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gives 8e?(e?(ere;)) + ez (€3 (ere;)) + 8(eke;)(eeq) = 166i(ekej). For j # k, the equation cancels and
for j = k, we have: 8el(eke ) + 8¢z (e? e?) + 8€k(€1€ ) = 16efe Which finally gives
2(efed)e; + (eFeq)et = 2eier; for 2 < j, k < n.

For iv) we set x = ¢;, y = 2 = ej and t = e, in iv) of Proposition 4.1, and we assume that i = j = k.
n

Conversely, let us assume that relations i) to iv) hold. Let us set z = x1e; + ijej with w(z) = z;.

i=2
n n
We have: 2% = z2e? + E :U?e?. Which gives w(r)*z? = 2§e? + E fclx?e? So, (z%)? = xfele? +
=2 =
n
25 xlm ele + m?x%(e?e%),whichgives
Jk=2
n
2w(z)?(x?)? :21‘?6%6%4-45 JI%CE 616 )+ 2 E xlx x3(e? ek)
Jj=2 j.k=2
2y3 = 26 2
(x2)? = 25( el+2 xlx ele )e2 + xlx z3(e? ek el—i— xlx (e2ed) ej 242 xlzr )ek—i—
7,k=2 7,k=2
n
Z 2,220,222
inx]mk(eze]) k*
Z7j7k:2
n
2\3 60,2212 4,2(9(0202) 02 202) 2 2y 2 2 2\ 2
(z%) = zi(efei)e] + E zyw;[2(etef)er + (6161 E 1’195 S (etej)er + (ejer)er] +
j=2 7,k=2
2u2a3 (e?e?)er. Si lations i) to iv) tisfied, th
z;zjzy (e e)er. Since relations 7) to iv) are satisfied, then
g k=2
n n
2\3 _ 6(9,2,2 _ .2 4,274 (0202 2 2.2.2 29
(x?)° = x5 (2e5e] — e7) + g zyw;[d(ete;) —ej] +2 g TIT;TRE R
n n n
2\3 _ 9,.6,2,2 4,22 2 22222 62 4,22 2\3 _ 2(,.2)2
(z%)° = 2%161614-45 rixjere; +2 g xlxjxkejek—xlel—g xyxje;. Therefore, (v°)° = 2w(x)*(2%)* -
Jj=2 J.k=2 j=2
w(z)ta?, O

Proposition 4.2. Let A = Ke @ kerw be a baric evolution algebra satisfying (z%)? = 2w(z)?(2?)? — w(z)*2?,
and w be a weight function with e3 = ey + z where z € kerw and e1kerw = 0. Then, we have the following
relations:

i) 23 = 2%

i) 2222 = 0;
iti) y222 +2(y?2)z — 3y*2 + y* = 0, forany y € kerw;
iv) 2(y22)y* + (v?y?)z — 2y%y? = 0, for any y € kerw.

Proof. Let €2 = e; + z where z € kerw and ejkerw = 0. For i), we have e?e? = e + 22;

2.2 2.2

2.2),.2 90202 _ 2 h o _ 2. This o 3 2
(e2e2)e? = ele? + e32? = 2e2e? — e2. Which gives €222 = e?e? — e3; This gives us 2

— p2 2
=e]+ 2% —e€1.

Therefore, 23 = 22.

For ii), we set z = e; and y = z in ¢) of Proposition 4.1 and we have
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22%(e3e?) + 4(e22%)e? = 8(e?2?) — 222, which is equivalent to 222€? + 22222 4 4e22% = 622, 50 2222 = 0.
For iii) and iv), we set = ae; + y with y € kerw. We therefore have
v? = oPef + 1% (27)? = aleled + 20%efy? + (1) (27) = aO(efed)ed + a'(efed)y® + 20 (ely?)ef +

202 (e2y?)y? + o®(y?)%e? + (y?)3. By identifying the coefficients of a* and a2, we obtain

(eie])y” + 2(efy®)el = deiy® — o (5)
and
2(eiy”)y” + (17)%ef = 2(y°)° (6)
Replacing €? = e + z in the relation (5), we obtain y?22 + 2(y?2)z — 3y?z + y? = 0, which is iii).

Doing the same in the relation (6), we obtain iv). O

Proposition 4.3. Let (A,w) be a baric evolution algebra satisfying the identity (2?)3 = 2w(x)?(2?)? — w(z)*2>.
Then, (kerw)? is nil with nil-index at most 3.

n
Proof. Letx = E zjes € (kerw)®. Then, we have: 22 = > zjz4elef and
j=2 Jk=2

Z mkmjwk(e e2)e?, by iv) of theorem 4.3, (e5 2e2)e? = 0, hence 2% = 0, consequently, (kerw)? is
1,5,k=2
nil with nil-index at most 3. O

The following theorem gives the conditions for the tensor product of a Bernstein algebra by an

algebra satisfying (v2)3 = 2w(x)%(2?)? — w(z)*2? to be Bernstein.

Theorem 4.4. Let (A1, w) be a Bernstein evolution algebra and (A, w) be a baric evolution algebra satisfying
(22)3 = 2w(z)?(2?)? — w(x)*a?. If Ay is an associative algebra and e? is a non-zero idempotent of Ay, then the

tensor product Ay ® As is a Bernstein evolution algebra.

Proof. Suppose As is an associative algebra that satisfy the identity (22)? = 2w(z)?(2?)? — w(z)*2? and

e% is a non-zero idempotent of A, we have:
22 _ 2
6161 = el . (7)

Taking the identities obtained in theorem 4.3, the relation ii) gives us

2(efed)e] + (efel)es = defes — €2, for 2 < j < n. Ag being associative and eje? = ef, we obtain

2

2.2
2(ee; )es + ele = 4616 — €5

2(6%6%)6? + e%e? = 46%62 — e?
2816 + 6162 = 4616 — e?
2

2
3e2e? = 4616 €;
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, thus

e%e? = 6?, for2 < j < n. (8)
The identity iii) of theorem 4.3 gives us

2(6%62)6i + (626%) = 2¢? ek
Since according to the relation (8), efe? = ¢, we obtain
2¢2 ek+e ek:Qe o2

therefore,

e?ei =0, for2<j,k<n. (9)
Since the relations (7), (8) and (9) satisfy the relation (2) of the Theorem 3.1, then the tensor product
A1 ® Ay is a Bernstein evolution algebra. O
Proposition 4.4. Let A be a baric associative evolution algebra with a natural basis B = {e1, ...,en} and a

multiplication table given in (4) satisfying the identity (22)3 = 2w(z)?(2?)? — w(x)*

relations hold:

i) Ai(e?) = {z € kerw|elr = 2} = (kerw)?;
i) Ag(e?) = {x € kerwle3z =0} =< ¢; — a1;€?|2 < i < n >;
iii) Ai(e}) = {z € kerw|efz = $2} = 0.

1
2

Proof. i) Let A be a baric associative evolution algebra with a natural basis B = {ey, ...

theorem 4.4, we have ef an idempotent and efe = €, then €5 € Ay (e?), forall j € {2,.

(kerw)? C A;(e?).. Let us now show that Al(el) (kerw)2

Letz = Zaziei in Aq, then
i=2

n n
T = e%x =(e1 + ZM“%’)(Z%’Q Zml ah kerw)2
=2 =2

Therefore, A1(e?) C (kerw)?, hence A;(e3) = (kerw)?.

ii) Fori = {2,....,n}, e?(e; — a1;€?) = 0, then < e; — ay;3|2 <
n

Soit x = Z:piei e Ap(e2), we have:
=2
n

0=cr = E xi(alie?). So,
i=2
n n
2
T = E Tie; — g xi(a€s),
i=2 i=2

i <n>C Ap(e?).

x2. Then the following

,en}. By

.sM}, SO
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Thus
n
2
T = in(ei — ayiey)
i—2
and we therefore have Ag(e?) C< e; — ay;e3|2 < i < n > . We therefore deduce that
Ap(ed) =< e; —aped2<i<n>.

iii) Letz € A1, as e} € (kerw)? = A;(e?), then we have
2

n
T =2e3r = Qin(aMe?) € (kerw)?.
=2

Therefore, x € A;(e?). This implies that 22 = 0 and therefore z = 0 and we obtain A 1 (€2) =

{z € kerwl|elz = 1z} = 0.

5. ALGEBRAS SATISFYING THE IDENTITY (3) THAT ARE PRINCIPAL TRAIN ALGEBRAS OF RANK 4

In [2], the authors studied the structure of cubic algebras of exponent 2 that are principal train
algebras of rank < 3. In this paper we characterize the structure of algebras satisfying 3 that are
principal train algebras of rank 4. In [4] and [11], the authors give the Peirce decomposition of a
principal train algebra as well as a characterization of principal train algebras of rank 4. These two

results will be useful to us in making the connection with principal train algebras of rank 4.

Proposition 5.1. Let A =Ke® Ay ® A 10 Ay be a Peirce decomposition an algebra satisfying identity (3). If
A is a principal train algebra of rank 4, then its train equation satisfies the following equations:

i) 2 — (1 4+ y)w(z)2? + yw(x)?2? = 0, v € {0, 1,% :

i) 2t — Sw(z)z® + 2w(z)?2? — Jw(z)3z = 0;

iii) 24 — 3w(x)2® + 3w(z)?2? — w(z)?z = 0.

Proof. Let A=Ke® Ay & A% @ A; be an algebra satisfying the identity (22)? = 2w(z)?(2?)? — w(z)*2>.
Suppose that A is a train of rank 4, then its train equation is of the form

zt — (1+ v+ Bw(z)x® + yw(z)?2? + Bw(x)3z = 0, with v, B € K. Then its minimal train polynomial is
givenby P(z) = X* — (1 + 71 +72)X? + (71 + 72 + 1172) X? — 172X = X (X — 1)(X —n)(X — );
with v = v1 + 2 + 7172 and 8 = —v172. This gives

' — (14 v +y)w@)z + (71 + 72 + mye)w(@)?z? — yy.(z)?z = 0. (10)

This gives us several scenarios to examine.

Lst case: y1 # y2; 1 # 5 and 72 # 5.
Using Theorem 5 of [11] and Theorem 4.1, we obtain that A admits relatively an idempotent e, the
following Peirce decomposition: A = Ke® A 1 DA, DA, =Ked A 1 DA)DAL,50A,, DAy, = AgD Ay

By identification, we have 71,72 € {0,1}. We can assume without loss of generality that 7; = 0 and
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72 = 1, so relation (10) becomes z* — 2w(x)x? + w(x)?x? = 0.

2nd case: 1 # Y2, 71 = &

Considering Theorem 1 of [4] and Theorem 4.1, we have that A = Ke ¢ A 1@ A,,, with vy, € {0,1}.
The train equation of A is therefore one of the following forms:

For v1 = § and 72 = 0; we have equation (10), which becomes 2* — 3w(z)2? + Jw(z)22% = 0.

NI—= D=

For 71 = 1 and 72 = 1; we have: 2 — 3w(z)23 + 2w(z)22? — Jw(z)3z = 0.

3rd case: y1 = v # %
Considering Theorem 1 of [4] and since A admits non-zero idempotents, then the Peirce decomposition

of A relative to an idempotent eis A = Ke ® A1 @V, where V = kerw Nker(L, — A1ig)% If V = 0, for
2

2 2

r=e+x1 € A, wehave 2° = e+ z1, and therefore ° = w(x)z. This is impossible because A is a train
2 2

algebra of rank 4, so V' # 0. We then obtain the following situations :
e 71 = 72 = 0, then equation (10) becomes z* — w(z)z?® = 0.

ey = 72 = 1, then we have 2* — 3w(z)z3 + 3w(z)?2? — w(z)3z = 0.

4™ case: v1 =2 = 3

The train equation of A becomes z* — 2w ()23 + Sw(z)?2? — Jw(z)3z = 0. O
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