Asia Pac. ] Math. 2025 12:16 ASIA PACIFIC ACADEMIC

NONCOERCIVE ELLIPTIC NEUMANN PROBLEM WITH L!-DATA

TIYAMBA VALEA!, IBRAHIME KONATE?**, AROUNA OUEDRAOGO!

! L@boratoire de Mathématiques, Informatique et Applications (L@MIA), Département de Mathématiques, Université
Norbert ZONGO, BP 376 Koudougou, Burkina Faso
*LAboratoire de Sciences et Techniques Département de Mathématiques, Université Thomas SANKARA, 12 BP 417
Ouagadougou 12, Burkina Faso

*Corresponding author: ibrakonat@yahoo.fr

Received Nov. 09, 2024

AsstrACT. In this study, we consider the equation —Au + div(vu) + bu = f in Q paired with Neumann
boundary conditions Vu - — (v - n)u = 0 on 2. We introduce a notion of renormalized solution for this
problem and establish both the existence and uniqueness of this solution for L'-data.
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1. INTRODUCTION

Convection-diffusion-reaction equations are widely used in many physical, chemical, and biological
phenomena. They model processes where a quantity (such as the concentration of a chemical, the
temperature, or a polution) is not only diffused in a medium but also transported by a flow and
subjected to internal reactions. The complexity of these interactions makes them an essential subject of
study for understanding the dynamics at work in a variety of systems.

The following convection-diffusion-reaction problem is defined in a domain €2 bounded, polygonal,
and connected open of R? (d > 2):

—Au+div(vu)+bu=f inQ,
(1.1)

Vu-n—(vV-nu=0 on 0f),
where

e u represents, for example, concentration, temperature, etc,

e v is a vector field modelling the flow velocity in €2,
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e bis a coefficient relating to the intensity of the reaction,
e fis an outside source,

e 7 is the unit outward normal on 0f2.

Similar problems have been studied by several authors. In 2024, the authors in [ 15] examined analogous
non-coercive problems with Dirichlet boundary conditions, where existence and uniqueness were
demonstrated for measure data. In 2023, the authors in [13] showed that the approximate solution
obtained by the finite volumes method converges to the renormalized solution of (1.1). Additionally,
in 2002, [8] studied the existence, uniqueness, and regularity of the solution to (1.1) under mixed
boundary conditions using the duality method. In the context of Neumann boundary conditions,
existence results were established in [5], with additional uniqueness results presented in [6]. Neumann
boundary value problems with L'-data and v = 0 have been widely studied, with weak solutions proven
to belong to an appropriate Sobolev space and to have a null mean value. In [1], the authors studied
the case of irregular data and domains, obtaining solutions with zero median using an approximation
method. Similarly in [5], authors used the median to establish the existence of a renormalised solution
with zero median, recognising that the mean value of the solution is often not well defined.
In the present paper, we studied the problem (1.1) with L'- data. The weak solution does not guarantee
uniqueness, there are other types of solution which also offer this guarantee, notably the renormalized
solution. The concept of renormalized solutions was introduced by DiPerna and Lions [7] in their
work on the Boltzmann equations.
One way of dealing with the problem (1.1) is to reformulate it in a variational form. By multiplying the
equation by a test function ¢ € H'(f2) and integrating over 2, a bilinear form a(u, ¢) is well-defined,
due to Sobolev embedding. This form is continuous but not coercive on H'(£2) without assumptions
on div(v). Even though the operator, it generally lacks coercivity unless v is sufficiently small. The
study of elliptic equations with L'-data is motivated by their application in physical models, such as
the Thomas-Fermi models in atomic physics and reservoir models in porous media [9].

The rest of the paper is organized as follows: Section 2 recalls the assumptions, introduces relevant
definitions (including the median of a measurable function), presents the concept of renormalized
solutions for (1.1) and announces the main results. The section 3 is devoted to proving Theorem 2.1

below.

2. ASSUMPTIONS AND DEFINITIONS

We consider the following non-linear elliptic problem with Neumann boundary conditions:

—Au+div(vu) +bu=f inQ,
(2.1)

Vu-n—(v-nu=0 on 0S.
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We assume that

ve(LPQ)with2 <p<+oo ifd=2, p=d, ifd> 3, (2.2)

be L?(Q),b>0 ae. in Q. (2.3)
Moreover, we assume that
feLl(9), (2.4)

and it satisfies the compatibility condition

/Q fdz = 0. (2.5)

Note that in this paper the data f and the domain 2 are not regular. This situation in the Neumann
case has been studied in [1] and solutions whose median is equal to zero are obtained. We recall that

the median of a function v € H'(Q) is defined as
med(u) := sup{)\GQ: Hzx € Q:u(z) > A} > |S2)|} (2.6)

It is known that med(u) is a non-empty compact interval (see [16]). Let us explicitly observe that if

0 € med(u) then

H{z € Q:u(z) > 0} SE and [{z € Q:u(x) <0} g’?'. (2.7)

In this case, we have the following Poincaré-Wirtinger inequality (see e.g. [16])
||u — med(u)HLz(Q) < C”VUH(LQ(Q))d, Yu € Hl (Q), (28)

where C'is a constant depending on d, €.

We need a few notations. We denote by meas(Q2) = || the d-dimensional Lebesgue measure of R? and
xq its characteristic function. Moreover, we adopt the notation r* = max(r,0) and 7~ = max(—r,0)
for the positive and the negative part of a function r, respectively. We also denote signg(r) = 1,0 or —1
depending on whether » > 0, r = 0 or r < 0.

For any v > 0 we denote by T’, the truncation function at height v, T, (2) = min(y, max(—v, 2)) for any
z € R and we define for ¢ > 0, the function S, by

Se(r) =1 —[Tpq1(r) — Te(r)], Vr € R. (2.9)
We now recall the gradient of functions whose truncates belong to H'(Q) (see [3]).

Lemma 2.1. Let u : Q — R be a measurable function, finite almost everywhere in Q, such that T, (u) € H'(Q)

for any ~ > 0. Then there exists a unique measurable vector field w : Q — R” such that

VT, (u) = X{ju<pyw a.e. in .
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This function w is called the gradient of u and is denoted by Vu.
We now recall the definition of a renormalized solution to (1.1).

Definition 2.1. We say that a function u : Q — R is a renormalized solution to (1.1) if u is measurable and

finite a.e. in Q, satisfies the following conditions

T, (u) € HY(), forany v > 0, (2.10)

lim VT, (u)*dz = 0, (2.11)
=00 J{o<|T, (w)| <e+1}

and the following equation holds
/QS(U) Vu-Vpdz —|—/QS/(U)QOVU -Vudr — /QS(u)uv -Vepdx
- /Q S'(u)puv-Vudr + /ﬂbuS(u) pdr = /chpS(u) dz, (2.12)
for every S € C}(R) having compact support and for every o € H'(Q) N L™= ().

Remark 2.1. Condition (2.10) allows to define Vu almost everywhere in Q. Equality (2.12) is formally obtained
by using in (1.1) the test function S(u)p and by taking into account Neumann boundary conditions. Since

S(u)p € HY(Q) and since Supp(S) C [, lfor sufficiently large v > 0, we can rewrite (2.12) as follows

/ S(u) VT (u) - Vodr + / S'(u) p VT (u) - VT (u)dx — / S(u)uv - Vedr
Q Q Q

—/QS/(u)gouv-VTH(u)dJ:—i—/QbuS(u)godas:/QfQDS(u)daz. (2.13)

Let us observe that every integral in (2.13) is well defined thanks to the fact that T, (u) € H'(Q) for every
v > 0, S has compact support and the assumptions (2.2)-(2.4). Condition (2.11) is classical in the framework

of renormalized solutions.
The main results of the present work is the following.

Theorem 2.1. Let us assume that (2.2)-(2.5) are fulfilled. Then, there exists a unique renormalized solution u

to problem (1.1) with med(u) = 0.

3. Proor oF THEOREM 2.1

3.1. Existence of renormalized solution.

The proof is split into several steps.

Step 1. Approximate problems
Let f- = Ty /.(f) be a sequence of bounded functions which strongly converges to f in L' () such that
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I fellzr@) < [1fll1 (o) and /Qfe dx =0foralle > 0.

We consider the following approximate problem

—Aue +div(vue) +bu. = fo inQ,
(3.1)

Vus-n—(v-n)us =0, on 0f.
By known results there exists at least a weak solution u. € H*(Q2) to (3.1) ([11,12]) which med(us) = 0
and for any p € H'(1),

/Vus-Vgodx/uEV-Vgpdx+/buEg0dx:/f5<pdx. (3.2)
Q Q Q Q
Step 2. A priori estimates

This step is devoted to finding a priori estimates of the solution of (3.1), which are crucial to pass to

the limit.

Lemma 3.1.
(i) Forall v > 0, the sequence T, (u.) is bounded.
(ii) The sequence of renormalized solutions (u.)e>q of the problems (3.1) verifies, for v > 0 large enough, the

following estimates:

(L + |uc)) |72y < C, (3.3)

meas{|uc| > v} < (i +7))? (3.4)
and
C C
meas{|Vug| > < —4 —F—, 35
where C > 0 is a constant.
(iii) Forall £ > 0,
lim lim sup/ VT, (ue)|? dz = 0. (3.6)
oo e=0 J{e<|Ty (ue) <41}

Proof. For (i), we use ¢ = T’,(u.) as test function in (3.2) to obtain

/Q\VTv(ug)\zdac—|—/Qbu€T7(u6)dw

_ / T, (ue) v - VT, (ue) do + / LTy (us) dz. (37)
Q Q

Since b is non-negative and T’ (u.) has the same sign as u. then bu.T’,(u.) > 0. Then, we deduce from

(3.7) that

[ VT P ds <17l + [ T u) v VT ) da, (38)
Q Q
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By Young’s inequality and Sobolev embedding, we can control the second integral of the right-hand

side of (3.8). Then, we can write
||VT7(UE)H%L2(Q))¢1 <C, (3.9)

where € = 29/ f[|1 + S(2 12V
To obtain (ii), we first prove (3.3). As stated in [15], we consider the test function ¢(u.) =

/ ) %dr in (3.2). Observe that med(¢(u:)) = med(u:) = 0. We have
o (I+r])

vl [ [ g 17
———dr+ [ busp(ue)dx < + Ue|[V|——= dx. 3.10
Jy o e fypmeetw e < b+ el (310

Since b is a non-negative function and moreover ¢(u.) and u. have the same sign, then the second term

in the left-hand side of (3.10) is non-negative. This leads to

V.| / V|

s dr < + Ue|| V| 7775 d. 3.11
| e de < Ul + [ el (311)
Furthermore, we have |u.| < 1 + |u.|. Then, using Young's inequality and Sobolev embedding, the

second term on the right-hand side of (3.11) can be estimated as follows:

V. VIV
——=dx| < d
Y+ uel)? x‘ = Jo 1+ Juc] ™
( ) ape T35 HVIH( + |ue )7 (12( (3.12)
For the first term of (3.10), we have
Vu 2
/Q <1’+ !vi!> dir = [V In(1 + fue ) [z e (3.13)

Combining (3.11)-(3.13), we obtain

IV (1 + fuc 2z yye < 201511+ S ) VI e
Since med(In(1 + u.)) = 0, Poincaré-Wirtinger inequality (2.8) implies that

(1 + Jue)) (172 < C, (3.14)
where C' = C(f,,v) is a positive constant, and then (3.3) is proved.
Using again the inequality (3.14), we get
[ maenpa <o)
{lus[=v}

which implies

C(f,Q,v)

meas{|us| > v} < (L + 7))
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We set &(v, \) = meas{|Vu.|*> > \, |uc| > v}, for ally, A > 0. According to (3.4), we have

D(v,0) < M, for any v > 0 large enough. (3.15)
Thanks to (3.9), we obtain
/ (®(0,5) — ®(v,s))ds < C. (3.16)
0
We deduce from (3.15) and (3.16) that
C C
<z4 = . .
&(0,N) < )\ + )2 forall v, A >0 (3.17)

Setting A = v in (3.17) leads to (3.5).
For ((iii)), we take ¢ = T3 (T}, (uc) — Ty(T(uc))) as test function in (3.2). Using the same approach as
in Lemma 4 of [15], we obtain (3.6). O

Step 3. Convergence results

We start by proving that the sequence (u. ). of solutions of problem (3.1) converges in measure to a

measurable function u.

Lemma 3.2. Assume (2.2)—(2.5) hold and let u. € H'(S2) be a solution of (3.1).
(i) Forall v > 0, T, (uc) — Ty (u) strongly in L*(Q) and a.e. in Q, as e — 0.
(ii) The sequence (uc). is Cauchy in measure. In particular, there exists a measurable function u such that

U — u in measure and a.e. in Q,as e — 0.

Proof. For any ~ > 0, (T, (uc))_ is bounded in H 1(Q). Then, up to a subsequence we can assume that
for any v > 0, T, (u.) converges weakly to o, in H'(Q) and so T, (u.) converges strongly to o, in L?(Q).
We now prove that (u. ). is a Cauchy sequence in measure. Let j > 0. Foralle > 0,and all¢',v > 0,

we define
Eei={juc| > 7}, Boi={jus| >k} and  Feoi= {|Ty(u) — Ty (u)| > j},
where v > 0 is to be fixed. We note that {|u. — u./| > j} C E. U E. U E, o, and therefore
meas{|u. — us| > j} < meas(E;) + meas(E.) + meas(E. o). (3.18)

We choose v = 7(€) such that

meas(E;) < % and meas(E./) < g (3.19)
Since (T (uc))_ converges strongly in L*(Q), then it is a Cauchy sequence in L?(f2). Thus,
1
meas(E.r) < 5 [ [7,(u0) = T, () o < &, (3.20)
Q



Asia Pac. J. Math. 2025 12:16 8of 17

foralle, e’ > eo(j,€).

Finally, from (3.18)-(3.20), we obtain that
meas{|u. —u| > j} < eforalle, & > g(j,¢). (3.21)

Hence, the sequence (u.). is a Cauchy sequence in measure and there exists a function u, which is
finite almost everywhere on (2, such that u. — u in measure. We can then extract a subsequence such
that u. — u a.e. in . Since T is continuous, then T, (u.) — T, (u) a.e. in 2, 0, = T, (u) a.e. in Q and
T,(u) € H'(Q).

It remains to prove that med(u) = 0. Since u. convergence to u the sequence X{uc>0} converges to

X{u>0} a-e. in 2. Recalling that med(u.) = 0 then Fatou’s lemma leads to

meas{z € Q:u(x) >0} < lim inf/ X {ue >0} X{u>0}dT
e—0 Q

< lim inf meas{u. > 0}
e—0

< meas(Q2) ‘
- 2
Similar to the convergence of X (,, <0} t0 X{u.<0} a-€. as€ — 0.

meas(Q)‘

meas{x € Q:u(z) <0} < 5

It follows that 0 € med(u). Since we have for y large enough med (T, (u)) = med(u) and T, (u) € H'(Q),

then med(u) = 0 is unique. O
Step 4. Passage to the limit

To establish that the function u is a renormalized solution of the problem (1.1), we prove the following

lemma.
Lemma 3.3. Forall S € CL(R) and ¢ € H'(Q) N L>(%),
V[S(u:)y] — V[S(u)] strongly in (L*(Q))¢, as e — 0.
Proof. The proof of this lemma follows the same lines as those proved in [15]. O

Next, taking S(u: )y € H*(Q) N L>(Q) as a test function in (3.1), we obtain

/QVu€ - V[S(ug)y)dx — /ngv - V[S(ue)y)dx + / bue S(ue)pdx

Q
= /Q £-S(ue)pdz. (3.22)

Now we pass to the limit when ¢ — 0 in each term of (3.22). Since S has compact support, then there
exists a positive real number « such that Supp(S) C [—7,7], so u. can be replaced by its truncation 7, (u.).

We start with the first term of the left-hand side of (3.22). On the one hand, we have V[S(u.)y]| —



Asia Pac. J. Math. 2025 12:16 9of 17

V[S(u)1] strongly in (L?(€2))? (see Lemma 3.3) and on the other hand, VT, (u.) — VT, (u) weakly
in (L*(Q))%. Therefore, VT, (u.) - V[S(ue)] — VT, (ue) - V[S(u)y] strongly in (L'(2))?. Hence, by

Lebesgue’s generalized convergence theorem, we deduce that

tim [ VT () - VISl = / VT, () - VIS(u)lde, as e — 0. (3.23)
E—r 0 Q

For the second integral of the left-hand side of (3.22), we have v € (L?(Q))? and that T, (u.) € H'(Q) C
* 1 1 1 2

L*(Q). Thus, T, (u:)v € L*(Q2) given that — =3 where 2* = 7p2,p =d, d > 3. Consequently,
p p-=

the sequence (7, (u)v):>o converges weakly to T, (u)v in (L*(Q2))%. Moreover, using Lemma 3.3 and

Lebesgue’s generalized convergence theorem, we deduce that

tim [T, (ue)v - VIS = / T, (u)v - V[S(u)lde, as e — 0. (3.24)
E—> o) 0

Since S(u. )1 converges weakly-x to S(u)y in L>((2), using the fact that b € L?(Q) and T, (u.) converges
strongly to T, (u) in L*(Q2) and a.e. in Q@ when ¢ — 0, we deduce that b7, (u.) — bT,(u) strongly in
L'(Q). We also have f. — f strongly in L'(Q). Thus, when ¢ tends to zero, we can pass to the limit in
the third integral of the left-hand side of (3.22) and in the first integral of the right-hand side of (3.22),

respectively, to obtain

lin(1] bTV(uE)S(us)wd:U:/bTy(u)S(u)wd;E (3.25)
E— QO QO

and

ii_r%/ﬂfaS(ug)wda::/QfS(u)wdx. (3.26)
Combining (3.23)-(3.26) yields (2.12).

3.2. Uniqueness of renormalized solution.

Here we prove the uniqueness follows the same ideas as in [6]. Let u; and u be two renormalized
solutions of (1.1) having med(u;) = med(uz) = 0. Our goal is to prove that u; = uy. Lety >
0,k > 0and ¢ > 0. Using T, (T (u1) — Ty(u2))Se(u) € H' () N L°(Q) as test function in (1.1). Since
Ty (Te(u1) — Ti(uz))Se(u) converges to T, (u1 — u2)S¢(u) almost everywhere in Q as k — oo. Then
T, (w1 — u2)Se(u) € HY(Q) N L®(Q). So, taking (2.12) on the one hand S = Sy(u1) and ¢ = T, (u1 — uz)
written in u1, S = Sy(u2) and ¢ = T (u1 — ug) written in us on the other hand, we obtain by subtracting

the two equalities
Aye+ By +Cyu=Dye+ Eyp + oy, (3.27)

where

Ay = / [Vul Se(ur) — Vug Sg(Ug)]VTW(ul — ug)dz,
Q

B%g = / [Vul.Vul Sé(ul) - VUQ.VUQ SE(UQ)] Tw(ul — UQ)dl‘,
Q
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Cyo= / [ung(ul) - UQSZ(UQ)}b T, (ur — ug)dz,
Q

D%g = / [ulv Sg(ul) — Uv Sg(Ug)} .VTW(ul - UQ)dJ},
Q

E,,= / [uleQ(ul)Vul — uQsz(uQ)VuQ] T, (u1 — ug)dz,
Q

F%g = /Q [Sg(ul) - Sg(Ug)]f Tw(ul - uQ)dx.

We now pass to the limit in (3.27) as ¢ — oo first and then as v — 0. We now study all the terms in
(3.27).
Step 1. The idea behind this step is to prove that
.1 2
%g% 2 /Q VT, (u1 — u2)|“dx = 0. (3.28)
For v > 0 fixed, we examine the limit of each term in (3.27) as ¢ — oco. Given that Sy — 1 as ¢ — oo, we

have (S¢(u1) — Se(u2)) f Ty(u1 — uz) — 0 a.e. in Qas ¢ — oo and
‘(Sg(ul) - Sg(UQ))f T,y(ul — UQ)‘ < 2’}/‘f| € LI(Q).
By using Lebesgue’s dominated convergence theorem, we deduce that
lim F, ;= lim [ (Se(u1) — Se(u2))f Ty(ur — ug)dz = 0. (3.29)
L—00 =00 J
On the other hand, [u; Se(u1) — ug Se(uz)|b Ty (u1 — uz) — b(u1 — ug)Ty(ur — uz) as £ — oo. Moreover,

| (u1Se(ur) — ugSe(u2))b Ty(ur — u2)| < |bus| 4+ y|bus| € LY(Q).

Again, we derive from Lebesgue’s dominated convergence theorem that

Zli}rgo Cye = eli}r(r)lo A [ul Se(u1) — ug Sg(Ug)]b Ty (u1 — ug) dx
= / b(ur — u2)Ty(u1 — ug) de. (3.30)
0

Since b > 0 and (u; — ug) has the same sign as 7', (u; — u2), then
lim C,, > 0. (3.31)
{—00 ’

We now turn to D, , and write it as follows

D,, = / [u1 Se(ur) — ug Se(uz)|v. VT, (ur — ug)dx
Q

1

= 3 /Q(Ul — ug) (Se(ur) + Se(u2))v.VTy(u1 — ug)dz

1

v o3 / (w1 + uz) (Se(ur) — Se(un))v. VT, (ur — us)da. (3.32)
Q
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Since Sy — 1 as { — oo, we get |S¢(u1) — Se(ug)] — 0 as £ — oo. Moreover, |(u1 + ug) (S¢(u1) —
Se(ug))v.VTy(u1 — u2)| < (w1 + u2) v.VT,(u; — ug)| € L*(Q). Thus, by the Lebesgue dominated

convergence theorem, it follows that

lim % (w1 + u2) (Se(ur) — Sp(u2))v.VTy(ur — ug)dz = 0. (3.33)

{—00 Q
As in the previous case, we deduce that

1

5 /Q(ul —ug) (Se(u1) + Se(u2))v.VT,(u1 — uz)dx — /Q(ul —ug) v.VT, (u1 — ug)dx,

as £ — oo. Then, just remember that VT, (u1 — u2) = X{o<|u;—us|<~} V(U1 — u2),
/(u1 — U2) V. X{0<|us —uz| <y} V(U1 — uz)dr = / (ug — ug) v.V(up — ug)de.
Q Wy
where we set wy, = {z € Q : 0 < |u; — u2| < 7}. On the other hand, |u; — ug| < 7, then |u; —

ug| [v].|V(u1 —u2)| < v|v|-|V(u1 — u2)| and we have

/ s — wal [V] - |V (g — uz)|der < 7/ V] [V (s — )| da. (334)
LU»Y Wey
By using the Young’s inequality, the right hand side can be write
0a 1
v WV — ug)lda < 2/ VPt 5 [ (9~ )P (3.35)
UJ—Y UJ—Y w»y

By combining (3.33)-(3.35), we deduce that
lim |D., | < 72/ |v|2dx+1/ VT, (u1 — ug)|2da (3.36)
oo =T 2 Jo T R '

Next, due to the definition of Sy, it follows that |Sy(s)| = 1x{¢</|s|<¢+1} and zero for |s| > £+ 1 or |s| < £.

For B, s, we have

/ (Vul.Vul Sp(u1) — Vug.Vug Sé(’LLz)) T, (u1 — ug)dx
Q

< 7(/ Vs [ +/ ‘VW‘Z)’
{<]ur |[<l+1} {<|uz|<l+1}

which converges to zero, as ¢ — oo, according to (2.11). Thus,

lim |By | = 0. (3.37)
=00
For E, 4, we note that T, (u1 — ug) € L*(Q2) with || T (u; — 'UQ)HLOO(Q) < v, we have
‘E%A < ’}// \ulv : Vul\dx + ’}// |U2V . VU2|d.CU, (338)
{l<|ur|<l+1} {l<|u|<l+1}

hence, according to [15], Lemma 4 we deduce that

lim |E,| = 0. (3.39)
l—00
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We write A, 4 as
Ay o= / [Vur Se(u1) — Vug Sy(ug)| VT (w1 — ug)dx
Q

= /Q (Vur — Vug) Se(ur) VT, (ug — ug)dx + /Q(Sg(ul) — Se(u2))Vug VT (ur — uz)dz. (3.40)

We use the previous results to pass to the limit in the two terms in the right hand-side of (3.40) to

obtain
Eligolo Q(Sg(ul) — Se(u2))Vua VI, (u1 — uz) =0 (3.41)
and
élirgo A (Vuy — Vug) Se(w) VT (wg — ug)dz = /Q (Vuy — Vug) VT (ug — ug)dz. (3.42)

From (3.41) and (3.42) and using Lemma 2.12 of [4], we have
(Vur — Vug)xw, = V(u1 — u2)xw, = VTy(u1 — u2),

next, we deduce that

lim A, = / VT, (u1 — ug)2de. (3.43)
{—00 Q
Bz combining (3.29)-(3.43), we can deduce from (3.27) that
A2
/ VT —u)Pde < T [ v, (3.44)
Q Wy

Note that the function x., — 0 a.e. in Q@ as v — 0. Thus dividing the above inequality by 7%, the

Lebesgue dominated convergence theorem and (3.44) allow us to conclude that
lim % /Q VT, (u1 — ug)*dx = 0. (3.45)
Hence the result.
Step 2. We prove that either
u1 = ug a.e.in €, or
u1 > ug a.e.in €, or
up < wug a.e. in (.

1 1

For v < ¢, we have Sy(u1)—T(u1 — u2) € H'(Q) and —T,,(u1 — uz) converges to signg(u; — uz) a.e. in
v v

2. Next, Poincaré-Wirtinger inequality leads to

J

2
dx

sc/
Q

Se) 2T (1 = ) = med (i) 2T, 1 = )

2
dx. (3.46)

\Y% <S€(“1),1YT7(U1 - UQ))
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Let us show that the right-hand side goes to zero as v — 0 and ¢ — oo.

Since

V(Sg(ul)’lyTy(ul —un)) = sg(ul))iwy(ul — ) + sg(ul)vul)iz;(ul )

1
almost everywhere in . Note that | =T, (u; — u)

the right hand side of (3.46) leads to

< Tand [Sy(u1)| = 1xX{e<juy|<e+1}, then the term of

1 2
VISe(ur) =T, (u; —u dx
/Q ( (u1) 5 y (w1 2))
1
< 2/ SZ(u1)| VT (uy —u2)|2d:p—|—/ \Vuy|?dz.  (3.47)
7 Ja {<|ur|<l+1}
Passing to the limit in (3.47) first as v — 0 and then as ¢/ — oo, we have on the one hand
o1
Jim %1;% o /Q S7 (u1)| VT, (ug — ug)*dz = 0 (3.48)
and on the other hand
lim |Vuq|?dz = 0. (3.49)

=00 J{e<|ur | <41}

Gathering (3.48) and (3.49), it follows that

Jim Tim | v(sg(ul)izy(ul ~u)) S0, (3.50)
Passing to the limit in (3.46), we obtain
1 1 2
Eliglo ﬂl{lg% ; Sg(ul)gTV(ul —uz) — med(Sg(ul)gT,y(ul - u2)> dx = 0. (3.51)

For all v > 0,

1 1
Sg(ul);T,y(ul — uQ)| <1land ’med(Sg(ul);Tv(ul — uz))’ <1

Using (3.51) on the one hand, up to a subsequence we obtain

1
lim lim med(Sg(u1)§Tfy(u1 —u2)) < p, (3.52)

f—+oco0 y—0
for a given constant p € R, |p| < 1.
On the other hand, since u is finite almost everywhere in €2, so

Ty (uy — ug)

lim lim Sy(u1) = signo(u; — u2), a.e. in Q and L*°(Q2) weak- * .

{—00 7y—0

Subsequently, we infer from (3.51) that
/ |signo(u — ug) — p|* dz = 0. (3.53)
Q
This suggests that p = 0 or p = —1 or p = 1. It either leads to

Ul = ug, a.e.in Q or wuy >wug, a.e.in  or u; < ug, a.e.in .
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Step 3. We prove that u1 < up, a.e. in 2 or u; > us, a.e. in {2 can not occur.

To do this, we first prove that u; and u have the same sign. Assume that
up < ug, a.e. in Q. (3.54)

Fix any ¢ > 0,y > 0, h > 0 and let us consider the test function

Wo~n = Se(ur

)TW(MV_ uz) (Th(:;) _ Th(}’?l_))_

T,y(ul — UQ)

Due to the fact that Sy(uq)
~

€ HY(Q) N L>®(Q), for any v < £, then Wy, ;, € H*(Q) N L™(Q).

Moreover we have

VWi — (Th(:;) ~ Th(;if)).v(&](ul)w)

Ty(uy — uz)) (VU2X{0<U2<h} ~ VuiX{—h<ui<0}

+ (Sg(ul) ~y h h

) ae. in Q. (3.55)

We evaluate the limit when 7 — 0, v — 0 and then ¢/ — co. Let us first prove that med(W; ) = 0. Let

1
osuchthat0) < o < 3

{33 € Q: ngh > (T}

Th(u3y)
h

={zeQ: Wy yp>00<uy <20} C{xe: >0}

={z €Q:uy > ho}.

Since med(ug) = 0, we have

Q
meas{x € Q:uy > ho} < |2‘

1
It follows that V o < oY
. 12
meas{z € Q: Wy, >0} < 5
which implies that med(W; ) < 0.
In addition, since Vo > 0,

{reQiu>0C{reQ: Wy p>—0}

and
, €2
meas{z € Q:uy >0} < 5

we deduce that

9

|2

meas{z € Q: Wy p > —0} <
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which implies that med(W,,) > 0. Consequently, we have med(W; ) = 0.

Thus, the Poincaré-Wirtinger inequality becomes

/ ‘WZ;\/,h’Qd-T < C/ |vwf,w,h
Q Q

We now evaluate the gradient of W, 5. By using (3.47) and (3.55),

2dx. (3.56)

1 1
/Q|VW€,7,h|2dx < l2/ﬂ’VTQg(U1)|2d$+ ,YZ/QSg(ul)VTV(ul —UQ)|2dJJ

b [ SHIVE (i — w)P (VT ) + (9T o (357)

We claim that
Z11]0([)1062/ |V Ty (ur)Pdz = 0, (3.58)
alyli% 2 / SZ(u1)|V Ty (uy — ug)|*dx = 0, (3.59)
}llii]% h2 /Sg uy)| VT (uy — u2)? VT (ug)|*dz = 0, (3.60)
lin o /SE ) [VT, (a1 — z) 2 [V T (u] ) 2 = 0, (3.61)

Indeed, (3.58) is deduced from (3.49). Moreover, thanks to (3.45) we also deduce (3.59), since Sy(u1)
converges to 1 when [ tends to co. We now consider (3.60) and (3.61). Noting that

1 2 —\1|2 1 2 2
ez [ 19T =) VTR = g [ 197, (0 = ) (960 P Crcarco

a.e. in . Since uq < us a.e. in ) it results

T. (u1 — UQ) 1
0< 7TX{—h<u1<0} < ;X{—h<u1<0}v

and then
1 _ 1
W|VT’Y(U1 - U2)|2 VT (uy )|2 = ﬁ|vu1)|2X{—h<u1<o}-
For fixed h > 0, since |Vu;| € L*(Q) and 7—|Vu1)] X{—h<u <0} — 0strongly as h — 0, by the Lebesgue

dominated convergence Theorem, we deduce (3.60). By analogy, we get (3.61) By gathering (3.58),
(3.59), (3.60), (3.61), we get

lim lim lim / VWi p|?dz = 0. (3.62)

h—=07—=0L4—00 J

which gives, via Lebesgue dominated Theorem,

|signo(ur — u2) (X{us>0y — X{ur<o})| = 0. (3.64)
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This means that x{y,~01 = X{u;<0} a-€. in {2 since u; and uy have the same sign, which leads to a
contradiction.
Using the same arguments, we can prove that u; > uy, a.e. in {2, cannot occur. From steps 2 and 3 it

follows that u; = us.
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