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Asstract. This article is devoted to the problem of optimal control of a reaction-diffusion system for an
SEIRDS-type epidemiological model, where the dynamics evolve in a spatially heterogeneous environment.
The control variables are the transmission rates ., 81, and f32, corresponding respectively to the contagion
resulting from contact with asymptomatic and symptomatic individuals. The aim is to optimize the number
of exposed and infected individuals at a final time 7" within the framework of the controlled evolution of
the system. More precisely, the aim is to determine the optimal rates Be, B1, and B2 so that the numbers
of exposed E and infected I; and I> do not exceed, at the final time T’ the pre-established thresholds e,
i1, and 2. In this article, we demonstrate the existence of these optimal controls in a suitable functional
framework, and we derive the necessary first-order optimality conditions based on the adjoint variables.
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1. INTRODUCTION

In recent decades, various mathematical models have been developed to analyze the evolution of
infectious diseases and curb their spread. These tools, whether statistical or mathematical in nature,
provide valuable information, enabling decision-makers to implement effective policies [9]. Time series
and compartmental models are frequently used to predict and simulate the dynamics of infectious
diseases, thereby offering key instruments for epidemic management [11]. In fact, these models have
helped to better understand these phenomena and have guided decision-makers towards the most

appropriate decisions regarding the effectiveness of the measures implemented [5]. The major impact
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of infectious diseases on the development of human society highlights the importance of adopting
strong prevention and control policies to protect public health. The recent COVID-19 pandemic has
illustrated the essential role of global surveillance systems and rapid response mechanisms, capable of
mitigating the negative impacts on both the economy and human health. Indeed, this pandemic led to
a significant slowdown of the global economy, disrupting numerous economic sectors [6].

For several decades, the scientific literature on epidemic mathematical models has expanded with
numerous contributions, often based on compartmental models [14]. These models divide the popula-
tion into different compartments based on qualitative characteristics, such as "susceptible," "infected,"
and "recovered." These models have naturally allowed for the introduction of diffusion terms. For a
recent overview of mathematical models of viral pandemics, we refer to [2]. It should be noted that
epidemic models including spatial diffusion have been studied for a long time [ 12]. Very recently, a
new epidemic diffusion model with nonlinear transmission rates and diffusion coefficients has been
introduced and tested [13], while in [1], the authors proved well-posedness results for an initial
boundary value problem associated with a variant of the compartmental model for COVID-19 studied
in [13]. However, most models are based on ordinary differential equations (ODEs), but here we
explore a compartmental model using partial differential equations (PDEs) to better represent spatial
variations. By exploring these models, we hope to contribute to a deeper understanding and more
effective management of infectious diseases.

The following diagram shows the contagion dynamics between the compartments of our model.

(811 + ol + B.E)S

Ficure 1. Flow chart describing the dynamics of contagion between the compartmental

sub-groups considered in our model.
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From the diagram, the state equations representing the spatio-temporal variations of the compart-

ments in our model are established as follows:
—div(ksVS) = A+ 6, R — (B111 + Bola + BE) S — (n+ps) S in Q
OE —div(keVE) = (B111 + Bolo + B E) S — E —E — pE in Q
Oply — div(kaVIp) = yoF — ply — 02ls — p2la  in Q@
oI, —div(kyVI) = E + ply — oy — 611 — Iy in Q (1.1)
O R —div(k,VR) = 0111 + d2Is — 6, R — R in  Q
(S,E, 1,15, R)(0) = (So, Eo, 11, I2,, Ro) in Q
oS OFE 0y 0l OR

%_5—52525207 m ZTZGQX(O,T)

where
¢ 7 > 0,Qis an open bounded spatial domain in R4, d > 2, and 9N denotes its boundary, assumed to
be regular.
¢ We denote by v the outward normal vector to (2.
¢ S(z,t), E(z,t), [1(x,t), I2(z,t), R(x,t),and D(x,t) represent the respective densities at time ¢ € [0,T)
and location z € 2 of susceptible individuals (those who can contract the disease), exposed individuals
(those who carry the disease but do not yet show symptoms, although they can transmit the disease),
detected infectious individuals (those who show symptoms, tested positive, and can transmit the
disease), undetected infectious individuals (those who are sick but unaware of their status and can still
transmit the disease), recovered individuals (after an infectious period but not necessarily immune),
and finally individuals who have died from the disease.

As can be observed, the equation for D depends only on I; and does not influence the other equations.
Consequently, D can be considered as an independent compartment since knowing I; allows one to

determine D.
D@@:D@+a/h
Q
where D(0) is the initial condition for the death compartment (generally D(0) = 0 if we assume no

deaths at the beginning of the epidemic). Additionally, we define the parameters involved in our model,

which we assume to be all positive:
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Table 1: Parameter Descriptions

Parameters Description
51 Contribution of known infectious individuals to the infection force
B Contribution of unknown infectious individuals to the infection force
Be Contribution of exposed individuals to the infection force
n Vaccination or immunity gain rate
op Immunity loss rate depending on time
ol Progression rate of exposed individuals to the detected infectious compartment
V2 Progression rate of exposed individuals to the undetected infectious compartment
p Progression rate of undetected infectious individuals to the detected infectious
compartment
o1 Recovery rate of known infectious individuals
09 Recovery rate of unknown infectious individuals
A Natural birth rate
a Disease-induced mortality rate for known infectious individuals
i Natural mortality rate in compartment k& = s, e, 1,2, r
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The exposed population and the infectious population refer to asymptomatic and symptomatic
individuals, respectively. As observed in the COVID-19 epidemic, exposed individuals can also spread
the disease. This means that the transmission or contagion parameters 3, 52, and 3. play a crucial
role in the spread of an epidemic. It would therefore be interesting and highly beneficial to control
these different parameters in order to slow the progression of an epidemic through social prevention
policies or measures. With this in mind, we consider the transmission rates resulting from contact with
asymptomatic or symptomatic individuals /31, 32, and (. as control variables for our optimal control
problem, which we introduce in Section 3.

The article is structured into three distinct sections, each contributing specifically to our research.
Section 1, as mentioned earlier, serves as an introduction to our study. In Section 2, we list our
assumptions and notations, and we state our well-posedness results for the state problem (1.1). Finally,
Section 3, which addresses the main objective of this article, is dedicated to the study of the optimal
control problem, for which we prove the existence of an optimal control and derive a first-order

optimality condition.

2. AssuMPTIONS AND WELL-POSEDNESS RESULTS

In this section, we make specific assumptions and present our well-resolved results. First, we assume
that the set 2 C R%, 1 < d < 3, is bounded, connected and regular. Then, if X is a Banach space, || - || x
is its norm. For simplicity, we use the same symbol for the norm in X and in all powers of X. We also

introduce
H:=1*Q) and V:=HYQ).
We have the dense and continuous embeddings V' C H = H* C V*, such that

(u,v>:/ﬂuv

forall w € H and v € V, where (-, -) is the dual pairing between V* and V.
We assume that

@ ks, ke, k1, k2, kr : Q — R are positive functions in L>°(Q) satisfying
ko < ks(x,t), ke(x,t), k1(z,t), ko(z,t), kp(z,t) < k" ae. (z,t) € Q (2.1)

with k, and k* being strictly positive constants.

¢ 51, B2, Be : Q@ — R are positive functions in L>°(Q)) satisfying
Oéﬁl(QT,t),ﬁQ(ZE,t),ﬁe(l‘,t) SMa a.e. ('Iat) € Q (22)
where M is a positive constant.

A7 Y15 V2, 517 627 M, P @y Usy He, H1, U2, and My are all pOSitive constants. (23)
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¢ 0, € L>°(0,T) and satisfies
0<0.(t) <d6* ae te(0,T) (2.4)

with §* being a positive constant.

¢ For the initial data, we assume that
S0, E(),Ilo,fgo, Ry € LOO(Q) and Dy =0 (25)

are positive functions.
Additionally, the quantities appearing in the control problem, more precisely in (3.2) and (3.1),

must satisfy the following assumptions:

(Hy) 0;,w; > 0,i = e, 1,2, but not all equal to 0 simultaneously, (2.6)

(H2) [3;“1“,5{“3" € L>=(Q),i = e, 1,2, are non-negative. (2.7)
We also use continuous embedding in dimensions three
V — LP(Q) for pe[l,2*]:=1,6] (2.8)

where this embedding is compact if p < 6. In particular, there exists a positive constant C, that depends

only on the {2 domain, such that

[vllLs ) < Callvlly  forallv eV, (2.9)

HvHLp(Q) <||Vullg + Caspllv]|g forallve V,pe[l1,6)and d > 0, (2.10)

where Cq 5, is a constant depending on p and 6. We now recall Young’s inequality, which we will use

very frequently for estimations.

1
ab§5a2+£b2 foralla,b € Rand § > 0.

Now, we define the notion of solution for our state problem (1.1) under the assumptions (2.1)-(2.5).

Definition 2.1. Suppose (2.1)-(2.5). Given S, Ey, I1,, I2,, Ro € L™ (Q2), a weak solution of the system (1.1)
is a quintuple of positive functions (S, E, I1, I, R) satisfying the regularity properties

S,E,I,,I,,Rec H' (0, T;V*)N L*(0,T;V) — C°([0, T]; H), (2.11)

S,E. I1,I5,R>0 a.e. inQ, (2.12)

S,E,Il,IQ,RGLOO(Q), (213)
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and satisfying the variational equations

(0,5, v) + /Q ko VS - Vo = /Q (A+6.R— (Bily + fols + BoE) S — (n+ jis) S]v (2.14)
(OF,v) + /Q kVE - Vo = /Q (BLly + ol + BoE) S — 1 E — 1oE — poE] v (2.15)
(O, ) + / ko VI - Vo = /Q (1o — pls — GaTy — ioTa) v (2.16)
(011, ) / VI - Vo = /Q (ME + ply — 6111 — ali — pnl1) v (2.17)
(R, v) + /Q VR - Vo = /Q (8111 + 02T — 6, R — 1o R) v (2.18)

a.e. in (0,T) forall v € V, as well as the initial condition
(S,E,I,I5,R,D) (0) = (So, Eo, I1,, I2,, Ro,0) . (2.19)

The results regarding the well-posedness of the problem (1.1) are given by the following theorems,

whose proofs can be found in [7].

Theorem 2.1. ( See [/], theorem 1 ). Under the assumptions (2.1)-(2.4) on the structure of the system and
(2.5) on the initial data, there exists a unique solution (S, E, I, I2, R) satisfying the regularity conditions
(2.11)-(2.13), which solves the variational problem (2.14)-(2.19) and also satisfies the stability estimate

(S, E, I, I, R)|lw < K1 where W = C°([0,T); H) N L*(0,T; V) N L>(Q) (2.20)

with a positive constant K1 > 0 that depends only on Q, T, the constants k., k*, M, 6%, 1, v, 0, and p, as well

as the initial data.

The second result is an estimate of the continuous dependence of the solution to the problem (1.1)

with respect to the different contact rates /31, 52, and f..

Theorem 2.2. ( See [ ] theorem 2 ). Suppose (2.1)-(2.4) on the structure of the system and (2.5) on the
initial data. Let ,8 ,82 , ,8 .7 = 1,2, be positive functions in L>°(Q)) with norms bounded by 5*, and let
(S(j), EW), Il(j), Ié ) RU )> be the corresponding solutions. Then the inequality

H (Su), BW, 1 1, R(l)) _ (s@), E@ 1?1, R(2))’

< s (50,0, 7) - (7.5

CO([0,T);H)NL2(0,T;V)

2.21
L2(0,T;H) ( )

holds with a positive constant Ko that depends only on the structure of the system, ), T, the initial data, and the

constant M.
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3. Tae OpriMAL CONTROL PROBLEM

In this section, we consider the following optimal control problem:

Minimize the cost functional J ((S, E, 1,15, R) ; - ) : Upg — R

0. 6 , 0 .
T (S, B, 1 I B)i B, o o) =y [ 1B =eP s 5 [ n—iaf+ 2 [ |1 iaP
Q Q Q

1

+2/Q (@1181]? + @2 B2l? + we| Be|?) (3.1)

Subject to the control constraint

(/81)/627B6) S uad = {(BL/BQ)BC) S (LOO(Q)+)3 : Binin S /Bl S /Binaxvlgénin S 62 S /Bénax

and " < B, < B ae. in Q} (3.2)
and the state system (1.1)

00 — div(keVS) = A+ 8,R — (il + als + BeE) S — (n 4 1) S in Q
OE — div(k.VE) = (8111 + fala + peE) S —E —»E — pE in Q
oIy — div(kae Vi) = yoF — ply — 09ls — p2ls  in Q@

olh — div(k1 VL) = E + ply —aly — 611 —inl; in @

O R —div(k,VR) = 6111 + 62lo — 6, R— R in Q@

(S, E, I1, Is, R)(0) = (So, Eo, I1g, Isg, Ro)  in Q

0S OE oI 0I, OR

where E, I1, and I (in the expression of [7) are components of the weak solution (S, E, I1, I, R) of
(1.1) corresponding to (3., 31, 52). For reasons of simplicity, we will very often write
J (S, E, I, I3, R); 1, B2, Be) by T (B1, B2, Be) -

Aim here is to keep the number of exposed or infected individuals below certain threshold values at
the final time T, specifically the values e, i1, and is for the compartments E, I;, and I, respectively.
For similar work, we refer the reader to [4], where a similar approach was used to keep the prostate
index in a prostate tumor growth model below a certain threshold value. We can also cite [3]. Optimal
control is of great interest in epidemics, and at this point, we can refer the reader to very few recent
articles on this subject [ 10], where control or identification problems for various coefficients in ODE
models (without diffusion) have been studied, and [10] for a control problem in a reaction-diffusion

model.

3.1. Existence of Optimal Control. In this subsection, we prove the existence of an optimal control

(Be, B1, B2) and derive the first-order optimality conditions.
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Theorem 3.1. Suppose the assumptions (2.1)-(2.5) and (2.6)-(2.7) hold. Then the optimal control problem

(3.1)-(3.2)-(1.1) admits at least one solution (B, 31, 2) € Uy, such that if (S, E, I, I, R) is the solution of
the state system (1.1) associated with (B, 1, B2), we have

T (Be, Br, B2) = i J(Be, B, Ba)- 33
(Be, Br, B2) o (Be, Br, B2) (3.3)
Proof. Let ( én), e ) W © UL, be a minimizing sequence for 7 such that

ne

1
inf Jr< g (8™, pmM gm) < inf Jr+ = 3.4
(ﬁe,ﬂl,ﬂ»euad{ ) <Bl 2P ) (ﬁe,ﬁl,ﬁz)euad{ M (34)

and {(Sy, En, I,,, I2,, R,)}, the sequence of corresponding states for (Bln) , 52"), ﬁén)> , with the regu-
larities given by Definition 2.1.

Since (5§n), 5271)’ ﬁé”))neN C U, we have that (Bi(n)>i:e,l,2 is uniformly bounded in L* (Qr).
Therefore, by the Banach-Alaoglu theorem, we can deduce that there exists (5., 51, 32) € (L (Qr))®

such that, after extracting a subsequence,

B 2B, BV S B BYY S B weakly* in L (Qr) (35)

Moreover, since U,q is convex and closed in the space L*(Q), it is also sequentially closed for the weak
topology, and thus (3., 31, B2) € Ung.

Now, consider the solutions {(Sy, E, 11, I2,, R,)} € H' (0,7;V*) N L?(0,T; V) corresponding to
( 51 , 62 , { ) for each n € N. By the uniform estimate (2.20), these solutions are uniformly bounded
with respect to nin H! (0, T; V*) N L%(0, T; V). Therefore, again by Banach-Alaoglu, we can say that,

after extracting a subsequence,

S,—~S, BE,—~E L —~1I, I~ and R,—R (3.6)

n

weakly in H! (0,7;V*) N L%(0,T; V), hence weakly in C°([0, T; H), strongly in LP(Q) for 1 < p < 400,
and almost everywhere in ). Thus, by the same arguments used to prove the existence of a solution

(see subsection 3.1 in the proof of Theorem 2.1 in [7]), we see that (S, E, I1, I, R) is the solution of
(2.14)-(2.18) corresponding to (Be, 1, 2)-
Thus, taking the lim inf in < %n), Bén), Bén)) , it follows that

0 0 0
n n (n) 1 . Ye 2 71 2 72 2
timint 7 (50, 5", 5 ggggg[Q/QEn of + 2 /Quln P+ /Qu% ia]
1 n n n
+2/ (@118 + w2l 85 1? + e B¢ Wﬂ
Q

1 9 2 9 2 0 - 12
_nBTw[2/|E mel 2/Q|I1 —al 2/9”2"_@]

+ liminf = / (w1|5§n)|2 + W2|5§n)|2 + We|f3£n)|2>}

n—+o0o 2
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0 =
|: /’E—€|2 /|Il—21|2 2/|12—22|2:|
Q

ool (n)2 (n)|2 (n)|2
etmint 5 [ (@B + ol + o ) (37)

Exploiting the lower semicontinuity of the norm in L?(Q), we obtain

.. n n n 0 = 0 = . 0 = .
Egli{gj(ﬁi )»Bé )7ﬁé )) > [2/QE€|2+21/Q|—7121|2+22/Q|—7222|2]

;2 / (@11B1]* + wal Bal* + we | Be/*)
Q

2
that is,
\.7(/876’617/872) S lnl,gl_‘l_lgfj <ﬁ§n)7ﬂén)w8¢gn)) . (38)
Therefore,
j(667/31762) = min j(ﬁ@vﬁhﬁ?)'
(ﬂe,ﬂl )BQ)euad
This completes the proof of Theorem 3.1. O

3.2. The State-to-Control Mapping.

Linearized System. In this section, we introduce the state-to-control mapping S and prove its Fréchet

differentiability. We define

Y = (H' (0, T;V*) N L*0,T; V)", 8 : Uyg — Y by setting

S (Be, B1, B2) as the solution (S, E, I, I, R) of (1.1) corresponding to (3, 81, B2) -
To achieve the result of Fréchet differentiability of S, we introduce the linearized system of (1.1).
We fix an optimal control (S, 81, 32) and the corresponding state (S, E, I, I, R). Given a vari-
ation (3@51,32) € (L=(Q))%, for any (B, B1, ) = (Be + Be, B1 + b1, B2 + 5~2> € Ugq such that
S (Be, B1,P2) = (S, E, I1, I, R), the linearized problem consists of finding
(&,8e.61,62,&) = (S—=S,E—E, I — I, I, — I, R — R) € Y satisfying the following linear system

¢

Oués — div(k,VE) + A + Bie + Ciés + Di&o — 8,6 = — (Kifi + L + Mi . )

NEe — div(k.VE.) — (Agks + Bibe + C1&y + D1&a) + (71 + 72 + pe)ée = K151 + L1 2 + M5,

Y2be — (p 4 02 + p2)&2

0i&1 — div(k1 V&) = viée + pa — (o + 01 + p1)&

151 + 5252 - (57' + Nr)fr

( )
( ) =
0o — div(kaVEr)
( )
( ) =

0¢&r — div(k, V&,
(3.9)

in the spacetime cylinder @ := Q2 x (0,7"), with

(55;5@:51752757“)(0) = (0,0,0,0,0) in Q, (310)
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and

06, 0L 0a 0% & .
Y oy oy =0, in Yp:=00x(0,T). (3.11)

where

Ay =B+ Bola + BeE, By =SB, C1=5p,

Dy =3B, Ki=Sh, L=358h, M =3SE. (3.12)
In variational form, the linearized system associated with (567 51, Bg) is written as
@)+ [ (A4 n+ w6t Bite+ o + Do =5+ [ kVE - Vo
Q Q

= —/Q (K15~1 + L1+ M15~e> v (3.13)

<atfe7v> - /Q [Alfs + (Bl - ('Yl + 72 + ,ue)) ge + lel + Dl£2] v+ /Q kev§e -V

= /Q <K15~1 + LB+ Mlge) v (3.14)

(02, v) — / [V26e — (p + 02 + p2)&2] v +/ kaVés - Vu =0 (3.15)
Q Q

(01, v) — / [(1€e + p€a — (o + 61 + p1)ér] v + / k1VE - Vo =0 (3.16)
Q Q

@itry0) = [ 10161+ 8o — (0o + )] v+ [ BVE V=0 (317)
Q Q

a.e. in (0,7) for all v € V. The result we introduce now proves that the linearized system (3.13)-(3.17)

is well-posed, and the solution satisfies an estimate given by the following theorem.

Theorem 3.2. Suppose the assumptions (2.1)-(2.5) and (2.6)-(2.7) hold. For all (e, B1,B2) € Uyq and
(he, hi, ha) € Uy, the corresponding linearized system (3.13)-(3.17) has a unique solution (&, &c,&1,&2,&r) €

Y. Furthermore, the following estimate

”(68756761762757’)”Y S CHhHZ/lad (318)

is satisfied, with a positive constant C' that depends only on the structure of the original system, on 2, T', the

initial data, as well as on an upper bound for the norm || (Be, B1, B2) HLOO(Q)'

Proof. We apply a Faedo-Galerkin approximation. For this, a specific basis is needed. We introduce the

following spectral problem: find w € H'(2) and A € R such that

(3.19)

(Vw, Vo) g1 (o), mi () = Mw, @), Yo € H(Q)
Vw-n=0, on 02
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The problem (3.19) has a sequence of non-decreasing eigenvalues, {\;};-, and a corresponding
sequence of eigenfunctions, {ey };<;, which form an orthogonal basis in H'(Q2) and an orthonormal
basis in H. Moreover, we also have (Aey, Ae,,); = 0 whenever k # m.

Our goal is to prove the local existence of at least one finite-dimensional Galerkin approximate solu-
tion of dimension n for the linearized system (3.13)-(3.11) in the form of sequences {¢", {7, £, €5, &'}

defined for ¢t > 0 and = € Q by

n>0

&' (z,1) chk erx(x), with cZkEHl(O,T) fori =s,e,1,2,7. (3.20)

where {ej(z)}}_, is an orthonormal basis of eigenfunctions in V;, = span {e1, ..., en}.

Evidently, the initial conditions associated with these unknown functions are given for i = s, e, 1,2, r

by
§'(7,0) = &y (w Zcz k(0)er(@); i (0) = (G0 er) g - (3.21)
By definition and thanks to (3.11), it is easy to see that
(&5, 60, &7,65,€,)(0) = (0,0,0,0,0) foralln € N, (3.22)
Therefore, it is clear that
§io — &io € Hasn — +oofori=s,e,1,2,7. (3.23)

Moreover, due to our choice of bases, we observe that £ satisfies the boundary conditions (3.11) for
1=s,e,1,2,r.
By inserting (3.20) into (3.13)-(3.17) and considering v = e,, as a test function, we obtain the

following approximate variational problem:
Determine &7 € H'(0,T;V), i = s,e,1,2,r such that, forallm = 1,--- ,n,
(D5 s em)yy+ = —/ (A1 +n+ ps) &+ Bi& + C167 + D1&y — 6.8 em
Q
- / ksVES - Ven — / (K15~1 +Lifs + Mlée) em (3.24)
Q Q
(O™ em) s = /Q [ALED + (By — (1 4 + 1)) €0 + CLél + Dagl] e
- / kevgg : Vem +/ (Klgl + L1ﬁ~2 + MlBe) €m (325)
Q Q
(03 em)y s = /Q [v2€ — (p+ 62 + p2) &3] em — /QkQV&L Vem (3.26)
Ot embyy = [ 004068 — (a0 + )l en — [ InVE Ve, (3.27)

(9e&; €m>V,V* = /Q [61€7" + 02865 — (6 + pr)&) em — /Q kr V& - Ve, (3.28)
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Observing that ({7, en) = cf',,,(t) and (O], em )y yv = ¢f,)'(t) for i = s, e, 1,2, 7, the previous problem

reduces to an ODE problem for the unknown functions ¢, form =1,--- ,n:

Com' (1) + (A1 41+ prs) €5, (1) + Breg (1) + Cref (1) + Daicy (1) = 0yl (1)
n

+ 20 blew, em)cg(t) = —g™
k=1

o' (t) = Arcl (1) — (Br — (71 + 72 + pre)) €2 (t) — Crcl,,, (1) — Dich (1)

3 bleks em)el (1) = g™
(3.29)

k=1
B (1) = v2cl (1) + (p + 02 + p2)c,, (£) + 37 ek, em)ch 1, (t) = 0
k=1

M=

A (1) = 11680 (1) + (@4 01 + pa) et 1, (1) = pc5 1 (8) + 37 blew, em)ef () = 0

1

k
Gl (8) = 0161 1, (£) = 025, (8) + (Jr + )65 (£) + 37 blews em )y, () =0
k=1

(€5ms Cems T ms C5.ms &) (0) = (0,0, 0,0,0)

where ¢ = / <K15~1 + L16~2 + M1ﬁ~6> em etb(eg, em) = / Vei-Ven,. Dueto (2.20), the linear system
Q Q
of ODEs (3.29) has bounded measurable coefficients, and by Carathéodory’s theorem, the system

(3.29) has a unique solution

({emm®Yr @Y A} ABm® Yo ()} ) € (H'0,T))™

Consequently, &% € HY(0,T;V) i = s,e,1,2,7in (3.20) is well-defined and bounded due to the

estimate (2.21). Therefore, we have the following convergence:

& —~ ¢, weaklyin H*(0,T;V,V*) fori = s,e,1,2,r (3.30)

as n — +oo, and also
165, €es €1, €2, &) Iy < C Rl (3.31)
is satisfied. m

We are now in a position to establish the Fréchet differentiability of the control-to-state map. We

have the following result:

Theorem 3.3. Assume the hypotheses (2.1)-(2.5) and (2.6)-(2.7). The control-to-state map S is Fréchet
differentiable at every point in Uyq.

Moreover, for any 3 := (Be, B, 32) € Uyq, the Fréchet derivative DS(B) € L(Uyq, Y) is defined as follows:
forany h := (he, h1, ha) € Ugq, we have

DS(B)h = (gl,el &b ehoet),
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where (8, €0, &0, ¢l €M) is the unique solution of the linearized system (3.13)-(3.17) corresponding to 3 and
the perturbation h.

Proof. Fix an arbitrary 8 € Uyq, such that (S, E, I1, I, R) = S(3), and consider h € U,q. Since Uy is
open, there exists a sufficiently small radius r > 0 such that 3 + h € Uy,q and ||h|y,, < r. Without loss
of generality, we can assume h € U, is sufficiently small so that (S, Ep, I1, , I2, , Ry) := S(B + h), and
let (5 hogh gh ¢h f,’}) be the unique solution of the linearized system (3.13)-(3.17) associated with h.

First, note that the map h := (he, by, ho) — (£, 0, €0, ¢, €1) defined in the statement indeed belongs
to L(Uyq,Y) thanks to Theorem 3.2. Thus, we only need to show that

IS(B+h) = SB) - (&h,€l b, eh &) v < IRl = (Ill) (332)

where 3 + h belongs to U4, and ¢ : [0, +00) — R is a function that tends to zero as its argument goes
to zero.

Applying Theorem 2.1, we obtain the following estimation for the corresponding solutions:

” (Sv Ev fla f27 R) ||H1(O,T;V*)ﬂCO([O,T];H)ﬁLz(O,T;V)ﬂLOO(Q) < Ki,
1(Shs Ens Luyys L2, Bl g0, )00 (0,19 590020, 759 Ao (@) < K-

We also define
(30?790’;790}11790}217()0?> = (Sh_g_gga Eh_E_‘ng Ilh _fl _5?7 I2h _f2 _gga Rh_R_fﬁ)
and note that (¢%, o, of', %, o) belongs to Y. Now if we set
P = B (Sh — S) (Ilh — I_1) + B2 (Sh — S) (Igh — I_Q) + Be (Sh — S’) (Eh - E)
+ hlllh (Sh — S) + hlg (Ilh — fl) + hg[gh (Sh — S) + hgg (I2h — jg)
+ heEy, (Sh — 5’) + heS (Eh - E) (3.33)

and note that (gog, ot ol b @ﬁ) belongs to Y. Now, we can observe that (cpg, ot ol b goﬁ) is a

solution to the following problem:

<8t90?,v>+/ [(Al+n+us)s0?+B1s0?+ClsO?+D1s03—MJ?]v+/ ks Vol - Vo
Q Q

= — / My (3.34)
Q
<8tgog,v> - /Q [Algog +(B1— (1 + 72+ pe)) QOZ + C1s0]f + D1g0]21} v+ /Q keVgOZ -V
= / My (3.35)
Q

(cho) = [ st = o+ poet] o+ [ kavih-vu=0 (336)
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<0t90}fav> - / [71@2 + pph — (o461 + Ml)SO}f} v+ / k1Vel - Vo =0 (3.37)
Q Q
<8tgoff,v> — / {51g0]f + 62<p§ — (6, + ,ur)goff} v —|—/ krVgoff V=0 (3.38)
Q Q
almost everywhere in (0,7 and for all v € V, along with the initial condition,

(w?,wﬁ,w'{,wé‘,w’ﬁ) (0) = (0,0,0,0,0)

Now, we test the above equations with ", o o ok and ", respectively, then sum them and integrate

5 || +3 [ o] +5 [ [t ++5 [ o] 5 [ oo
2 2
+ [k [ [ m|ved] [l + [ &
t ¢ Q¢ Q¢ Qt
= [ vt (k) + [ (Brck + Cugh+ Dugh) (e - et) + [ aneh (k- o)

over (0,t). We obtain

’2

t

~ ) [ 16 (vﬁwﬂte/l% (ot aem) [ e
t

p+52+u2/ |oh? —ur/ ol 2 / s06+soff) (7190?+7290§>+p/Q ool
t
+/ " (w?—w?)
t

< , Arplh +/Q (BlsOZ + Ol + DwS) (902 — 90?) +/ " (902 — 90';>
t t

t
w [ (et eet) (ot vmeh) vo [ el | ol (339)
t t t

Thus, by applying Young’s inequality, we obtain that

SO Ak Y IV ey C S Il a0 + /Q @ (g )

i€{s,e,1,2,r} i€{s,e,1,2,r} i€{s,e,1,2,r}

(3.40)

Now, we need to estimate the last integral on the right-hand side of (3.40). To do this, we will only
focus on estimating two terms from the development of this integral, as the others are analogous.
By first applying Holder’s, Young'’s, Sobolev’s, and compactness inequalities (see (2.9) and (2.10)),

and then using the continuous dependence estimate (2.21),

[ i(50-5) (0, - D)
/W&mwﬂu 8) Ol 10 =) Ol

</0]

dr
LA(Q)

w?(T)‘

Ay 1 [ 1= 9) Ol 0~ D @I
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ks
< ?HVSDZH%P(QQ + Cay.

902”%2(620 +a HSh - 5’H2L°°(O,T;H) HIlh - jHiP(O,T;V)

k.
< ?HVSOZ”%P(QQ + Cak. 802”%2(@) + el hlly,,

The second term we consider is estimated as follows:

—/ heS(Eh—E)w’2</
t Q¢

By treating the other terms in a similar manner and applying Gronwall’s lemma, we conclude that

H (90?, ol ot ol 90,'})

2 =112
+c HheH%OO(Q) HEh - EHLQ(O,T;H) < HSOZ”%Q(Qt) + CHhHZ%lad

oh

2
|, < clinl,,
Since this inequality implies (3.32), the proof is complete. O

3.3. First-order optimality conditions. We set 5 = (5., 51, f2) such that (S, E, I, Iz, R) = S (). We
now introduce the functionals 7 : (C°([0,T7; H))5 —Rand 7 : (L®(Q))* = R such that

T (S(B);B)=T1(S(B)+T2(B) forall B €Uy,

with
. 0 L, 8 _
Ji(S(B)) 1:2/ \E—€’2+21/ !11—11!2+22/ Iy — i|?
Q Q Q

1

BB =3 | @I =l + = Al

Thanks to the Fréchet differentiability result above (Theorem 3.3), we can compute the derivative of

J at points of U, by applying the chain rule to the composed mapping

Uag 2 B (S(B); B) = T (S(B); B)

Noting also that U, is a closed and convex subset of L*(Q), we immediately see that a necessary

condition for (87, 57, B5) to be an optimal control is given by the following result.

Corollary 3.1. Under the assumptions (2.1)-(2.5) and (2.6)-(2.7), suppose that (8}, 37, B5) , an optimal
control and (S*, E*,I{,I5, R*) := S (B%, 57, 05) , the corresponding optimal state. Then the variational

inequality
%Awwwﬂ@m+&Am@%m&m+%4@@wm@m
+/ (weBihe + wi1PBih1 + wafyh) >0 (3.41)
Q

is satisfied for all (Be, b1, B2) € Uyag, where &, &1, and & are the components of the solution (&s, e, &1, 62,&r)
of the linearized system (3.13) - (3.17) corresponding to the control triplet (3}, 57, B5) and to the variation

(he, h1, ho) given by (he, hi, ho) = (Be — B%, B1 — BT, B2 — B3).
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Proof. Let (B}, 81, 55) be an optimal control corresponding to the optimal state (S*, E*, I, I5, R*).
Consider an arbitrary admissible control (5., 51, f2) and its corresponding state (S, E, I1, I2, R). For

any A € (0, 1), we introduce the incremented control

(B2, 82 83) = (B2, B1.83) + A (Bes B, B2) — (B2, 87 83)] (342)

which belongs to U,q4 since U,q is convex. We also define
(S’\, B, If‘, IQA, R)‘> as the state corresponding to ( é‘, Bf‘, Bﬁ‘) (3.43)

and define the quotients

v S -s

E* — E*
gs : )\ 9 -\

)\ )

_B-x

I} Iz

A px
and &= y. (3.44)

& =

& =

We prove that (fsf‘, 6,63, 5;\) converges to the solution (&, &, &1, &2, &) of the linearized system
(3.13)-(3.14) in an appropriate topology as A tends to zero. First, we observe the following regularity:

(€88 606, e (B 0,73V N L2(0,T:V))° (3.45)

Next, we write the system that these quotients solve. This is obtained as follows: first, we write the
equations (2.14)-(2.18) for the incremented control (3.42) and the corresponding state in (3.43); then
we do the same for the optimal control (57, 57, 35) with the corresponding state (S*, E*, I, I5, R*);

finally, we take the differences and divide by A. Noting that

A _ B*
A )\@ =Bi—Bf:=h; fori=e,1,2, (3.46)

we obtain
(o€d,v) + /Q (A1 + 04 1) € + BIEd + Cied + Digd — 6.8 v + /Q ko VEY - Vo

= —/ (Kihy + Lihy + Mihe)v  (347)
Q

<3tfé\,v> -

S~

458+ (Bi — (n +20 +e) €2 + Cid + Dig}] o+ [ K92V

— [ i+ Lk Mo (348
Q

(a.8.v) - /Q 2062 — (p+ b2+ )63 v + /Q kaVE) - Vo =0 (3.49)
(orgd o)~ /Q NE + pES — (b1 + )|+ /Q VE) - Vo =0 (3.50)
(a6}, v) - /Q 516+ 528 — (6. + )] 0+ /Q EVE Vo =0 (351)
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a.e. in (0,7) and for all v € V where A}, B}, C}, D}, K}, L}, and M7 are the constants defined in
(3.12) related to the optimal control (37, 57, 55) with state (S*, E*, I, I5, R*). Furthermore, the initial

condition

(€606, = (0,0,0,0,0) (352)
is also satisfied. To pass to the limit as A tends to zero, an estimation is required. To achieve this, first
note that the stability estimate (2.20) holds for (S*, E*, I}, I3, R*) and (S*, E*, I}, I2', R*). By applying
the continuous dependence estimate (2.21) and recalling (3.42), we have
H(0,T;V*)NL2(0,T;V)

(82.8.8) — (52,87.85)

H (s&ﬁ,@,@,ﬁ) — (S*,E*,I;‘,I;,R*)(

<c

L=(Q)
=cA H(/B(Ea BIHBQ) - (6:7 Bikﬂ 5;)”[/00(Q) < cA (353)

from which
|(2.2.6.8.¢)|

Therefore, thanks to standard compactness results, we obtain by taking the limit that

<c
H(0,T;V*)NL2(0,T;V)

(€.6.61.8.6)) = (€6 6.6.6) weaklyin (H' (0,T:V*) N L2(0,T5V))’

for some quintuplet (&, &, &1, &2, &) satisfying (3.45).

However, thanks to the uniqueness of the solution of the linearized problem (3.13)-(3.17) (Theorem
3.2), up to a subsequence, we prove that the limit quintuplet (&, &, &1, &2, &) solves the linearized
problem (3.13)-(3.17).

Thanks to (3.53) and the Aubin-Lions lemma (see, for example, [8], Thm. 5.1, p. 58), we have the

following convergences:
($% BN B 1L RY) = (8B 1, I3, RY) and (€,62,6),6)) = (66 61,60,6)  (354)
strongly in (L?(0,T; H))5 and a.e. in Q.

At this stage, we are ready to prove (3.41). Due to optimality, we have that

T (8(8*); 8Y) — T (S(8%); %)
A
where g = (82,87, 83) and (S*, E*, I\, I, R*) = S(8*). The quantities 8* and S(53*) are defined

>0 forall A € (0,1) (3.55)

similarly.
We aim to let A tend to zero in the inequality (3.55). We will consider only two of the terms involved

in (3.55), namely

0. [ |E*—e2—|E* —¢f? we [ |82 = |8
b /Q . and = /Q e (3.56)
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since the other terms are analogous. We have that

/!EA —6|2 |E(T) — ¢f? 96/(EA(T)—E*(T)) (BN(T) + E*(T) — 2¢)

A 2
)\ *
_a/fAE +E()—2e

— 06/ (E*(T) —e)&(T) asA—0. (3.57)
Q
The convergence (3.57) is due to the convergence results (3.54). Similarly

2 * k *
we/ ‘/Bé\‘ _|ﬂe‘2 . /82\_56 Bé\—i_Be
— | = =,

2 Jo A

2
_ o B2+ B
== [ (=8
—>/ welBihe as A—0 where h.=(8—p5)) (3.58)
Q

For the convergence (3.58), thanks to (3.42), we can note that 82 — 3¢ as A — 0. Therefore, (3.41)

follows immediately. O

The result just proved is not satisfactory. Indeed, the linearized problem (3.13)-(3.17) is involved
infinitely many times since (S, 51, f2) is arbitrary in U,q. This issue is circumvented by introducing a
suitable adjoint problem, which we immediately present in its variational form.

Given an optimal control (57, 7, 35) and the corresponding state (S*, E*, I}, I5, R*), the associated

adjoint problem consists of finding a quintuplet (p, ¢, w, y, z) that satisfies the regularity requirement
p g, w,y,z € H (0, T; V) N L*(0,T5 V) < CO([0,T; H) (3.59)

and the variational equations,

—/&mv—i—/ ksz-VU—i-/ A’{(p—q)v—i—/(n—l—us)pv—() (3.60)
Q Q Q Q
—/Qc‘?tqur/leVq-Ver/Bf(p—q)er/ [(v1(q = y) +72(q — w) + peglv =0 (3.61)
Q Q
—/8twv+/k2Vw-Vv+/D}k(p—q)v—i—/ [p(w —y) + d2(w — 2) + pow]v =0 (3.62)
Q Q Q Q
—/8tyv+/Qk1Vy-Vv+/Cf(p—q)v—k/ﬂ[él(y—z)+(a+,u1)y]v:0 (3.63)
Q Q
—/atzv—i-/k‘TVz'Vv—i-/ [0r(z—p) + przlv =0 (3.64)
Q Q Q
Op=0,q=0w=0,y=0,2=0 (3.65)

p(T) = 2(T) =0, ¢(T)=0.(E*(T) —e), y(T) = L(I{(T) — in), w(T) = O2(I5(T) —i2)  (3.66)

where A}, B}, C}, and D7 are the constants defined in (3.12) with the optimal control (5}, 57, 55) and

the corresponding state (S*, E*, I}, I5, R*). We have the following existence and uniqueness result.
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Theorem 3.4. Assume that the hypotheses (2.1)-(2.5) and (2.6)-(2.7) are satisfied. Then the adjoint system
(3.60) - (3.66) has a unique solution.

Proof. Since all coefficients are bounded, this is a standard parabolic problem. Therefore, by a Galerkin
scheme and the Gronwall lemma (as in the proof of Theorem 3.2), this problem admits a unique

solution (p, ¢, w, y, z) with the regularity given by (3.59). O

At this stage, we are ready to prove a necessary optimality condition. Our statement concerns the

following closed convex sets:

U ={veL*(Q): BM <v<pM™ ae inQ} (3.67)
U :={veL*Q): A" <v<p™ ae inQ} (3.68)
Up = {v e L*(Q): By <w<pr™ae. inQ} (3.69)

Theorem 3.5. Assume the hypotheses (2.1)-(2.5) and (2.6)-(2.7). Let (B, B, B3) be an optimal control and
(S*, E*, I}, 15, R*) the corresponding state, respectively, and let (p, q, w,y, z) be the solution of the associated

adjoint problem. Then, the variational inequality
LS E =)+ ) (5. - )
+ (81 (g = p) +@157) (Br = B7) + (57 13(q = p) + @23) (B2 = £2)] = 0. (3.70)

/(S*i*(q—p)+u;-k)(uz'—uf)+/(3*6*(q—p)+UZ)(ue—ui)20
Q Q

is satisfied for all (Be, B1, B2) € Uaq, and 3%, Bf, and 3% are the L? projections of S*E*(p — q), S*IF (p — q),
and S*I5(p — q) onto Ue, Uy, and Us, respectively.

Proof. We consider the linearized problem (3.13)-(3.17) where (8B, 51, 32) and (S, E, 1, I, R) are
interpreted as (5%, 87, 05) and (S*, E*, I, I}, R*), respectively, and we set the variation (he, h1, he) =
(Be — B%, B1 — BT, B2 — B3) for an arbitrary control (5., 81, 2) € Uaq.

@)+ [ [T+ 0+ m) & + Bige+Ci6+ Diga — 0,610+ [ 1VE -V
Q Q
- _/ (Kihy + Lihy + Mihe)v  (3.71)
Q
@600} — [ 1ATE+ (BT = (1 + 3+ )& + Gl + Diglo+ [ hVe 9o
Q Q
_ / (Kihy + Lihg + Miho)v  (3.72)
Q
(0r62,v) — / [V26e — (p 4 02 + p2)62] v + / koVéy - Vv =0 (3.73)
Q Q

(01, v) — /ﬂ [(1€e + p€2 — (a + 61 + )] v + /Q k1Vé - Vo =0 (3.74)
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(0¢r,v) — / [01&1 + 6280 — (0 + pr )& v + / k.VE Vo =0 (3.75)
Q Q
(58756?51762767‘) = (0,0,0,0,0) (376)

a.e. in (0,7) and for all v € V, with A}, B}, Cf, D}, K, L}, and M; being the constants defined in
(3.12) for the optimal control (5}, 57, 55) and the corresponding state (S*, E*, I, I5, R*).

On the one hand, we fix an arbitrary element (., 51, 32) € U,q and choose
(he, b1, he) == (Be — B2, 81 — BY, P2 — B3) in the system above. We then test the equations (3.71)-(3.75)
with p, ¢, w, y, and z, respectively, and sum them, then integrate over (0, 7). Thus, after rearranging

the terms, we obtain

T
/0 (Buoor p) + (O ) + (Buter, w) + (D11, ) + (Brter, 2)) b

+ / (ksVEs - Vp + keVEe - Vg + ksVEs - Vo + +k1 VE - Vy + b, VE, - V2)
Q

+/Xﬂg+m@+qa+ng@—@+/Kmuma—@mp
Q Q

+/Xm+w+Wm&—/h%fwwmrum@w—/kmw@—m+&+unmy
Q Q Q

— /Q [01&1 + 02&2 — (Or + i) &4 2

= [ i+ Lih+ M) (0 - ) @77)
Q

On the other hand, we consider the adjoint problem (3.60)-(3.66) and test the equations respectively
with =&, =&, —&1, —&2, and —§,. We then add them together and integrate the resulting equality over

(0,T). After rearranging the terms, we obtain
T
| 0.0+ 0100 + Qo) + (O1) + (02,6

— / (ksVEs - Vp+ kVE - Vg + kaVE - Vw + +k1VEL - Vy + k. VE, - Vz)
Q

- [ i+ Bl + Ciea + D) -0 - [ [0+ m) &~ 5161
Q Q

- / (71 + 72 + pe) €eq +/ [V26e — (p + 02 + p2) §2] w +/ [(V1€epSa — (o + 01 + 1) &1l y
Q Q Q

+ / [5151 + 5252 - (57‘ + ,ur) fr] <
Q
=0 (3.78)

At this stage, we sum (3.77) and (3.78) and obtain that

T
EA (Ohp Es) + (00, &) + (OraEe) + (00, €0) + (O, &) + (D, &)
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+ (0, &1) + (O, §1) + (0r2, &) + (Oez, &) di

- / (Khi + Lihs + Mihe) (g — p) (3.79)
Q

Note that (O;p, &) + (01q, &) = % (€s,p). Thus, by integrating by parts for functions in the space
H' (0,T;V*)N L%(0,T;V) and taking into account the initial conditions (3.10) for (&, &, &1, €2, &) and
the final conditions (3.66) for (p, ¢, w, y, z), we deduce that

b | (B0 =&ty 01 [ (D)~ = [ (ki Lk 4 Mk (a-p) (380
By adding to each side of the last equality the quantity
00 [ (13(1)— i) a(T) + /Q (@eBihe + @1Bih + @af3ha),
we obtain, thanks to Corollary 3.41, the inequality
[ 0@ =)+ e b+ (K p) 5 mBi) i+ (Lo =)+ =2i) ) 20 G81)
which can be rewritten as
[ 8B @) e 5 0)
+ (5711 (q —p) + @1B7) (Br = B1) + (57 13(q — p) + @23) (B2 — £3)] = 0. (3.82)

for all (5, 1, B2) € Uyq. To prove the last part of the statement, we observe that U,q = U, x Uy x Us.
Therefore, by taking (5., 51, 52) = (e, 57, 55) in (3.70), we see that (3.70) is equivalent to the condition

/Q (S*E*(q—p) + @) (Be — B2) >0 forall B, € Ue.. (3.83)
Similarly, it can also be shown that (3.70) is equivalent to the conditions

(8Tt =)+ 180 (51~ 50) 20 forall <24, (384

57Tt =)+ 28 (52 - 55) 20 forall <24 (385)
and this concludes the proof of Theorem 3.5. O
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