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Asstract. This paper studies a class of multivalued anisotropic elliptic problems in variable exponent
spaces, subject to Neumann boundary conditions, with data in L™ or L' data. Using approximation
techniques, the theory of monotonicity in Banach spaces, and compactness arguments, we establish the
existence of renormalized and entropy solutions. Additionally, by employing a comparison principle, we
demonstrate the uniqueness of the entropy solution.
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1. INTRODUCTION

Over the last ten years, the study of partial differential equations and variational problems with
the assumption of p(.)-growth has received significant attention within the mathematical community.
The motivation for studying such equations stems from their ability to provide accurate mathematical
models for describing the behavior of phenomena that can change state over time. In the literature,
Chen et al. have demonstrated the importance of Sobolev spaces with variable exponents in the process
of image restoration (see [9]). In a recent paper [14], Jean-Luc Henri et al. employed the p(.)-Laplacian
operator to perform smoothing on digital images. They proved that its smoothing power plays a crucial
role in the restoration process.

The variable exponent space appear also in the modeling of electro-rheological fluids (see [3], [11], [28])

thermorheological fluids.
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In general the so-called isotropic p(.)-Leray-Lions operator is used to model non-homogeneous materials
in single direction. However, for materials that spread in several directions, the anisotropic 7/ (.)-Leray-
Lions operator is used. For example, the anisotropic operator is used to describe the spread of an
epidemic disease (see [4]).

In this paper, we study the existence and uniqueness of solutions for the following nonlinear multivalued

elliptic anisotropic problem

9

Za— )+ﬁ( ) > fin Q

(P) (1.1)

ou
Z aj(z, 8—%).7% =0 on 02,
=1

where Q is a bounded open domain of RY (N > 3) with a smooth boundary 99 and = (1, ..., 7v) is
the unit outward normal vector on 0€2. For j = 1,..., N, a; : 2 x R — R is a Carathéodory function
satisfying classical hypotheses in the study of nonlinear problems.

The function 3 : R — 2% is a maximal monotone mapping with 0 € 5(0) and f belongs to L*°(Q) or
LY(Q).

We emphasize that for the Neumann boundary condition, we must seek the solution in Sobolev spaces
with variable exponent, WP (€2). Unfortunately, in this space, we lose the Poincaré inequality, which
is an important tool for obtaining coercivity in the Dirichlet case. Therefore, we must face with a non-
coercive operator during the approximation process of the problem (P). To overcome this difficulty, we
add a strongly monotone perturbation term to the approximate problem (7P, ), which allows us to obtain
the coercivity of the associated operator. When the right-hand side data is an L°°-function, we establish
an L°°-estimate on the approximation 3, of 3, which ensures its weak convergence star in L>(£2).
However, when the right-hand side data is an L'-function, one can only establish an L'-estimate on the
sequence (wy, )men derived from the graph 3. The convergence of this sequence in L'(Q) is a crucial
step in the proof of the existence of a solution. But it is not easy to establish. To bypass this difficulty,
we use a relatively compactness argument and obtain weak convergence of (wy, )men in L' ().

Note that there is a large literature on problem related to (). However, only particular cases of the
data 8 have been considered.

The first attempts to tackle a problem like (P) were made by Boureanu and Radulescu in [7] (see
also [25]), where they studied a non-homogeneous anisotropic Neumann problem with an obstacle.
They established the existence and multiplicity of weak solutions and also identified conditions under
which the uniqueness of the solution can be achieved. Given 3(u) = |u[PM @)=24, (pas to be define later),
the authors in [6] used the techniques of minimization to obtain the existence of a weak solution to

problem (P). Furthermore, they also obtained the existence and uniqueness of an entropy solution
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using approximation methods.

In the case where f3 is a continuous and non-decreasing function such that 5(0) = 0, Ouaro etal. [15,18]
used the technique of maximal monotone operators in Banach spaces (see [29]) to prove the existence
and uniqueness of entropy solutions of () when the data f is an L' —function or diffuse measure data.
Furthermore, in collaboration with the second author (see [19]), they used the same techniques to
prove the existence and uniqueness of a solution to the problem (P) in the framework of maximal
monotone graph § with bounded domain, i.e., W = [a,b] with a,b € R such thata <0 < b.

We stress that the well-posedness of (P) depends on how the domain of /5 is defined (for example,
dom(f) = R, dom(S) # R and closed, dom(3) # R and open).

A natural question that arising from our previous work [19] is: what happens when Dom(3) # [a, b]?
This paper aims to extend our main results in [ 19]. Roughly speaking, we establish the existence and
uniqueness of a renormalized or entropy solution to the problem (P) when the domain of 3 is the
whole of R (i.e. Dom(/) = R) instead of a bounded domain of R. By this work, we also extend the
work [10] from Dirichlet case to Neumann boundary condition.

In the framework of isotopic p(.)-Leray-Lions type operator, the authors in [27]) analyzed the existence

and uniqueness of solution of the following

—V.a(z,Vu) 4+ B(u) > pin Q
(1.2)
a(x,Vu)m =0 on 09,

It is important to mention that 5 was assumed to have a bounded domain. Recently, in [31], the problem
(1.2) was reconsidered under the assumption that Dom(3) = R. The problem (P) can be viewed as the
anisotropic version of the nonlinear isotropic problem (1.2). As far as problems like (P) are concerned,
we refer to [20-23].

Since this work is an extension of existing research, we will refer to [10,19,31] for certain proofs to
avoid unnecessary repetition.

The rest of the paper is organized as follows. Section 2 presents some preliminaries on variable exponent
spaces. In Section 3, we outline our key assumptions and introduce the concept of solutions. Section 4
establishes the existence of a renormalized solution to the problem (P) for f € L>(2). In Section 5,
we prove the existence of both a renormalized and entropy solution when f belongs to L' (). Finally,

Section 6 demonstrates the uniqueness of the entropy solution.

2. PRELIMINARY

In this section, we review some definitions and fundamental properties of anisotropic Lebesgue and

Sobolev spaces.
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Let Q be a bounded domain in RY (N > 3), with smooth boundary 9. We define the set
Ci(Q) = {p() : Q — (1,00) continuous such that 1 < p~ < p* < oo},

where p~ := min p(z) and p* := max p(x).
e z€l)

For any p € C (1), the variable exponent Lebesgue space is defined by
PO(Q) == {u : u is a measurable real valued function such that / P dz < oo},
9)

endowed with the so-called Luxembourg norm

\u|p() := inf {)\ >0: /
Q

Moreover, (LPX) (), ||.|| »(.)) is a separable, reflexive and uniformly convex Banach space. Hence its dual

p(z)

u()

x
A

dr < 1}.

/ 1
space is isomorphic to LP' ) () where —— =1in Q.

1
p(x)  p'(x)
The p(.)-modular of the space LP1)(Q) is the mapping Pp() LPL)(Q) — R defined by

o= [ s

For any u € LP1)(Q), the following inequalities (see [12], [13]) holds true.

. - + - +
min {Jul? 5 Jul?) )b < oy () < masc{ Jul? sl b (2.1)

For any u € LPO(Q) and v € LP (), we have the Holder type inequality

/ uvdr
Q

Let p1, p2 € C4(Q) such that p;(z) < pa(z) for any = € Q, then the embedding LPQ(‘)(Q) — Lpl(')(Q) is

1 1
<|[—4+—] |u V. 2.2
< <p_ (p,)_> |ulpy [0l () (2.2)

continuous (see [24], Theorem 2.8).

Next, we introduce the variable exponent Sobolev space
whrh(Q) = {u e LPV(Q) : |Vu| € Lp(')(Q)},
with the norm

lullipey = llellpey + IVellpe)-

The space (WP (Q), [-ll1,p(.)) is a separable and reflexive Banach space.

We denote by VVO1 P (')(Q) the closure of C5°(€2) in W) (Q), and its dual space will be denoted by
WP @),

Let pi(.),...,pn(.)) be N variable exponents in C (€2), We denote by

py(z) := max(p1(x),...,pn(x)) and pp,(z) := min (p1(z),...,pn(2)) .
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The anisotropic Sobolev space (see [25]) is defined by

Wl,?(.)(ﬂ) — {u c LPM(-)(Q) % e Lpil )(Q)7 j=1, ...,N},
L

which are separable and reflexive Banach spaces under the norm

ou

N
lullzy =D |5

j=117"7

(2.3)

p;(-)

We also defined by WO1 PO (Q2), the closure of C5°(€2) with respect to the norm (2.3).

We introduce the numbers

N -1 ’ N—p N_q
and define P*, P* P_ . € R" by
Pre N P e (i) and P = ma (P, )
T A + =max {p],...,py} and P_ o = max {PT, P*},
S
=1 Pj
N
N 1
where — = ZT
p —

Theorem 2.1. [24] Let Q@ € RY (N > 3) be a bounded open set and forall i = 1,...,N, p; € L>(Q),
pj(x) > Lae. in Q. Then, for any g € L>(Q) with q(x) > 1 a.e. in Q such that

ess inf (pr(2) — q(2)) > 0,

we have the compact embedding

WLPO(Q) < £10(Q).
Theorem 2.2. [30] Let py, ..., px € [1,400); g € WHPL-PN)(Q) and
()" if (p)" <N

€ [1,+00) #(p)*

Then, there exists a constant Cy > 0 depending on N, p, ...,pn if p < N and also on q and meas(Q2) if p > N
such that

(2.4)

lgllzocey ax] e

We define the Marcinkiewicz space M?(€2)(1 < ¢ < 4+00) as the set of measurable function g : @ — R
for which the distribution

Ag(k) = meas({x € Q: |g(x)| > k}), k>0 (2.5)
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satisfies an estimate of the form
Ag(k) < Ck™1, for some finite constant C' > 0. (2.6)
We will use the following pseudo norm in M?(£2)
gl pma(o) == f{C > 0: \g(k) < Ck™%, V& > 0}. (2.7)
Throughout the paper, the truncation function 7}, of level £ > 0 by
Ti(s) = max{—k, min{k; s} }. (2.8)

It is obvious that klgr;@ Ti(s) = s and |Tk(s)| = min{|s|; k}.

Set Tl’?(')(Q) as the set of measurable functions u : 2 — R such that Tj(u) € leﬁ(-)(Q). We
define the space 7;-1[?(')(9) as the set of functions u € Tl’?(')(Q) such that there exists a sequence
(un)nen C Wl’?(')(Q) satisfying

u, — uwa.e. in Q

and

0Ty (up) . 0Ty (u)

ol
oz, Pz, inL° (), VE>0.

Proposition 1. [5] Let u € T'P0)(Q) and v > 0. Forany j = 1,..., N, there exists a unique measurable
function 9; : Q — RY such that
OT, (u)

V>0 oz, = D X{ju|<~}, for a.ex € Q,

where A denotes the characteristic function of a measurable set A.
0
The function 1; are called the weak gradient of u and is still denoted by % Moreover, if u € WHPO)(Q), then
J

ou

9 e (LPOQ)N and 9; = o,

in the usual sense.

For any r € R and any measurable function v on €2, [u = 7], [u < r] and [u > 7] denote, respectively
the set
{reQulx)=r},{reQ:ulz) <r},{zreQ:ulx) >r}
For any given [, k > 0, we define the function h; by by = min{(l + 1 — |r|)", 1}.

et s1gn, € a runction that assigns values as 1011lows
Let signg be a function that assig 1 foll

lif s >0,
signg (s) =
0if s <0.
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For § > 0, we define the function H; : R — R by

1ifr>o
Hi(r) = gifogrgé

0 ifr <O.

It is evident that H;" is an approximation of sign .

Let 8 be a maximal monotone operator defined on R, we denote by 3y the main section of 3; i.e.,

minimal absolute value of §(s) if 8(s) # 0
Bs) =< +oo if [s, +00) N D(B)
—00 if (—o0, s] N D(5)

0
0.
For a maximal monotone graph 3 in R x R, for any » € (0, 1], the Yosida approximation £, of j

(see [1,2,8]) is given by 3, = %([ —(I+rB)7Y).
If s € Dom(B), |8:(s)| < |8°(s)| and B.(s) —s B°(s), as r — 0, and if s ¢ Dom(B), |3,(s)| — oo, as

r — 0.

Lemma 2.1. [26] Let (5,,)n>1 be a sequence of maximal monotone graphs such that /3, — [3 in the sense of the
graph (for (z,y) € B, there exists (xy, yn) € By, such that x,, — x and y, — y). We consider two sequences
(zn)n>1 C LY(Q) and (wn)n>1 C LY(Q). We suppose that: ¥n > 1,w, € Bul(2n), (Wn)n>1 is bounded in
LY(Q) and z, — z in L' (Q). Then, z € dom(B).

3. AssuMPTIONS AND NOTIONS OF SOLUTION

In this paper, we consider problem () under the following assumptions on the data.

Let 2 be a bounded domain in RY (N > 3) with smooth boundary 8 and let 7 (.) = (p1(.), ..., px(.))

be a vector such that forany j = 1,..., N, p;(.) € C(Q).
Forany j =1,...,N,leta; : @ x R — R be a Carathéodory function satisfying :

e there exists a positive constant C'; such that
05091 < €1 (o) + 6P, (3.1)

for almost every x € €2 and for every { € R, where k; is a non-negative function in Lp;(')(Q), with
1 1

i@ Pl

- 7
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o for £, n € Rwith { # n and for every x € (2, there exists a positive constant Cy such that

Colg =P ) i |6 —n| > 1
(aj(z,&) —aj(z,n) (€ —n) > (3.2)
Col¢ —nlPsif € —n| <1
and

o there exists a positive constant C3 such that

aj(z,€).€ > Cslé[Pit®), (3.3)

for every £ € R and almost every z € (.

Throughout this paper, we assume that

BN-1)  _ pBN-1) p»f-p;j—-1 F-N
— <p: < , — < = 34
Np-1) 7~ N-p p; p(N —1) (54
and
N o
> —>1, (3.5)
j:lpj

where — Z —.

1pJ

Definition 3.1. A renormalized solution of problem (P) is a couple of functions (u,w) € 7;1[’?(') (Q) x L'(Q)
satisfying the following conditions.

(i): u: Q — Ris measurable, u(x) € dom(5(z)), w(x) € B(u(z)) for a.e. zinC,

(ii): Forallk > 0,5 € CY(R) and ¢ € W-PO(Q) 0 L=(Q),

Z / aj< &U]) 5, [S(u)e]dz + /Q wS(u)pds = /Q fS(u)pdz, (3.6)
(iii):
- (2, 20 0y
klingo {I<|u|<l4+1} @ <x7 a$j>3l’ad -0 3.7)

We also introduce the notion of an entropy solution for the problem (P), which will be useful in the

proof of uniqueness.

Definition 3.2. An entropy solution of problem (P) is a pair of functions (u,w) € 7;_1[’?(') (Q) x LY(Q) such

that u(x) € dom(B(x)), w(z) € B(u(zx))and for a.e x € €,

Z/a3< 8IJ)T/zC(u— )da:—i—/QwTk(u—go)dxg/Qka(u—Lp)d:C, (3.8)

forall € le(')(Q) N L (82) such that p(z) € f(u(x)) for a.e x in .
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4. EXISTENCE OF SOLUTION FOR L*° Data

Theorem 4.1. Let f € L°(Q2). Then, there exists at least one renormalized solution (u,w) of the problem (P).

Proof. To prove this theorem we proceed by steps.
Step 1: Approximate problem
1
For every r > 0, we consider the Yosida regularization (3, = ;(I — (I +7rB)~1) of B (see [8]).

Now, we consider the sequence of approximate problem

—Z 8“7“ +6,«(T1(ur))—|—r|u |Pu(@) =24, = fin Q
8m
P(Br, f)
N
> aj(x, 8%" ;=0 on 9.
\ J=1

Proposition 2. (see [19] Theorem 3.1) Let f € L°°(Q2). Then, the problem P([,, f) has at least one weak
(

solution u, € WHPO(Q) in the sense that, B, (T (u,)) € L*(Q) and for all g € WHPO(Q) 1 L=(0),

N
Z/aj (x, gm)gtpd +/5T(T1(UT))L,OCZ$+T/ |uT]PM(x)_2uT<pda::/fapdx. (4.1)
=/e xj ) OTj r Q Q

Step 2: A priori estimates

Lemma 4.1. Let f € L*(Q) and k > 0. If u, is a weak solution of problem (P,), then,

N Ou.. |Pi@)
Z/ r dr < k(C7 +1), (4.2)
= Juri<ky 1025
18- (T (ur) oo < [ floos (4.3)
Z/ (w, 8u7~> 8u7~d$ < k/ |f|dx, (44)
(1< ur| <14k} Oxj ) Ox; {Jur|>1}
[ VT prds < (45)
Q
N au pj(x) _
Z/ — dx > Cg||Vul[P™.  — Nmeas(Q) (4.6)
= Q 636] LPm (Q)
and
N
ou, \ Ou,
a;l x, dx < k|| flloo|{|ur| = 1} 4.7
S (2.5 ) Gazde < kil > 1] (47)

J=1
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Proof. By choosing ¢ = T} (u,) as a test function in (4.1), one obtains

S i 3 ) 2 s [ i

—H“/ \uT]PM(x)*QuTTk(uT)dx = / [Ty (uy)de. (4.8)
Q Q
Due to the coercivity of a;, the nondecreasing of 3, o 71 and the fact that u, and 7} (u,) have the same

sing, one can conclude that all terms in right hand side of (4.8) are positive.

By neglecting some positive terms and taking into account (3.3), one obtains

N ou pj(z)
Cs Z/ r dz < / T (uy)dz < ‘ / T (uy)dz| < E||f]]oo-
j=1 7 lur[<k} O Q Q
On the other hand, one has
N D N 2% N D,
Z/ Ouy Jd:n:Z/ Ouy Jd:zH—Z:/ Ouy de
= Jurl<ky 1975 5 i<k 3 51y 105 5 <k g2 <1y 1075
N pj (@)
< Z/ Our dz + Nmeas(().
3 sl G2z 1513 10%5
Combining the two last inequalities and setting C7 = max{/Nmeas({2), kHéHm}, one obtains (4.2).
5

1

Now, we focus on the proof of (4.3). For that, one uses ¢, s = 5

(Thts(Br (T% (ur))) = Ti(Br (T% (ur)))] as

a function test in (4.1) to get

N
Z/ a; (a;, gur) aa(pr,é dx —l—/ /Br(Tl (ur))(Pr,de + T/ ’uT‘PM(x)72UT(Pr,6dx = / f@r,édx- (49)
=1 Q Lj Lj Q T Q Q

1 T
ST ) ik < (5, (Ty ()] < k6,
Having in mind that Oers _
81’]'
0 elsewhere,

and the fact that 5, is nondecreasing, one deduce from (3.3) that the first term of (4.9) is positive. the
third term is also positive due to the fact that u, and ¢, s have the same sign.

Hence, neglecting some positive terms, one obtains
/ Br(T1(ur))prsde < / fersde.
Q " Q
Then, arguing exactly as in [17], one obtains
meas{k < |6-(T1(ur))[} = 0, forany k > [| f]| L (q)-
So, we conclude that

18- (T1 (ur)) | Lo () < I flloo(0)-

-
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For the proofs of (4.4)-(4.7) we refer to [21]. O

Proposition 3. [15,20,26,31]

Let k > 0 large enough and suppose u, a weak solution to problem (P,). Then

[/l

meas{|u,| >k} < YRS RENATIE (4.10)
Gur 06
meas{ oz, > k‘} < kWZ)/ (4.11)
and
Cr /1o
meas{\VuT] > k} < e + win (B, (k). 1B (k)T (4.12)

where Cg, C'7 are positive constants.

Lemma 4.2. [6,15] Forany k > 0, there exists some constants Cy, Ca > 0 such that:

(1) [t e (0 < O

ou,
a.’E]’

ii - <y Vj=1,...,N.
(11) H ||ij%(Q) >~ L2, J PREES)

Proposition 4. [0,15,19] Let k > 0, and suppose u, a weak solution to problem (P,). Then, the sequence

(Ty(ur)) >0 is bounded in WhHPm (Q).
Lemma 4.3. Let suppose u, a solution of the (P, ), then

BTy ol = yae < [ (151 = b7 (413)
Proof. Taking ¢ = ng(ﬂr(T% (ur)) — k) as a test function in (4.1), one obtains

auT> OH; (B,(T (uy) — k)

N
Jr . PR
| BT B Ty () = W) + 2 foo (=5 oz, "

+r / Jup| P )20, HE (B, (T (ur)) — k)dw = / FHS (Be(T1 (uy)) — k)da.
Q v Q v
Since u, and Hj ( &(T% (ur)) — k) have the same sign, the third term is positive.

Due to the nondecreasing of /3, one has
al ou, \ OHy (Br(T1(uy)) — k)
Z / a;| o, — r dx
= Q 8.1‘j 8.7}j

o5 (i G G (3 Ty ) = BT, () 2 > 0,

Lj

Therefore,

/(Br(Ti (ur) - k)H;_(Br(T% (Ur)) - k‘)dl‘ S /
Q

Q(f - ]f)H;(Br(T% (ur)) — k)dz.
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Letting 6 — 0 we obtain

/ (Bo(T (uy) — k) da < / (f — k)*Hda. (4.14)
Q r Q
In the same way, we have
/(BT(Tl (up) + k) dx < /(f + k)" dx. (4.15)
Q r Q
By combining (4.14) and (4.15) follows (4.13). O

We establish a L*°(§2)-comparison principle of weak solutions.

Proposition 5. Let r > 0 be fixed. If u} and u? are two solutions of (P,) associated with fi, fo € L>=(Q)
respectively, then, the following inequality holds true,

[ (P2l 2y e < (i fo)signg (uf - ). (416)
Q Q
Moreover, if fi < foa.e. in §, then

ul < u?and B (T1 (ul)) < BT(T% (u?)) a.e. in Q. (4.17)

1
Proof. By taking ¢ = ET w(ul — u?)T as a test function in (4.1) for f; and f, respectively. Then,

subtracting the resulting equalities, one obtains

N Ul U,
S [ (e 55—yt 5 ) 2 tud = e+ [ (BT 0h) — BT ) i) — o)
j=1 r J J J

b [ (|2, PO R Tk~ i) e = [ (f - ) T} - ) tde (418)
Q Q

where A, = {0 < u} — u?) < k}.
By the monotonicity of 3, and a; the two first terms are positive. Then, neglecting some positive terms,

one gets
r /Q (b P12y — [u2 P =202) LT ] — ) el = /Q (fi ~ ) Tl — u2) dr.
Therefore, passing to the limit as % tends to zero, one deduces that
r /Q (b | P2y — (2 P22 4 < /Q (1 — J2) signg (u} — u2)d.
(4.17) is an immediate consequence of (4.18). O

Step 3 : Basic convergence results
We stress that it is well-known (see [6, 15,19]) that Lemma 4.2 implies the following convergence

results.
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Lemma 4.4. Let u, be a solution of problem (P,). Then, for j = 1,..., N, as n — oo, one has

ou, ou\ . 4
Q5 (x, a;[}j> — aj; <.’L‘, 81"7> in L (Q) a.e.x €. (419)
0 0 - ()
aj| z, =—Tk(u,) | — a;| x, =—Tx(u) | strongly in L* (Q) and weakly in L¥i'- (). (4.20)
8$j 82Uj
Moreover (see [19]),

Oou, \ Ouy ou \ Ou 1 .

a; <x, 83:]) oz, — aj< B >8x] n L (Q) and a.e. in . (4.21)

Proposition 6. Let j =1, ..., N, and suppose u, a weak solution to (P,). Then,
(i) there exists u € le(‘)(Q) C 7'7_1[’?(')(9) such that v € dom(p) a.e. in Q and

u, — u in measure and a.e. in Qasr — 0. (4.22)

0
(ii) a—ur converges in measure to the weak partial gradient of w.
Zj

Lemma4.5. [19] Let S € CL(R)and ¢ € Wl’?(')(Q) N L>(Q).
Forany j =1,...,N, one has

8ij(S(ur)go) — E)a%(S(u)go) strongly in L'(Q) as r — 0
and
lim 7 /Q |up | PM @) 20,8 (u, ) pdz = 0. (4.23)
Lemma 4.6. ( [21,22])
Br (T% (up)) = w weakly-* in L (). (4.24)

Step 3 : Passing to the limit
Let S € C}(R)and ¢ € W?(')(Q) N L>(N2) be arbitrary. Plugging S;(u,)h(u)y as a test function in

(4.1), one obtains
Z / a]( gz) o S1(r)S(w)ldr + /Q Br(T1 (ur))Si(ur) S (u)pda

—i—r/ ]urp”f(x)_QuTSl(ur)S(u)godx:/fSl(u,,)S(u)godx.
Q Q

. 3} B d ;o Ouy _
Since a—xj[Sl(ur)S(u)go} = Sl(ur)a—xj[S(u)cp] + S(u)psS, (uT)a7j, one obtain

N

Oou,\ 0 Oou, \ Ouy
Z/Qsl(ur)aj <m, axj>8xj dw—i—Z/ S(u)S] (uy a3< B >8xjd
J=1

+ [ BTy e Situn) SCulpdo -+ [ a5 ) S(w)pda
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/ £Si(ur)S(u)pdx. (4.25)
By using the generalized Lebesgue dominated convergence theorem, one obtains
lim 7“/ |y [P =208 (1) S () pda = 0. (4.26)
r—0 Q

According to [21] and (4.26), one pass to the limit as r | 0 in (4.25) to obtain.

1 (uw)) 0 / aur Ouy
/Sl < R oz, [S(u)pldx + hmz S(uw)pS;(ur)a; 3 31‘Jd

/ wSy(u)S(u)pdr = / fSi(u)S(u)pdx. (4.27)
Since for any kg > 0 such that suppS C [—ko, ko], one can replace u by T}, (u) in the equality above.
This also implies that, Sj(u) = S} (T, (v)) = 0if I + 1 > kg and Sj(u) = Sj(Tk, (u)) = 1if I > ky.

Remark 4.1. According to [21], one has

[(up)a; | x Our 8u7«
- ’8afj 83?]

S(u)pa; < 8ur>8ur
(1< ur | <I4+k} '\ 9z ) D

Bur aur
< AN
< const(S, [[¢l|o0) Z:: /Q @ <x, 3373‘) dz; o

< const(k, S, [|¢||o) Z/

dx‘

\uT|>l}

N

< const(||flloo, k, S, I @lloo) D meas{fur| > 1}
j=1

< const(N, || flleo, &, S, ||¢]| 0o )meas{|u,| > 1}.

According to (4.10) in Proposition 3, meas{|u,| > l} — 0as | — oo. Then, we deduce from above inequality
that

.. Oup \ Oup ,
i g3 st o 22 o

Therefore, passing to the limit as | — oo, one obtains

/Za]< 89:])8(3:] [S(u)go]da:%—/{le(u)(pdx:/QfS(u)godw.

Now, we focus on the proof (3.7).

From (4.10), one has (see [16,19])

meas({|u,| > [}) — 0 uniformly as [ — oo.
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Hence, passing to the limit in (4.4) as [ — oo and using (3.3), one obtains
3%) Ou

T dr =
ﬁx]x 0.

lim a; (m
j s
=00 J (1< u|<141} Ox;

We end the proof of Theorem 4.1 by using the same argument as in [10] to prove the subdifferential
argument : u(z) € dom(5(z)), w(xz) € B(u(z)) for a.e. zin . O
5. EXISTENCE OF SOLUTION FOR L' Data
Theorem 5.1. Let f € L'(Q) and assume that (3.1)-(3.5) hold true. Then, the problem (P) has at least one

renormalized solution.

Step 1: Approximate problem and a priori estimates

Let us consider, for any m > 0, the approximated problem

‘Za a“’”)+ﬁ  (um) = fm in ©

Ou,
Zaj(az, a—xj).nj =0 on 02,

where f,, = T,,(f). Note that (f,,) is a sequence of L>-functions which converges strongly to f in
LY(Q) and verify | f,.| < |f]-
B1(.) : R — Ris the Yosida approximation of 3(.) such that: for any u € W) (Q)

(B (w),u) >0, |81 (u)] < mlul and  lim B (u) = f(u).

By Theorem 4.1, the problem (7P,,) has at least one solution (u,,, wy,) € Wl’?(')(Q) x L>(€2). Namely,

U, € Dom(ﬁ ), W € 6 (um,) a.e. in © and

Oupm \ 0
/Zaj <x, Tu ->8 [S (um)p ]der/ WS (U ) pd = / JmS (um)pdz, (5.1)
QO = €T T 0]
for every S € C}(R) and ¢ € Wl’?(')(Q) N L>(9).

Remark 5.1. According to [10] (see the proof of Theorem 4.2), the sequences (Um)m>1 And (Wi, )m>1 are

increasing.

Remark 5.2. Setting S = S}, ¢ = T}, (um) in the above equality, then, arguing analogously as in [22] (see

Lemma 6) one obtains

P; (@) e
dr <
X s

(5.2)

[wmlle < [ £l (53)
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Let us also stress that it follows from (5.2) that

As consequences to inequality (5.4), the estimates () and (i7) in Lemma 4.2 are satisfied by the sequence

O, [P
——| dx < const(k, f,C5,Q, N). (5.4)
8.%']'

(um)m>0. Therefore, as in the previous section, the convergence results in Lemmas 4.4 and 4.5, and

Proposition 6 hold true for the the sequence () m>o0-
Lemma 5.1. The sequence (w,)m>o satisfies
Wy, — w in LY (Q), as m — oco. (5.5)

Proof. Let (u,,,b;,) be a solution of the following problem

n»-n

Zé) ) frm InQ

Lj

al ou;,
Zaj(x, 8—’”).77]- =0 on S
j=1 '
According to Lemma 4.3, the following estimate holds true.
BTy =y da < [ (fal =), (56)
Since S, (T1 (uy,,) = wy, in L(2) as r goes to 0, we get

/(|wm| _ kytda < /(fm| k) (5.7)
Q Q

From the inequality (5.7), one deduces that the sequence (wy,)men is relatively weakly compact in

LY(Q) (see [17]). Therefore, up to a subsequence, one obtains
Wy, — w weakly in L' (Q) as m — oo,
Since S(uy,)p = S(u)pin L>®(Q) as n — oo, and f,, — f, one has
/ fnS(upn)vdr — / fS(u)vdz. (5.8)
Q Q
From Lemma 5.1, we deduce that

/Q Wy S (v — /Q wS(u)pda. (5.9)

According to [19], one has

N
. Oum, 0
n%gl(l)o /ﬂ jgl a; (x, (‘913) oz, pldx = / E a; ( 8x]> oz, [S(u)p]dx. (5.10)

Combining (5.8), (5.9) and (5.10), we pass to the limit in (5.1), as ,m — oo and obtain (3.6). O
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6. Existence or ENTROPY SoLuTION
Theorem 6.1. Let f € L'(Q). Then, the problem (P) has at least one entropy solution.

Proof. Let (up,, wy,) a sequence of solutions to the problem (P,,) and ¢ > 0. Then, for any v €

Wol’p(‘)(Q) N L>(Q), taking T} (u, — v) as test function in (5.1) and setting L = ¢ + ||v||, we obtain
ou, \ 0O
/ﬂmet dw+/ Za3< 8:53> a—%Tt( —v)dz

- / ST (v, — v)da. (6.1)
Q
Notice that if |u,,| > L, then |u,, — v| > |um| — ||v]|eo > t. Therefore, {|um, — v| < t} C {|um| < L},

which gives

/f: (0TL(um)\ (. v\ [ 0Ti(um) Qv .
Q4 a\ " ox;j AN ox;j ox; 8$ X{um —ol<t} 4%

N
} ov oy (um)  Ov
o ) (T - e

Using Fatou’s Lemma, we obtain

.. ouy, \ 0O
l&l&f/2a3< )8 —v)dz

/i“ OTy ()
AR ox;j

Jj=1

< oTr(uy)  Ov

8[1;] — 8x)){{um v‘<t}d$ (62)

N
. ov OTr(uy)  Ov
+ i Z%( a>< oz ‘ag%)X{umvSt}d‘”'

( N
. OTr (um) ov
gL /QZ( oo ) (T~ g iz

ZN: (N [0TL(w) B ;
as\ &, 81’j (9.%']' aZL‘ X{u—v|<t} 4L,

Since
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we deduce from (6.2), that

Oum \ O
hggloréf/z%( (9:Uj>(9aijt( —v)dz

N
ov\ (OTr(u)  Ov
= [ () (o~ v
J=1

= [ 0l Tulw), o) (VL) = To)xquspenda

N
ov'\ 0
_/QZa]< 8x3>3%Tt(u_v)d$

Since T} (up, — v) — Ty(u —v) in L(Q) and f,,, — f in L'(Q) as m — oo, one deduces that
/ T (U, — v)dx — / fTi(u —v)dz. (6.3)
Q Q
Since w,, — w weakly in L' (Q) and T} (uy, — v) = Ty(u — v) in L°(2) as m — oo, we obtain

/Q wn Tyt — v)dz — /Q WTy(u — v)dz. (6.4)

Passing to the limit in (6.1), we obtain the entropy inequality (3.8).

7. UNIQUENESS OF SOLUTION

Here we analyze the uniqueness of the solution of the problem (P).

Theorem 7.1. Let (u,w) and (v, d) be two entropy solutions of the problem (P) and let f be in L'(Q). Then,

we have

u—v=candw =d a.e. in (Q,

where c is a constant.

Proof. Let f be in L' (). By writing the entropy inequality corresponding to (u,w) with test function
v and (v, d) with test function u. Adding up the both results, we obtain

N
/QwTk(u —v)dx + J;/Q (aj(w, ggj) — aj(x, ;:J)) 833 p(u—v)dx < / fTe(u—v)de  (7.1)

Reasonning as in [19] (see also [31]), we obtain

u—v=c and w=d a.e.in ).



Asia Pac. J. Math. 2025 12:29 19 of 21

Corollary 1. Let f € L'(Q) and let (u,w) and (v, d) be two entropy solutions of the problem (P). If the graph

B(.) is a strictly increasing and continuous function, then, we have

uw=v and w=d a.e. in .

proof. It follows the same as in [10]. O

8. ConcLusioN

In this paper, we have addressed the nonlinear multivalued 7/ (.)-anisotropic problem under Neu-
mann boundary conditions with L>(2) or L'(Q2) data. By leveraging the approximation techniques
and the theory of maximal monotone operators in Banach spaces, we established the existence of a
renormalized and an entropy solution of the problem. Additionally, by the comparison principle,
we prove the uniqueness of the entropy solution. The main results broaden the understanding of

numerous recent works in the literature [10,18,19,31].

Conflicts of Interest. The authors declare that there are no conflicts of interest regarding the publication

of this paper.
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