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1. INTRODUCTION

The field of the mathematical science which goes under the name of topology is concerned with all
questions directly or indirectly related to continuity. In topology, there has been recently significant
interest in characterizing and investigating the characterizations of some weak forms of continuity for
functions. As weak forms of continuity in topological spaces, weak continuity [25], quasicontinuity [26],
semi-continuity [24] and almost continuity in the sense of Husain [ 15] are well-known. Lee [23] studied
the concept of semiconnected functions. Kohli [21] introduced the notion of s-continuous functions and
investigated some characterizations of semilocally connected spaces in terms of s-continuous functions.
The notion of s-continuity as a generalization of continuity and semiconnectedness. In [8], the present
authors studied some properties of (A, sp)-open sets, (A, sp)-open sets, s(A, sp)-open sets, p(A, sp)-
open sets, a(A, sp)-open sets, 5(A, sp)-open sets and b(A, sp)-open sets. Viriyapong and Boonpok [36]
investigated several characterizations of (A, sp)-continuous functions by utilizing the notions of (A, sp)-
open sets and (A, sp)-closed sets. Dungthaisong et al. [17] introduced and studied the concept of g, ,,)-
continuous functions. Duangphui et al. [16] introduced and investigated the notion of (s, zu/)(™™)-

continuous functions. Furthermore, some characterizations of almost (A, p)-continuous functions,
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strongly (A, p)-continuous functions, almost strongly 6(A, p)-continuous functions, 6(A, p)-continuous
functions, weakly (A, b)-continuous functions, §(*)-precontinuous functions, x-continuous functions,
-7 -continuous functions, almost (g, m)-continuous functions and pairwise weakly A -continuous
functions were presented in [33], [34],[1], [29], [6], [7], [5],[10], [12] and [ 13], respectively. Kohli [20]
introduced the concepts of s-regular spaces and completely s-regular spaces and proved that s-regularity
and complete s-regularity are preserved under certain s-continuous functions. In [2], the present
authors introduced and investigated the concept of (71, 72)-continuous functions. Moreover, some
characterizations of almost (71, 72)-continuous functions, weakly (71, 72)-continuous functions, slightly
(71, T2)s-continuous functions, slightly (71, 72)-continuous functions, d(71, 72)-continuous functions,
faintly (71, 72)-continuous functions, quasi (7, 72)-continuous functions and weakly quasi (71, 72)-
continuous functions were investigated in [3], [4], [28], [31], [27], [32], [20] and [15], respectively.
Kong-ied et al. [22] introduced and studied the notion of almost quasi (71, 72)-continuous functions.
Khampakdee et al. [19] introduced and investigated the concept of almost weakly (71, 72)-continuous
functions. Quite recently, Chiangpradit et al. [14] introduced and studied the notion of s-(7q, 72)-
continuous functions. In this paper, we introduce the concept of weakly s-(7y, 72)-continuous functions.

We also investigate several characterizations of weakly s-(7y, 72)-continuous functions.

2. PRELIMINARIES

Throughout the present paper, spaces (X, 71, 72) and (Y, 01, 02) (or simply X and Y') always mean
bitopological spaces on which no separation axioms are assumed unless explicitly stated. Let A be
a subset of a bitopological space (X, 71, 72). The closure of A and the interior of A with respect to 7;
are denoted by 7;-Cl(A) and 7;-Int(A), respectively, for i = 1,2. A subset A of a bitopological space
(X, 11, 72) is called 1y mo-closed [11] if A = 71-Cl(72-CI(A)). The complement of a 7 72-closed set is called
T172-0pen. The intersection of all 7 72-closed sets of X containing A is called the 7 mp-closure [11] of
A and is denoted by 7;73-Cl(A). The union of all 7y 7-open sets of X contained in A is called the
T mo-interior [11] of A and is denoted by 7 m2-Int(A).

Lemma 1. [11] Let A and B be subsets of a bitopological space (X, 11, 2). For the T mo-closure, the following
properties hold:

(1) A C mima-CI(A) and 1y172-Cl(1172-CI(A)) = T172-CI(A).
(2) If A C B, then 1y12-CI(A) C 11712-Cl(B).
(3) Tima-CI(A) is T1m2-closed.
(4) Ais mymo-closed if and only if A = T112-CI(A).
)

(5) mme-Cl(X — A) = X — mymo-Int(A).



Asia Pac. J. Math. 2025 12:32 30f9

A bitopological space (X, 71, 72) is said to be 7 mo-connected [ 11] if X cannot be written as the union of
two nonempty disjoint 7 m2-open sets. A subset A of a bitopological space (X, 71, 72) is called (7, 72)r-
open [37] (resp. (11, T2)s-open [9], (11, T2)p-open [9], (11, T2)B-open [9]) if A = Ty 7o-Int(T172-C1(A)) (resp.
A C 1p-Cl(mim2-Int(A)), A C myme-Int(r172-Cl(A)), A C 7172-Cl(1172-Int(1172-CI(A)))). The comple-
ment of a (71, 72)r-open (resp. (71, 72)s-open, (71, T2)p-open, (71, T2)B-open) set is called (7, 72)r-closed
(resp. (71, 12)s-closed, (71, m2)p-closed, (11, 72)5-closed). A subset A of a bitopological space (X, 71, 72)
is said to be (71, T2)-open) [35] if A C 1y1o-Int(7172-Cl(7172-Int(A))). The complement of an a(y, 2)-
open set is called «(7, 72)-closed. Let A be a subset of a bitopological space (X, 71, 72). A pointz € X
is called a (71, 72)0-cluster point [37] of A if 7172-CL({U) N A # () for every 1 m2-open set U containing
z. The set of all (1, 72)0-cluster points of A is called the (71, 72)8-closure [37] of A and is denoted
by (71, 72)8-Cl(A). A subset A of a bitopological space (X, 71, 72) is said to be (71, 72)0-closed [37] if
(11, 72)8-Cl(A) = A. The complement of a (71, 72)6-closed set is said to be (71, 72)0-open. The union of
all (71, m2)0-open sets of X contained in A is called the (71, 72)0-interior [37] of A and is denoted by
(11, 72)0-Int(A).

Lemma 2. [37] For a subset A of a bitopological space (X, 11, T2), the following properties hold:
(1) If Aiis myma-open in X, then Ty 172-CI(A) = (71, 12)0-CI(A).
(2) (11, 72)0-CI(A) is Ty2-closed in X.

3. CHARACTERIZATIONS OF WEAKLY $-(T1, T2 )-CONTINUOUS FUNCTIONS

In this section, we introduce the notion of weakly s-(7, 72)-continuous functions. Furthermore,

several characterizations of weakly (71, 72)-continuous functions are discussed.

Definition 1. A function f : (X, 71,72) — (Y, 01,02) is said to be weakly s-(71, T2)-continuous at a point
x € X if for each o109-open set V of Y containing f(x) and having o1 09-connected complement, there exists a
T172-0pen set U of X containing x such that f(U) C o102-CI(V'). A function f : (X, 11, 12) — (Y, 01,02) is

said to be weakly s-(1, 72)-continuous if f is weakly s-(11, 72)-continuous at each point x of X.

Theorem 1. For a function f : (X, 71, m2) — (Y, 01, 02), the following properties are equivalent:

(1) f is weakly s-(71, T2)-continuous;

(2) F~YV) C rr-Int(f~(0109-CL(V))) for every o109-open set V of Y having o109-connected comple-
ment;

(3) Time-Cl(f~Y(o109-Int(K))) C f~1(K) for every o109-connected o102-closed set K of Y;

(4) 117o-Cl(f~(o109-Int(c109-Cl(B)))) C f~(0109-Cl(B)) for every subset B of Y having the o109~
connected o109-closure;

(5) f~Yo109-Int(B)) C mi7o-Int(f~1(0109-Cl(o109-Int(B)))) for every subset B of Y such that Y —

o109-Int(B) is o109-connected;
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(6) TiTa-Cl(f~(o109-Int(109-CI(V')))) C f~Y(0109-CI(V')) for every o10o9-open set V of Y having the
o109-connected oy o9-closure;

(7) rima-Cl(f~2(V)) C f~Y(o109-CL(V')) for every oio9-open set V of Y having the o10q9-connected
o109-closure;

(8) mima-Cl(f~(o102-Int(K))) C f~1(K) for every o10a-connected (o1, o9)r-closed set K of Y.

Proof. (1) = (2): Let V be any oy 09-open set of Y having o 02-connected complement and z € f~(V).
Then, there exists a 7y 72-open set U of X containing = such that f(U) C 0102-CI(V). Therefore, we

have x € U C f~!(0102-Cl(V)). Since U is 71 72-open, we have
z € Tio-Int(f 1 (0109-Cl(V)))

and hence f~1(V) C mymo-Int(f~!(o102-C1(V))).
(2) = (3): Let K be any oj02-connected oozclosed set of Y. Then, Y — K is oy02-open in Y having

o102-connected complement. By (2), we have

X —fHK) = (Y - K)

N

TlTQ-Int(fil(O'l()'Q-Cl(Y - K)))
= 1 7o-Int(f (Y — o102-Int(K)))
= 1o-Int(X — f71(0109-Int(K)))
= X — yro-Cl(f(o109-Int(K)))
and hence 71 72-CI(f~!(o102-Int(K))) C f~1(K).
(3) = (4): Let B be any subset of Y having the o;03-connected o102-closure. Then, 102-Cl(B) is
o102-closed o102-connected in Y and by (3), 7172-Cl(f ! (0102-Int(0102-Cl(B)))) C f~(0102-Cl(B)).
(4) = (5): Let B be any subset of Y such that Y — o,09-Int(B) is 0102-connected. Then by (4), we
have
X — TlTQ-Int(f_l(0102-C1(010'2-Int(B))))
= TlTQ'C].(X — fil(0'102-C1(0'10'2-Int(B>)))
= 17o-Cl(f 1Y — 0102-Cl(0109-Int(B))))
= TlTQ-Cl(f_l(0'10'2-Int(0'10'2-C1(Y — B)))
C fYo109-Cl(Y — B))

=X - f_l(alog—lnt(B)).

Thus, f~1(o102-Int(B)) C my7e-Int(f 1 (0102-Cl(0109-Int(B)))).
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(5) = (1): Letz € X and V be any oy02-open set of Y containing F'(x) and having o;02-connected

complement. By (5), we have
z € fH V) = f Y oro-Int(V)) C mymo-Int(f 1 (o109-CL(V))).
Then, there exists a 7172-open set U of X containing x such that
z €U C f 1 (o109-CL(V)).

Thus, f(U) C 0102-Cl(V') and hence f is weakly s-(7, 72)-continuous.

(4) = (6) and (6) = (7): The proofs are obvious.

(7) = (8): Let K be any o;092-connected (o1, o2)r-closed set of Y.
Then, we have K = 0105-Cl(0102-Int(K)) is o102-connected and by (7), 7172-Cl(f ~!(o109-Int(K))) C
fYHo109-Cl(o109-Int(K))) = f~1(K).

(8) = (3): Let K be any oj02-connected oj02-closed set of Y. Since K is oj02-connected, we
have oj09-Int(K) is 0103-connected and hence o102-Cl(0109-Int(K)) is o102-connected. Let H =

0109-Cl(o109-Int(K)). Then, H is a (o1, 02)r-closed o102-connected set of Y and
UlUg-Int(H) = (710'2-11’11:(010’2-(:1(0'10'Q-Int(K))) = 0’10’2-11’1’[([() .
By (8), we have

TlTQ-Cl(ffl (UlUg-Int(K))) = TlTQ-Cl(fil (0'10'2-11’1’[(]’[)))

C f7YH) C fTUK).

Theorem 2. For a function f : (X, 11,72) — (Y, 01, 02), the following properties are equivalent:
(1) f is weakly s-(71, T2)-continuous;
(2) Tme-Cl(f~Y(o109-Int(c109-CL(V)))) C f~1(0102-CI(V')) for every (o1, 02) B-open set V of Y having
the o1 09-connected o109-closure;
(3) Tima-Cl(f~Y(o102-Int(109-CL(V')))) C f~1(0109-CL(V)) for every (o1, 02)s-open set V of Y having

the o1 09-connected oq09-closure.

Proof. (1) = (2): This follows from Theorem 1(4).

(2)

2) = (3): The proof is obvious since every (o1, 02)s-open set is (o1, 02) 3-open.
3) =

)
(1):

Since every oj02-open set is (01, 02)s-open, the proof follows from Theorem 1(7). O
Theorem 3. For a function f : (X, 11, 72) — (Y, 01, 02), the following properties are equivalent:

(1) f is weakly s-(T1, m2)-continuous;
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(2) Tima-Cl(f~Y(o102-Int((01,02)0-Cl(B)))) C f~1((0o1,09)0-Cl(B)) for every subset B of Y having
the o109-connected (o1, 09)0-closure;
(3) Tima-Cl(f~(o102-Int(c109-CI(B)))) C f~1((01,02)0-Cl(B)) for every subset B of Y having the

o109-connected (o1, o2)0-closure.

Proof. (1) = (2): Let B be any subset of Y having the ojo2-connected (o1, 02)0-closure. Then,

(01,02)0-Cl(B) is 0102-connected (o1, 02)f-closure and by Theorem1,
7'17'2—C1(f_1(0‘10‘2-11’11‘((0‘1, Uz)@-Cl(B)))) Q f_l((Ul, UQ)G'CI(B))

(2) = (3): The proof is obvious since 0102-Cl(B) C (01, 02)8-Cl(B) for every subset B of Y.

(3) = (1): Let K be any (01, 02)r-closed o102-connected set of Y. Then , we have
(01,02)0-Cl(c102-Int(K)) = 0102-Cl(o102-Int(K)) = K

and by (3),
TlTQ'C].(fil(UlO'Q'Iﬂt(K)))
= 1179-Cl(f (o1 09-Int(0,09-Cl(01 0o-Int(K)))))
C (o1, 02)6-Cl(0102-CI(K)))
= [ (o102-Cl(0105-CI(K)))
= [TH(K).

Thus, 7172-Cl(f "1 (0109-Int(K))) C f~1(K) and by Theorem 1(8), f is weakly s-(71, 72)-continuous. [J

The 7y 7o-frontier [2] of a subset A of a bitopological space (X, 71, 72), denoted by 71 72-fr(A), is defined
by
T172-fr(A) = 1 12-Cl(A) N 1 72-CL(X — A)
= TlTQ-Cl(A) — TlTQ-Il’lt(A).
Theorem 4. The set of all points x € X at which a function f : (X, 7, m7) — (Y,01,02) is not weakly

s-(11, T2)-continuous is identical with the union of the T\ mo-frontier of the inverse images of the o1c9-closure of

o109-0pen sets containing f(x) and having o1 09-connected complement.

Proof. Let x be a point of X at which f is not weakly s-(71, 72)-continuous. Then, there exists a 01 02-open

set V of Y containing f(z) and having oj02-connected complement such that

UN(X — f Y (o102-CL(V))) # 0
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for every 7 m3-open set U of X containing . Then, we have
z € m-Cl(X — fH(o109-CL(V)))
and hence = € Ty 7o-fr(f~!(c102-Cl(V))) since
z € fH V) C mm-Cl(fHo100-CL(V))).

Conversely, suppose that V' is a 0102-0pen set of Y containing f(z) and having o;02-connected

complement such that
z € Tirp-fr(f 1 (9109-CL(V))).

If f is weakly s-(71, 72)-continuous at « € X, there exists a 71 72-open set U of X containing z such that
f(U) C 0109-Cl(V); hence

U C f~(o109-CI(V)).
Thus, x € U C myro-Int(f~1(0102-CL(V))). This contradicts that
v € Trafr(f (0109-CI(V))).
]

Definition 2. [14] A function f : (X, 7, m) — (Y, 01, 02) is said to be s-(11, T2)-continuous at v € X if
for each o109-open set V of Y containing f(x) and having o109-connected complement, there exists a T172-
open set U of X containing x such that f(U) C V. A function f : (X, 71,7) — (Y,01,02) is said to be
s-(71, T2)-continuous if f has this property at each point x of X.

Lemma 3. [14] Fora function f : (X, 11, 7m2) — (Y, 01, 02), the following properties are equivalent:
(1) fis s-(11, T2)-continuous;
(2) V) is Tym-open in X for every o109-open set V of Y having o1 09-connected complement;
(3) f7YK) is Tyma-closed in X for every oyo9-connected oy0a-closed set K of Y;
(4) Tm-CI(f~Y(B)) C f~(0102-Cl(B)) for every subset B of Y having the o1 7-connected oy oa-closure;
(5) f~Y(o109-Int(B)) C 1i7o-Int(f~1(B)) for every subset B of Y such that Y — oy09-Int(B) is o102-

connected.

Theorem 5. If f : (X, 71, 72) — (Y, 01, 02) is weakly s-(71, T2)-continuous and satisfies f =1 (o109-CI(V')) C

f7Y(V) for every o109-open set V of Y having oy 02-connected complement, then f is s-(1, 72)-continuous.

Proof. Let V be any o102-open set of Y having o102-connected complement. Since f is weakly s-(71, 72)-

continuous, by Theorem 1 we have

ffl(V) - TlTQ-Int(fil(0'102-C1(V))) - Tng-Int(ffl(V))
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and hence f~}(V)is 7y Tp-open in X. By Lemma 3, f is s-(7, 72)-continuous. O
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