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AsstracT. In this paper, the local fractional variational iteration method (LFVIM) is first proposed in order
to solve linear and nonlinear partial differential equations (PDEs) with local fractional derivative operators
(LFDOs). Some examples are given to illustrate that this method provides us with a convenient way to
find non-differentiable solutions to local fractional differential equations.
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1. INTRODUCTION

Many problems of physics and engineering are expressed by ODEs and PDEs, which are termed
boundary value problems. We can mention, for example, the wave, the diffusion, the Laplace, the Klein
Gordon, the Schrodinger, the Advection, the Burgers, the Boussinesq, and the Fisher equations, and
others [1,2].

The history of research on PDEs goes back to the 18th century in the work of Euler, Alembert,
Lagrange and Laplace as a central tool in the descripton of mechanics of continua and more generally,
as the principal mode of analytical study of models in the physical science. The analysis of physical
models has remaned to the present day one of the fundamntal concerns of the development of PDEs.
Beginning in the middle of the 19th century, particularly with the work of Riemann, PDEs also became
an esential tool in other branches of mathematics [4,5].

Nowadays, PDEs have become a suitable tool for descrbing the natural phenomena of science and

enginering models. Most of the phenomena arising in mathematcal physics and engineering fields

DOI: 10.28924/APJM/12-4

©2025 Asia Pacific Journal of Mathematics


https://doi.org/10.28924/APJM/12-4

Asia Pac. ]J. Math. 2025 12:4 2of 16

can be expresed by PDEs. Many engineering applications are simulated mathmatically as PDEs with
initial and boundary conditions. Most physical phenomena of fluid dynamics, gravitation, chemical
reaction, dispersion, nonlinear optics, plasma physics, quntum mechanics, and many other models are
controlled within their domain of valdity by PDEs. Therefore, it becomes increasingly imporant to be
familiar with all tradtional and recently developed methods for solving partial differential equations
and the implemenations of these methods [4,5].

The variational iteration method (VIM) was first proposed by He [6—10] who was succesfully applied
to autonmous ODEs [9], to nonlinear PDEs with variable coefficients [10], Schrodinger-KdV, gener-
alized KdV and shallowwater equations [11], nonlinear evolution equations [ 12], nonlinear systems
of partial differential equations [12], nonlinear heat transfer equations [13], Burger’s and coupled
Burger’sequations [ 14], the epidemic model and the prey and predtor problem [15], linear Helmholtz
equation [16] and recently to nonlinear fractional differential equations with Caputodifferential deriva-
tive [17], and other fields, [18,19].

The local fractional VIM [20-28] was utilized to solve the PDEs on Cantor sets such as, wave [20],
Helmbholtz [21], Laplace [22], diffusion [23], and Fokker-Planck [24] equations.

Recently, there are manyanalytical and numercal methods used to solve PDEs on Cantor sets such as,
Adomian decomposition method [2,20,31,32], series expansion method [31,33], Fourier series method
[34,35], Laplace transform method [36], Picard successive approximation method [37], homotopy
perturbation method [38, 39], similarity solution [40], reduce differential transform method [41],
differential transform method [42,42,44], Laplace decomposition method [45,46], and another methods
[47-69] involving the local fractional operators.

In this chapter, the LFVIM is first proposed in order to solve PDEs that arising in mathematical
physics, nolinear gasdynamic equation, two-dimensional diffusion model in fractal heattransfer and

system of coupled Korteweg-de Vries Equations involving LFDOs.

2. AnAvrysis oF THE LocaL FractionaL VIM

To illustrate the basic concept of the local fractional variational Iteration method, we consider the

following general local fractional partial differential equation:

Lﬁw(nu K“) + RN/JO% H) + Nﬂw(na ’k‘;) = A(T/v ’%)7 0<9d <1 (21)

m

S0 denotes the linear local fractional differential operator, Ry is the remaining linear
Ui

local fractional operators, Ny denotes nonlinear local fractional operators and A(7, ) is a source term.

where Ly =

The local fractional variational iteration algorithm for (2.1) is defined by [20-23,28]:

1) = )+ g [ 7 (L0l + o) + Nowal) - 4O} (@0)". (22)
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where o is a fractal Lagrange multiplier.

Making use of (2.2), the iteration formula can be reformulates as follows:

9 U 519 K i i 9
() = 80 0) + gy | 7 {Eotnl) + Roha() + Noth(©) = M©) } (@), 23)

which leads to

()™ ly=g = 0, 1+ (=)™ o™ V() |,—¢= 0,
I (1) |yme=0, 5 =0,1,...,m —2. (24)

where 6’9% denotes a restricted local fractional variation, that is, 519% = 0.

Therefore, following (2.4) we have the fractal Lagrange multiplier, which can be identified as follows:
-1 (m—1) § _ )(m=1)¢
i — EDE b
L(1+ (m—1)9)

In view of (2.2) and (2.5), the local fractional variational iteration algorithm can be written as follows:

Ynt1(n) = Pn(n) + F(11+19) X

7 (=)D (g — ) D)
/0 L1+ (m—1)v)

for n > 0 the successive approximations ,11(7, ) of the solution (7, x) can be given by using any

(2.5)

(2.6)

)
{Lotn (&) + Rovn (&) + Notbn(€) — A(E)} (d€)?,

selective local fractional function (7, ).

Consequently, we can obtain the solution in the following form:

¢(777 K’) = nignoo T/}m(n, /{) (27)

3. ArrrLicaTiONSs OF LEVIM 1O PaRTIAL DIFFERENTIAL EQUATIONS THAT ARISING IN MATHEMATICAL PHYSICS

Example 3.1. . Let us start with local fractional Laplace equation given in the following form:

?"p(n.k) | 0*"¢(n, k)

K29 + on2? =0, (3.1)
and subject to the fractal value conditions
¥(n,0) = —Ey(n”),
9"¢(n,0)
o 0, (3.2)

Following (2.6), we arrive at the iteration relation given by

1 =R [07Pa(n,E) | 0*a(n,§)
1+19)/0 r(1+19){ o6 T o0 }(dé)ﬁ- (3:3)

Ynt1 (77’ “) = ¢n(7’7 "5) + F(

From(3.2) we take the initial value, which reads as

Po(n, k) = —Eg(n”). (34)
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Hence, we can derive the fisrt approximation term as

1 " (g - H)ﬂ 82191/} (7775) 8219¢ (7775)
1 +19)/0 T(1+9) { agw + 03279 }(df)ﬂ

¢1(77’ "{) = 71’0(7% K) + F(
29
_ 9| "f
= Eolr) [ 1+F(1+219] !
In the same manner, the second approximation is given by
1 /:"ﬂ (§ - H)ﬂ 82191/)1 (777 é.) 8219’(/}1 (777 é.) (dé-)ﬂ
1+9) J, T(1+9) o2 on*
(20 (A0
1+20 r(1+419} ‘

Yo(n, k) = ¢1(n’ﬁ)+r(

= Ey(n”)|-1
The third approximation can be calculated in the similar way, which is

1 =R [0%e(n, &) 0%iha(n, &) 9
1+ 9) /0 T(1+9) { o620 T o } (dS)
299 49 69 :|

1/}3("7"‘{) = ¢2(7]a’f)+r(

K o K + K
(1+29 T(1+49 T(1+6V

= Ey(n") [1 tr

Finally, we can obtain the local fractional series solution as follows:

p=0

n 1209
b(n, k) = —Ey(n’) {Z(l)pr(l_:?pﬁ)] : (3:5)

Thus, the expression of the final solution is given by

Y(n, k) = %i_I}HOOK/’m(nv“)
= Ey(n’) {i(”pr(lif%]
p=0
= —Ey(n’)cosy(n’). (3.6)

Example 3.2. [20]. Let us consider wave equation within local fractional operators:

62 "/}(7% H) 772 62 1?(%’*)
— = < .7
81%279 F(] 2 9) 977219 0,0 < I 1 (3 )

is presented and its initial valuses are defined as follows:

n?’  9%y(n,0)

Using (2.6), we have the iterative formula:
1
Y1 (1, £) = PYn(n, 5) + m X (3.9)

FE—r)Y [0%a(n,€) n? 0% (n,€) 9
= s

T'(1+9) 9¢2 T(1+20) on*
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From (3.8)we take the initial value, which reads as

29

¢0(777/€) = F( 1

TEESTIR (3.10)

Hence, we can derive the fisrt approximation term as

wl(nvﬁ) = wO(naﬁ)—*_;X

T(1+9)
F(E=r) [0%4o(n,§) n?? 9%io(n, €) 9
/ { } ()

(1 +9) g2 T(1+29) oan?

29

n K:M
= — 14—,
I(1+20) [ r(1+219]

The second approximation can be calculated in the similar way, which is
GalnR) = i)+ e X

" (E—w)" [*(n.€) 720 9% (n, &)
/o (1 +9) { 9¢2  T(1+29) on* }(d@ﬂ

o n 14 K n K
- T(1+29) (1429 T(1+49

29 29 49 :|

Proceeding in this manner, we get the third approximation as

1/13(777 FJ) = w2<7];/i) + 1_‘(11_’_19) X
FE—R)Y [0%ha(n,€) n?  0%hy(n, €) 9
/ { } (d¢)

(1+9) g2 T(1+29) an¥

n219 5219 ,{419 5619 ]
)

— 1
(1 1 29) [ T2 TTU 40 T Tt 60

and so on. Therefore, the expression of the final solution is given by

w(nv H) = lim wm(nv /{)

m—00

_ n219 i K200
T(1+20) | T(1+ 2p0)

n*’ 9
= mcoshﬁ(ﬁl ) (3.11)

Example 3.3. . We present the following local fractional inhomogeneous Helmholtz equation:

0*o(n, k) 0 o(n, k) KV
D20 oy PR = T

Es(n”), 0<9 <1 (3.12)
with the initial value conditions as follows:

©(n,0) = Ey(—n"),
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Making use of (2.6), we structure the local fractional variational iteration algorithm as follows:

ont1(n, k) = on(n, k) + N (3.13)
"(€—R)" [0 on(n,E) | 0%pn(n,€) ¢’ 9 9
/0 r(1+19){ gty o8~ pr g Bl )}(d@ :
where the initial value is presented as
LN 3.4
wo(n, k) = m 9(=1"). (3.14)

In view of (3.13) and (3.14), we obtain the following approximations:

e1(n, k) = o(n, k) + F(ll_{_ﬁ) X (3.15)

/"C (& —r)’ {5219(!?0(7775) n 0% o (n, €) &’

o T'(1+9) g on?’ T(1+9)

_ o 1 5 (€ — K)? ?

- T +9) Ey(—n") + I'1+9) /0 I'(1+9) {r(l 9 Eﬁ(nﬁ)} (d¢)”
P 30

T T1+9) Ey(—n") - T(1 + 30)

+¢o(n, &) — Eﬁmﬂ)} (d¢)?

Ey(—"),
9 30

= Eﬁ(—nﬁ) |:I-\(1 + 1) N 1+ 319):| ’

The second approximation is

1

p2(n, k) = @1(n,K) + T1+0) X
K PAY Y, 8219 , 8219 7 9
| { i o s .6 - g B | @)
) 9 130
= Bo(=n") {F(l +9) r(1+3q9)] *
1 " (E-r) 26% 9 9
oy T o |
B 9 5 130 ) 957 )
= F(1+Q9)Eﬂ(*n ) — mﬂ?(*ﬁ )erEﬂ(*?? )
9 30 59
B 9 K K 2K
= Bo(=n") [F(l T0) T+30) Ta+ 519)] '
The second approximation is
p3(n, k) = pa(n, k) + F(ll—f—ﬁ) X
K EPAY; 8219 7 8219 7 9
| { e e s ) - g o)} @)
9 130 9,59

= Ey(-n") {F(l +9) T(1+39) * I'(1+59) *
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1 )/0'{ (& —r)? { 4557 Eﬁ(—nﬁ)} (dg)?

T(1+9) )y T(1+0) \T(1+50)
Klﬂ Ii319 2K/5’L9
= L By - =L Ey(-n?) + —_Ey(—n?) —
ta70) ") = T e PO ra s )
41,{,719
Y Eo(—p?
T 79y o)

9 /{19 /{319 21%519 41%719
= Ey(—1") - + - :
T(1+9) T(1+39) T(1+59) TI(1+79)
and so on.
Hence, we have the local fractional series solution of (3.13):
14 39 2%519 4,{719

K KR

ealn.r) = Ey(=") [m T0) T(1+30) T(+59) T(1+79)

1 KV 1 n 2iI{(2i+1)19
- Bo(—m") |2 4 = 1
il ")[2r(1+19)+2§( S rar @it

From (2.7), we get the exact solution of (3.13) given as

p(n, k) = lm on(n,x)
1 KV 1< ) Qiﬁ(2i+l)19
= lim | Ey(—n") |2t = > (=1)
ninéo< o (=n") 2F(1+19)+2i:0( )F(1+(2i+1)19
1 o

— Eﬁ(—nﬁ) [QM + ;sin§(2m’9)] )

(3.16)

4. ApprLicATIONS OF VIM FOR SoLvING NONLINEAR Gas Dynamic EQuatioN wiTH LocaL FRacTIONAL

OPERATORS

Example 4.1. Let us consider the following nonlinear gas dynamics equation involving local fractional derivative

operators:

8% po(n, k) | 19°¢*(n, k)
OkY 2 oY

with the initial value conditions as follows:

+ @2, k) —p(n, k) =0,0 <9 <1

©(1,0) = Ey(—n").

By using (2.6), we have the local fractional iteration procedure as:

Ont1(n, k) = on(n, k) — 1_‘(11_’_19)
“[Penn ) 107G | ,

From (4.2) we take the initial value, which reads as

wo(n, k) = Ey(—n").

(4.1)

(4.2)

(4.3)

(4.4)
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In view of (4.3) and (4.4), we obtain the following approximations:

1
(=)

K 819 ’6 1619 ’5
/0{ szg)ég )+2 f«?(g )+S0(2)(777§)_§0n(77’§)}(d§)79

ei1(n, k) = o(n, k) —

= Ey(—n") [1+ w ]

ra+9
pa(n, k) = <,01(77,/£)—F(11+19)
K 9 9
/0 {a Soalg(g’guéa 8(3 8) @?(n,é)—wl(n,f)}(dg)ﬂ

9 P 29

o) [14 s+ g |
b
(1+19)

i o2

p3(n, k) = @2(,K) -

— 0 K K K

= Ey( n)[1+F(1+19+F(1+219+F(1+319 :
1

L(1+9)

r 8’9 € 1619 2 &

Cl 29 39 :|

pa(n, k) = ¢3(n, k) —

= Ey(-n F1+9 TA+29 T(A+30 TA+49)°

9 29 309 49 :|

1
L(1+9)

9 2
/0 {8 %aglﬁ(n 13 +% % ,9( +on1(n,6) — son_l(mé)} (dg)”

en(0,5) = @n1(n, k) —

= Ey(—n") |14 s + o +— I
P(1+9  T(1+20 T(1+39 Tt nd)’

9 29 39 o :|

Consequently, the analytical solution is given by

p(n,k) = lm on(n, k)

= Bole? =) (4.5)
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5. LFVIM ror 2D DirrusioN ProBLEM IN FrRacTAL HEAT TRANSFER

The two-dimensional diffusion model in fractal heat transfer involving local fractional derivatives

was presented as :

L 8791/](7717 2, ’i)

D7 =0, (5.1)

V2 (m1, 2, K) —

subject to the initial and boundary conditions

Y(m,n2,0) = f(m,m2),
17[}(07 2, K) = 7/)(@, 2, ’%) = 91(7]2a "Q)’ (52)

¢(7717 0, ’Vi) = w(nla b7 ’%) = 92(7717 K:)a

where the local fractional Laplace operator reads as (see [26])

8219 6219
v 29

= =, (5.3)
877%19 877%19

and DY denotes the fractal diffusion constant which is, in essence, a measure for the efficiency of the
spreading of the underlying substance.
According to the theory of local fractional variational iteration method in chapter IV, we write the

iteration formula of (5.1) as follows:

Y1 (M1, M2, £) = Y (M1, m2, K) + (5.4)
1 " /719 8197%(7717772,5) 929 7 9
F(1—|—19) /0 1—\(1_|_19) |: 8519 —D"v %(Thﬂh,ﬁ) (dé) )
P
where Ta+0) is a fractal Lagrange multiplier.

Taking local fractional variation of (5.4), we present

5ﬂwn+l (7717 n2, K) — 5197/%(771, 2, "{) + (55)

§” S O (m, 2, €) 920 9
F(1+19)/0 F(1+19) [ 689 - D"v %(771,77275) (df) )

The extremum conditions of 1,1 (71, 12, k) requires that 8%ni1(n1,m2, k) = 0.

This yields the stationary conditions:

0

Y ~y (9)
1+ m ’n:’f: 0, (1_‘(1_’_19)> (n) |n:§: 0, (5.6)

where 60% denotes a restricted local fractional variation, that is, 679;/); =0.
This in turn presents Lagrange multiplier:
9

A
I (5.7)
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Substituting (5.7) into (5.4), we obtain the iteration formula as:

Vnr1(m1,m2, &) = Yn(n1,m2, k) — (5.8)

1 " 319%(7717772,5) 920 9
r(1+19)/0 [ 9Ev — DUV 4 (1,12, €) | (dE)",

for n > 0 the successive approximations t,,41(11, 72, k) of the solution (11, 72, ) can be given by using
any selective local fractional function ug (71, 72, K).

We now consider the initial condition of (5.2), namely

$(n1,m2,0) = Eg(n) Eg(13). (5.9)

Starting with the zeroth approximation:

Yo(n1,m2, ) = Eg(n) ) Eg(n3). (5.10)

Substituting (5.10) in (5.8) we obtain the following successive approximations

1/]1(7717772)H) - 1/}0(77177727’{') -

1 1% (1,12, €) 9 o209 0
11(1+19>/0 [W_D v?2 100(771,772,5)} (d€)

9,9
= By(n))Es(n3) [1 + M] )

Yo(n,m2, k) = Y1(n,n2, k) —

1 ~ 1% (1, m2, €) 920 9
F(1+19)/0 [W_D v 1/J1(77177727§)} (d€)

2D19R19 22D279I€279
Ti+0) r(1+219)] !

= Ey(n})Eg(n3) [1 +

1?3(771#727/‘5) = 1/}2(77177727’%)_
1 " T0%a(n1,m2,€) 9 20 9
F(1+19)/0 [ 9€7 - Dv %(Wlﬂ)%f)] (d€)

2D19I€79 22D219f£219 23D319K319 :|

= By(n) Eo(np) [1 TTaxe) TTat29) T T +39)

1/’71(77177727/‘5) - 1/}71—107177727/{’) -

1 T 101 (1, 12,6) 2w 9
F(1+19)/0 [ ae? - D'v? wn—l(mﬂ]mf)} (d¢)

2D19H19 22D219H219 2nDn19,€n19
Ti+9) T(+2o) 7 F(l—i—m&‘)} '

— By(n))Eo(nd) [1 T

Hence, we estimate the analytical solution for the two-dimensional diffusion problem (5.1) in fractal

heat transfer

P(n1,m2, k) = Eg(n})Eg(n3) Eg(2D"k"). (5.11)
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6. ApPPLICATIONS OF VIM FOR SysTEM OF cOUPLED KORTEWEG-DE VRIES EQuaTiONSs wiTH LocaL FrRacTIONAL

OPERATORS

Example 6.1. . Let us consider the following nonlinear coupled KdV equations involving local fractional

derivative operator:

% p(n, % o(n, % p(n, 9% p(n,
o) 4 SR kot ) T 2,0 T 5 o (61)
"y, k) 0¥ (n, k) 8"y (n, k) 8"y (n, k)
Bt 200 R) g 5+ 200, K) 5 5 = 0, (62)
with initial values
p(n,0) = Ey(—n"), (6.3)
¥(n,0) = —Eg(—n"). (6:4)

To solve the system of equations (6.1) and (6.2) by means of the local fractional variational iteration

method, we construct the following correction functionals:

1

pnt1(n k) = @n(n, k) - Ta19) (6.5)
[ G+ G von 2 o, B2 ey,
Una(K) = ) = Frrg (66)
/0 H {a;i" + a;:;@“ + 20— 8%" +2¢ a; 1@”} (dg)".
From (6.3) and (6.4), we take the initial value, which reads as
po(n, k) = Eg(—n"), (6.7)
po(n,k) = —Eg(-n"). (6:8)
From (6.5)-(6.8), we obtain the following approximations:
e1(n,5) = woln, k) — F(llﬂg) /H {8;590 + 8;’:;20 +2 oaa o +2¢oa 900} (d¢)”
i) = o) — s [ T o B 20 T (e

= Eo(=n") [1 + F(liﬂ]

' } (dg)”

3”9@1 3901 1 d%p
902(777’%) = ¥ (777 / { 8/4519 a 39 +2¢1 87719 + 2¢ on?
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1 FO%y 93y 8% 8" 9
= . 2¢p d
walnr) = 10 = g | G+ G B+ 201 gt )
9 20
_ E _ 9 1 K K
o(= )[ +r(1+19+r(1+2q9}’
) 9 (20
= —F 1
o ”)[ Ta +0+r(1+219]’
2 8319@2 9% s 9% 9
= 2 2
@3(n, k) p2(n, k) — 1+19 {aﬁﬁ o0 T2 gt Yo o (d¢)
9"y 33191#2 3191#2 R
) = ) = g Gt G+ M + 2 }(d@
;20 309
— Eo(— 9 1 /i K
i 77)[ Tt T (1+219 (1 +319]’
209 39
— _m (1 o K K
o(= )[ TTaro T2 T30
(%) = fnrlnr) = ———
©n\1, = ©n-1\1, kK I—\(l _1_19)
" 819@71—1 63199071—1 aﬂ()on—l 8198071
20n— 2y,
/0 { or? T appr Pl g T v o’ }(dg)
1
¢n(777’f) = %Z)n—l(n,/i)—m
F 01 0%y %1 %1 9
24— 20p,— .
/0 { 8/‘4779 + 877379 + @Z} 1 8?719 + Pn—1 (97’]19 }(dg)
9 20 309 no
N K K K R
o(= )[ "raretrarw traxse T T ra )
9 20 39 no
9 K K K R
= —Eo(=) [1+F(1—|—19+F(1+219+I‘(1+319+ +r(1+m<}]'
Therefore, the series solutions can be written in the form
0 20 39 nd
N K K K N K
(1, ) i 77)[ Traxe Tt Tta+s T T Ta L)
%) 219 3 nd
— _Ey(—") |1 r il R oy
¥, ) i ’7)[ Ao T T2 TTa+s0 T T nd)
and finally in its closed form gives
onk) = By’ —n") (6.9)
Y(nk) = —Eg(s’ =) (6.10)
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