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1. INTRODUCTION

In this paper, we give some existence results for functional differential equations with delay and

random effects, we study the following systems

;

(1)
, 0 € [—r,0]

)
W), 0 € [-r,0].

where f,g : J x C([-r,0] x Q,X) x C([-r,0] x ,X) x Q = X, (Q, A) is a measurable space, A; :
Q2 x X — X,i=1,2 are random operators, ¢,y are two random maps and X is a separable Banach
space.
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For any function = defined on [—r,T] x Q and any ¢ € J we denote by z;(.,w) the element of C'([—r, 0] x
2, X) defined by
(0, w) = z(t + 0,w), 0 € [-r,0].

Here z;(.,w) represents the history of the state from time ¢t — 7, up to the present time ¢.

Functional differential equations arise in a variety of areas of biological, physical, and engineering
applications, and such equations have received much attention in recent years. An important guide to
investigations of functional differential equations of various types, see the books of Kolmanovskii and
Myshkis [6] and the references therein.

Probabilistic functional analysis is an important to research due to its applications to probabilistic
models. Random operator theory is needed for the study of random equations. The problem of fixed
points for random mappings was initialed by the Prague school of probabilities. Several well-known
fixed point theorems of single-valued mappings such as Banach’s and Schauder’s have been extended
in generalized Banach spaces; see [5]. Some new fixed point theorems for single-valued operators
on a set with two vectors-valued metric and a generalization of the Banach contraction principle for
operators see for examples [9].

In recent years, much literature has dealt with the existence, uniqueness, and multiplicity of solutions
to systems of difference equations [1,3] and the references therein.

This paper is organized as follows: In Section 2, we introduce the material needed in this paper
such as generalized metric space, some fixed point theorems and preliminary facts which will be used
and some random fixed point theorems. In Section 3, we shall use a random version of the Perov
type theorem for the study of the semilinear initial value problems of random functional differential

equations. In Section 4, we present an illustrative and comparative example.

2. PRELIMINARIES

In this section, we introduce notations, definitions, and preliminary facts which are used throughout
this paper. Let (X, |.||) be a Banach space.

C([—r,T] x ©, X) is the Banach space of all continuous functions from [—r, 7] x  into X with the
norm

|z]|oo = sup sup |z(t+ 6,w)].
te[0,T] 6€[—7,0]

Definition 2.1. A map N is said compact if the image is relatively compact. N is said completely continuous if

is continuous and the image of every bounded is relatively compact.

Definition 2.2. The map f : J x E x Q — X is called random Carathéodory if
(i) the map (t,w) — f(t,z,w) is jointly measurable for each x € E;

(ii) the map x — f(t,z,w) is continuous for all t € J and w € €.
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Definition 2.3. A Carathéodory function f : J x E x Q — X is called random L'-Carathéodory for each
q > 0, there exists hy € L'(.J,R") such that

1£(t,2)]| < he(t,w), ae. teJ

forall ||z|| < gandw € Q.

Definition 2.4. A square matrix of real numbers is said to be convergent to zero if and only if its spectral radius
p(M) is strictly less than 1. In other words, this means that all the eigenvalues of M are in the open unit disc i.e.

|A| < 1, for every A € C with det(M — A\I) = 0, where I denote the unit matrix of My, xn(R).

Theorem 2.5 ( [12], pages 12,88). Let M € M,,«n(Ry). The following assertions are equivalent:

(i) M is convergent towards zero;
(ii) M* — 0ask — oo;

(iii) The matrix (I — M) is nonsingular and
(I—M)y " =T+M+M+. . +M+. . |
(iv) The matrix (I — M) is nonsingular and (I — M)~! has nonnegative elements.

Definition 2.6. Let (X, d) be a generalized metric space. An operator N : X — X is said to be contractive if

there exists a convergent to zero matrix M such that
d(N(x),N(y)) < Md(x,y) forall z,y € X.

For n = 1 we recover the classical Banach'’s contraction fixed point result.

Definition 2.7. We say that a non-singular matrix A = (a;;)1<ij<n € Muxn(R) has the absolute value
property if

A4l < 1,
where

|A| = (laij|)1<ij<n € Muxn(Ry).

Some examples of matrices convergent to zero A € M,,«,(R), which also satisfies the property
(I —A)~YI—A|<Tare:
a 0

1) A= , where a,b € R, and max(a, b) < 1
0 b
a —c
2) A= ,wherea,b,ce Ry anda+b< 1, ¢c<1
0 b
a —a
3) A= ,where a,b,c € Ry and |[a —b| <1, a > 1,b > 0.
b —b
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Theorem 2.8. [3] Let (X, d) be a complete generalized metric space and N : X — X a contractive operator

with Lipschitz matrix M. Then N has a unique fixed point x, and for each xo € X we have
d(N*(zq),z4) < M*(I — M) d(z, N(x0)) forall k € N.

Theorem 2.9. [11] Let (2, F) be a measurable space, X be a real separable generalized Banach space and
F:Qx X — X bea continuous random operator, and let M (w) € My, xn(R4) be a random variable matric

such that for every w € ) the matrix, M (w) converge to 0 and
d(F(w,x1), F(w,z2)) < M(w)d(z1,x2) for each 1,22 € X, w € Q.
then there exists any random variable x : Q@ — X which is the unique random fixed point of F.

Theorem 2.10. [11] Let X be a separable generalized Banach space and let F' : Q x X — X be a completely
continuous random operator. Then, either
(i) the random equation F'(w,x) = x has a random solution, i.e., there is a measurable function x : Q@ — X
such that F(w, z(w)) = z(w) forall w € Q, or
(ii) the set M = {x : Q — X is measurable|]\(w)F(w,x) = x} is unbounded for some measurable

A Q= Xwith) < MNw) < 1on Q.

Theorem 2.11. (Carathéodory) [11] Let X be a separable metric space and G : Q@ x X — X be a mapping such
that G(., x) is measurable for all € X and G(w, .) is continuous for all w € . Then the map (w,z) — G(w, x)

is jointly measurable.
As consequence of above theorem we can easily prove the following result.

Lemma 2.12. [11] Let X be a separable generalized metric space and G : @ x X — X be a mapping such that
G(., ) is measurable for all x € X and G(w, .) is continuous for all w € . Then the map (w,z) — G(w, x) is

jointly measurable.

Proposition 2.13. [/] Let X be a separable Banach space, and D be a dense linear subspace of X. Let
L :Q x D — X bea closed linear random operator such that, for each w € ), L(w) is one to one and onto. Then

the operator R : w x X — X defined by R(w)r = L~ (w)x is random.

3. EXISTENCE AND UNIQUENESS OF RANDOM SOLUTIONS

In this section, we establish the existence, uniqueness, and compactness of solutions set of random

functional differential equations (1).

Set C := C([-r,0l x Q,X) and C := C([-r,T] x Q, X).
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Definition 3.1. We say that a function x : [—r, T|xQ — X isamild solution of problem (1) if (x(t,w), y(t,w)) =
(p(t,w),Y(t,w)), t € [-r,0] and

z(t,w) = S1(w, t)e(0,w) / Si(w,t —s)f(s,zs(.yw), ys(.,w),w)ds, teJ
y(t,w) = Sa(w, t)y / So(w,t —5)g(s,zs(-,w),ys(., w),w)ds, teJ.

where {S1(w, t) }+>0, {S2(w, t) }+>0 are random Coy-semigroups of bounded linear operators on X with infini-

tesimal generators Aj, Ag, respectively and w € €.

There exist random variables M, My : @ — (0; +00) such that ||S;(w, t)|| < M;(w) for eachi = 1,2

and w € Q.

Theorem 3.2. f,g : J x C, x C, x Q — X are two Carathéodory functions. Assume that the following

condition hold:

(Hy) There exist py,p2, p3, pa : Q — L'(J,Ry) are random variable such that

| f(t 2y, w) — f(t,2,7,w)]| <pr(w)|z — 2] + p2(w)ly — Y|
and
lg(t, z,y,w) — g(t, 2,7, w)|| < p3(w)llz — | + pa(w)lly — yll,

foreacht € J, x,y,z,y € Crand w € ).

If M (w) converges to 0, then the problem (1) has a unique random solution.

Proof: Consider the operator N : C x C x Q — C x C, (z,y,w) = (Li(z,y,w), La2(x, y,w))

where
o(t,w), te[—r0]
Li(z(t,w),y(t,w),w) = S1(w, t)e(0,w)
/ Si(w,t —8)f(s,zs(.,w),ys(,w),w)ds, teJ
and
P(w,t), te[—r0]
Lo(z(t,w), y(t,w),w) = { S2(w, t)1(0,w)

/ So(w,t — 8)g(s,zs(.,w),ys(.,w),w)ds, te.
First we show that NV is a random operator on C x C' x Q. Since f and g are Carathéodory functions,
then w — f(t,z,y,w) and w — g¢(t,z,y,w) are measurable maps in view of lemma 2.12. By the

Crandall-Liggett formula, we have
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n—oo

‘$@j):1m41—%Am@y%L i=1,2,

From Proposition 2.13, we know thatw — (I — £ A;(w)) "« are measurable operators, thus w — S;(w, t)
are measurable. Using the continuity properties of the semigroups Si(w,t), S2(w, t), we get

w— S1(w, )e(0,w), (s,w) = Si(w,t —s)f(s,zs(.,w), ys(.,w),w)
and

w— So(w, )Y(0,w), (s,w) = Sa(w,t — s)g(s, zs(.,w), ys(.,w),w)
are measurable. Further, the integral is a limit of a finite sum of measurable functions, therefore, the
maps

w = Ly (z(t, ), y(t,w),w), w—= La(x(t,w),y(t,w),w)

are measurable. As a result, NV is a random operatoron N : C x C' x Qinto C x C.

We show that N satisfies all the conditions of Theorem 2.9 on C x C x Q.
Let (z,y), (z,y) € C x C then

L1 (2(t,w), y(t w), w) — La(2(t,w), y(t, w), w)|| =

| /0 Si(w,t = 8)(f(s,25(;, ), ys (5 w), w) = [, 75 w), s (-, w), w) ) ds||

IN

/0||51(wat—S)llllf(Saxs(-aW),ys(wu)),W)—f(Safs(-»w%ﬂs(-aw)M)lldS
< Ml(w)/opl(s,w)HxS(.,w)—55(.,w)\|ds

My (w) /0 Pa(5,0)llys( w) — T )l ds

Then
- Mq(w - .
La(e..0) - LaETe)ln < ) (e Fy o+~ dilm)
where
t
Wszmem,K@MZ/pm@mszwmwmm
teJ 0
and
1=4
plt,w) =Y pilt,w)
=1
Similarly, we obtains
Ms(w)

1L2(z,y,w) = La(@, g, 0)lm = ——— (lz = Zlm + lly — yll)-
Hence

do(N(:c,y,w), N(%a §7w)) < M(w)dﬂ((‘ra y)v (';Ev@)



Asia Pac. J. Math. 2025 12:40 7 of 13

where
Mi(w) Mi(w)
M(w) - Mr(w) Ma(w)
and

do(z,y) = ”f— %HH .
1z — yllu

M (w)+Ma(w)

It is clear that the spectral p(M (w)) = < 1, then the matrix M (w) has converge to 0. From

theorem 2.9 there exists unique random solution of problem (1). We denote by (x(t,w), y(t,w)) the

mild solution of (1).

Lemma 3.3. (Grénwall-Bihari) [2] Let I = [a,b] and let u,g : I — R be positive continuous functions.

Assume there exist ¢ > 0 and a continuous nondecreasing function h : [0, 00) — (0, +00) such that

u(t) <c +/ g(s)h(u(s))ds, Vtel.

Then

provided
oo g b
[ > oo
C a

where H ™~ refers to inverse of the function H(u) = [ % foru > c.

We consider the following set of hypotheses in what follows:

(H2) The functions f and g are random Carathéodory on [0,T] x C, x C; x €.
(H3) There exist a measurable and bounded functions v1,v2 : © — L'([0,T],R,) and a continuous

and nondecreasing function 1,2 : Ry — (0, 00) such that
£t 2,y )| < ntw)r(llzll + [yl gt 2,y w)l| < v2(t, w)va(lll| + [lyl)
forallw e Q,t € [0,7] and z,y € C,.
(Hy4) Ay, A are the generators of a strongly continuous semigroup 51 (w, t), S2(w, t) respectively for
t € J and w € © which are compact for ¢ > 0 in the Banach space X.

Now, we give prove of the existence result of problem (1) by using Schaefer’s random fixed point

theorem type in generalized Banach space.

Theorem 3.4. Assume that the hypotheses (Hs), (H3) and (H4) hold. If

r * du
/0 ¢(va)d5 < /C m fOi’ allw € Q,

where

¢ = My(w)[[¢(0, W) + Ma(w)[[$(0, )|, ¢ = max{ My (w)y1, Ma(w)y2} and I' = i1 + 1.
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Then the problem (1) has a random solution.
moreover the set

S ={(x,y) € C x C: (xy) is solution of the problem (1) }

is compact.

Proof: Let N : C' x C' x Q — C' x C' a random operator defined in Theorem 3.2.
Clearly, the random fixe point of N are solutions to (1), where N is defined in Theorem 3.2. In order to
apply Theorem 2.10 , we first show that N is completely continuous. The proof will be given in several

steps.
Step 1: N(.,.,w) = (L1(.,.,w), La(., .,w) is continuous.
Let (2, yn) be a sequence such that (z,,y,) — (z,y) in C x C as n — oo. Then

HLl(mn(tv OJ), yn(ta w)aw) - Ll(x(t7w)a y(t7w)a w)”

< Ml(w)/o 1 (s ns(-;w), Yns (-, w),w) = f(s,2s(-, w), ys (-, w), w)|ds
and so
HLl(J:n(‘aw)vyn(’aw)vw) - Ll(x(‘vw)ay(’ﬂw)vw)”%
T
< Ml(w)/o 1 (8, s (), Yns (-, w), w) = f(s,@s(,w), ys (-, w), w)|ds.

Since f is an L!-Carathéodory function, we have by the Lebesgue dominated convergence theorem,

we have

1L (@ (), Yn (), ) = La(@( ), 4o 0), @)l — 0 @ 1 — oo
Similarly

1L (), yn (), ) — L@l w), 4o ), @)l — 0 as n — oo.

Thus N is continuous.

Step 2: N maps bounded sets into bounded sets in C' x C'. Indeed, it is enough to show that for any ¢ > 0
there exists a positive constant K such that foreach (z,y) € B, = {(z,y) € CxC : ||z|loo < ¢, ||[Ylloo < ¢},
we have

HN(xvy7w)Hoo < K = (K17K2)-

Then for each t € [0, T, we get

HLl(a:(t,w),y(t,w),w)H = ng(ovw)sl(wvt)"i_/(;Sl(w7t_S)f(svxs('vw)7yS('vw)7w)d$H

AN
£
<
\.D
£
+
h
=
)
&
*
£
<
*
£
£
=
&
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From (H3), we have

L1 (2 (., @),y (. w), w)lloo

IN

T
Mi(w) (g + 1(2) /0 (5, w)ds) = K.

Similarly, we have

T
[La(2(,w),y(,w),w)lleo < Mz(W)(q+¢2(2Q)/O N2(s,w)ds) := K.

Step 3: N maps bounded sets into equicontinuous sets of C' x C.
Let0 < 7,7 € J, 71 < 12 and B, be a bounded set of C' x C as in Step 2. Let (z,y) € B, then for

each t € J we have

[A(72) = h(m)[| < [[S1(w, 72) = Si(w, 72)[[[[¢(0, W)

i (20) /0 S — 8) = S1(w, 72 — ) (s, w)ds

+11(2q) /Tl_E |51 (w, 72 — 5) — S1(w, 71 — 8)||71(s,w)ds

T1

1 (29) / 181w, 72 — ) (s, w)ds,

T1

where
hi(7) = Li(w, z(73, w), y(Ti, w)), i =1,2.

The right-hand side tends to zero as 7 — 71 — 0, and e sufficiently small, since {Si(w,?)}+>0 is a

strongly continuous operator and the compactness of {S; (w, t) }+>o for t > 0 implies the continuity in

the uniform operator topology. By a similar way we can prove the equicontinuity for Ly(By x By).
As a consequence of Steps 2, 3 and the Arzeld -Ascoli theorem we can conclude that we conclude

that N maps B, into a precompact setin C' x C.

Step 4: (A priori bounds on solutions.)

Now, it remains to show that the set
S ={ (@.y) € Cx C: (2,y) = \w)N(2,y), \(w) € (0,1) }is bounded.

Let (z,y) € ¥. Then x = A(w)L1(z,y) and y = A\w)La(z,y) for some 0 < A\(w) < 1.
Thus, for ¢ € [0,T], we have

et )l < Ml(w)(HgD(O,w)II—I—/O 1f (8,25 ( w), ws(, w), w) | ds)

< Ml(w)(H@(OM)HJr/O (s, @) ([l (@)l + llys (5 w)ll))ds

and

ly@t, )| < Mz(UJ)(W(OM)IH/O 2(s,w)a (s (W)l + [lys (- w) ) ds.
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Therefore

(@)l + [ly(t, W)l < c+/0t¢(3,w)1“(Hxs(-,W)H+Hys(-7w)H)d8

By Lemma 3.3, we have

t
lz(t,w)|| + |Jy(t,w)|| < H_l(/o ¢(s)ds) := K., for each t € (0,77,

H(z):/:ra(lz).

H«THoo < K, and HyHoo < K..

where
Consequently

This shows that X is bounded. As a consequence of Theorem 2.10 we deduce that NV has at least one
fixed point which is a random mild solution of problem(1).
Step 5: It remains to show that the set S is compact.

Let the sequence (2, Yn)nen C S, then

¢

o(t,w), te [—r,0]
2n(t,Q) = Si1(w, 1)p(0,w)
/ S1(w,t — 8)f(s,Tps(yw), Yns(,w),w)ds, teJ

and
P(t,w), te [—r0]
Yn(t,w) = Sa(w, ) (0,w)
/ Sa(w,t —5)g(s, Tns(-,w), Yns(.,w),w)ds , teJ.

Let B = {(zp,yn) :neN} CC x C.
Then from earlier parts of the proof of this theorem, we conclude that B is bounded and equicontinuous.
Then from the Ascoli-Arzela theorem we can conclude that B is compact, then there exists a subsequence

(Inm)ynm) cS; (ﬂfnm’ynm) — (%y) as n,, — oo. Consider

p(t,w), te[—r0]
2(t,Q) =< Si(w, 1)¢(0,w)
/ Si(w,t — 8) (s, 25(., ), js(w),w)ds , teJ
and
P(tw), te[-r0]
jt,w) =3 S2(w, ’5 (0,w)
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then
|Tnm (t,w) — z(t,w)]| < Ml(w)/o 1 f (s, Zns(oyw), Yns (-, w),w) — f(s,2zs(.,w), js(.,w),w)||ds
and so
T
H:cnm(.,w)—z(.,w)Hoo < Ml(w>/() Hf(s,xns(.,w),yns(.,w),w)—f(s,zs(.,w),js(.,w),w)Hoods

Since f is an L!-Carathéodory function, we have by the Lebesgue dominated convergence theorem, we

have
|Znm (., w) — 2(.,w)|[]oo = 0 as n — oc.
Similarly
[y (- w) — 5 (., w)]loe — 0 as n — oco.
Thus
o(t,w), te [—r0]
2(t, Q) = { Si(w,)e(0,w)
/ Si(w,t —8)f(s,zs(.yw),ys(,w),w)ds, teJ
and
»(t,w), te [—r,0]
y(t,w) = SQ w t 0 CU)
/ So(w,t —8)g(s,zs(.,w),ys(.,w),w)ds, teJ,

4. AN EXAMPLE

Let © = R be equipped with the usual c— algebra consisting of Lebesgue measurable subsets of
(—00,0) and J := [0, 1].

Consider the following random differential equation system.

w2
#(tw) = w'elt W) + G o 1€
— 4 t2w?
Y (t,w) =wz(t,w) + B (523 (T 02 ()’ telJ @)
x(evw) - @(97("})7 NS [_T7 O]
y(eaw) = 1/’(9700)7 b€ [—7', 0]
here
tw?
f(taxayaw) - (2+w2>(1 +$2 +y2)
t2w?
g(t,x,y,w) = (2 +w2>(1 + T2 + y2)
and

Ay(w) = w?, Ay(w) =wh.
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Clearly, the map (t,w) — f(t,z,y,w) is jointly continuous for all z,y € [1, c0). The same for the map
g. Also the maps z — f(t,z,y,w) and y — f(t,z,y,w) are continuous for allt € J and w € Q.
Similarly for the maps corresponding to function g. Thus the functions f and g are Carathéodory on

J x [1,00) x [1,00) x Q. Firstly, we show that f and g are Lipschitz functions. Indeed, let z, y € R, then

‘f(thayaw) - f(t,.%, gaw)‘

’<2+w2><1+z2+y2> (2+e)(1+72+ )
_ ’th[(1+:¥2+@Q>—(1+w2+y2)}‘
I+ W)+ 22+ )1+ 22+ 5?)

tw? tw? ’

2

lw ~2 | ~2 2 2
= = oty —x —
A AP E T Y Y
2 2
< ol E| ey — .
(2 + w?) (2 4+ w?)
Then
A (w) = w?, Ao (w) = w?
and
- w? - w? -
||f(t,x,y,w) - f(t7x7y7w)||00 S m”w - xHOO + m”y - yHOO
Analogously for the function g, we get
- w? - w? -
lg(t, 2, y,w) — g(t, 2,7, w)||oo < m“ﬂf — Tl + m“y — Ylloo-
We take
w2

P1() = pa(e) = pol) = a) = 57 oy

4w?

=4
p(t,w) = ;pi(taw) = ma

Si(w,t) = e ", Sy(w, t) = e ", ||Si(w, )| < 1= M;(w),i=1,2forallw e Q,t e J

and
T > M (w) + Ma(w) = 2.
We have
1 (1 1
M(w) = -
T\1 1

It is clear that the spectral p(M(w)) = 2 < 1, then the matrix M (w) has converge to 0. Therefore, all the

conditions of Theorem 3.2 are satisfied. Hence the problem (2) has a unique random solution.
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