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Asstract. This work presents a comprehensive analysis of integral stability for impulsive dynamic equa-
tions on time scales using the comparison principle framework. We first establish a comparison theorem,
which provides a rigorous basis for comparing the behavior of the main complex system to that of a simpler
system of lower order known as the comparison system, whose qualitative properties are easier to ascertain.
Building on this result, we derive an integral stability theorem, offering sufficient conditions for integral
stability in terms of the properties of the comparison system. Our approach leverages the vector Lyapunov
functions and comparison equations to ensure the cumulative effect of impulses and system dynamics
remains bounded. The theoretical findings are validated through an illustrative example, demonstrating
the applicability of the proposed framework to systems with mixed continuous-discrete dynamics and

impulsive effects.
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1. INTRODUCTION

The study of dynamic equations on time scales has emerged as a unifying mathematical framework
that seamlessly integrates continuous and discrete dynamical systems ( [4,5,9]). This hybrid approach
is particularly valuable for modeling systems that exhibit both continuous evolution and discrete jumps,
such as population dynamics with harvesting, control systems with impulsive inputs, and neural
networks with instantaneous state changes. Impulsive dynamic equations, which incorporate sudden

perturbations or state jumps, are a natural extension of this framework and have garnered significant
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attention due to their ability to capture real-world phenomena with abrupt changes. Stability analysis
of such systems is of paramount importance, as it provides critical insights into the long-term behavior
and robustness of solutions under external disturbances.

Stability analysis of systems in both classical [28,29,32-34] and non-classical [31,35] systems has
occupied the interest of researchers in recent times due to its importance [20]. Stability concepts, such
as Lyapunov stability and asymptotic stability, have been extensively studied for both continuous and
discrete systems [7,8,12]. However, the presence of impulses introduces additional complexity, as these
sudden changes can drastically alter the system’s trajectory [11]. Furthermore, when such systems
are analyzed on time scales [ 13,14,17-19], the interplay between continuous and discrete dynamics
necessitates a more sophisticated approach to stability analysis. Integral stability, a generalization of
classical stability concepts, offers a robust framework for analyzing systems where the cumulative
effect of perturbations over time plays a critical role. This concept is particularly relevant for impulsive
systems, as it accounts for the aggregated impact of impulses and system dynamics, providing a more
comprehensive measure of stability than pointwise criteria.

In this work, we present a comprehensive study of integral stability for impulsive dynamic equations
on time scales using the comparison principle framework. The comparison principle is a powerful
tool in stability analysis, allowing us to relate the behavior of a complex system to that of a simpler,
well-understood comparison system. By leveraging this principle, we establish a unified framework for
analyzing integral stability that is applicable to a wide range of impulsive dynamic systems on time
scales.

The foundation of our stability analysis lies in the formulation and proof of a comparison theorem for
impulsive dynamic equations on time scales. This theorem provides a rigorous basis for comparing the
behavior of the original system to that of a scalar comparison system, enabling a systematic approach
to stability analysis. Building on this result, we proceed to state and prove an integral stability theorem,
which establishes sufficient conditions for integral stability in terms of the properties of the comparison
system. Our approach integrates Lyapunov functions and vector comparison equations to derive explicit
criteria for integral stability, ensuring that the cumulative effect of impulses and system dynamics
remains bounded. By bridging the gap between time scale calculus, impulsive systems, and integral
stability theory, this work advances the understanding of dynamic systems with complex temporal
behaviors.

This article is organized as follows: In Section 2, we provide the necessary preliminaries on time scale
calculus, impulsive dynamic equations, and stability concepts. In Section 3, we present the comparison
theorem, including its statement and proof, which was then applied to develop the integral stability

theorem, and providing a detailed proof. In Section 4, we illustrate the theoretical findings through a
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practical example, and Section 5 concludes the article with a discussion of the results and highlighting

the importance of the work.

2. PreLiMINARIES NOTES

In this section, we lay the groundwork by introducing key notations and definitions that will be

instrumental in developing the main results.

Definition 2.1. ( [?]) For t € T, we define the forward jump operator as o(t) = inf{s € T : s > t} and the
backward jump operator as p(t) = sup{s € T : s < t}. t € T is said to be right scattered (r-s) if o(t) > t, left
scattered (I-s) if p(t) < t, right dense (r-d) if o (t) = t and left dense (I-d) if p(t) = t. A function p(t) = o(t)—t

is called the graininess function.

Definition 2.2 ( [2]). A function & : T — R is said to be r-d continuous (C,q) if it is continuous at all

right-dense points of T, and its left-sided limits exist and are finite at all left-dense points of T.

Definition 2.3 ( [2]). If a function & € C[[0,j], [0, 00)] is strictly increasing on [0, j] with K(0) = 0, then it is
called a class K function.

Definition 2.4. A function g € Cyq[T x R",R"] is said to be quasimonotone non-decreasing in v if u < v and

u; = v; for 1 < i < nimplies g;(u) < g;(v), Vi € N, u,v € R™

Definition 2.5. A function b € C,4[T x Ry, R%] is said to belong to a class OK if b(t,-) € K and for any

t € T, and b(t,-) — oo ast — oc.

STATEMENT OF THE PROBLEM

Consider the impulsive dynamic system on time scale
22 (t) = f(t,z), t €T, t #t
Aa(t) = a(t]) — alt:) = Lia (), t =t (1)
z(to) = wo,

where .%(tj_) denotes the right limitof z(¢;) att = ¢;,i e N,z : T — RN, f € Cg[T xRN RN, f(t10) =0,
0<ty<t; <---00.1; € Crqg[R", R"], I;(0) = 0 is the sequence of instantaneous impulse operators. T
is a strictly monotone increasing function such that vt; € T, llg(r)lo t; = o0o. The solution of the impulsive
dynamic equation with impulse effect (1) depends not only on the initial condition (¢, zo) but also
on the moments of impulses ¢, for each k € N. Let z(t) = z(t, t9, o) be the unique solution of (1)
satisfying the initial condition z(t¢, tg, z9) = zo, for the purpose of this work, we assume that the

solution z(t) = x(t; ¢, zo) of (1) exists and is unique (see [10,21-23]), this work aims to investigate

the integral stability.
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To achieve this aim, we consider the following comparison impulsive dynamic system on time scale

systems

u® = gi(t,u) t £t
Au=Qi(ulty)) t =t (2)

u(to) = uo
VA =go(t,v) t £ t;
AV =0,(V(t) t=t; (3)

v(to) = vo

and the perturbed system of (3)
v2 = go(t,v) + h(t) t #t;
(4)

Av=T;(v(t;)) +ni(ts) t =1t
’U(to) = 9,

where
(i) g1 € CrgT x R™,R"], and §2; € C,.q[R™, R"] are quasimonotone non-decreasing functions, such
that g1(¢,0) = 0, ;(0) = 0. Note that g; (¢, u) is quasimonotone non-decreasing in w.
(ii) g2 € Cr[T x R,R"], is quasimonotone non-decreasing with respect to its second argument,
U, € [R*,R"], h(t) € [T,R"], n; € [T,R"?] and g2(t,0) = ¥;(0) = 0, n;(0) = 0.
,24-27,301).

Note that the solution u(t) = u(t;to, ug) of (2) exists and is unique (see |

Definition 2.6. A function V : TF x RN — RY is said to belong to class M if

(1) V(t,z) € Crq[TF x RN, RY]

(2) V(t, ) is locally Lipschitzian with respect to its second argument

(3) lim V(t,x) =V (t; —0,2) = v(t;, x) and lin}r V(t,x) exists Vi € N, at each (t, x) with left dense t
t—t; t—t;

and TF = T — {m} if T has a right scattered maximum m or else T® = T.
Definition 2.7. Let V (t,z) € M then, we define the Dini derivative of V (t, x) relative to (1) as follows:

. 1
DVA(t,z) = lm sup m{V(t Fut),z + p(t) f(t,2) — V(L x)}.

Definition 2.8. A zero solution of (1) is said to be stable if for every ¢ > 0, and any to € T, there exists a

positive function 6(to, €) € K which is continuous in to for each e such that the inequality

lzoll <9,

implies
[zl <e,
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where z(t) = x(t; to, xo) is any solution of (1).

For the purpose of this research, we shall define the following sets;
(1) S, ={(t,z) e T xRN :||z|| < pand p > 0};
(2) Sp={(t,2) e TxRY :|lz| > p, and p > O};
(3) A(t,T,p)={z eRY : (t,2) € S,,S € [t,t + T|}.

Definition 2.9. The zero solution of (1) is said to be integrally stable if for every € > 0, to € T, there exists

d(to, €) > 0 € K which is rd—continuous in tq for each e such that for any solution x*(t) = x*(t,to, o of (),
llzo|| < € implies ||z*(t)|| < 6 and for T > 0, (5)

the perturbations f*(t,x) and I} (z), i € N satisfy

to+T
[ s ireaniase Y s R < ®)
to |

|z(t)||<5 to<t; <to+T llz* (t:)l|<o

3. MaiN Resutrrs

Theorem 3.1 (Comparison Theorem ). Assume that

(1) g1(t,u) € Crq[T x R™, R"| is quasimonotone nondecreasing in u

(2) V € Cpq[T x R™,RY] is locally Lipschitzian in x and satisfy
DYVA(t,x) < gi(t,V(t,x))t #t;, i €N
(3) Q; € [R",R"], V(t+ 0,z + I;(x)) < Q;(V(t,x)) where Q; € K.
Let m(t) = m(t, to, uo) be existing on T*. Then
V(to+0,20) = V(t5,z0) < up
implies
V(t,x(t)) < m(t)
where z(t) = x(t, to, z0) is any solution of (1) existing on T*.
Proof. Let z(t) be the solution of (1) defined for t > to, t,ty € T* such that V(¢{, ) < ug. Also let
r(t) = V(t,z(t)) for t # t;. Then
r(t+pt) —r(t) = V(E+ pt), z(t + u(t) = V(E,x(t))
= V(t+pu(t), 2t +p@) = V(E+p), z+pu()f(E2))
+V(E+p(t), 2+ p) [, 2) = V(L 2(t))

Since V is Lipschitzian with respect to z, we have

r(t+p) —r(t) < Ll + p(t) = (@ + @) f(E2)lle + V(E+ pt), 2+ pt) f ) = V(E2(1))
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where L is the Lipschitz constant and e = (1, 1, - - DT, Taking lim sup ( ) of both sides.
n(t)—0

i ! = limsu L x —(x x
IL%)T(?@{T(H“@))_T(Q}_lu(t)jﬂ(t){LH (t+ pu(t) = (@ + p() f(E, )

+V( ( )7x+ﬂ(t)f(t7$))_V<t7x(t))}
DFr2(t) < L[thHp Li|z(t + p(t)) — limsup(z + p(t) (¢, z))|l]
1) " u)—0 1(£)—0
Flimsup ——{V(t + p(t), 2 + w(®) f(t,2)) — V(t,2(6)})
w(t)to0 M( )
A Lo
DTre(t) = e )[LH ) —z@)l]
+ 138)8;133 m{v(t +u(t), x4+ p(t) ftz) — VI(t,z(t)}

Applying definition 3 and from condition 2 of the theorem

DT r2(t) < DYV (t,x(t) < gi(t, V (L, 2(t))).

From condition (3) of the theorem and equation (1), we have 7“(t;r < ug and from equation (1) and

condition (3) we also have

m(tf) = V{7 a(t))) = V{7 at) + 1(x(t:)) < UV (k7))

7

Then the inequality
V(t,z(t)) < m(t) for t > to

completing the proof. O

Theorem 3.2 (Integral Stability Theorem). Assume that:
(1) f e Cua[T xR™,R"], I; € Crqg[R™, R"] and g1(t,u) € Crq[T x R™,R"| is quasimonotone nondecreas-
ing in u.
(2) For Vi(t,z) € M, Vi(t,0) =0, V; is decrescent and
(i) DTVA(t,2) < g1(t, Va(t,x)) holds for (t,z) € S,, t # t;
(ii) Vi(t,z+Ii(z)) < Qi(Vi(t,x)) forall (t,x € S,) where §; is quasimonotone non decreasing such
that Q;(x) > x
(3) For Va(t,z) € M, Va(t,0) =0,
(i) b([l=]]) < Va(t,z) < a(|[z]]) for (t,x) € S, NS, and a,b € K
(i) DYVA(t,x) + DYVR( x) < g2(t, Va(t, x) + Va(t,z)) holds for (t,z) € S, N Sy and t # t;,
Vi € N where g9 is quasimonotone with respect to the second argument
(iti) Vi(t}, z+ L))+ Valt], 2+ Li(z)) < Wi(Vi(ti, 2(t;)) + Va(ti, x(t;)) for ¥, € K and U; > x
(4) The zero solution of systems (1),(2), (3) exists. Then if the zero solution of (2) is stable and (3) is
integrally stable, then it implies that (1) will be integrally stable.
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Proof. By the decrescent property of Vi(t, ), then there exists p; < p which is positive and d; € OK
such that

]l < p1
implies
Vi(t,x) < di(t,x) (7)

Choose € > 0 such that e < p;.

By the Lipschitzian property on Vi (¢, z) and Va(t, ), then there exists Lipschitz constants L; and Ly of
Viand Va. Set (L1 + Lo)e = €.

Byb stability of (2), given ¢; > 0, and ¢y € T, there exists ; (to, €) > 0 such that

[[uoll < 61
implies
€1
[lm(t,to, wo) | < - ¢ = to (8)

where m(t, to, ug) = m(t) is the maximal solution of (2) which of course is any solution of (2).

Since d; € DK, exists d2(d1) > 0, such that
|lul| < 2 implies d; (t,u) < & 9)

Also, by the integral stability of (3), we can find \;(¢o, €1) € K for each ¢; such that for every solution
V(t) = V(tvt()?UO) of (4)/
VI <M (10)

holds, where ||vg|| < €; and for every T' > 0, h(t) and 7; satisfy

totT
/ he)las+ 3 )] < e (11)

to to<t;<to+T
Moreso, for b € K, lgn b(s) = oco. Take A(A\1) > 0 such that b(A\) > Ay and A > da(e) for ds € K
satisfying da(€) < p1. Choose d3 = d3(€1, \), € < d3 < min{ds, p1 } such that

a(d3) < % and da(d5) < (12)

hold.
For any solution z*(t) = x*(t, 9, zo) of (2), we show that if (5) and (6) hold, then

|z*(t)|] < Afort > tg, t,tg € T (13)
Suppose this claim is false, then we can find a point ¢; > t( such that

lo*(t1)] > Aand [|2*(t)|| < Natt € [to,t,) C T (14)
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For t; # t;, the solution z*(r) is continuous at ¢; and ||z*(¢1)|| = A but ||[z*(¢1)|] > d3 because if
|z*(t1)]| < d3, then da(2*(t1)) < A which contradicts (14) by the choice of 3.
Take the interval (to,t1) C T, choose t19 € (to, 1 such that 19 # tx, ||x*(t10)]] = d3 and for ¢ € [t10,t1),

(t,x"(t)) € SxN S,

Set ug = Vi (t10,2*(t10)), and let mq (¢, t10, ug) be the maximal solution of (2) then from (2i) and (2i7)

of our theorem and applying the comparison theory, we have that
Vi (t, x(t, t10, .’L‘O)) <my (tl, t10, U()) fort ¢ [tlo, tl] eT (15)

where z(t, t10, o) is a solution of (1) with respect to t1¢.

By the choice of our 03 = ||z*(t10)]], 0 < d2 and ug = Vi(t10,2*(t10)), applying (7) and (9) we have that
up = Vi(t10, 27 (t10)) < di(tio, 2" (t10)) < &1
Applying (8) to (15) we have that
Va(t,@(t tao, 20)) < mu(t, o, uo) < 5 for t € [tio,ti] €T (16)
Combining (12) and (3i) of our theorem, we have

Va(ti0,2" (h0)) < all2* (00) | < a(d) < 5 (17)

For V(t,z) € M, let Vi(t,z) 4+ Va(t, x), from (3ii) of our theorem and by the Lipschitzian of V; and V5,
we get that

DTVA(t,z) = DYVA(t,z)+ DYVAE, )

= limsup L{Vﬂt +u(t),x +p@)(ftz) + f1(t,2)) = Vit z)}
u(t)—0 H(t)

lim su
T @)
= lirg)sil(l)) uzt){vl(t + pu(t), z + p)(f(t z) + f7(t, 2)))

Vit + p(t), x + p(t) f(t,2))

Vit + p(t),w + () f(t) = Vit o)}

{Valt + 1 (0), 2+ p (@)t 2) + 7 (6,2)) = Valt, )

+ lim sup
(-0 K (1)

—Va(t+ i (8),w + 1 (1) (£(1,2)
FVa(t 4+ 1 (8), 0+ 1 (D F (7)) = Valt, )

1
= limsup —
u(t)—0 H(t)

Vit + p(t), @ + p(t) f(t, )}

{Vz(t + (@), x4 @) (f(x) + f7(t2)))

Vit + p(@), x + p@)(f(t,2) + f7(t, 2)))
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Flimsup — {Va(t + " (8), @ + (O (£t ) + £ (t.2))
() —0 K5 (1)
Valt (0, + i (0 (12)))

limsup ——{VA(t + p(t), 2 + p(t) [(t 2)) — Vi (t, 2)}
u(t)—0 H(t)

+E}%)Sglgml(t){Vz(t+u*(t),ﬂﬂ+u*(t)f(t,ﬂf)) —Va(t,0))

Since Vi and V; are Lipschitzian, we get

<D s [Pl s [F )]+ DV (a) + DA )
2€A(t10,7*,)) x€L(t10,T*,\)

from (3ii) we have

<(Li+Lg)  sup  |f(t o)+ ge(Valt z) + Valt, @), (18)
z€L(t10,7*,))

where T* =t; —t1pe T
Also for t; € (t10,t1), and (¢;, ) € Sy NS¢ and applying (3iii) we get
V(t5,z+ Li(z) + I (2))
=V (ti,x + Li(x)) + V (¢}, z + Li(z)) = V(] , 2 + Li(z))
=V(tf, o+ L) + V(] z + Li(z) + I () = V(T o+ Li(z))
=Vt z+ Li(x)) + Vi(t],z + Li(z) + I} (2)) (19)
+Va(tf o+ Li(2) + I (2) = Vit o + Li(2)) = Va(t] @ + L))
=V(t], 2+ (@) + Vit 2 + Li(2) + I (2)) = Vi(t], o + Li(2))
+ Vot o+ L) + I (2)) = Va(t], = + Li(2)).
Applying the Lipschitz property on V; and V5, we get
<Wi(V(ti, x(ti))) + L[| ()| + Le| I3 ()]
=Wi(V(ti, 2(t:) + (Li + L) || I ()]

SOVt a(t) + (it L) 3 swp 1))
to<t;<to+T T(t) <A

From (4), let h(t) = (L1 + L2) sup | f*(t,z)|| and n; = (L1 + L2) sup ||I/(x)| Then from (18),
x€A(t10,T%,)) x(t;)<A
we have
DTV (t,z) < go(t, V(t,z)) + h(t),

and from (19), we have

V(7 Li(z) + I () < W (V (s, 2(t:))) + milti)-
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Take m*(t,t10, v10) to be the maximal solution of (4) and set vig = V (t10, 2*(t10)) applying (18) and

(19) and from the comparison theorem, we have
V(t, z*(t, to, 20)) < m*(t,t10,v10) for t € TF

From (7) and by the choice of ;.

/ h(s)As+ Y = (Li+Lo) / Coswp (s ))As (20)

t1o to<t; <ty tio 2 €A(t10,T'2)

+(Mi+ M) Y sup [ (2)|

t1

=(Ly +L2)[/ sup || (s,z)||As

t1o !L’E/\(tlo,T,/\)

+ Y sw H[;(x)u} < e(Ly + Lo) < e1,

tio<ti<ty T(t)<A
Take T* > t* Vt*,T* € T* such that [/! h(s)As+ 3(T* — t*)h(t1) < &
let h*(t) be such that h*(t) € [T, R] and
h*(t) = h(t) for t € [tig,t1] € TF
We(t) = 2 (t— T%) for t € (8, T%] € TF
h*(t) = 0 when t > T*Vt, T* € T*.

Also define constants 7} such that 7} = n; when t; € (t10,t1] € Tk
n; = 0whent; > t;
And if (6) holds then by (20), we get that

tio+T
/ WElAs+ 3 il <, (21)

t10 to<ti<to+T

take m*(¢, 10, v10) to be the maximal solution of (4) and h(s) = h*(s), n; = n}, then
mi(t, tyo, v10) = m*(t, t1g, vio) for t € T,
from (16) and (17), we deduce that
V(tio, 2% (t10)) = Vi(tio, 2" (t10)) + Va(tio, 2" (t10)) < €1,

can be rewritten as
lviolle, (22)

and applying (10), we have
Hmf(t,tlo, wl())H <A fort >ty € T* (23)
Since €; was chosen arbitrarily, then from (23) and from (3i) in our theorem, we have that

b(A) >A1 > [|[m](t, t10,v10)|| = ||m*(t, t10, v10)|| = V (t1, 2 (ti; t10, v10))
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=Vi(t1, 2" (t1, t10,v10)) + Va(ti, 2" (t1, ti0,v10)) > Va(ti, x*(t1, t10, v10))

>b([|z* (1, t10, v10)[)) = b(A).

this is a contradiction since b()\) > b()), so (13) is true for ¢t >ty € T*
Choose t; € (to,t1) such that d3 = [[z*(¢;)[| and (¢, 2*(t)) € SxN S, and t € [t;,t1) € T*.
Select 03 such that 03 < &3 < X and & = ||z*(t10, o, zo)||, t1o # ti € (to,t1) € TF. If we repeat the
previous staeps with d3 = 5 we will still get a contradiction and then show that (13) is true.
Att) =ty from (14) we have ||z*(t)|| > A and ||z*(¢)]| < A, for ¢ € [to, t;]
l* (£ to, o)l = 2™ (t:) + (L + I}) (a* (1))
Choose A(A1) > 0 such that b(\) > sup U;(m?(t;, to, v10)) and the following same pattern as above, we
get (23) and applying (3i) and (3111)1’:0 (23) we get
b(A) = sup(W;(m](ti, to, v10))) > Wi(m](tis to, vi0)) = Wi(V (8, 2" (t:)))

)

> V(ti, 2" (t:)) = Va(ts, z°(t:)) = b(a™(t:)) = b(A),

which is a contradiction since b(\) > b(A).

This implies that (13) is true for all ¢ € T* and therefore (1) is integrally stable. O

4. TLLUSTRATION

Consider the system

TP = zocost + e try — (23 + m2d) cos?t, t # ¢

15 = x1cost + e twy — (zdwg + 23) cos®t, t#t;

Axy = yr1 + 229, Axy = yx1 + 229, t =15,

for2y =vI+a1+vV1+az—22z2=y14+a1 —/1+aand -1 < a; <0, -1 < ay <0. Applying
the concept of vector Lyapunov function, we can choose V = (Vi, V%) where Vi = (21 + z2)?,
Vo = $(21 — x2)? so that the associated norm ||z|| = /27 + 23.

2
1 1
Vo(t, x) = Z Vi(z1,22) :Q(xl +19)% + §($1 — 1p)?
i=1
1

1
:f(x% + 2129 + a:%) + §(x% — 2z129 + x%)

2

1 2 1 2 1 2 1 2
251'1 + 21+ 22+ 51'2 + 51'1 + 122 + 5-%'2
:x%—l—x%

Vo(t, z) =z + 3.
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Choose b(r) = r, a(r) = 2r?,
So the assumption

b([lz]l) < Vo(t, ) < a([|2])

/2?2 + a3 <2t + 23 < 2(y/2? + 23).

Computing for D* VA (¢, z) for Vi (¢, z) = Vi (21, 22) = 3 (21 — 22)°.
We have

becomes

DTVA(z1,22) = limsup LJ(Vl(ﬂfl + () fi1(t,z), 22 + p(t) f2(t, 7)) — V (21, 22) }
u(t)—0 ()

. 11 1
= 1%)835 m{§[$1 +u(t) fi(t2) = (@2 + p(t) folt, 7)) = (21 — 22)"}

. 11
= 15(1;)11133 m{§[(931 + p(t) fr(t, ) + (z2 + p(t) fa(t, z))?

—2((z1 + p(t) /1t 2)) (22 + p(t) fa(t, )] — %(:L‘l — x2)*}

. 1 1
= limsup —{5 [} + 2z1(t) f1(t, 2) + p*(t) f{ (8, @) + 3
w(t)—0 :UJ(t) 2

+2xop(t) fo(t, ) + p2(t) fa(t, x) — 2x129 — 221 pu(t) folt, x)
“2aaplt)fit,a) — 20 At ol )] — (o1 — 22)7)
1

. 1
= 153)833 m{g[(ﬂ?l — x9)? + 2u(t) f1(t, x) (21 — 22)

2O folt, )1~ w2)] 3 — 2)?)

1

= %[(:cl — x2)2 +2f1(t,x)(x1 — x2) — 2fa(t, x)(x1 — z2)] — 5(3:1 — x2)2

= @ = a2+ (@1 — ) (6 2) — folt,2)) — (o1 — 22)?
= (371 - xQ)(fl(tﬂ .CC) - fQ(t7$))

= xr1 — T2)(x2cost + eitl‘l
( )

—(23 + z122) cos® t — xy cost — e twy + (@3xy + x3) cos® t)

= (z1—x2)(e Y (@) — x9) — cost(zy — x3) — (x5 + z123) cos® t

+(22zy + 23) cos® t)
< (21— 22)[(71 — 22)(e7" — cost)]

—t

= (21— x2)%(e — cost)

DYVA(x1,20) < (et —cost)Vi(xy,z).
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1

for sz(ﬂfl,xg) = 5(331 + 562)2,

DTV (z1,22)

DTV (z1,22)

This follows that

— limsup ——{Va(e1 + p(t) (L @), 3 + p(t) folt, ) — Va1, 22)}
u(t)—0 M)

. 1 1 1
= lgg)sj[? 0 (g a®) + ot p(t) fa(t 7)) = 5 (2422)")

. 1 1
= ILI(TZ)S_%) m{g((ﬁ + () f1(t, @))% + (w2 + p(t) fa(t, 7))

2(01 + () ot )2 + wOFalt, ) — 5 (1 +2))

= limsup L{E[x% + 201 p(t) f1(t, @) + p(0) [T () + 25 + 220p(t) falt, )
u(t)—0 M) "2

+/J'2(t)f22(t? I‘) + 2331:E2 + 2$1H(t)f2(ta 'T)

+22(t) f1(t, ) + 26° (1) f1(t, @) falt, )] — %(fm +39)°}

1 1
= limsup —{=[(z1 + z2)*
1(£)—0 H(f){2[( )

F2u(t) f1(t, o) (z1 + 22) + 2u(t) fo(t, ) (21 + 22)] — %(1’1 + 12)%}

_ %[(xl b o2)? 4 201(t2) (21 + 22) + 2ot 2) (@1 + w2)] — %(:pl + )’
= (o1 4 22) @A (1 2) + 2a(t, )
= (214 22)@(z2 cost + e ~tay — (aF + z122) cos t)

+(x1 cost) + e twy — (2329 + 23) cos? t])

< (z1 +29) (w1 + 220) (e + cost)

< (et + cost)Va(x1, 22).

DYV (21, 2) _ et cost Vi . (24)
DTV (1, 29) et —cost Vs

From system (24), we obtain the comparison result

—t

g1(t,ur,ug) = (e7° — cost)uy

go(t,ur,u) = (7" 4 cost)us

ul(tf) = (1 + cl)ul(ti), UQ(t?—) = (1 + CQ)UQ(tZ‘)

It is clear that u; = uy = 0 of (24) is integrally stable and hence by Theorem 3.2, z = y = 0 is also

integrally stable.
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5. ConcLusioN

In this work, we developed a comprehensive framework for analyzing the integral stability of impul-
sive dynamic equations on time scales using the comparison principle. By establishing a comparison
theorem, we provided a rigorous foundation for comparing the behavior of the original system to
that of a comparison system of lower order whose qualitative properties can easily be ascertained.
This enabled us to derive an integral stability theorem, which offers explicit sufficient conditions for
ensuring the cumulative effect of impulses and system dynamics remains bounded. Our approach,
which integrates Lyapunov functions and scalar comparison equations, not only unifies and extends
existing stability results but also provides a computationally tractable method for stability analysis.The
applicability of the proposed framework was demonstrated through an illustrative example, highlight-
ing its effectiveness in analyzing systems with mixed continuous-discrete dynamics and impulsive
effects. This example underscores the versatility of our approach and its potential for addressing

real-world problems in fields such as engineering, biology, and economics.
Authors’ contributions. All authors contributed equally to the manuscript.

Conlflicts of Interest. The authors declare that there are no conflicts of interest regarding the publication

of this paper.

REFERENCES

[1] R. Agarwal, D. O'Regan, S. Hristova, Stability of Caputo Fractional Differential Equations by Lyapunov Functions, Appl.
Math. 60 (2015), 653-676. https://doi.org/10.1007/s10492-015-0116-4.

[2] M. Bohner, A. Peterson, Dynamic Equations on Time Scales, Birkhduser Boston, 2001. https://doi.org/10.1007/
978-1-4612-0201-1.

[3] J. Hoffacker, C.C. Tisdell, Stability and Instability for Dynamic Equations on Time Scales, Comput. Math. Appl. 49
(2005), 1327-1334. https://doi.org/10.1016/j . camwa.2005.01.016.

[4] ILD. Kanu, M.P. Then, Results on Existence and Uniqueness of Solutions of Dynamic Equations on Time Scale via
Generalized Ordinary Differential Equations, Int. J. Appl. Math. 37 (2024), 1-20. https://doi.org/10.12732/ijam.
v37il.1.

[5] D.K. Igobi, E. Ndiyo, M.P. Ineh, Variational Stability Results of Dynamic Equations on Time-Scales Using Generalized
Ordinary Differential Equations, World J. Appl. Sci. Technol. 15 (2024), 245-254. https://doi.org/10.4314/wojast .
v15i2.14.

[6] J.E. Ante, O.O. Itam, J.U. Atsu, et al. On the Novel Auxiliary Lyapunov Function and Uniform Asymptotic Practical
Stability of Nonlinear Impulsive Caputo Fractional Differential Equations via New Modelled Generalized Dini Derivative,
Afr. ]J. Math. Stat. Stud. 7 (2024), 11-33. https://doi.org/10.52589/AIMSS- VUNAIOBC.

[7] M.P. Ineh, V.N. Nfor, M.I. Sampson, et al. A Novel Approach for Vector Lyapunov Functions and Practical Stability of
Caputo Fractional Dynamic Equations on Time Scale in Terms of Two Measures, Khayyam J. Math. 11 (2025), 61-89.

[8] M.P. Ineh, U. Ishtiaq, J.E. Ante, et al. A Robust Uniform Practical Stability Approach for Caputo Fractional Hybrid
Systems, AIMS Math. 10 (2025), 7001-7021. https://doi.org/10.3934/math.2025320.


https://doi.org/10.1007/s10492-015-0116-4
https://doi.org/10.1007/978-1-4612-0201-1
https://doi.org/10.1007/978-1-4612-0201-1
https://doi.org/10.1016/j.camwa.2005.01.016
https://doi.org/10.12732/ijam.v37i1.1
https://doi.org/10.12732/ijam.v37i1.1
https://doi.org/10.4314/wojast.v15i2.14
https://doi.org/10.4314/wojast.v15i2.14
https://doi.org/10.52589/AJMSS-VUNAIOBC
https://doi.org/10.3934/math.2025320

Asia Pac. J. Math. 2025 12:41 15 0of 16

[9] M.P. Ineh, E.P. Akpan, On Lyapunov Stability of Caputo Fractional Dynamic Equations on Time Scale Using Vector
Lyapunov Functions, Khayyam J. Math. 11 (2025), 116-143.

[10] J.E. Ante, S.O. Essang, O.O. Itam, E.I. John, On the Existence of Maximal Solution and Lyapunov Practical Stability of
Nonlinear Impulsive Caputo Fractional Derivative via Comparison Principle, Adv. J. Sci. Technol. Eng. 4 (2024), 92-110.
https://doi.org/10.52589/AJSTE-9BWUJX90.

[11] J.E. Ante, M.P. Ineh, J.O. Achuobi, et al. A Novel Lyapunov Asymptotic Eventual Stability Approach for Nonlinear
Impulsive Caputo Fractional Differential Equations, AppliedMath 4 (2024), 1600-1617. https://doi.org/10.3390/
appliedmath4040085.

[12] M.P. Ineh, J.O. Achuobi, E.P. Akpan, J.E. Ante, CDq on the Uniform Stability of Caputo Fractional Differential Equations
Using Vector Lyapunov Functions, J. Nigerian Assoc. Math. Phys. 68 (2024), 51-64.

[13] M.P. Ineh, E.P. Akpan, Lyapunov Uniform Asymptotic Stability of Caputo Fractional Dynamic Equations on Time Scale
Using a Generalized Derivative, Trans. Nigerian Assoc. Math. Phys. 20 (2024), 117-132. https://doi.org/10.60787/
TNAMP.V20.431.

[14] M.P. Ineh, E.P. Akpan, H.A. Nabwey, A Novel Approach to Lyapunov Stability of Caputo Fractional Dynamic Equations
on Time Scale Using a New Generalized Derivative, AIMS Math. 9 (2024), 34406-34434. https://doi.org/10.3934/
math.20241639.

[15] V. Kumar, M. Malik, Existence, Stability and Controllability Results of Fractional Dynamic System on Time Scales with
Application to Population Dynamics, Int. J. Nonlinear Sci. Numer. Simul. 22 (2021), 741-766. https://doi.org/10.
15615/ijnsns-2019-0199.

[16] S.E.Ekoro, A.E. Ofem, F.A. Adie, et al. On a Faster Iterative Method for Solving Nonlinear Fractional Integro-Differential
Equations With Impulsive and Integral Conditions, Palestine J. Math. 12 (2023), 477-484.

[17] J. Oboyi, M.P. Ineh, A. Maharaj, ].O. Achuobi, O.K. Narain, Practical Stability of Caputo Fractional Dynamic Equations
on Time Scale, Adv. Fixed Point Theory 15 (2025), 3. https://doi.org/10.28919/afpt/8959.

[18] R.E. Orim, M.P. Ineh, D.K. Igobi, A. Maharaj, O.K. Narain, A Novel Approach to Lyapunov Uniform Stability of Caputo
Fractional Dynamic Equations on Time Scale Using a New Generalized Derivative, Asia Pac. J. Math. 12 (2025), 6.
https://doi.org/10.28924/APJM/12-6.

[19] J.A Ugboh, C.F. Igiri, M.P. Ineh, A. Maharaj, O.K. Narain, A Novel Approach to Lyapunov Eventual Stability of Caputo
Fractional Dynamic Equations on Time Scale, Asia Pac. J. Math. 12 (2025), 3. https://doi.org/10.28924/APJM/12-3.

[20] M.P. Ineh, E.P Akpan, U.D. Akpan, A. Maharaj, O.K. Narain, On Total Stability Analysis of Caputo Fractional Dynamic
Equations on Time Scale, Asia Pac. J. Math. 12 (2025), 39. https://doi.org/10.28924/APJM/12-39.

[21] M.O. Udo, A.E. Ofem, J. Oboyi, C.F. Chikwe, S.E. Ekoro, F.A. Adie, Some Common Fixed Point Results for
Three Total Asymptotically Pseudocontractive Mappings, J. Anal. 31 (2023), 2005-2022. https://doi.org/10.1007/
s41478-023-00548-9.

[22] J.A. Ugboh, J. Oboyi, M.O. Udo, H.A. Nabwey, A.E. Ofem, O.K. Narain, On a Faster Iterative Method for Solving
Fractional Delay Differential Equations in Banach Spaces, Fractal Fract. 8 (2024), 166. https://doi.org/10.3390/
fractalfract8030166.

[23] J. Oboyi, RE. Orim, A.E. Ofem, A. Maharaj, O.K. Narain, On Al-Iteration Process for Finding Fixed Points of Enriched
Contraction and Enriched Nonexpansive Mappings With Application to Fractional BVPs, Adv. Fixed Point Theory 14
(2024), 56. https://doi.org/10.28919/afpt/8812.


https://doi.org/10.52589/AJSTE-9BWUJX9O
https://doi.org/10.3390/appliedmath4040085
https://doi.org/10.3390/appliedmath4040085
https://doi.org/10.60787/TNAMP.V20.431
https://doi.org/10.60787/TNAMP.V20.431
https://doi.org/10.3934/math.20241639
https://doi.org/10.3934/math.20241639
https://doi.org/10.1515/ijnsns-2019-0199
https://doi.org/10.1515/ijnsns-2019-0199
https://doi.org/10.28919/afpt/8959
https://doi.org/10.28924/APJM/12-6
https://doi.org/10.28924/APJM/12-3
https://doi.org/10.28924/APJM/12-39
https://doi.org/10.1007/s41478-023-00548-9
https://doi.org/10.1007/s41478-023-00548-9
https://doi.org/10.3390/fractalfract8030166
https://doi.org/10.3390/fractalfract8030166
https://doi.org/10.28919/afpt/8812

Asia Pac. J. Math. 2025 12:41 16 of 16

[24] O.Joseph, M.O. Udo, F.A. Adie, S.E. Ekoro, A.E. Ofem, C.F. Chikwe, On Mann-Type Implicit Iteration Process for a
Finite Family of a-Hemicontractive Mappings in Hilbert Spaces, Pan-Amer. J. Math. 1 (2022), 2. https://doi.org/10.
28919/cpr-pajm/1-2.

[25] R.E. Orim, A.E. Ofem, A. Maharaj, O.K. Narain, A New Relaxed Inertial Ishikawa-Type Algorithm for Solving Fixed
Points Problems with Applications to Convex Optimization Problems, Asia Pac. . Math. 11 (2024), 84. https://doi.
org/10.28924/APJM/11-84.

[26] J.A.Ugboh, J. Oboyi, H.A. Nabwey, C.F. Igiri, F. Akutsah, O.K. Narain, Double Inertial Extrapolations Method for Solving
Split Generalized Equilibrium, Fixed Point and Variational Inequity Problems, AIMS Math. 9 (2024), 10416-10445.
https://doi.org/10.3934/math.2024509.

[27] M.O. Udo, M.P. Ineh, EJ. Inyang, P. Benneth, Solving Nonlinear Volterra Integral Equations by an Efficient Method, Int.
J. Stat. Appl. Math. 7 (2022), 136-141.

[28] U.D. Akpan, M.O. Oyesanya, On the Stability Analysis of MDGKN Systems with Control Parameters, J. Adv. Math.
Comput. Sci. 25 (2017), 1-8. https://doi.org/10.9734/JANCS/2017/35326.

[29] U. Akpan, M. Oyesanya, Stability Analysis and Response Bounds of Gyroscopic Systems, Asian Res. J. Math. 5 (2017),
1-11. https://doi.org/10.9734/ARJOM/2017/34602.

[30] J.E. Ante, U.D. Akpan, G.O.Igomah, On the Global Existence of Solution of the Comparison System and Vector Lyapunov
Asymptotic Eventual Stability for Nonlinear Impulsive Differential Systems, Br. J. Comput. Netw. Inf. Technol. 7 (2024),
103-117. https://doi.org/10.52589/BICNIT-ZDMTIB6G.

[31] U.D. Akpan, On the Stability Analysis of Linear Unperturbed Non-Integer Differential Systems, Asian Res. J. Math. 17
(2021), 85-89. https://doi.org/10.9734/arjom/2021/v17i530301.

[32] U.D. Akpan, The Influence of Circulatory Forces on the Stability of Undamped Gyroscopic Systems, Asian Res. J. Math.
17 (2021),90-94. https://doi.org/10.9734/arjom/2021/v17i530302.

[33] U.D. Akpan, Stability Analysis of Perturbed Linear Non-Integer Differential Systems, ]J. Adv. Math. Comput. Sci. 36
(2021),24-29. https://doi.org/10.9734/jamcs/2021/v361630370.

[34] U.D. Akpan, On the Analysis of Damped Gyroscopic Systems Using Lyapunov Direct Method, J. Adv. Math. Comput.
Sci. 36 (2021), 63-74. https://doi.org/10.9734/jamcs/2021/v361630372.

[35] J.U. Atsu, J.E. Ante, A.B. Inyang, U.D. Akpan, A Survey on the Vector Lyapunov Functions and Practical Stability of
Nonlinear Impulsive Caputo Fractional Differential Equations via New Modelled Generalized Dini Derivative, IOSR J.

Math. 20 (2024), 28-42.


https://doi.org/10.28919/cpr-pajm/1-2
https://doi.org/10.28919/cpr-pajm/1-2
https://doi.org/10.28924/APJM/11-84
https://doi.org/10.28924/APJM/11-84
https://doi.org/10.3934/math.2024509
https://doi.org/10.9734/JAMCS/2017/35326
https://doi.org/10.9734/ARJOM/2017/34602
https://doi.org/10.52589/BJCNIT-ZDMTJB6G
https://doi.org/10.9734/arjom/2021/v17i530301
https://doi.org/10.9734/arjom/2021/v17i530302
https://doi.org/10.9734/jamcs/2021/v36i630370
https://doi.org/10.9734/jamcs/2021/v36i630372

	1. INTRODUCTION
	2. Preliminaries Notes
	Statement of the Problem
	3. Main Results
	4. Illustration
	5. Conclusion
	Authors' contributions
	Conflicts of Interest

	References

