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AsstrACT. In this paper, we utilize the conformable derivative to introduce the fractional versions of some
fundamental concepts related to vector analysis. The fractional normal vector to a given surface as well
as the fractional curl operator in order to define the fractional surface integrals. Moreover, we utilize the
fractional version of Green’s theorem [1] to discuss and prove the fractional form of the Stokes’ theorem.
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1. INTRODUCTION

In vector field theory, Stokes’ theorem is considered as one of the fundamental theorems that relates
the anticlockwise line integral of a vector field around a closed curve (boundary of a surface) with the
surface integral of the curl of that vector field over the open surface. This theorem together with other
tools in vector calculus topics are assumed to be the language of partial differential equations. They can
be used to construct and manipulate some physical quantities such as the well known conservation laws
of energy, mass, and momentum in order to model some dynamical systems using partial differential

equations.

Definition 1.1. (Surface Integral) Let ?(x, y,z) = P(x,y, z)?—k Q(z,y, z)} + R(x,y, z)@ be a continuous
vector field defined on an oriented surface S = {(z,y, z)| z = g(x,y), (x,y) € D = (Pr) S} with a unit outward
Y

normal vector 7 (z,y, z). Then the surface integral of F over S is given by:

//?@:!/(?ﬁ)@:/!(-]ﬂ?i— gz+R>dA, (1)
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where 71 (z,y, z) = \/ il §§g<+k> and ds = \/1 + (%)2 + (g—;)sz.
+(82)

=l

Ficure 1. Stoke’s Theorem relates the surface integral of curl F over an open surface S
to the line integral of the F around the boundary of S.
Theorem 1.1. (Stokes” Theorem) The line integral of a vector field F(az, y,2) = P(z,y,2)i + Q(x,y,2)] +
R(z,y, )E (with components function P, Q, and R, have continuous partial derivatives on an open region that

contains surface S) around the boundary C of the positively oriented piece-wise smooth surface S is equal to the

integral of the vector field curl F over the surface S (Figure 1). That is

/?-d? - //cuﬂ?-d?, 2)
C S

where C is given by its vector equation 7 (t) = z(t)i +y(t)] + z(t)%, a <t < band the curl Fis given by

PGk
— — 0 0 o)
curl F =V x F = % B B (3)
P Q@ R
2. FracTiONAL VECTOR ANALYSIS
In [2] the definition of c-conformable fractional derivative was introduced as follows.
Definition 2.1. [?] Let o € (0,1),and u : I C (0,00) — R. Forz € I, let
11—y _
Do) = lim AEFEr ) —ul@) (4)
e—0 €

If the limit exists, then it is called the a-conformable fractional derivative of u at x. Moreover, if u is

a-differentiable on (0, r) for some r > 0, and lim D%u(z) exists then we write
e—0t

D%u(0) = lim D%u(x). (5)

z—0
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For a € (0,1] and u, v are a-differentiable at a point z, one can easily see that the conformable
derivative satisfies
(1) D*(ciu + cav) = c1DY(u) + coD¥(v), for all ¢1, ¢ € R,
(7i) D*(k) = 0, for all constant functions f(z) = k, 6)
(i) D° (uv) = uD*(v) + vD°(u),
(i) D?(3) = #5, v() £ 0.

In the following, we provide the a-conformable fractional derivatives of some basic functions,

(1) D*(2) = pa™*,

i1) D(sin(L2%)) = cos 1:L“",

(1) D*(sin(; : ) ( 1) 7
(7i7) Da(cos( z%)) = —sin(;x%),

(iv) D¥(ew") = ea®".

On letting o = 1 in these derivatives, we get the corresponding classical rules for ordinary derivatives.
For more on fractional calculus and its applications we refer to [3], [4], [5], [6], [7], [8], [9] and [10].
Many differential equations can be transformed to fractional form and can have many applications in
many branches of science.

If u is a function of two variables s and ¢, then we write Dt and Dfu to denote the partial o-
conformable fractional derivative with respect to s and t respectively. Moreove, we write D2%u to

denote D¢ D% and similarly, for D7%uw.

Definition 2.2. [?] The a-fractional integral of a function f starting from a > 0 is denoted by I (u) (x) such
that

@@ -1 ) = [, ®)

a
where the integral is the usual Riemann improper integral, and o € (0, 1).

Recently, in 2020, utilizing the conformable derivative, the fractional form of some concepts related to
vector analysis theory were proposed [1]. The fractional gradient and fractional curl were introduced

as follows.
Definition 2.3. [1] The fractional gradient vector of a scalar field f(x1,x2,x3) is given by
Vef=Def i+ DLf j+DIf k. 9)

Definition 2.4. [1] The fractional curl of a vector field ?(x, y,z) = P(x,y, zﬁ—i— Q(z,v, z)}—i— R(z,y, z)E
is given by
Ve x F = (D2R - D*Q)7— (DR — DP)j + (D2Q — D2P) k. (10)

Moreovre, the fractional line integral and the fractional version of Green’s Theorem were also

discussed in [1].



Asia Pac. J. Math. 2025 12:46 40f8

3. MaIN Resutrrs

In this section, the goal is to provide the concept of both fractional surface integral as well as the

fractional version of the Stoke’s Theorem.

Definition 3.1. (Fractional Surface Integral of a Vector Field) Let F(w, y,2) = P(z,y,2)i + Q(x,y,2)] +
R(z,y, z)E be a continuous vector field defined on an oriented open surface S = {(x,y,2)| z = g(x,y),

(x,y) € D= (Pr) S} with a unit fractional outward normal vector T o(x,y, z). Then the fractional surface
'T7y

integral of F over S is
//?-d?://(?-m) ds®, (11)
s S
where -
() Tl 1,7) = [Goptis), — 2“0 iV “oite 2}

— Vel T e g P e, (o)
such that the surface S is the level surface h(x,y, z) = 0 of the function

h({L'7y,Z) =z g(ﬂ?,y),

(12)
(ii) ds® = \/1 + (%)2 - (g—g)deadya

is the fractional surface area element.

Now, we are interested in finding the fractional form of the Stokes” Theorem. To do so, let us consider

the following theorem.

Theorem 3.1. (Fractional Stoke’s Theorem) Let S be an open orientable surface bounded by a closed curve C. If

?(x, y,z) = P(x,y, z)?—k Q(z,y, z)}Jr R(z,y, z)E is a differentiable vector field, then

/ﬁdﬁ _ //curla?-d?, (13)
C S

where C'is given by the parameterized position vector s = 2(t)i +y(t)] + 2(t)k, t € [a, b] and the fractional

curl® F is given by
ik
clt F=VoxF=| 2o 2 2| (14)
P Q@ R

Proof.: Let S = {(x,y,2)| z = g(z,y), (z,y) € D = (Pr) S} be an open orientable surface above

7y
the zy—plane bounded by a closed curve C in R? with a unit fractional outward normal vector
Ta (z,y, z). Further, we will assume that Pr S = D, where Pr is the projection on the xy—plane

(zy)
(Figure 2).
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Ficure 2. The projection D of the surface S on the zy—plane

Also, since ?(:c, y,2) = P(z,y,2)i + Q(z,y,2)] + R(z, v, z)%, we have
curl® ? = curl® (P?) + curl® (Q;) + curl® <R7<:\>

oP oP
_ l-a™¥>  1-a¥"
- <07Z 82 I y 8y >

+<—z aQO—laaQ>

0 ox
OR OR
l1—a P B
+ <y 3y’ T o ,0> . (15)

Hence, the right hand side of (13) can be expanded as

// Curla? ds
= // curl® (P?) -d? + // curl® (Q}) -alsj
S
/ / curl® ( Rk ds_& (16)

Therefore, if we can prove that
(i) [f curl® (P/Z\) st = fP/'\- drﬁ,
S C
(it) Jf cwrt® (QF) - ds® = [Qj - dr, (17)
S C
(iit) [ curl® (RE) - ds® = [ Rk - di,
S C
then the proof is complete.

In the following, we will prove (i) and a similar argument can be established for both (i)
and (ii).
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Now, by (11) and (12), the left hand side of (i) can be reduced as follows

/ / curl® (PZ) -dsj
S
= // curl® (P/z\) .ﬁad5a7 (18)
S

where 77, is unit fractional outward normal vector of S (Figure 2). For simplicity, we assume

S to be parameterized with respect to the u, v coordinate system as follows:
S={(z,y,2)| z = z(w,v), y = y(u,v), 2 = z(u,v)

where (u,v) € D= Pr S}.

(u,v)
Thus, the position vector 7% of the curve C can be represented by the following prameterized

e uationr? = x(u,v g—i— y(u,v 3—&— z(u,v k. Hence, by noting that
q y g
T ods® = (rﬁ X ﬁ) du®dv®

i 7 k
_ _ _ @
— ul axu ul ayu ul azu du®dv
Ulfaxv ,Ulfayv Ulfazv
l1-a, 1-a l1-a, l1—a ~
= [( Yu2y — U v yvzu) ?
_ (ul—avl—a$uzu _ ul—avl—axvzu) ]

+ (ul_avl_a$uyv - ul_o‘vl_o‘xvyu) E] du®dv®. (19)

Therefore, using both (15) and (19) , the surface integral (18) becomes

// curlo‘ /'\ T o ds®
— // [(ulavlazlaaa]:> (Tp2y — Ty2y)
D

oP
+ <u1avlay1aay> (xvyu - ﬂfuyv):| dA” (20)

Finally, the right hand side of ((i), (17)) can be expanded as follows:

/P?dﬁ:/Pd?
T

c

— /P (ulfo‘a;udua + Ulfaxvdva)

= /<u1_o‘qu, Ul_ava> (du®, dv®), (21)
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where I represents the boundary of the region D on the uv—plane that is obtained by the projection of

the surface S.

Now, by applying the fractional Green’s theorem [1] on the line integral (21) and utilizing the chain

rule, we get

/<u1_o‘muP, Ul_o‘xUP> (du®, dv®)

r

B o“ (Ulfava) o“ (ulfo‘a:uP) oo

—//( e — Foa du®dv
D

— // [ul—avl—axv (xl—awupw+y1—ayupy+zl—azupz)
D

_ ’LLl_a’Ul_aiL'u (l’l_al'vpx + yl—ayUPy + Zl—aZUPZ)

+Pul T Y, — Pul_o‘vl_o‘xuv] dA®
= // [(ul_o‘vl_o‘zl_o‘Pz) (Tpzy — Ty2y)
D

+ (uliavliayliapy) (ToYu — xuyv)] dA”. (22)
where dA® = du®dv®. Therefore, by (20) and (22), we get ((i), (17)). Hence, the proof is complete.

4. CONCLUSIONS

In this paper, utilizing the concept of conformable derivative, we establish fractional versions of the

Stokes’” theorem and some related vector calculus concepts.
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