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Abstract. In this paper, we utilize the conformable derivative to introduce the fractional versions of some
fundamental concepts related to vector analysis. The fractional normal vector to a given surface as well
as the fractional curl operator in order to define the fractional surface integrals. Moreover, we utilize the
fractional version of Green’s theorem [1] to discuss and prove the fractional form of the Stokes’ theorem.
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1. Introduction

In vector field theory, Stokes’ theorem is considered as one of the fundamental theorems that relates
the anticlockwise line integral of a vector field around a closed curve (boundary of a surface) with the
surface integral of the curl of that vector field over the open surface. This theorem together with other
tools in vector calculus topics are assumed to be the language of partial differential equations. They can
be used to construct andmanipulate some physical quantities such as the well known conservation laws
of energy, mass, and momentum in order to model some dynamical systems using partial differential
equations.

Definition 1.1. (Surface Integral) Let −→F (x, y, z) = P (x, y, z)̂i+Q(x, y, z)ĵ +R(x, y, z)k̂ be a continuous

vector field defined on an oriented surface S = {(x, y, z)| z = g(x, y), (x, y) ∈ D = Pr
(x,y)

S}with a unit outward

normal vector −→n (x, y, z). Then the surface integral of F over S is given by:∫∫
S

−→
F · ds =

∫∫
S

(−→
F · −→n

)
ds =

∫∫
D

(
−P ∂z

∂x
−Q∂z

∂y
+R

)
dA, (1)
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where −→n (x, y, z) =
− ∂z
∂x
î− ∂z

∂y
ĵ+k̂√

1+( ∂z∂x)
2
+
(
∂z
∂y

)2 and ds =

√
1 +

(
∂z
∂x

)2
+
(
∂z
∂y

)2
dA.

Figure 1. Stoke’s Theorem relates the surface integral of curl
−→
F over an open surface S

to the line integral of the −→F around the boundary of S.

Theorem 1.1. (Stokes’ Theorem) The line integral of a vector field −→F (x, y, z) = P (x, y, z)̂i + Q(x, y, z)ĵ +

R(x, y, z)k̂ (with components function P, Q, and R, have continuous partial derivatives on an open region that

contains surface S) around the boundary C of the positively oriented piece-wise smooth surface S is equal to the

integral of the vector field curl
−→
F over the surface S (Figure 1). That is∫

C

−→
F ·d−→r =

∫∫
S

curl
−→
F · d−→s , (2)

where C is given by its vector equation −→r (t) = x(t)̂i+ y(t)ĵ + z(t)k̂, a ≤ t ≤ b and the curl
−→
F is given by

curl
−→
F = ∇×

−→
F =

∣∣∣∣∣∣∣∣∣
î ĵ k̂

∂
∂x

∂
∂y

∂
∂z

P Q R

∣∣∣∣∣∣∣∣∣ . (3)

2. Fractional Vector Analysis

In [2] the definition of α-conformable fractional derivative was introduced as follows.

Definition 2.1. [2] Let α ∈ (0, 1), and u : I ⊆ (0,∞)→ R. For x ∈ I , let

Dαu(x) = lim
ε→0

u(x+ εx1−α)− u(x)

ε
. (4)

If the limit exists, then it is called the α-conformable fractional derivative of u at x. Moreover, if u is
α-differentiable on (0, r) for some r > 0, and lim

ε→0+
Dαu(x) exists then we write

Dαu(0) = lim
x→0

Dαu(x). (5)
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For α ∈ (0, 1] and u, υ are α-differentiable at a point x, one can easily see that the conformable
derivative satisfies

(i) Dα(c1u+ c2υ) = c1D
α(u) + c2D

α(υ), for all c1, c2 ∈ R,

(ii) Dα(k) = 0, for all constant functions f(x) = k,

(iii) Dα(uυ) = uDα(υ) + υDα(u),

(iv) Dα(uυ ) = υDα(u)−uDα(υ)
υ2

, υ(x) 6= 0.

(6)

In the following, we provide the α-conformable fractional derivatives of some basic functions,

(i) Dα(xp) = pxp−α,

(ii) Dα(sin( 1
αx

α)) = cos( 1
αx

α),

(iii) Dα(cos( 1
αx

α)) = − sin( 1
αx

α),

(iv) Dα(e
1
α
xα) = e

1
α
xα .

(7)

On letting α = 1 in these derivatives, we get the corresponding classical rules for ordinary derivatives.
For more on fractional calculus and its applications we refer to [3], [4], [5], [6], [7], [8], [9] and [10].
Many differential equations can be transformed to fractional form and can have many applications in
many branches of science.

If u is a function of two variables s and t, then we write Dα
s u and Dα

t u to denote the partial α-
conformable fractional derivative with respect to s and t respectively. Moreove, we write D2α

s u to
denote Dα

sD
α
s u and similarly, for D2α

t u.

Definition 2.2. [2] The α-fractional integral of a function f starting from a ≥ 0 is denoted by Iaα (u) (x) such

that

Iaα (u) (x) = Ia1
(
xα−1u

)
=

∫ x

a

u(t)

t1−α
dt, , (8)

where the integral is the usual Riemann improper integral, and α ∈ (0, 1).

Recently, in 2020, utilizing the conformable derivative, the fractional form of some concepts related to
vector analysis theory were proposed [1]. The fractional gradient and fractional curl were introduced
as follows.

Definition 2.3. [1] The fractional gradient vector of a scalar field f(x1, x2, x3) is given by

−→
∇αf = Dα

xf î+Dα
y f ĵ +Dα

z f k̂. (9)

Definition 2.4. [1] The fractional curl of a vector field −→F (x, y, z) = P (x, y, z)̂i+Q(x, y, z)ĵ +R(x, y, z)k̂

is given by
−→
∇α ×

−→
F =

(
Dα
yR−Dα

zQ
)
î− (Dα

xR−Dα
z P ) ĵ +

(
Dα
xQ−Dα

yP
)
k̂. (10)

Moreovre, the fractional line integral and the fractional version of Green’s Theorem were also
discussed in [1].
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3. Main Results

In this section, the goal is to provide the concept of both fractional surface integral as well as the
fractional version of the Stoke’s Theorem.

Definition 3.1. (Fractional Surface Integral of a Vector Field) Let −→F (x, y, z) = P (x, y, z)̂i + Q(x, y, z)ĵ +

R(x, y, z)k̂ be a continuous vector field defined on an oriented open surface S = {(x, y, z)| z = g(x, y),

(x, y) ∈ D = Pr
(x,y)

S} with a unit fractional outward normal vector −→n α(x, y, z). Then the fractional surface

integral of F over S is ∫∫
S

−→
F · d

−→
sα =

∫∫
S

(−→
F · −→n α

)
dsα, (11)

where
(i) −→n α(x, y, z) = ∇αh(x,y,z)

|∇αh(x,y,z)| =
−x1−αgx î−y1−αgy ĵ+z1−α k̂√
(x1−αgx)2+(y1−αgy)2+(z1−α)2

,

such that the surface S is the level surface h(x, y, z) = 0 of the function

h(x, y, z) = z − g(x, y),

(ii) dsα =

√
1 +

(
∂g
∂x

)2
+
(
∂g
∂y

)2
dxαdyα

=

√
1 +

(
∂g
∂x

)2
+
(
∂g
∂y

)2
x1−αy1−αdxdy,

is the fractional surface area element.

(12)

Now, we are interested in finding the fractional form of the Stokes’ Theorem. To do so, let us consider
the following theorem.

Theorem 3.1. (Fractional Stoke’s Theorem) Let S be an open orientable surface bounded by a closed curve C. If
−→
F (x, y, z) = P (x, y, z)̂i+Q(x, y, z)ĵ +R(x, y, z)k̂ is a differentiable vector field, then∫

C

−→
F ·d
−→
rα =

∫∫
S

curlα
−→
F · d

−→
sα, (13)

where C is given by the parameterized position vector −→rα = x(t)̂i+ y(t)ĵ + z(t)k̂, t ∈ [a, b] and the fractional

curlα
−→
F is given by

curlα
−→
F =

−→
∇α ×

−→
F =

∣∣∣∣∣∣∣∣∣
î ĵ k̂

∂α

∂xα
∂α

∂yα
∂α

∂zα

P Q R

∣∣∣∣∣∣∣∣∣ . (14)

Proof.: Let S = {(x, y, z)| z = g(x, y), (x, y) ∈ D = Pr
(x,y)

S} be an open orientable surface above
the xy−plane bounded by a closed curve C in R3 with a unit fractional outward normal vector
−→n α(x, y, z). Further, wewill assume that Pr

(x,y)
S = D,where Pr is the projection on the xy−plane

(Figure 2).
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Figure 2. The projection D of the surface S on the xy−plane

Also, since −→F (x, y, z) = P (x, y, z)̂i+Q(x, y, z)ĵ +R(x, y, z)k̂, we have

curlα
−→
F = curlα

(
P î
)

+ curlα
(
Qĵ
)

+ curlα
(
Rk̂
)

=

〈
0, z1−α∂P

∂z
,−y1−α∂P

∂y

〉
+

〈
−z1−α∂Q

∂z
, 0,−x1−α∂Q

∂x

〉
+

〈
y1−α∂R

∂y
,−x1−α∂R

∂x
, 0

〉
. (15)

Hence, the right hand side of (13) can be expanded as∫∫
S

curlα
−→
F · d

−→
sα

=

∫∫
S

curlα
(
P î
)
· d
−→
sα +

∫∫
S

curlα
(
Qĵ
)
· d
−→
sα

+

∫∫
S

curlα
(
Rk̂
)
· d
−→
sα. (16)

Therefore, if we can prove that

(i) ∫∫
S

curlα
(
P î
)
· d−→sα =

∫
C

P î · d−→rα,

(ii) ∫∫
S

curlα
(
Qĵ
)
· d−→sα =

∫
C

Qĵ · d−→rα,

(iii)∫∫
S

curlα
(
Rk̂
)
· d−→sα =

∫
C

Rk̂ · d−→rα,

(17)

then the proof is complete.
In the following, we will prove (i) and a similar argument can be established for both (i)

and (ii).
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Now, by (11) and (12), the left hand side of (i) can be reduced as follows∫∫
S

curlα
(
P î
)
· d
−→
sα

=

∫∫
S

curlα
(
P î
)
· −→n αds

α, (18)

where −→n α is unit fractional outward normal vector of S (Figure 2). For simplicity, we assume
S to be parameterized with respect to the u, υ coordinate system as follows:

S = {(x, y, z)| x = x(u, υ), y = y(u, υ), z = z(u, υ)

where (u, υ) ∈ D = Pr
(u,υ)

S

}
.

Thus, the position vector −→rα of the curve C can be represented by the following prameterized
equation −→rα = x(u, υ)̂i+ y(u, υ)ĵ + z(u, υ)k̂. Hence, by noting that

−→n αds
α =

(−→
rαu ×

−→
rαυ

)
duαdυα

=

∣∣∣∣∣∣∣∣∣
î ĵ k̂

u1−αxu u1−αyu u1−αzu

υ1−αxυ υ1−αyυ υ1−αzυ

∣∣∣∣∣∣∣∣∣ du
αdυα

=
[(
u1−αυ1−αyuzυ − u1−αυ1−αyυzu

)
î

−
(
u1−αυ1−αxuzυ − u1−αυ1−αxυzu

)
ĵ

+
(
u1−αυ1−αxuyυ − u1−αυ1−αxυyu

)
k̂
]
duαdυα. (19)

Therefore, using both (15) and (19) , the surface integral (18) becomes∫∫
S

curlα
(
P î
)
· −→n αds

α

=

∫∫
D

[(
u1−αυ1−αz1−α∂P

∂z

)
(xυzu − xuzυ)

+

(
u1−αυ1−αy1−α∂P

∂y

)
(xυyu − xuyυ)

]
dAα (20)

Finally, the right hand side of ((i), (17)) can be expanded as follows:∫
C

P î · d
−→
rα =

∫
Γ

Pd
−→
xα

=

∫
Γ

P
(
u1−αxudu

α + υ1−αxυdυ
α
)

=

∫
Γ

〈
u1−αxuP, υ

1−αxυP
〉
〈duα, dυα〉 , (21)
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where Γ represents the boundary of the regionD on the uυ−plane that is obtained by the projection of
the surface S.

Now, by applying the fractional Green’s theorem [1] on the line integral (21) and utilizing the chain
rule, we get ∫

Γ

〈
u1−αxuP, υ

1−αxυP
〉
〈duα, dυα〉

=

∫∫
D

(
∂α
(
υ1−αxυP

)
∂uα

−
∂α
(
u1−αxuP

)
∂υα

)
duαdυα

=

∫∫
D

[
u1−αυ1−αxυ

(
x1−αxuPx + y1−αyuPy + z1−αzuPz

)
− u1−αυ1−αxu

(
x1−αxυPx + y1−αyυPy + z1−αzυPz

)
+Pυ1−αu1−αxυu − Pu1−αυ1−αxuυ

]
dAα

=

∫∫
D

[(
u1−αυ1−αz1−αPz

)
(xυzu − xuzυ)

+
(
u1−αυ1−αy1−αPy

)
(xυyu − xuyυ)

]
dAα. (22)

where dAα = duαdυα. Therefore, by (20) and (22), we get ((i), (17)). Hence, the proof is complete.

4. Conclusions

In this paper, utilizing the concept of conformable derivative, we establish fractional versions of the
Stokes’ theorem and some related vector calculus concepts.
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