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AssTRACT. A Vee graph is formed by attaching two grid graphs at their endpoints. The graph can be
associated with degree-based matrices including degree subtraction and degree square subtraction matrices.
This research is devoted to determining the energy of the Vee graph. The first steps in this paper are to
present the degree of every vertex and the general formula of the characteristic polynomial of the particular
matrix. The result is that the obtained energies are always an even integer and hyperenergetic. Moreover,
we highlight the relationship between the energy and its spectral radius: the energy is always twice its
spectral radius.
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1. INTRODUCTION

Let P, be the path graph on n vertices. From path graph P, and F,,, we are able to construct the
grid graph of m,n vertices, with the cartesian product between P, to P,,. Therefore, we have (P, x Pp,).
The Vee graph is built from grid graph (P x P,,) and P> x P, which are attached at their endpoints.

The Vee graph further can be associated with the adjacency matrix. This matrix is square and we
can determine the eigenvalues of the graph. The summation of the absolute eigenvalues is the energy
of a graph. Gutman [9] pioneered the energy definition in 1978. It has been shown that the energy is
not equal to an odd integer [10] and is never equal to its square root [ 11].

Apart from the adjacency matrix, research on graph matrices continues to expand involving the
degree of vertices. Another graph matrix was introduced by [4], it was the degree subtraction (D.S)
matrix. Furthermore, [0] studied DS-eigenvalues and D S-energy of regular graphs. In 2022, a new

graph matrix definition was put forward by Macha and Shinde [5], named the degree square subtraction
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matrix of a graph. Energy studies have been carried out by several authors. Romdhini and Nawawi [ 16]
formulated the degree subtraction energy of commuting graphs for dihedral groups. Romdhini et
al. presented the Wiener-Hosoya [17] and Sombor [18] energies and discussed the degree square
subtraction energy [19]. The algebraic discussion also can be found in [20]. Therefore, this study
aims to analyze the degree subtraction and degree square subtraction energies of Vee graph and its
properties.

This paper is organized as follows. Section 2 presents several existing results relevant to our study. In
Section 3, we provide the method to determine the characteristic polynomial of a matrix. The degree of
every vertex in the Vee graph is presented in Section 4. The degree subtraction energy and the spectral
properties of the Vee graph are presented in Section 5, followed by the degree square subtraction energy
in 6. An example of computation is shown in Section 7. We summarize the findings of this study in

Section 8.

2. PRELIMINARIES

In this part, we begin with the definition of the Vee graph. Let P, be the path graph on n vertices.

Definition 2.1. A graph obtained from two Grid graphs (P> x P,) and (P x P,4+1) which are attached
at the ends is called a Vee graph, and denoted by V/,.

Graph V,, has 4(n + 1) vertices that labelled as sg, s1, ..., s2, and to, 1, .. ., t2,+2 and figured by the

following:

Son 50
Soan—1 S1
bon+2 to
N e
v Sn+1 Sp—1 ,
t2n+1 s , ’ tl

\\\ Sn, ///

tn,+3 tn—l
tn,+2 tn

tn+1

Ficure 1. Vee Graph, V/,.

Furthermore, V,, can be associated with graph matrices as given below:
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Definition 2.2. [4] The degree subtraction matrix of order 4(n + 1) x 4(n + 1) associated with V/, is
given by DSt(V;,) = (ds,q) whose (p, ¢)-th entry

dy, — dy,, if v, # v,

dspq = _
0, if v, = v,.

Definition 2.3. [5] The degree square subtraction matrix of order 4(n + 1) x 4(n + 1) associated with

V, is given by DSS(V},) = (dsspq) whose (p, ¢)-th entry

2 2 .
J )y, —dy,, vy F g
8Spq = .
0, if v, = v,.

The spectrum of DS(V},), denoted by Specps(V;,), is defined as

A A2 oA\,
Specps(Vy) = ,
ki ko ... k,

where A\, Ao, ..., A, are eigenvalues (not necessarily distinct) of DS(V},) with k1, ko, ..., k,, are their

respective multiplicities. The degree subtraction energy of V;, is given by

Eps(Va) =Y IAil,
i=1
and the degree subtraction spectral radius of V, is
pps (V) = max{|\| : X € Specps(Vy,)}-

The above notations can also be applied for DSS(V;,).
Hereafter, a hyperenergetic graph occurs when the energy of a graph with n vertices exceeds the
energy of a complete graph with 4n + 4 vertices, K4,44 [23]. Since V;, has 4n + 4, then we have the

following definition

Definition 2.4. A 4n4 vertex graph V;, is hyperenergetic if E(V;,) > 2(4n + 3).
3. CHARACTERISTIC POLYNOMIAL

Theorem 3.1. If (4n + 4) x (4n + 4) matrix

0 aJixs bJ1x (4n—2)
M = CLJ5><1 C(J— I)5 dJ5><(4n_2) )
bJix(an—2) dJan—2)xs €(J = I)an—2

where a,b, ¢, d, e are real numbers, then characteristic polynomial of M is

Par(p) = p*" 2 (4® + (4n — 2)(b? + 5¢%) + 5a%).
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Proof.

0 aJixs bJ1x (4n—2)
M = aJsx1 c(J =15  dIsxian—2) )
leX(4n—2) dJ(4n—2)><5 e(J — I)an—2

The characteristic polynomial of M is

I —aJixs —bJ1 % (4n—2)
Py(p)=| —alsxi  (p4c)ls—cJs —dJ5x (4n—2) : (3.1)
—bJixn—2) —dJun-2xs (Lt e)lim—2 —eJin—2
The row and column operations apply to Equation 3.1 as follows:
(1) Ri4s — Ry4i — Ry, fori=1,2,3,4,5.
(2) R7yyi — Ryyi — Ry, fori=1,2,...,4n — 2.
(8) Cy — Co + C3 + Cy + C5 + Cé.
4) C; — Cr+Cs+ ... + Cappy.
(5) Ci — C1 = 2Cq
(6) Co — Gy + 30y

We can write Equation 3.1 as

“2+b2l(t4n_2) —5au—5llzc(4n—2) —aJi 4 —b(4’I’L _ 2) _bjlx(4n—3)
—bc(4n—2)+ap p245c%(4n—2) 014 5¢ CJ1><(4 3)
Iz Iz n-
Pr(p) = O4x1 0451 ply 041 O4x4 . (32)
0 0 01><4 1% 0
0J(4n—3)x1 0Jan-3)x1  0Jn—3)xa  0Jun—3)x1 plypn—3

Then

Par(p) = p*" 2 (4® + (4n — 2)(b* + 5¢%) + 5a?).

4. DEGREE OF A VERTEX
In this section, we present the degree of a vertex in V;, which is beneficial in the next section.
Theorem 4.1. Let V;, be the Vee graph, then
(1) The degree of s; in V;,, denoted as deg(s;), is given by
2, Vi=0,2n;
deg(si) = 4, Vi=n;

3, otherwise.
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(2) The degree of tj in V;,, denoted as deg(t;), is given by

2, Vj=0,n+1,2n+ 2;
deg(tj) =
3, otherwise.

Proof. Given that Vee graph V;, has 4(n + 1) vertices and 2(3n + 2) edges. The set of vertices of Vee
graph (V(V,,)) is

V(Vy) = {sili =0,1,2,....2n} U{t;|j = 0,1,2,...,2n + 2}.

Now we can divide into two cases as follows.

Case 1. Degree of vertices in set {s;|i = 0,1,2,...,2n}
e Vertex sp has degree 2;
e Vertices s1, s2, ... s,—1 have degree 3;
e Vertex s, has degree 4;
e Vertices 5,41, Sn42 - .., S2,—1 have degree 3;
e Vertex sy, has degree 2;

The total degree of vertices s; is
Total deg(s;) = 24+ (n—1)3)+4+ (n—1)(3)+2
= 243n—-3+4+3n—3+2
= 6n+2
Case 2. Degree of vertices in set {¢;|j =0,1,2,...,2n+ 2}
o Vertex tp has degree 2;
e Vertices 1, t2, ... 1, have degree 3;
o Vertex t,,11 has degree 2;
o Vertices ty42,tn+3...,tan41 have degree 3;
o Vertex to,12 has degree 2;
The total degree of vertices s; is
Total deg(t;) = 24+ (n)(3)+2+ (n)(3) +2

243n+2+3n+2

= 6n+6
Based on Case 1 and 2, we get the total degree of all vertices in graph V/, is

Total deg(V'(V;,)) = Total deg(s;) + Total deg(t;)

= (6n+2)+ (6n+6)
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= 12n+38

Now we prove that the total degree of all vertices in graph V,, is equal to twice the number of edges in

graph V.
Total deg(V(V,,)) = 12n+38
= 2(6n+4)
= 2(2(3n+2))
= 2[E(V,)]
So, we can conclude that the Theorem 4.1 holds for graph V,,. O

5. DEGREE SUBTRACTION ENERGY

Theorem 5.1. Let V;, be the Vee graph. Then the characteristic polynomial of V,, associated with the degree

subtraction matrix is

Ppsy () = p'" 2 (i + 24n + 8).

Proof. Based on Theorem 4.1 and Definition 2.2, we can construct the degree subtraction matrix of V,
as follows:

Sn S0 S2n lo  tn41  lapy2  S1 coo Sn—1  Sn41 ... S2n—1  t1 oo tn tng2 oo tong
Sn 0 2 2 2 2 2 1 1 1 1 1 1 1 1
S0 -2 0 0 0 0 0 —1 -1 —1 —1 —1 —1 —1 —1
San -2 0 0 0 0 0 —1 —1 —1 —1 —1 -1 -1 —1
to -2 0 0 0 0 0 —1 -1 —1 —1 —1 -1 -1 —1
tni1 —2 0 0 0 0 0 —1 —1 —1 —1 —1 —1 —1 —1
tont2 -2 0 0 0 0 0 —1 —1 —1 —1 —1 —1 —1 —1
S1 —1 1 1 1 1 1 0 0 0 0 0 0 0 0
Spn—1 —1 1 1 1 1 1 0 0 0 0 0 0 0 0
Sn41 —1 1 1 1 1 1 0 0 0 0 0 0 0 0
Som—1 —1 1 1 1 1 1 0 0 0 0 0 0 0 0
t1 —1 1 1 1 1 1 0 0 0 0 0 0 0 0
tn —1 1 1 1 1 1 0 0 0
trnizo —1 1 1 1 1 1 0 0 0 0 0 0 0 0
ton41 —1 1 1 1 1 1 0 0 0 0 0 0 0 0

We simplify the matrix to the block matrices as follows:

0 2J1x5 J1x (4n—2)
DS(Vy) = —2J5x1 05 —Jsx(an-2) |>

—Jix@n—2) Jun—2)x5 O4n—2
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The characteristic polynomial of DS(V},) is
i —2Jixs  —Jix@n-2)
Ppsw,) () =1  2J5x1 pls I5x (4n—2)
Jix@n—2) —Jun-2)x5  plan—2
By Theorem 3.1 with a = 2 and b = ¢ = 1, then we have
Pps,) (i) = p*" 2 (u? + 24n + 8).

[l

Theorem 5.2. Let V,, be the Vee graph, then the D S-spectral radius for V,, is

pps(Vn) = 2V6n +2

Proof. The formula of Ppg(y, (1) of Theorem 5.1 result the eigenvalues for V,,. We have yi; = 0 of

multiplicity 4n + 2, p2 3 = +2i/6n + 2 of multiplicity 1, respectively. Hence, the DS-spectrum for V;,

is as follows

Specns(Vy) = {(2@'\/671 +2)', (0)'nt2, (_wm)l} .

Now for i = 1,2, 3, the maximum of |)\;| is the DS-spectral radius of V,,,

PDS( ) —2\/6n+

Theorem 5.3. Let V;, be the Vee graph, then the D S-energy for V,, is

ED5< ) —4\/6n+

Proof. From the DS-spectrum in Theorem 5.2, we can calculate the D S-energy for V,,. By the definition

of energy, we obtain

Eps(Vy) =(4n +2)[0] + (1) [2iv/6n + 2| + (1) |-2iv/6n + 2|

=4v/6n + 2.

6. DEGREE SQUARE SUBTRACTION ENERGY

In this part, we present the degree square subtraction matrix of the Vee graph.

Theorem 6.1. Let V;, be the Vee graph. Then the characteristic polynomial of V,, associated with the degree

square subtraction matrix is
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Ppssv,) (1) = p*"2(u* + 696n + 372).

Proof. Based on Theorem 4.1 and Definition 2.3, we can construct the degree subtraction matrix of V;,,
DSS(V,) as follows:

Sn S0 S2n to  tn41  long2 ST ... Sp—1 Sp41 ... S2n—1  t1 ... lnp lpg2 ... f2p4
Sn 0 12 12 12 12 12 7 7 7 7 7 7 7 7
S0 —12 0 0 0 0 0 -5 ) -5 -5 -5 -5 ) -5
Son —12 0 0 0 0 0 -5 -5 -5 -5 -5 —5 -5 -5
to —12 0 0 0 0 0 -5 -5 -5 -5 -5 -5 -5 -5
tnt1 —12 0 0 0 0 0 -5 -5 -5 -5 -5 -5 -5 -5
tont2 | —12 0 0 0 0 0 -5 -5 -5 -5 -5 -5 -5 -5
s1 -7 5 5 5 5 5 0 0 0 0 0 0 0 0
Sp—1 =7 5 5 5 5 5 0 . 0 0 L. 0 0 . 0 0
Sn41 -7 5 5 5 5 5 0 0 0 0 0 0 0
San—1 =7 5 5 5 5 5 0 0 0 0 0 0 0
t1 -7 5 5 5 5 5 0 S 0 0 . 0 0 L. 0 0
tn =7 5 5 5 5 5 0 S 0 0 . 0 0 . 0 0
tnio =7 5 5 5 5 5 0 S 0 0 . 0 0 - 0 0
ton+1 -7 5 5 5 5 5 0 0 0 0 0 0 0 0

We simplify the matrix to the block matrices as follows:

0 12J1x5 TJ1x (4n—2)
DSS(V) = |  —1275.4 0 —5Jsan2) | -
—TJ1x(an—2) 9Jn—2)x5 0472
The characteristic polynomial of DSS(V,,) is
w —12J1x5  —TJix(4n—2)
Ppssw,) () = |  12J55 1 5J5% (4n—2)
TJix(an—2) —5Jn—2)x5 plan—2

By Theorem 3.1 with a = 12, b = 7, and ¢ = 5, then we have

Ppssv,) (1) = pim 2 (p? + 696 4 372).

Theorem 6.2. Let V,, be the Vee graph, then the DS S-spectral radius for V;, is

ppss(Vi) = 2v/6n — 2.



Asia Pac. J. Math. 2025 12:5 9of 12

Proof. The formula of Ppgg(y,)(1) of Theorem 6.1 result the eigenvalues for V,,. We have ;11 = 0 of
multiplicity 4n + 2, 23 = £2iv/174n + 93 of multiplicity 1, respectively. Hence, the D.SS-spectrum

for V,, is as follows
Specpss(Va) = { (2ivT7An +93)", (0)+, (~2iv/T7dn + 93)' }.

Now for i = 1,2, 3, the maximum of |)\;| is the DS S-spectral radius of V,,,

ppss(Va) = 2v/174n + 93.

Theorem 6.3. Let V,, be the Vee graph, then the DS S-energy for V,, is

Epss(Vy) = 4v/174n + 93.

Proof. From the DSS-spectrum in Theorem 6.2, we can calculate the DSS-energy for V;,. By the

definition of energy, we obtain

Epss(Va) =(4n +2)|0[ + (1) [2iv174n + 93| + (1) |—2iv/174n + 93|
=4+/174n + 93.

7. ExaMPLE

Let us take n = 1, then we have V; with 8 vertices as seen in Figure 2.

S9 S0

S1

to

Ficure 2. Vee Graph, Vi
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The DS and DS S-matrices of V; are as follows, respectively.

0 2 2 2 2 2 1 1
-2 00000 -1 —1
-2 00000 -1 —1
DS(V3) = -2 00000 -1 —1
-2 00000 -1 -1
-2 00000 -1 -1
-11 1111 0 0
-1 11111 0 0
and
0 12 12 12 12 12 7 7
-12 0 0 0 0 0 =5 -5
-12 0 0 0 0 0 =5 -5
DSS(V;) = -12 0 0 0 0 0 =5 -5
-12 0 0 0 0 0 -5 =5
-12 0 0 0 0 0 -5 -5
-7 5 5 5 5 5 0 O
-7 5 5 5 5 5 0 O

The characteristic polynomials of both matrices are

Ppsvy (i) = ™2 (u? + 32) and Ppgsvyy (1) = "2 (1* + 1068).

It is confirmed by Maple that the spectrum of V;, is

Specps (Vi) = {(4N§)1 ,(0)4n+2, (—4@[2)1} , and

Specpss(Vi) = {(22\/@)1 , (0)4n+2, (—22’\/2677)1} :

Then the spectral radius of V; regarding both matrices is as follows.
,OD5(V1) = 4v/2 and ppss(Vh) = 2V/267.
Eventually, we can write the energy of V; is

Eps(Vi) =8V2 =2 pps(V1) and Epss(V1) = 4267 = 2 ppss(V1).
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8. DiscussioNs
Based on Theorem 5.2, 5.3, 6.2, and 6.3, we get the following facts:

Corollary 8.1. Let V;, be the Vee graph, then

(1) Eps(Vn) =2 pps(Va),
(2) Epss(Va) =2 ppss(Vn).

Corollary 8.2. Let V,, be the Vee graph, then the DS and DS S-energies of V;, are always an even integer.
Corollary 8.3. Let V;, be the Vee graph, then V;, is hyperenergetic corresponding to D.S and DS S-matrices.
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