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AsstracT. Function theory research has long struggled with the challenge of deriving sharp estimates for
the coefficients of analytic and univalent functions. Researchers have advanced the field by developing
and applying a variety of approaches to get these bounds. In the current paper, we apply the technique of
subordination. The logarithmic coefficients play an important role for different estimates in the theory
of univalent functions. Due to the significance of the recent studies about the logarithmic coefficients,
the problem of obtaining the sharp bounds for the modulus of these coefficients has received attention.
If S denotes the class of functions f(z) = z + > -, an2" analytic and univalent in the open unit disk
D={z:2€C and |z]| < 1}, then thelogarithmic coefficients -y, of the function f € S are defined by
log (@) =23 vz", (z € D). In this paper, due to the significant importance of the study of
logarithmic coefficients involving tan hyperbolic function, we find the upper bounds for some expressions
associated with the logarithmic coefficients of functions that belong to some classes defined by subordina-
tion. Consequently, by employing the hyperbolic tangent function tanhz, a subfamily TS*(8) of starlike
functions is introduced and investigated and coefficient functionals can be scrutinized. This study will
tackle several coefficient problems by applying the methodology to the aforementioned family of functions.
We explore the bounds of certain initial coefficients, including the Fekete-Szego inequality and other results
concerning logarithmic coefficients for functions within this class.
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1. INTRODUCTION

The logarithmic functions find application in various branches of mathematics and other scientific

disciplines. In order to provide a comprehensive grasp of the principal outcomes detailed in this paper,
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we elucidate the fundamental terminology employed throughout our key findings, accompanied by
preliminary definitions and relevant results.
We denote by A the class of analytic, holomorphic normalized functions f : D — C defined in an

open unitdisk D = {z: 2 € C and |z| < 1}, which satisfy the following normalization conditions
F0)=0=7(0) -1
Thus, for each f € A we have
f(2) :z—i—ianz" (z € D). (1.1)
n=2

Moreover, we denote by S the subclass of A of functions which are univalent in D. For two functions
g1, 92 € A, we say that the function g; is subordinate to the function g» (written as g1 < ¢2) if there

exists an analytic function w with the property

w(z)| <1
and
w(0) =0
such that
91(2) = g2(w(z)) (2 €D) (12)

In particular, if g2 is univalent in S, then we have the following equivalence
91(2) < 92(2) <= g1(0) = g2(0) and g1 (|2 < 1) C ga(|2| < 1). (1.3)

In 1992, Ma and Minda [ 1] introduced the S*(¢) as follows

2f'(2)
f(z)

The function ¢(z) is expected to be analytic within a region I, where its real part is positive. In simple

S*(¢) = {f e A: < ) < ¢9(2), (z GD)}. (14)

terms, S*(¢) is imagined to have a symmetric shape like a star, but it’s confined within a certain area
¢»(0) = 1and ¢'(0) > 0.
Additionally, they explored several beneficial geometric characteristics like expansion, deformation,

and coverage outcomes. This was achieved by implementing

$(z) = (1+2)(1 = 2)7"

Specifically, we observe that the class of function S*(¢) resembles the well-established class of starlike
functions. Depending on the particular function ¢(z) chosen, we encounter the following function

classes which are distinct.
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1. We adopt the class of functions

4 2
¢(Z) =1 + gz + 522,

then we secure the class
* * 4 2 2
SCard:S <1+3Z+3Z ),
which is the class of starlike functions whose image under open unit is cardioid shaped given

by (922 +9y? — 182 +5)2 — 16(922 + 9y? — 62 + 1) = 0. and this was introduced by Sharma et
al.(see [2]).

2. We put the class of functions

1
p(z)=1+2— §Z3’

then we get the class

L s
Shep = S* <1+z—3z ),
the class of starlike functions exhibits a unique feature when visualized within the open unit

disk D. It forms an nephroid - shaped region. This distinct shape becomes apparent when

examining their representation under the unit disk (see [3]).

3. If we opt the class of functions

then we acquire the class
S;=8"(V1+2),

The function ¢(z) = v/1 + z transforms the domain D onto the image domain bounded by the
right half of the Bernoulli lemniscate represented by |w? — 1| (see [4]).

4. If we opt the class of functions
¢(2) = ¢,

then we derive the class of function

Shap = S" (€7).

This is the class of starlike function associated with exponential function and this was intro-

duced and studied by Mendiratta et al.(see [5]).
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5. If we pick the class of functions
o(2) = (VI+2)+2
then we procure the class
Stre =S (V1+2) +2),
which is the class of starlike functions associated with the crescent - shaped region as discussed

in (see [6]).

6. If we let opt for

4 1
¢(2) =1 + gz + 5243

then we obtain the class

* * 4 1 4
SThree leaf =S <1+ 52‘1‘52 >7

now, we have identified a group of starlike functions linked to the defined geometric area called

three leaf shaped domain and studied in (see [7]).
7. If we assign the class of functions
S 1
=14 x4 5P
o(2) + 57 + el

then we attain the class
1
S;our leaf — S* (1 + %Z + 625) )
this is possess the category of starlike functions linked with outlined four - shaped region
which was introduced and studied in (see [8]).
8. If we assign the class of function
¢(2) = 1 +sinh™'(2),
then the class of function leads to the class
Spetar = S* (1 +sinh™'(2)),

which is the class of starlike functions associated with the petal - shaped region as discussed in

(see [9]).
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9.

10.

11.

12.

Moreover, if we take
6(2) = cosh(2),
then we derive the class
. S* (cosh(z)),

cosh —

whose image is bounded by the cosine of the function which were contributed by A. Alotaibi,

M. Arif, M. A. Alghamdji, and S. Hussain (see [10]) .

If we let
() = 1 +sin(z),
then we obtain the class
vin = S (1 +sin(z)),
the class of starlike functions maps to an eight-shaped figure within the open unit disk D. This

distinctive shape emerges when considering their image under the unit disk (see [11]).

If we put the class of functions
§(z) = cos(z),
then we obtain the class

*
SCOS

=S8" (cos(2)).

This is the class of starlike functions associated with the Cosine function as discussed in

(see [12]).

If we assign the class of functions

1+ (1—-29)z

Be) =

with 0 < ¢ < 1, we acquire the class

1—2z

of starlike functions of order ¢ (see [13]).

The two most important and extensively studied families of univalent functions are the class S*(¢(z))

which represents star-like functions with respect to symmetric points of order ¢(z), (0 < ¢ < 1)

analytically defined by

22f'(2)

5°(0) = {1 e sre (20

> < 6(2), (z¢ D)} . (1.5)
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The class (¢) C S* of convex functions with respect to symmetric points of order ¢(z), (0 < ¢ < 1) is
defined by

K(6) = {f € A:Re (zf,?;{_{/(z?,}(/_z)> <é(2), (ze ]D))} (1.6)

where ¢ is a holomorphic functions with ¢'(0) > 0 and has a positive real part in D. Also, the function
¢ maps D onto a star-shaped region with respect to ¢(0) = 1 and is symmetric about the real axis.

In the 1960s Zalcman posed a conjecture that if f € S then

la2 — agn_1| < (n—1)*forn=2,3,---. (1.7)
The equality holds only for the Koebe function K (z) = ﬁ or its rotations. For functions in S,
Krushkal proved the Zalcman conjecture for n = 3 [14] and recently n = 4,5,6, - - - . This remarkable

conjecture was investigated by many researchers and is still an open problem for functions belonging
to class S when n > 6. The Zalcman conjecture was proved for certain special subclasses of S, such as
starlike, typically real, and close-to-convex functions(see [15], [16]). Recently, Abu Muhanna et al. [17]
solved the Zalcman conjecture for the class F consisting of the function f € A satisfying the analytic

condition

2f"(2) 1
R6(1+ f/(z))>—2, zeD

Functions in the class F are known to be convex in some direction (and hence close-to-convex) in .
Ma [18] proved the Zalcman conjecture for close-to-convex functions. For f € S, Ma [19] proposed a

generalized Zalcman conjecture
lanam — angym—1| < (n—1)(m —1) for m,n=2,3,--- (1.8)

which is still an open problem, and proved it for classes S* and Sg, where Sg denotes the type of all
functions in A which are typically real. Bansal and Sokol [20] studied the Zalcman conjecture for some
subclasses of analytic functions. Ravichandran and Verma [21] proved this conjecture for the classes of
starlike and convex functions of a certain order and the class of functions with bounded turning.

Motivated by the results mentioned above, which are associated with the Zalcman conjecture and the

Hankel determinants, the logarithmic coefficient ~y,, of f € S* are defined by

f(2) S
F =1 —r ) =2 nZ", D) . 1.
of (2) = log < . g:lv z (z € D) (1.9)
The logarithmic coefficients +,, play a central role in the theory of univalent functions [40,43-45]. A

very few exact upper bounds for v, seem to have been established. The significance of this problem in

the context of Bieberbach conjecture was pointed by Milin [22] in his conjecture. Milin [22] conjectured
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thatfor f € S*and n > 2

n i(kmﬁ ><0 : (1.10)

=1k=1

which led De Branges, by proving this conjecture, to the proof of Bieberbach conjecture [23]. For the

1
Koebe function k(z) = the logarithmic coefficients are v, = —. Since the Koebe function &k
n

z
(=22
plays the role of extremal function for most of the extremal problems in the class S¥, it is expected that
¥n < — holds for functions in S*. But this is not true in general, even in order of magnitude. Indeed,

n
there exists a bounded function f in the class S* with logarithmic coefficients v, # O(n~°83). By

differentiating (1.9) and the equating coefficients we obtain

m o= %az , (1.11)
Y2 = ;(ag — ;a%> : (1.12)
V3 = % <a4 — agas + éaé) : (1.13)
Moo= % (a5 — agay + azaz — %a% - iaé) : (1.14)

If f € §%, itis easy to see that |y;| < 1, because |az| < 2. Using the Fekete-Szego inequality for functions

in §* in (1.16), we obtain sharp estimate
1 -2
\72\35(1+2e ) =0.635---.

For n > 3, the problem seems much harder, and no significant bound for |y, | when f € S§* appear
to be known. In 2017, Ali and Allu [24] obtained the initial logarithmic coefficients bounds for the
initial three logarithmic coefficients for a subclass of f € S*. The problem of computing the bound
of the logarithmic coefficients is also considered in [6, 16,20] for several subclasses of close to convex
functions. In 2021, Zaprawa [25] obtained the sharp bounds of the initial logarithmic coefficients ~,, for

functions in the classes S} and ;.

We recall the definition of the Hankel determinant with k as a parameter

andn € N:={1,2,3,...}

Qn an4+1 -+ Qntg-1

An+1 an+2 - Un+q

Hyn(f) = (n,ge N=1,2,3,...) (1.15)

an4q—1 An+k " On42g-—2
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for example,

ay ag as
ap ao az as
Hy1(f) = . Hapo(f) = , H3i(f)=l|az a3 a4l- (1.16)
as as a3 a4
az a4 Oas

The evaluation of the upper bound of H,,(f) across different subfamilies of A is an intriguing area
of research within Geometric Function Theory in Complex Analysis. Noonan and Thomas [26], as
well as Noor [27], examined the growth rate of H,,(f) as n — oo for fixed ¢ and n, focusing on
various subfamilies of the class of univalent function S*. The Hankel determinant Hs 1 (f) = a3 — a3
and Hy»(f) = asas — a3 are known as the Fekete-Szego functional and second Hankel determinant
respectively. The functional Hy 1 (f) is further generalized as a3 — pa3 for some real or complex param-
eter pu. Various researchers have obtained upper bounds of H» ; (f) for different subfamilies of class S*
(refer to [26-30]). Recently, Srivastava et al. [28] derived bounds for the second Hankel determinant
for g-starlike and g-convex functions. Additionally, several studies have focused on obtaining bounds
for initial coefficients, exploring the Fekete-Szego inequality, and estimating Hankel determinants of

different orders for various subclasses of univalent and bi-univalent functions [29-32].

Building upon the previous concepts, we suggest investigating the Hankel determinant, where its
elements comprise of logarithmic coefficients of S*. This exploration could unveil fascinating insights

into the interplay between logarithmic coefficients and Hankel determinants given by

Tn Tn+1 - Yndk—1
Tn+1 Tn+2 Tn+k
Hyo(f)y=| """ " keN=1,2,3,.) (1.17)
Tn+k—1 Int+k " Yn42k—2

In the present paper, we are attempting to find sharp upper bounds for the logarithmic coefficient
inequalities of tan hyperbolic function specified in the abstract for the functions belonging to a certain

subclass of analytic function defined as follows.

Definition 1.1. A mapping f € A s said to be in the class TS*(8) (0 < g < 1) if

2{zf"(2) + B22f"(2)}
- B UG — [+ BB+ arar|~ 0 7€ (1.18)

Re

For f = 0and 8 = 1, we get TS*(0) = S}, consisting of starlike functions with respect to symmetric
points, interpreted and studied by Sakaguchi [32], TS*(1) = K}, consisting of convex functions with
respect to symmetric points, analyzed by Das and Singh [33] for which analytic conditions are given in
(1.5) and (1.6).
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Definition 1.2. [40] Consider the hyperbolic function
¢(z) =1+ tanhz, ($(0) =1)

We define the following family of functions

22f'(2)
f(z) = f(=2)

In other words, a function f is in the class TS* if and only if there exists a holomorphic function ¢,

TS*(¢) = {f . f € Aand Re ( ) <¢(z), (z€ D)} . (1.19)

fulfilling
q(z) < qo(z) :== 1+ tanhz
such that
() = zeap (/ q(t)tldt> (1.20)
by taking 0

q(z) = qo(2) = 1 + tanhz

In (1.20), we get the function that plays the role of the extremal function in many problems of the class

TS*, given by

? tanht 1 1
fo(z) = zexp / ) =2+ 224 223+ —24 4 (1.21)
0t 2 T 18

Let p € P represent the class of all functions p that are holomorphic in D with Rp(z) > 0 and has series

representation given in the form of
o0
p(z) =1+ a2, (1.22)
k=1

where every such function is called Caratheodory function. [35].

To prove the main results, we need the following lemmas.

Lemma 1.3. [30] Let p € P, be given by (1.22), then

lek| < 2fork>1, (1.23)

|entk — pener| < 2 for0<pu<1, (1.24)
lenck —cnal]l < 4 form+k=k+1, (1.25)
e — %cf < 2- % e . (1.26)

Lemma 1.4. [34,35,38] Let p € P, be given by (1.22), for complex number y, we have

2, for0<p<1
lentk — penck| < 2max {1, [2pu — 1]} = (1.27)

212u— 1|, otherwise .
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Also, if B € [0,1]and B (2B — 1) < D < B, we get
lc3 — 2Bcicy + D[ <2 . (1.28)
Lemma 1.5. [13] Let o, 8, r and a satisfy the inequalities 0 < o < 1,0 < a < 1 and
8a(1 —a)((af —2r)* + (a(a + @) — B)?) + a(l — a)(B — 2aa)? < 4ac’(1 — a)?(1 — a). (1.29)
If p € P, be given by (1.22), then
7“(:‘1l + ac% + 213 — 360%02 —cy| <2 . (1.30)

Lemma 1.6. [41], [37/] Let p € P, be given by (1.22), then for some complex valued x with |x| < 1, some

complex valued T with |7| < 1 and some complex valued p with |p| < 1. We have
200 = ci+ax(d-d), (1.31)
des = d+2@-ar—ca(d-—c)a>+24-)(1— |z, (1.32)
8cy = cf+ (4—0%)1: [cf (a:2—31:+3) + 4z
—d@d-) A —|zP) [e(@—Dr+zr*— (1—|r]*p)] . (1.33)
In this section, we start with finding the bounds of the first few initial logarithmic coefficients for the

class of functions TS*(3) of star - like functions linked with caratheodory functions.

2. CoerriCieNT EsTIMATES FOR LoGariTHMIC FuncTiON TS*(3)

Theorem 2.1. If f € TS*(53), (0 < 8 < 1) then we have the sharp bounds
(1-5)

ml = = (2.1)
el < 2(;;% (2.2)
sl < 2«:5/3) (2.3)
Il < 2(41;2515) (2.4)

Proof. Let f € TS*(8). Then the equation (1.18) can be written in the form of a hyperbolic function w

as follows
2{zf'(z) + B2 f"(2)} B
(1-=8){f(z) = f(=2)} + B{zf' () + 2f'(—=2)} | 1 +tanhw(z) . (2.5)
Expressing p(z) in terms of Schwarz function w, we have
1
p(z) = 11_(:22 = 1+clz+0222+03z3+c4z4+... (2.6)
or equivalently,
p(Z) -1 C1Z+CQZ2+C323+C4z4+...
w(z) =

p(2)+1 2+ cizt e +esdteazt+ oo
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where

1 1 1 1 1 1 1 1 1 1 3
w(z) = 2012—|—<262 - 4cf> z2—|—<8c? - 5ac + 263) z3+(204 — 5163 — ch - Ec‘f + 86%02) 2 (27)

After some calculation and by using the series expansion given by (2.7), we get

1 1 1 1 1 1 1 1 1 1
1+tanh(w(z)) = 1+§clz+ (—Zcf + 502) 224 <Ec‘;’ — 50102 + 503) 24 (504 + Zc?cz — 56163 — ZC§> A (2.8)

and

2 {zf’(z) + ﬁzzf”(z)}
(A =B){f(2) = f(=2)} + B{=f'(2) + 2 f'(—2)}

B { 1+ 2a2(1+ B)z + 3as(1 + 28)2% + 4as(1 + 38)2% + 5as(1 + 48)2* + - -- } (29)
N (1—=0)+a3(1 —B)22+ as(1 — B)2* + 2a282 + 4ay 323 + 6agB2° + - - - '
Comparing (2.8) and (2.9), we obtain
ay = 01(14* 5 (2.10)
el -5) , d0-5)?
“ = 5078 4218) (211)
B 1 2433 — 3842 4138+ 1 782 — 2082 + 108 + 3 1-5
o A (I o (P o (2] e
b A <—40¢34 — 6832 + 8832 + 83 + 12) 20 <9254 — 84/3% — 64532 + 485 + 8>
T U 482+ 78)(4 +8B)4 + 218 2\ 82+ 78)(4+8B)4 + 213
832 — 1682 + 8 o =832+ 78+1 1-8
toacs (4(4 T 80)4 1 215) m e <4(2 784+ 215) te <2(4 n 215)) (2.13)
By making use of (2.10) — (2.13) in (1.11) — (1.14), we get
S 61(18— B) 7 (2.14)
_ al-p) dq1-p)>*6-178)
T 42y 642478 (215)
. 1-8 2233 — 5232 + 208 + 10
A TEENT:) { B [ 42+ 7P) } }
1-8 —5683° + 284* + 22083 — 23432 — 158 + 57 4
+ el B+ |4} (216
_ 1— 3 [246968° — 1117257 — 22982435 + 3717043° — 354454] 4
T T4+ 216) [ 1536(2 + 78)2(4 + 858)(1 — ) “
1—-8  [—157156833 — 1292832 + 162408 + 1984} 4
T 4(d+218) | 15362+ 78)2(d+8B)(1 - B) “
N 1-8 [-9183+285% + 558 + 8] 2
4(4+216) | 4(2+78)2(1-p) 2
1—8 [378% —708%+ 135 + 20}
— 26163
4(4+218) | 8(4+88)(1-2))
N 1-8  [—3234p° 4+ 112428° — 56448 — 613053° 4 18988% + 16605 +208] 3,
4(4 +218) | 242+ 78)2(4 + 8B)(1 — B)) 912
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(1-5)
+ [4(4+2lﬂ) cs. (2.17)
For 71, using Lemma (1.3) in (2.14) we get
1—
ml < —— B (2.18)
For 79, using Lemma (1.4) in (2.15) we get
1-p
< — 2.19
vl < 55173 (219)

For 73, using Lemma (1.4) in (2.16) we get
1-5 118% — 268% + 103 + 5 —5683° + 284* + 22033 — 23432 — 153 + 57 ,
3 — 2 1Co + C

BT A4+ 8B) 42+ 7B) 48(2 1+ 78) '
(2.20)
Comparing the bracket portion of (2.20) with Lemma (1.4), we obtain
118% — 2632 + 108 +5
B 2.21
42+ 75) (2:21)
—563° 4 283* + 220433 — 23447 — 1
D - 568° + 284 + 2208 343 58 + 57 (2.22)
48(2+78)
Clearly 0 < B <1and B > D. Moreover,
12135 — 5723° 1 —4108% — 16082 + 1 2
BRB-1)= B° — 5723° + 8963 08 608° + 1008 + 5§D . (2.23)

8(2+70)?
Given that all conditions out lined in Lemma (1.4) are met, applying (2.16) yields the following

conclusion
1-p
2.24
To obtain the bound of 74, we use lemma(1.5) in (2.17) so that
1-p 4., 2 3 o
= ———— 2 ~ ZnRes — 22
V4 141 21P) [7"01 + ac; + 2acyc3 571c1C2 — C4 (2.25)

. (2469658 — 1117287 — 22982435 + 3717043% — 35448% — 15715633 — 1292832 + 1624083 + 1984

1536(2 + 78)2(4 + 8B)(1 — B)

Y - [—9133 + 2832 +555+8}
42+ 78)*(1-08) ’

0 (3733 — 7082 + 133 + 20]
B 8(4+83)(1—p) ’

_ [—32348°% + 1124285 — 56443* — 61308° + 189832 + 16603 + 208
T 24(2 + 78)2(4 + 8B)(1 — B)

Consequently, all the conditions outlined in Lemma (1.4) and (1.5) are fulfilled, and utilizing equation

(1.30), we get

1-p
74| < m (2.26)

which completes the proof of theorem (2.1). O
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Theorem 2.2. If f € TS*(5), (0 < 3 < 1) then

1-7 782 — 138+ N2+ 78)(1-8) -2
Proof. Making the use of (2.14) and (2.15). We get
> ca(l=8)  ci(1-p)*(6—75) ci(1-p8)°
=il = || - Ve e (229)
_ 1-B (1=5)(6-76) A1=B)2+76)| »
= 127 ‘CQ - [ 16 + 16 ] ] (2.29)
B 1-p (1=8)64+2X—=T78)+TA3] ,
EETCERT N [ 16 } “a (230)
1—
= 4(2_1_% ‘02 - ,uc%‘ (2.31)
(2.32)
where,
- A— A
= (1 ﬁ)(6+216 78) +TAB (2.33)
Using Lemma (1.4), we get
1-7 782 — 138+ M2 +78)(1—B) —2
‘72—)\7%} §2(2+7ﬁ)max{1, | ‘(8 I ) ’} (2.34)
which completes the proof of theorem (2.2). O

Putting A = 1 in theorem (2.2), we get the following result.

Corollary 2.3. Let f given by (1.1), be in the class TS*(3); (0 < 5 < 1). Then for any A € C, we have
2 = M3 < %max{l,@,u—l]}. (2.35)
Theorem 2.4. If f € TS*(53), (0 < 3 < 1) then

1_
12 — 3] < =D (2.36)

~2(448p)°
Proof. Making the use of (2.14), (2.15) and (2.16). We get,

7172 — 73|
. 1-p L 118% —308% + 128+ 7 N —5683° — 284* + 35233 — 30632 — 433 +81] ,
1(1+8p) | 8(2+78) 1e2 96(2 + 78) il
(2.37)
An application Lemma (1.4), we get
3 _ 2
0 <B — 1183 — 3082+ 126+ 7 <1
8(2+170)
3 _ 2 _ 5 4 3 _ 2 _
B 118% —308% + 128+ 7 ~p— 563> — 283% + 35233 — 3063% — 433 + 81 (238)

8(2+78) 96(2+7p)
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and

1218% — 6608° + 8563* + 1863% — 3723% — 1243 — 7

B(2B—1) =

32(2 4 78)2
_ —563° — 2831 + 35233 — 3063% — 433 + 81
<D= 962 1 75) . (2.39)

An application Lemma (1.4), we get

| | < i

7172 — V3 = 24+ 85)°
which completes the proof of theorem (2.4). O
Theorem 2.5. If f € TS*(5), (0 < 8 < 1) then

B (1-5)
"74 72‘ = 2(4+216) (2.40)

Proof. Making the use of (2.15) and (2.17). We get,

) (1—p8) [1975683% — 8820037 — 18447243°) ,
ha =] 4(4 n zm { 12288(2 + 78)2(4 + 8B)(1 — B) } 1
N {2986256&5 406163+ — 125295%3}
4+21ﬂ 12288(2 + 76)2(4 + 83)(1 — jB) !
N { —1016842 4 1280480 + 16304 } 4
4+215 12288(2 4+ 78)2(4+868)(1—3) | *
N { —3643° + 11332 + 2183 + 33 } 2
4 + 21,8 16(2 4 76)2(1 — B) 2
—373% — 70832 + 13,3 +20
+ 4+215 { 8(4 1 88)(1— B) }20163
—258723% + 8988055 449643 — 4922433 + 1522832 + 1333268 4+ 1640 3 ,
N 4+21/3 { 192(2 + 78)2(4 + 88)(1 — B) }20162
— Mc (2.41)
After simplifying we get
) (1—5) 197568% — 8820037 — 184472436
ha =] < 44 +218) |\ 12288(2 + 78)2(4 + 8B)(1 — B) } 1

(1-0) {
1(4 1 210)
(1—B) |f—10168482 + 1280485 + 16304 ,
Ay 21p) { 12288(2 + 78)2(4 1+ 88)(1 — ) } “

20862565° — 40616/5* — 125295233
12288(2 + 76)2(4 + 85)(1 — f) i

(1-0) —3648% + 11332 + 2188+ 33
(4 + 215) } =
(1-5)
4(4+21B)
(1-5)
4(4 +21P)

16(2 + 78)2(1 — B)
—378% — 7082 + 136 + 20} 2e1cs
8(4+88)(1—P)
—25872% + 8988%5 — 449645* — 492243° + 1522832 + 133323 + 1640 3 ,
192(2 + 78)2(4 + 88)(1 — B) } 24
(1-5)

= Tuzaig b (242)
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Comparing the rightside of (2.14) with

3
rei + ach + 2acic3 — 5776%02 —cy (2.43)

where,

T =

1975683°% — 8820087 — 184472455 + 29862563° — 406163* — 12529524% — 10168452 + 1280483 + 16304}
12288(2+ 76)2(4 4+ 88)(1 — B3))

—36463 + 113682 + 2188 + 33}

{
{ 16(2476)*(1 = B)
s
s

—375% — 7087 + 138 + 20
8(4+88)(1—B) }

—258726° + 8988065 449648* — 492248°% + 1522852 + 133328 + 1640

192(2 4 78)2(4 + 88)(1 — B) }

(2.44)
are such that
8a(l —a) ((an —2r)* + (a(a+ a) — B)*) + a1 — @) (B — 2aa)® < 4ac*(1 —a)*(1 —a), 0<a <1, 0<a<l

By equations (2.15) and (2.17) and the lemma (1.6), we get

1-0
= 2(4+218)

which completes the proof of theorem (2.5). O

| — 3| <

Theorem 2.6. If f € TS*(53), (0 < 8 < 1) then

;2
Iy — 3] < (48 +%)2)

Proof. Making the use of (2.14), (2.15) and (2.16), we get

1254457 — 1537985 — 475443% + 874108* — 1746833 — 3194732 + 8844 + 3540 y
12288(2 + 70)2 !

(2.45)

Ny =% =

(1-5)°
* { 32(4 1 85) } s
6163° — 188944 + 139733 4- 33532 — 3853 — 74
+ { 128(2 + 75)?2 } ae

1-8)° 1 »
) 2.46
{ 162 +78) J (2.46)
Using (1.23) and (1.28) we express ¢ and c3 in terms of ¢; and without loss of generality we can write
c1 = cwith 0 < ¢ < 2. We get
8 7 6 5
s — 22| < —10035258 + 7285687 + 20532435 + 980003 (b
- 12288(2 + 75)2(4 + 8p)
37760854 — 777523 + 1362362 + 420963 + 1200 b
12288(2 + 76)%(4 + 80)
{ —49283% + 12648° — 33683* — 853233 + 156052 + 22763 + 344} 24— Py
256(2 + 75)%(4 + 853)

+




Asia Pac. J. Math. 2025 12:59 16 of 21

(1- 5
- {128(4+85)}62(402)x2
(-5
+ |{ s et = - lafyr

(1-p)?
N {64(2 T 78)2 } ARt

Since |7| < 1 and replcing |z| = b where b < 1 (2.47) becomes

(2.47)

2 —10035238 + 7285687 + 20532435 + 980003° — 3776084* — 7775263 ,
s =] < { 12288(2 + 78)%(4 + 83) }C
13623632 + 420965 4 1200 4
* { 12288(2 + 76)2(4 + 85) }
{ —4928435 + 1264835 — 336843* — 85323 + 156032 + 227603 + 344} 24— )
256(2 4 75)%(4 + 83) ‘
(1 B 5)2 2 2\1.2
+ s o
(1-— B)Q 2 2
+ {W}CH_C )(1=1b%)
(1-p)? 2 212
* {64(2+7ﬁ)2}b 4=c)

= (e, b). (2.48)

It is a simple exercise to show that gﬁ >0on[0,1], so that ¢(c,b) < ¢(c, 1).
Putting b=1in (2.48) we get

IN

— 8 7 6 5 _ 4 _ 3
|’Yl’Y3 B ,@‘ { 1003523° 4+ 728563 + 205324 5° + 980005° — 3776083* — 7775203 } A

12288(2 + 75)2(4 + 85)

13623632 + 420965 + 1200 ,
C
12288(2 + 75)2(4 + 80)

—4928° + 126485° — 33685 — 85326 + 15604 + 22765 + 344 , (4— )
256(2 + 78)2(4 + 83)

{
{

+ {12(8 1+ 88) } =)
{

* 64(2+7/5 }4_02)2
= (2.49)
since 8¢(ac’ D) < 0, ¢(c,1) is a decreasing function, and obtains its maximum value at c=0. Therefore
we get ’ ,
Inys — 3| < (481%)2). (2.50)

which completes the proof of theorem (2.6). O
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Theorem 2.7. If f € TS*(B), (0 < 5 < 1) then

(1-8)°

o2 =l < pg o 251)

Proof. Making the use of (2.15) and (2.16). We get,

B = {4956 — 2808° + 66643 — 84433 + 60152 — 2283 + 36} 4
2

4096(2 + 75)2 “
563% — 843° — 1923% + 45433 — 21982 — 726 + 57\ 5
192(2 + 75)(4 + 8B) } ‘1

784 —2753+3952—255+6} 9
CICQ

128(2 + 753)2
—223% + 743 — 7282 + 108 + 10} .
162

+ 16(2 + 78)(4 + 89)

{

+ @ 2+75}2
{
s

B { i+ 8%) } “ 252

using (1.23) and (1.28) we express ¢z and c3 in terms of ¢; and without loss of generality we can write

c1 = cwith 0 < ¢ <2, we get

9 4945 — 2803° + 6665* — 84432 + 60132 — 2283+ 36 , 4
g — 3| < (c*)

4096(2 + 71)2

5630 — 8435 — 1928% + 45433 — 21982 — 728 + 57 4
192(2 + 75)(4 + 8B) } ¢

(1-—
64(2—1—76 } 74 =)’

{
{
(et 77
N {7 B+ 2783 + 2552 — 1036—1—58}2
5
sy

2
256(2 + 75)2 -z

—223% + 7483 — 448% — 108 + 2 L2
32(2 + 76)(4 + 86) } (4=ca

)1 = |z*)7

84—1—85 }

+ {16(4%}@2(4— ?)|.

Since |7| < 1 and replcing |z| = b where b < 1 (2.53) becomes

(2.53)

12— | < 4968 — 2803° + 5548* — 41233 4 415% + 448 + 4 a
- 4096(2 + 71)2

{ —5635 +84° — 723* + 43443 + 56132 + 1325 + 39} 5
192(2 + 78)(4 + 8B)

+ { 2+75 } 2(4 — 2)?
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—7B* 4278 + 2532 — 1038 4+ 58 , 9
+ { 256(2 + 75)° cl=ep
—929 4 3 2 _
n { B+ 7433 — 4473 105+2}C(4_cg)b
32(2 + 78)(4 + 8B)
( 2 2
+ {16(4 T+ 85) cb*(4 —¢*)
( 2 2
+ {8(4+8ﬁ —c“)(1-b%)
= (2.54)
o , 9¢(c, b)
It is a simple exercise to show that 9 > 0on [0,1], so that ¢(c,b) < ¢(c, 1).
Putting b=1in (2.54) we get
3= | < 4985 — 2803° + 5548* — 4123 + 4162 + 448 + 4 A
2B = 4096(2 + 78)2
N { —563% + 843° — 7234 4 43433 — 56132 + 13283 + 39} 5
192(2 4 78)(4 + 8p)
( _2\2
+ {32(2+75 (4=¢)
—7B* + 2783 + 2532 — 1033 +58) 9
+ { 256(2 + 75)2 cd-c)
29 4 3 2
. { B — 74533 + 44582 + 108 — 2}0(4_62)
32(2+ 75)(4 + 8B)
_ 2
- {8 4y 8ﬁ } <)
_ (2.55)
- 09(c,1) . . . o .
Since 90 < 0, so ¢(c, 1) is a decreasing function, and obtains its maximum value at c=0. Therefore
we get
1-8)
2_ < (7 .
15 — 73] < CRRTE (2.56)
which completes the proof of theorem (2.7). O

CONCLUSION

In the current paper, we obtained the upper bounds of Hankel determinant and Zalcman conjecture
associated with the logarithmic coefficients 7, (n € N) involving tan hyperbolic functions. All the

estimations were proven to be sharp.
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