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AsstrRACT. We present iterative approximation outcomes for a new iterative scheme for finding fixed
points(FPs) of a nonexpansive map in a uniformly convex Banach space (UCB-space), which are
new/generalized to some recently published results of the literature.
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1. INTRODUCTION

Functional and integral equations arise from a wide range of engineering and applied science prob-
lems. These equations may be transformed into FP theorems using a simple procedure. Furthermore, as
shown in [1-4], the presence and distinctiveness of solutions to such integral and differential equations
have been established using the FP theorem.

Some schematic algorithms determine FPs by investigating their characteristics. The iterative proce-
dures have been tweaked to get approximate results. An initial iterative procedure for approximating
the FP of a contraction mapping is the Picard iterative process. Several prominent mathematicians have
lately devised iterative algorithms that accelerate approximation to the FP [5-10].

The study of new iterative techniques for FP and functional equation solutions is a popular area of
study with many useful applications (see, for example, [11-17] and others). For the nonexpansive
mappings, we thus aim to develop a novel iterative approach. Additionally, using examples, we

demonstrate that this novel iterative procedure provides better estimates than other approaches.

DOI: 10.28924/ APIM /12-62

©2025 Asia Pacific Journal of Mathematics


https://doi.org/10.28924/APJM/12-62

Asia Pac. J. Math. 2025 12:62 20of 11

The new iteration approach is defined by:
=T (1 —my)wy, +m, Twy,
Sn=T{(1—vp)rn +v,Try) (1)
Wnt1 = T (T sn)

for all n > 0 where m,,, vy, s, € (0,1) .

2. PRELIMENRIS
Throughout this work, T(7") indicates the collection of each FP of 7, and X is a Banach space (briefly
BN-space).

Definition 2.1 ( [18]). Let Z C X. A mapping T : Z — Z is termed as nonexpansive (Nonexp-Map) if for
any x,y € 2,

17 (x) = Tl < llz —yll (2)

Lemma 2.2 ( [19]). Let X be a UCB-space and (zy,) be a real sequence with 0 < a < x,, < b < 1. Let (uy)

and (vy,) be any two sequences of X where

lim sup [|uy|| <7, lim sup |jv,| < T,
n—oo n—oo

and
lim sup ||zpu, + (1 — zp)vp| = 7,
n—oo
hold for some ™ > 0. Then,
lim sup ||un, — v,|| = 0.
n—oo

Proposition 2.3 ( [20]). Let T : Z — Z be a map. Then

i. If T is Nonexp-Map, then T is Suzuki’s generalized Nonexp-Map
ii. If T is Suzuki’s generalized Nonexp-Map and posseses an FP, then T is a quasi Nonexp-Map
iii. If T is a Suzuki’s generalized Nonexp-Map, then
lp—Tqll <3| Tp—pll+llp—ql, forallp,q € Z

Definition 2.4 ( [19]). Let Z C X (Z a non-empty closed convex). Suppose (wy,) is a bounded in X. We put

7(q, (wy)) = limy, 00 sUP |jwy, — ¢|| for ¢ € X.

The asymptotic radius of (w,,) relative to Z is given by:
r(q, (wn)) = inf{r(q, (wyp)) : ¢ € Z} and the asymptotic center of (w,) relative to Z is given by the

following set:

UZ, (wn)) ={q € Z:7(q, (wn)) = 7(Z, (wn))} 3)
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3. MaIN ResuLrs

In this study part, we provide some convergence findings for Nonexp-Map using the newly proposed

approach Eq.1.

Theorem 3.1. Let Z C X (Z a non-empty closed convex) and T : Z — Z is a Nonexp-Map withX(T) # ¢ .
For wy € Z the sequence (wy) generated by Eq.1. Then limy,_,o ||wn, — q|| exists for all g € Y(T).

Proof.

Consider ¢ € Y(7). From Proposition 2.3 (ii) and Definition 2.1, we have
[ = qll = [IT((1 = &n)wn + & Twn) — 4
< (1 = &n)wn + &nTwn — 4
< (1= &)llwn — qll + &l Twn — qll (4)
< (1= &)llwn — gl + &nllwn — 4

= [lwn — ¢

[sn — gl = T((1 = vn)rn + v, Trn) — 4|
< H(l - Un)rn +u,Try — QH

< (L=wn)llra = gl + val|T7rs — gl

(5)
S (1 - 'Un)Hrn - QH + U’VLHTTZ - QH
= [lrn — 4|
< [lwn — 4l
[wnt1 =gl = [IT((1 = mp)Trn + mp T sn) — g
< (1= mp)Trn + m, T s — g
< (1 —m)||Trn — qll + mul|Tsn — 4l
(6)

< (L—myp)|rn — qll + mplsn — ql|
< (1 —my)llwn — gll + mnflwn — ql|
= [lwn — 4
Hence lim;, . [|wn — ql| exists for all ¢ € Y(T).

Theorem 3.2. Let Z C X (Z a non-empty closed convex) and T : Z — Z is a Nonexp-Map. For w,, € Z, the
sequence (wy,) is generated by Eq.1. Then Y (T') # ¢; if and only if limy, oo || Twy, — wy|| = 0.
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Proof.
Assume Y (7) # ¢ and ¢ € Y(T). By theorem 3.1, lim,,_, |lwy, — ¢|| exists and (wy,) is bounded.
Let

Jim o —qf = ¢ (7)
Utilizing Eq.1 and Eq.7, we get
lim sup ||r, — ¢ < lim sup|jw, —¢q|| = ¢ (8)
n—oo n—oo
According to Proposition 2.3(ii),
lim sup [ Tew, — g < lim sup o, —qfl = ¢ (9)
n—oo n—o0
On the other hand
[wnt1 =gl = [IT((1 = mp)Trn + mp T sn) — qf
< H(l - mn)Trn +m,Ts, — QH
< (1 =myp)[lr — gl + mpl[sn — 4|
< (T —=my)llrn — gl + mylr, — gl
< (1 —mp)llwn — gl + mplrn — gl
This implies that
[wn+1 — gl = llwn — 4|
. - . < llrn = all = llwn — qll]
n
Wnt1 — 4] — [|Wn — 4
Jensr = gl = s — g < Lonsr =@ = Jeon — ]
mpy
< llrn = all = llwn+1 — qll]
[wnt1 = qll < [lrn — 4l
¢ < lim inf||r, —q|| (10)
n—oo
From Eq.8 and Eq.3, we get

¢ = lim ||r, — ¢||
n—oo

= lim ||(1 - &)wn + & Twn — 4|

n—oo

= Tim [[(1 = &) (wn — @) + & (Twn — ) (11)

Based on Lemma 2.2 and Eq.7, Eq.9, Eq.11 one get

limy, 00 | Twn —wp|| =0
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Conversely, suppose (wy,) is bounded and lim,, o || Twr — wy|| =0

Consider ¢ € Y(7). By Proposition 2.3(ii) ,we get
r(Tq, (wn)) = lim sup |lw, — T
< nh_}n;o sup[3||Twn — wn|l + llwn — ql]
< nlgrolo sup ||wn, — ¢
=7(q, (wn))

This shows that 7q € U(Z(wy,)). Because X is uniformly convex, U(Z(wy,)) is a singleton. Thus, 7¢q = ¢
,ie. Y(T) # ¢.

Now, to confirm the convergence result mentioned in the previous results, some examples are
presented. Numerical and graphical examination of the examples shows that the iterative method

given in Eq.1 converges to FP faster than the iterations of Agarwal [21], Abbas [22], and Thakur [23].

Example 3.1. Consider X = Rand Z = [1,30], T : Z — Z be a mapping defined by Tw = Vw? — 9w + 27
forallw e 2.

For wg =5, and m,, = v,, = &, = 0.75.

19 18 17 16 15 14 13 12 11 10 9 8 7 6 5 4 3 2 1

e (new iteration) — essssThakur Abbas and Nazir e Aganyal

Ficure 1. Graphic illustration of the convergence of iterative approaches for example 3.1
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TasLE 1. Comparison of convergence rates for various iteration approaches for example 3.1

step  Agarwal [21]

Abbas [27]

Thakur [23]

(new iteration)

1

© > N O K~ W N

T e T o T e T e T e O G G |
© 2 NS O xR LN =R O

5
3.0196029628
3.0020978431
3.0002254108
3.0000242304
3.0000026047
3.0000002800
3.0000000301
3.0000000032
3.0000000029
3.0000000022
3.0000000017
3.0000000011
3.0000000009
3.0000000004
3.0000000001

3

5
3.0540525027
3.0081163308
3.0012323501
3.0001874173
3.0000285096
3.0000043369
3.0000006597
3.0000001003
3.0000000152
3.0000000023
3.0000000019
3.0000000014
3.0000000010
3.0000000007
3.0000000004
3.0000000003
3.0000000001

3

5
2.9869096817
3.0004940741
2.9999814126
3.0000006993
2.9999999736
3.0000000009
2.9999999999
3.0000000000
2.9999999999
3.0000000002

3

5
3.0026320501
3.0000201368
3.0000001541
3.0000000011
3.0000000010
3.0000000008
3.0000000007
3.0000000004
3.0000000001

3
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Example 3.2. Let X = R, Z = [1,30] and T : Z — Z be a mapping defined by

forallw e 2.

4—w

Tw=

w+12
7

Consider wg = 1, and m,, = v, = &, = 0.8.

if well,?)

if wel2,3]

TabLE 2. Comparison of convergence rates for various iteration approaches for example 3.2

step  Agarwal [21]

Abbas [227]

Thakur [23]

(new iteration)

1

© 0 N O G xR W NN

| S T G T e S e e - S O e O e S S Y
_m O O 0 NN Y O Rx LW R O

1
2.0762448979
2.0762448979
2.0028790784
2.0001087166
2.0000041052
2.0000001550
2.0000000058
2.0000000032
2.0000000028
2.0000000017
2.0000000006
2.0000000002

2

1
1.7849795918
1.7849795918
1.9511985168
1.9889239129
1.9974861480
1.9994294508
1.9998705069
1.9999706099
1.9999933295
1.9999984860
1.9999996563
1.9999999220
1.9999999823
1.9999999959
1.9999999960
1.9999999981
1.9999999992
1.9999999994
1.9999999999
1.9999999999

2

1
2.0386938775
2.0386938775
2.0007842560
2.0000158954
2.0000003221
2.0000000065
2.0000000033
2.0000000034
2.0000000019
2.0000000011
2.0000000004

2

1
2.0005497709
2.0005497709
2.0000001583
2.0000000004
2.0000000001

2
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26252423222120191817161514131211109 8 7 6 5 4 3 2 1

—— (nevw iteration) —ees=Thakur —ssAbbasand Nazir e Agrawal

Ficure 2. Graphic illustration of the convergence of iterative approaches for example 3.2

Example 3.3. Let X = Rand Z = [1,30] and T : Z — Z defined by Tw = 242 forall w € Z.

Consider wg = 0.5, and m,, = v, = &, = 0.7.

1.2

0.8

0.6

04

0.2

19 18 17 16 15 14 13 12 11 10 9 8 7 6 5 4 3 2 1

e (new iteration) — esssmThakur —ess==Abbasand Nazir e Agarwal

Ficure 3. Graphic illustration of the convergence of iterative approaches for example 3.3
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TasLE 3. Comparison of convergence rates for various iteration approaches for example 3.3

step  Agarwal [21]

Abbas [27]

Thakur [23]

new iteration

0

© 0 NS G B~ W N R

NN N N M R kR R R R R
W N R O © &©o© N ©oO G xR W N R O

1
0.6887500000
0.5712531250
0.5268980546
0.5101540156
0.5038331409
0.5014470106
0.5005462465
0.5002062080
0.5000778435
0.5000293859
0.5000110931
0.5000041876
0.5000015808
0.5000005967
0.5000002252
0.5000000850
0.5000000321
0.5000000121
0.5000000045
0.5000000017
0.5000000006
0.5000000002

0.5

1
0.6420625000
0.5403635078
0.5114682816
0.5032584255
0.5009258001
0.5002630429
0.5000747370
0.5000212346
0.5000060333
0.5000017142
0.5000004870
0.5000001383
0.5000000393
0.5000000111
0.5000000031
0.5000000009
0.5000000002

0.5

1

0.6226875000 0.51320312500

0.5301044453
0.5073868782
0.5018125552
0.5004447557
0.5001091319
0.5000267782
0.5000065707
0.5000016122
0.5000003956
0.5000000970
0.5000000238
0.5000000058
0.5000000014
0.5000000003
0.5

1

0.5003486450

0.5000092064

0.5000002431

0.5000000064

0.5000000001
0.5
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It is clear from the data and graphs for all the above examples that the proposed new method

approaches the FP faster than other methods, which indicates the efficiency of the proposed method.

4. CONCLUSION

In this study, we introduce a novel iterative approach for estimating the FPs of nonexpansive mapping.
We have numerically demonstrated that our innovative iterative approach converges more quickly than
other popular iterative algorithms. In addition, we proved some convergence results for nonexpansive

mapping in UCB-space.

Conflicts of Interest. The authors declare that there are no conflicts of interest regarding the publication

of this paper.
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