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AsstrAcT. In this paper, we study a non-autonomous differential system of even dimension n and aim
to determine the conditions that ensure the existence of periodic solutions. Using the classical another
first-order averaging theory, we establish sufficient conditions for the existence of these solutions.
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1. INTRODUCTION

One of the fundamental aspects of the qualitative theory of differential systems is the study of periodic
orbits including their existence, number, and stability. For example, the study of periodic solutions in
predator-prey models helps ecologists analyze the cyclical fluctuations in animal populations, providing
insights for better wildlife management. In engineering, detecting periodic solutions in systems such as
electrical circuits or mechanical vibrations is essential for maintaining stability and avoiding resonance
effects that could cause system failure. It also plays a fundamental role in climate research, the medical
field, and various other areas of study. In general, the study of phenomena with known periodic
solutions facilitates the control and prediction of their outcomes.

Typically, it is difficult to find periodic solutions of differential systems using exact mathematical
methods, and in many cases, it is not possible at all. Averaging theory is a useful method that helps
researchers study periodic solutions in these systems. This method begins with the works of Lagrange
and Laplace. For more explanations about averaging theory, see the books by Verhulst [1] and Sanders
and Verhulst [2]. The main idea of the averaging theory is to reduce the complex problem of finding

periodic solutions to finding the zeros of a system of nonlinear equations.
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Many researchers have studied problems related to the periodic behavior of solutions in higher-order
differential equations and systems. Several papers, including [ [3], [4], [5], [6], [7], [8], [9], [10]],
provide useful examples and contributions in this area.

In [11], the authors studied the periodic solutions of a four-dimensional system using the averaging

method of the form

x _y+h1(t) Pl(x7y7zvu)
y x + ha(t P (x,y,2,u
il atma | Besa | "
z —u + hs(t) P (z,y,2,u)
U z 4 hy(t) Py (z,y,2,u)

where P; are polynomials in the variables z, y, z and u of degree n, h;(t) are 2r—periodic functions
with i = 1,4, and ¢ is a small parameter.
In [12], the authors provide sufficient conditions for the existence of periodic solutions for the

differential system (2)

x y

y: _ - eG(t,z,y,z,u) @)
z U

u —Z—sH(t,x,y,z,u),

where G and H are 27-periodic functions in the variable ¢ and ¢ is a small parameter.
In [13], the authors provide sufficient conditions for the existence of periodic solutions for the

differential system (3)

t=y, y=-—x—cF(t,z,y,zu,v,w)
Z=u, u=-z-¢eG(t,x,y,z,u,v,w) (3)
v=w, w=-v—cH((t,x,y,z,u,v,w),

where F', G and H are 2m-periodic functions in the variable ¢ and ¢ is a small parameter.

In this work, we investigate the existence of periodic solutions in system (4) using another first order

averaging method

1‘" = —Z2 + fl(t) + E\-Rl ($1,x2,x3,$47$5,x6, ~-'737n—17$n)

&g = x1 + fo(t) + eRa (21, 22, T3, %4, T5, L6, ..., Tn—1, Tn,)

&3 = —x4 + f3(t) + eR3 (1, T2, T3, T4, T5, L6, ..., T—1, Tn)

&y = w3+ fa(t) + Ry (w1, 22, 23, T4, T5, L6, oo Tr—1, Tny) (4)
i‘nfl = —xn + fnfl(t) + ERnfl (ZL’l,ZCQ, X3,T4,T5,T6, "'7xn717$n)

x“n = Tn—1 + fn(t) + ERTL (1‘1,.%2,1'3,1‘4,1:5,336, ey Tn—1, xn) )
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where each R; is a polynomial of degree m; in the variables z;, f;(t) are 2r—periodic functions with

i = 1,n, where n is even and ¢ denotes a small parameter.

2. STATEMENT OF THE MAIN RESULT
We now present the main result in the form of the following theorem.
Theorem 1. We consider the system defined by (4), and define the following set of equations
Fi(x1,0, 2,0, £3,0, £4,05 - Tn—1,0, Tn,0) % Zf cos(t)R1(A(t)) + sin(t)Ra(A(t)))dt,
Fo(T1,0, 22,0, T3,0, T4,0, s Tr—1,0, Tn,0) = 5 f —sin(t) R1(A(t)) + cos(t) R2(A(t)))dt,
F3(x1,0, 22,0, 3,0, £4,05 ---) Tr—1,0, Tn,0) % ?f (cos(t)R3(A(t)) + sin(t)R4(A(2)))dt,

0
Fa(1,0, 22,0, 3,0, 4,05 - Tn—1,0, Tn,0) = 5= f (—sin(t)R3(A(t)) + cos(t)R4(A(t)))dt,
0

Fr—1(21,0, 22,0, 3,0, T4,05 - Tn—1,0,Tn,0) = 5= | (cos(t)Rn_1(A(t)) + sin(t) R, (A(t)))dt,
2

Fou(21,0, ©20, 23,0, £4.0s oo Tn1.0, Tn0) = ok Of — sin(t) Ru_1(A(1)) + cos(t) Ru(A(£)))dt,
where A(t) = (a1(t), an(t), as(t), @a(t), - an_1(), an(t)) which is represented by the following expression
a1(t) = cos(t)z10 — sin(t)zao + Oft (cos(t — 8)f1 () — sin(t — s) fa(s)) ds,
as(t) = sin(t)z10 + cos(t)za0 + Of (sint — 8)f1 (s) + cos(t — ) fals)) ds
as(t) = cos(t)z3,0 — sin(t)zao + Of (cos(t — 8) f3 (s) — sin(t — s) fa(s)) ds,

as(t) = sin(t)x3,0 + cos(t)xs + Oft (sin(t — 8) f3 (s) + cos(t — s) fa(s)) ds

an—1(t) = cos(t)xn—1,0 — sin(t)x,o0 + ft (cos(t — s) fn—1(s) —sin(t — s) fu(s)) ds,
0

~

an(t) = sin(t)xn_1,0 + cos(t)zno + [ (Sin(t — ) fn—1 (s) + cos(t — s) fn(s)) ds

0
If the following conditions are satisfied
27
Of(cos(s)fl (s) + sin(s) fa(s))ds = 0,
2T
[ (=sin(s) f1 (s) + cos(s) fa(s)) ds = 0,
0271' (5)
Of (cos(s)f3 (s) + sin(s) fa(s)) ds = 0,
o
[ (—sin(s) f3 (s) + cos(s) fa(s)) ds = 0,

0
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2

bf(COS(S)fn—l (s) +sin(s) fu(s))ds = 0,
27
bf (—sin(s) fn—1 (s) + cos(s) fn(s))ds = 0,

then for every (&3 o, 45 0, 45 0, T4 0, -+ T 1 0, X5 o) Solution of the system

Fie (1,0, 2,0, 3,0, £4,05 - - -, Tn—1,0,Tno0) =0, k=1n,

and satisfying

dot < 0 (F1,Fa, Fa, Fayeees Fm1,Fn) )
0 (21,0, 22,0, £3,0, T4,05 -+, Tn—1,0, Tn,0)

* * * * * *
(11,07352,0vws,ov%,o:'"vIn—l,o:xn,o

The differential system (4) possesses a periodic solution
(:Ul (t7 5)7 L2 (t7 5)7 x3(t7 5)7 l‘4(t, 6)7 A 'rn—l(tv 6)7 .Z‘n(t, 6))t ’
which tends toward the periodic solution given by

x1(t) = cos(t)z] o — sin(t)z3 o + ft (cos(t — s)f1 (s) —sin(t — s) fa(s)) ds

<+

xo(t) = sin(t)x] o + cos(t)zs o + [ (sin(t — 5)f1 (s) + cos(t — ) f2(s)) ds

x3(t) = cos(t)r3 o — sin(t)z] o +

(cos(t — 8)f3 (s) —sin(t — ) fa(s)) ds

@O 4O

w4(t) = sin(t)x3 o + cos(t)xi o + bf (sin(t — s) f3 (s) + cos(t — s) fa(s)) ds

Tp1(t) = cos(t)x),_q o — sin(t)z;, o +

(cos(t — 8) frn—1(s) —sin(t — s) fn(s))ds

o

Ty (t) = sin(t)z;, 1 o + cos(t)z), o +

o o

(sin(t — 8) frn—1 () + cos(t — $) frn(s)) ds,
concerning the differential system
i1 = —x2 + fi(t)
Bo = x1 + f2(?)
B3 = —x4 + f3(1)
&g = x5+ fa(t)
in—l = —Ip, + fn—l(t)
Ty = Tn-1+ fn (1),

when ¢ — 0, it is important to note that this solution is periodic with a period of 2.

) #0.

Theorem 1 is proved using the averaging theory for the study of periodic orbits, as explained in

Section 3. A complete proof is given in Section 4. In Section 5, we provide two examples to illustrate

how the theorem can be applied.
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3. ANOTHER FIRST ORDER AVERAGING THEORY

We consider the problem of the bifurcation of T- periodic solutions from differential systems of the
form

&= Fy(t,x) +eF (t,x) + 2 Fy(t, z, €), (6)

with € € (—eg,€0), for gy sufficiently small. Here the functions Fp, F; : R x Q@ — R" and F; :

R x Q x (—eg,€0) — R™ are C? functions, T-periodic in the first variable and €2 is an open subset of R".

One of the main assumptions is that the unperturbed system
.CIU:Fo(t,JJ), (7)

has a submanifold of periodic solutions.
Let z (t, z) be the solution of system (7) such that 2(0, z) = z. We write the linearized system of the

unperturbed system along the periodic solution z(¢, z) as
y = DIFQ(t,LU(t,Z,O))y (8)

In what follows we denote by M. (t) some fundamental matrix of the linear differential system (8),

and by ¢ : R¥ x R"~* — RF the projection of R™ onto its first k coordinates &(z1, ..., ¥,) = (21, ..., Tp).

Theorem 2. Let V € R¥ be open bounded with C1(V') C Q, and let By : C1(V) — R"~* be a C? function. We
assume
(1) Z ={za=(a,00 (), a € CL(V)} C Qand that for each zo € Z the solution x(t, z,) of (7) is
T-periodic.
(2) for each zo € Z there is a fundamental matrix M. (t) of (8) such that the M_*(0) —M_*(T) has

in the right up corner the k x (n — k) zero matrix, and in the right down corner a (n — k) x (n — k)

matrix A, with det(A) # 0.
Remark 3. This proof was first given by Roseau [14]. A shorter version is available in [15].
We consider the function F : CI (V') — R¥ defined by

Fa)=¢ (/OT MM () Fy(tx(t 20)) dt) . (9)

If there exists @ € V with F (a) = 0 and det ((%£) (a)) # 0, then there is a T—periodic solution

z (t,¢) of system (6) such that z (0,¢) — 24 as e — 0.
We assume that there exists an open set V' with CI(V') C Q such that for each z € C1 (V) , z (¢, 2,0)
is T'—periodic, where z (¢, z, 0) denotes the solution of the unperturbed system (7) with z (¢, z,0) = z.
The set C1 (V) is isochronous for the system (6); i.e. itis a set formed only by periodic orbits, all of them
having the same period. Then, an answer to the problem of the bifurcation of T-periodic solutions

from the periodic solution x (t, z,0) contained in C (V') is given in the following result.
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Theorem 4. (Perturbations of an isochronous set)

We assume that there exists an open and bounded set V with C1 (V) C Qsuch thatforeach z € CI (V)

the solution z (t, z) is T-periodic, then we consider the function F : CI{(V) — R" as

T
_ 1 1
O/M (t,z)Fy (t,x(t,2)) dt. (10)

If there exists a € V such that F (a) = 0 and
det ((dF/dz) (a)) # 0, (11)
then there exists a T-periodic solution x (t, ) of system (6) such that 2(0,e) — aase — 0.

Theorem 5. Under the assumptions of Theorem (4), for small € ensures the existence and uniqueness of a
T-periodic solution x(t, <) of system (6) such that x(0,¢) — a as e — 0, and if all eigenvalues of the matrix
(dF/dz) (a) have negative real parts, then the periodic solution x(t, ) is stable. If some of the eigenvalue has

positive real part the periodic solution x(t, €) is unstable.

4. THE PROOF OF THEOREM

Using the results from Section 3, system (4) can be rewritten as system (6), with

x1 —x2 + f1(t)

i) gl +f2 (t)

T3 —x4 + f3(t)

x = T4 , Fo(t,x) = w3+ f4 (1) ,

Tp—1 —Zn + fnfl (t)

Tn Tn—1 +f’ﬂ (t)

and
Ry (%1, 2,13, 24, 5,6, ..., Tn—1, Tn

( )
Ry (x1,x9, X3, T4, T5,T6, .o, Tn—1, Tp)
Rs (x1,x9, X3, T4, T5,T6, o, Tn—1, Tp)
( )

Fy Ry

L1,T2, T3, T4, L5, L6y -y Ln—1,Tn

R, (xlv L2, X3, L4y L5y L6y ey Tn—1, xn)

R, (%1, T2, T3, Ty, T5, L6, e, Tn—1, Tn)
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We examine the periodic solutions of system (4) under n is even. By using

T 1,0 fi(s)
T2 T2,0 f2(s)
T3 3,0 ¢ f3(s)
zy | =M 2 +/eA<H) fa(s) | ds,
5 .
Tn—1 Tn—1,0 frn-1(s)
T Tn,0 fn (s)
where
0 -1 0 O 0 0
1 0 0 O 0 0
0 0 0 -1 0 0
A=10 0 1 0 0 0

Hence, the following result is obtained
x1(t) = cos(t)z1,0 — sin(t)za,0 + ft (cos(t — s)f1 (s) —sin(t — s) fa(s)) ds
0
zo(t) = sin(t)x1,0 + cos(t)za,0 + [ (sin(t — s) f1 (s) + cos(t — s) fa(s)) ds
0
x3(t) = cos(t)xz,0 — sin(t)za,o + ft (cos(t — ) f3 (s) —sin(t — s) f4(s)) ds
0

x4(t) = sin(t)xs,0 + cos(t)za0 + J (sin(t — ) f3 (s) 4 cos(t — ) fa(s)) ds

Tp—1(t) = cos(t)xp—1,0 — sin(t)z, o + f (cos(t — 8) fr—1(8) —sin(t — ) fn(s)) ds

Ty (t) = sin(t)x,—1,0 + cos(t xn0—|—j (sin(t — 8) fn—1 (s) + cos(t — s) fn(s))ds
0

These solutions are periodic, having a period 2 if and only if

x1(0) x1(27)
(LQ(O) 1’2(27’()
x3(0) x3(2m)
x4(0) = x4(27)
Zn—1(0) Tp—1(27)
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The conditions for the periodicity of these solutions are defined in Statement (5) of Theorem (1). It is
evident that the set of periodic solutions has a dimension of n. Consequently, we aim to identify the
periodic solutions of system (4) by determining the zeros z = (1,0, 22,0, 23,0, 24,0, ---» Tn—1,0, Tn,0) Of
the system F(z) = 0, where F(z) is defined in (10). The fundamental matrix M (¢) of the differential

system described in equation (8) is given by

cos(t) —sin(t) 0 0 0 0
sin(t)  cos(t) 0 0 0 0
0 0 cos(t) —sin(t) 0 0
M (t) =M, (t) = 0 0 sin(t)  cos(t) 0 0
0 0 0 0 0 cos(t) —sin(t)
0 0 0 0 0 sin(¢t) cos(t)

By computing the function F(z), we obtain the following system

F1(21,0, 22,0, £3,0, £4,05 -y Tn—1,0, Tn,0) = 0,
Fa(21,0, 22,0, 3,0, £4,05 -y Tn—1,0, Tn,0) = 0,
F3(21,0, 2,0, 3,0, £4,0, -y Tn—1,0, Tn,0) = 0,
Fa(r1,0, 22,0, 23,0, £4,05 -y Tn—1,0, Tn,0) = 0,

Frn—1(x1,0, 2,0, 3,0, £4,05 s Tn—1,0, Tn,0) = 0,

Fn(x1,0, 22,0, 23,0, 4,0, o, Tn—1,0, Tno) = 0,
where Fi, Fo, F3,F4,..., JFp, are defined in Theorem (1).
Then for every (7} o, %5 o, 5 9, T4 g, .-, Zhy_1 0, T} o) Solution of the system

Fie (1,0, 2,0, £3,0, £4,05 - Tn—1,0, Tn,0) = 0, (12)

k = 1,n, provide periodic orbits of the system (4) with ¢ # 0 being sufficiently small if they are

simple, i.e. if

£0.

* * * * * *
(ml,O7I2,07x3,07m4,07""xn71,07$n,0)

dot < O (Fi, Fa, Fay Fayeeey Fnm1,Fn) >
0 (21,0, 72,0, £3,0, T4,05 > Tn—1,05 Tn,0)

For every root (27 , 25 o, 3 g, ¥4 g5 -+ Tp—1,0> Ty, o) Of sSystem (12), there exists a 27-periodic solution
(z1(t, ), xa(t,€), 23(t, ), xa(t, €), ooy n_1(t,€), 2n(t,€))",

of the differential system (4) with ¢ # 0 sufficiently small, which tends to the periodic solution given

in the statement of Theorem (1) of the differential system
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& = —x2 + fi(t)

&o = 1 + fa(t)
&3 = —x4 + f3(t)
)

T4 =x3+f4(

x‘n—l = -y + fn—l(t)
Tp = Tp_1+ fan (t) )

when ¢ — 0. The demonstration of Theorem (1) has been proved.

5. APPLICATIONS

In this section, we present two examples to illustrate the results obtained in Theorem (1). The first

system is in dimension 4, and the second one is in dimension 10.

Example 6. This example illustrates the results obtained in Theorem (1), we consider the differential system (4)

withn = 4 and

—x9 + sin(t) 211 — T9 + T122
x1 + cos(t 3rx1 + a9 — 12T
Rtz =] "' Q , Py (tz) = P
—x4 — sin(t) T3 — 2x4 + 1374
x3 — cos(t) x3 + 224 — X324

The conditions (5) can be easily verified

2m 2w
2 bf cos(s) sin(s)ds = 0, —2 [ cos(s)sin(s)ds = 0,
2m 2w
of (—sin?(s) + cos?(s)) ds = 0, of (sin®(s) — cos?(s)) ds = 0.

By calculating the functions F1, Fo, F3 and F4, we obtain the following results

1

Fi(z1,0, 220,230, Ta0) = 5%L0 ~ 2w00 + 5

3 1

Fo(x1,0,220,230,%40) = 2x10+ J%20t 5

3

F3 (21,0, 02,0, 73,0, T40) = 5730 = 540 ~ 1,
3 3

Fa(x1,0, 220,230, Ta0) = 2%30 + 5%10 — 1.

The system Fy = Fo = F3 = F4 = 0, has a unique real solution, which can be given by ( .55, 2,0) . The
eigenvalues of the Jacobian matrix are (3 —2i,3 +2i,3 — 34,3 4+ 34 ) , which have four positive real parts.

Since

d ( 8(f17f27f37f4) >‘ 225
et
0 (21,0, 2,0, 23,0, 4,0) 0
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L1 (t7 E)
, , , . , a(t, €) ,
then the differential system (4) with n = 4 has an unstable periodic solution, ( tending to the
T3 t, E)
Ty (ta 8)
unstable periodic solution
r1(t) = — 5 T cos(t) — > sin(t),
ra(t) = 5= cos( ) + 35 sin(t),
w3(t) = 3 cos(t),
x4(t) % sin(t),
of the differential system
1 = —x9 + sin(t),

&9 = x1 + cos(t),

T3 = —x4 — sin(t),

x4 = x3 — cos(t),

when € — 0.

Example 7. Consider the differential system (4) with n = 10 and

—x9 + sin(t) cos(t)
x1 + sin?(t)
—x4 + sin(t) cos(t)
w3 + cos?(t)

Fo(t.z) = —x¢ + sin(t) cos(t)

9

x5 + sin?(t)

—xg + sin(t) cos(t)
o7 + sin?(t)

—xg9 + sin(t) cos(t)

T10 + cos?(t)

Conditions (5) can be readily verified

Zfr(sin(s) cos?(s) +sin’(s)) ds = 0,

Zfﬂ(— sin?(s) cos(s) 4 cos(s) sin?(s)) ds = 0,
Zf (sin(s) cos?(s) + sin(s) cos*(s)) ds = 0,
Zf(_ sin?(s) cos(s) + cos®(s)) ds = 0,
Z[Tr(sin(s) cos?(s) +sin’(s)) ds = 0,

Fl(t,l') =

2120 4+ 221 — 229
—2x120 + 221 + 222
—T3T4 — T3+ T4

T3y — T3 — T4

x%—aﬁg—w4—3w5

TeX7 + Tg — T7
—ZTex7 + Tg + X7
—2% + 26 + 27 + 318

T9 + 4

10 + 1

Zfr(— sin?(s) cos(s) + cos(s) sin?(s)) ds = 0,
Zf (sin(s) cos(s) + sin’(s)) ds = 0,

Zfﬂ(— sin?(s) cos(s) + cos(s) sin?(s)) ds = 0,
Zfﬂ(sin(s) cos?(s) + sin(s) cos?(s)) ds = 0,
Zfﬂ(— sin?(s) cos(s) + cos3(s)) ds = 0.
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Computing the functions Fy, Fo, F3, Fu, Fs, Fe, Fr, Fs, Fo and Fio we find

5 5 5
Fi (161,0, 2,0, 3,0, 4,0, L5,0, 6,05 L7,0, $8,0,$9,0,$10,0) = 5901,0 - §$2,0 + 2
5 5
Fa (21,0, 02,0, 3,0, T4,0, 5,0, 6,0, T7,05 8,0, £9,0, £10,0) = 5961,0 + 5332,0 + 2
7 4 7
F3 (561,0, 2,0, 23,0, 24,0, L5,0, 6,0, L7,0, 18,0, L9,0, 3310,0) = —63U3,0 + §$4,0 Ty
7 4 7
Fu (21,0, 22,0, 3,0, T4,0, 5,0, 6,0, T7,0, 8,05 £9,0, £10,0) = — %80 T 570 " g
1 1 15
Fs (1?1,0, 2,0, 3,0, 4,0, L5,05 £6,05 L7,05 78,0, 29,0, 710,0) = —51’3,0 - 5904,0 - §905,0
1 n 1 7
— STro0t T80~ 5
8 2 3’
1 1 13
Fo6 (21,0, 72,0, 3,0, T4,0, 5,0, 6,0, T7,0, 8,05 £9,0, £10,0) = 3730 ~ 5740 ~ S T60
1 n 1 1
ST70+ 5280 — =
2 8 6’
1
‘F7 (117170,1'270,353707374’0,$570,l’670,x770,$870,33970,ZC1070) = 5:175,0 + éxﬁ,o + 2$7,0
3 n 5
7'%.8,0 —
8 2’
5 1 5
Fs (21,0, 2,0, 3,0, T4,0, 5,0, 6,0, 7,0, £8,05 9,0, £10,0) = —§9€5,0 + §$6,0 + gl"?,o + 2230,
Fo (21,0, 22,0, 3,0, T4,0, 5,0, 6,0, T7,0, £8,0, £9,0, £10,0) = L9,0 + 3
Fio (931,0, 22,0, L3,0, L4,0,L5,05,L6,05 L7,0, L8,05L9,0, 5610,0) = 10,0-

The stability of the periodic solutions corresponding to a simple zero of F;, i = 1,10 is determined by the
eigenvalues of the Jacobian matrix.
The system Fi = Fo = F3 = Fy = F5 = Fg = Fr = Fg = Fg = Fio = 0, has one solution given by

(—1,0, f%, 0,—1,0,-1,0, —%, 0)?, the eigenvalues of the Jacobian matrix are

25—-2.51
2.5+ 2.51
—1.25 — 1.244432043:
—1.25 + 1.244432043:
1.88782929 4- 0.4102156479¢
1.88782929 — 0.4102156479¢
—1.512758664
—1.762899916
1
1
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which have six positive real parts. Since

det 0 (F1, Fo, F3, Fa, Fs, Fe, Fr, Fs, Fo, F10) ‘ 111475
8 (21,0, 22,0, 3.0, T4.0, T5.0, £6,0, £7.0, T8.0, T9.0, £10,0) ) |(~10=5:0-1,0-1.0,-5,0) — 983

Y

then the differential system (4) with n = 10 has an unstable periodic solution

(x1(t,€), za(t,€), x3(t,€), xa(t, ), x5(t, €), x6(t, ), x7(t, €), x8(t, €), T9 (1, €), 210 (2, 5))t ,

tending to the unstable periodic solution

o (t) = —1% sin(2¢),

x5 (t) = —% cos(2t) — 3,
x4 (t) = £ sin(2t),

75 () = —3(cos(2) + 1),
76 () = — L sin(2),

x7 (t) = —%(cos(2t) + 1),
g (t) = —1 sin(2¢),

g () = —% cos(2t) — 3,
210 (t) = & sin(2t),

of the differential system

&1 = —xg + sin(t) cos(t),
iy = x1 +sin?(t),

I3 = —x4 + sin(t) cos(t),

iy = x5 + cos®(t),

5 = —xg + sin(t) cos(t),
tg = w5 + sin?(t),

&7 = —xg + sin(t) cos(t),
iy = w7 + sin?(t),

&9 = —w9 + sin(t) cos(t),
#10 = 210 + cos?(t),

when € — 0.

CONCLUSION

In this work, we analyzed periodic solutions of non-autonomous polynomial differential system of
even dimension n by applying the another first-order averaging theory, and we established sufficient

criteria for the existence of periodic solutions of system (4).
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