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Abstract. In this paper, for any subsemigroup S of the full transformation semigroup T (X), we introduce
the notions of inversely left-S-invariant and inversely right-S-invariant elements of S. Our main aims
are to give characterizations for inversely left-S-invariant and inversely right-S-invariant elements of S to
be left and right magnifying, respectively. Moreover, we apply our results to characterize left and right
magnifying elements in several well-known subsemigroups of T (X).
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1. Introduction

In this paper, for any function f and an element x of the domain of f , the image of x under f is
denoted by f(x). For any sets X , Y , Z and functions f : X → Y , g : Y → Z, the composition of g and
f , denoted by gf , is a function from X into Z defined by gf(x) = g(f(x)). Recall that a semigroup is a
nonempty set S equipped with an associative binary operation on S. For any set X , let T (X) denote
the set of all functions from X into itself, also called full transformations on X . It is evident that T (X)

equipped with the composition forms a semigroup, called the full transformation semigroup onX . For
any subset Y of X , let T (X,Y ) := {α ∈ T (X) | α(Y ) ⊆ Y }. It is clear that T (X,Y ) is a subsemigroup
of T (X).

The concept of left and right magnifying elements in semigroups was introduced by E. S. Ljapin [6]
in 1978. An element α in a semigroup S is called left (or right) magnifying if there exists a proper subset
M of S such that S = αM (or S = Mα). In 1994, K. D. Magill, Jr. [7] characterized left and right
magnifying elements in any subsemigroup of T (X) containing idX . They also applied their results to
some specific transformation semigroups.
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In recent years, magnifying elements of various subsemigroups of T (X,Y ) have been studied. For
example, in [4], [2], [5] and [8], the left and right magnifying elements of the following semigroups
were studied respectively:

(1) T (X,Y ),
(2) T (X,Y ) := {α ∈ T (X) | ran(α) ⊆ Y },
(3) BT (X,Y ) := {α ∈ T (X) | α|Y : Y → Y is a bijection},
(4) FixT (X,Y ) := {α ∈ T (X) | α|Y = idY }.

When Y is a subspace of a vector space X , some researchers also studied the magnifying elements in
semigroups of linear transformations on X . For example, in [3] and [1], the left and right magnifying
elements of the following semigroups of linear transformations were studied respectively:

(1) L(X,Y ) := {α ∈ T (X,Y ) | α is a linear transformation},
(2) L(X,Y ) := L(X,Y ) ∩ T (X,Y ).

In Section 2, we introduce the notion of inversely left-S-invariant elements in a subsemigroup S
of T (X) and establish some necessary and sufficient conditions for such an element of S to be left
magnifying. Moreover, we apply the results to characterize left magnifying elements of the following
well-known semigroups:

(1) T (X,Y ),
(2) T (X,Y ),
(3) BT (X,Y ),
(4) FixT (X,Y ),
(5) F (X,Y ) := {α ∈ T (X,Y ) | ran(α) = α(Y )},
(6) L(X,Y ),
(7) L(X,Y ),
(8) BL(X,Y ) := L(X,Y ) ∩BT (X,Y ),
(9) FixL(X,Y ) := L(X,Y ) ∩ FixT (X,Y ),

(10) G(X,Y ) := L(X,Y ) ∩ F (X,Y ).

Analogous to Section 2, in Section 3, the notion of inversely right-S-invariant elements is introduced
and studied.

2. Left Magnifying Elements in Semigroups of Full Transformations

In this section, we study left magnifying elements in subsemigroups of T (X,Y ). We begin with a
lemma that gives a necessary and sufficient conditions for an element of a subsemigroup of T (X) to be
left magnifying.

Lemma 2.1. Let S be a subsemigroup of T (X). Then the following statements hold:



Asia Pac. J. Math. 2025 12:78 3 of 10

(1) If α is a left magnifying element of S, then there exist distinct γ1, γ2 ∈ S such that αγ1 = αγ2.

(2) If α ∈ S with αS = S and there exist distinct γ1, γ2 ∈ S such that αγ1 = αγ2, then α is a left

magnifying element.

Proof. To show (1), let α be a left magnifying element of S. Then S = αM for some proper subsetM of
S. Let γ1 ∈ S rM . Since αγ1 ∈ S = αM , it follows that αγ1 = αγ2 for some γ2 ∈M .

To prove (2), let α ∈ S such that αS = S and there are distinct γ1, γ2 ∈ S such that αγ1 = αγ2.
ChooseM = S r {γ2}. Since αγ2 = αγ1 ∈ αM , we have that αM = αM ∪ {αγ2} = αS = S. Therefore,
α is a left magnifying element of S. �

For any α in a subsemigroup S of T (X), by the regularity of T (X), there exists γ ∈ T (X) such that
αγα = α. However, in this situation, such an element γ may not yield the inclusion γS ⊆ S. For
example, let Y := {−1, 0, 1}, and define α ∈ T (Z, Y ) by α(x) := |x| − 1 for all x ∈ Z. If γ ∈ T (Z)

such that αγα = α, then γ(1) ∈ {−2, 2}, so γ /∈ T (Z, Y ), which implies that γT (Z, Y ) 6⊆ T (Z, Y ). This
observation gives rise to the following definition.

Definition 1. Let S be a subsemigroup of T (X) and α ∈ S. We call α inversely left-S-invariant if there
exists γ ∈ T (X) such that α = αγα and γS ⊆ S.

The following remark follows directly from the definition:

Remark 1. Recall that for any semigroup S and a ∈ S, we call a a regular element of S if there exists
b ∈ S such that aba = a. This is equivalent to that there exists c ∈ S such that aca = a and cac = c.
Such an element c is called an inverse of a. It is well-known that every element of T (X) is regular. For
any subsemigroup S of T (X), the following statements clearly hold:

(1) α is inversely left-S-invariant if and only if there exists an inverse γ of α in T (X) such that
γS ⊆ S.

(2) If α is a regular element of S, then α is inversely left-S-invariant.

We now proceed to state our main result, which provides a characterization of left magnifying
elements.

Theorem 2.2. Let S be a subsemigroup of T (X), and let α ∈ S be inversely left-S-invariant. Then α is a left

magnifying element of S if and only if the following two statements hold:

(1) ⋃β∈S ran(β) ⊆ ran(α).

(2) There exist distinct γ1, γ2 ∈ S such that αγ1 = αγ2.

Proof. Assume that α is a left magnifying element of S. By Lemma 2.1, we have that (2) holds. To show
(1), let β ∈ S. Since S = αS, we get β = αγ for some γ ∈ S. Therefore, ran(β) ⊆ ran(α). Hence, (1)
holds.
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Conversely, assume that (1) and (2) hold. By Lemma 2.1, it suffices to show that αS = S. Let β ∈ S
be arbitrary. Since α is inversely left-S-invariant, αγα = α for some γ ∈ T (X) such that γS ⊆ S. By
(1), ran(β) ⊆ ran(α). Therefore, αγβ = β. Since γβ ∈ γS ⊆ S, we obtain that β = α(γβ) ∈ αS. Hence,
S = αS. �

Next, we apply themain result to the semigroup S, where S is one of the following: T (X,Y ), T (X,Y ),
BT (X,Y ), FixT (X,Y ), F (X,Y ), L(X,Y ), L(X,Y ), BL(X,Y ), FixL(X,Y ), or G(X,Y ). To do so, we
first show that every left magnifying element in each of these semigroups is inversely left-S-invariant.

Lemma 2.3. Let S be a subsemigroup of T (X,Y ). If α is a left magnifying element of S, then β(Y ) ⊆ α(Y )

for all β ∈ S.

Proof. Let α be a left magnifying element of S, and β ∈ S. Then β = αγ for some γ ∈ S. Since γ(Y ) ⊆ Y ,
it follows that β(Y ) = α(γ(Y )) ⊆ α(Y ). �

Theorem 2.4. Let S be T (X,Y ), T (X,Y ),BT (X,Y ), FixT (X,Y ), F (X,Y ), L(X,Y ), L(X,Y ),BL(X,Y ),

FixL(X,Y ) or G(X,Y ). If α is a left magnifying element of S, then α(Y ) = Y .

Proof. Let y ∈ Y . First, assume that S is T (X,Y ), T (X,Y ), BT (X,Y ), FixT (X,Y ) or F (X,Y ). Define
β ∈ S by

β(x) :=

x if x ∈ Y ,

y otherwise.
Notice that β(Y ) = Y . By Lemma 2.3, Y = β(Y ) ⊆ α(Y ).

Next, assume that S is L(X,Y ), L(X,Y ), BL(X,Y ), FixL(X,Y ) or G(X,Y ). Let B be a basis for Y ,
and extend B to a basis B̃ for X . Let β : X → X be the linear transformation such that

β(x) :=

x if x ∈ B,

0 if x ∈ B̃ rB.

Then β ∈ S and β(Y ) = Y . By Lemma 2.3, Y = β(Y ) ⊆ α(Y ). �

Theorem 2.5. Let S be T (X,Y ), T (X,Y ),BT (X,Y ), FixT (X,Y ), F (X,Y ), L(X,Y ), L(X,Y ),BL(X,Y ),

FixL(X,Y ) or G(X,Y ). For any α ∈ S, if ran(α) ∩ Y = α(Y ), then α is regular in S.

Proof. Let α ∈ S such that ran(α) ∩ Y = α(Y ). First, assume that S is T (X,Y ), T (X,Y ), BT (X,Y ),
FixT (X,Y ) or F (X,Y ). Since Y 6= ∅, there exists y ∈ Y . Since ran(α) ∩ Y = α(Y ), for each b ∈
ran(α) ∩ Y , we can fix an element ab in Y ∩ α−1(b). For each b ∈ ran(α)r Y , we also fix an element ab
in α−1(b). Define γ : X → X by

γ(x) :=

ax if x ∈ ran(α),

aα(y) otherwise.
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One can show that γ ∈ S and αγα = α.
Next, assume that S is L(X,Y ), L(X,Y ), BL(X,Y ), FixL(X,Y ) or G(X,Y ). Let B be a basis for

ran(α) ∩ Y , and extend B to a basis for ran(α) and Y , say Bα and BY , respectively. Then Bα ∪BY is a
basis for Y + ran(α). We extend Bα ∪BY to a basis B̃ for X . Since ran(α) ∩ Y = α(Y ), for each b ∈ B,
we can fix an element ab in Y ∩ α−1(b). For each b ∈ Bα rB, we also fix an element ab in α−1(b). Let
γ : X → X be the linear map such that

γ(x) :=

ax if x ∈ Bα,

0 if x ∈ B̃ rBα.

One can show that γ ∈ S and αγα = α. �

For any α ∈ T (X), if α(Y ) = Y , then ran(α) ∩ Y = ran(α) ∩ α(Y ) = α(Y ). Then, by Theorem 2.4
and Theorem 2.5, we obtain the following corollary.

Corollary 2.6. LetS be T (X,Y ), T (X,Y ),BT (X,Y ),FixT (X,Y ),F (X,Y ),L(X,Y ),L(X,Y ),BL(X,Y ),

FixL(X,Y ) or G(X,Y ). If α is a left magnifying element of S, then α is regular, which also implies that α is

inversely left-S-invariant.

We are now ready to state the necessary and sufficient conditions for an element in the semigroups
under consideration to be a left magnifying element.

Theorem 2.7. Let S be T (X,Y ), F (X,Y ), L(X,Y ) or G(X,Y ). Then, for any α ∈ S, α is a left magnifying

element of S if and only if α(Y ) = Y , and α|Y is not injective.

Proof. Assume that α is a left magnifying element of S. By Theorem 2.4, we have that α(Y ) = Y . By
Corollary 2.6, we have that α is inversely left-S-invariant. Since ran(γ) ⊆ Y for all γ ∈ S, by Theorem
2.2(2), we can conclude that α|Y is not injective.

Coversely, assume that α(Y ) = Y and α|Y is not injective. Then ran(α)∩ Y = ran(α)∩α(Y ) = α(Y ).
By Theorem 2.5, we have that α is inversely left-S-invariant. Notice that condition (1) in Theorem 2.2
holds since ran(β) ⊆ Y = α(Y ) ⊆ ran(α) for all β ∈ S. To show that condition (2) also holds, notice
that since α|Y is not injective, there exist distinct y1, y2 ∈ Y such that α(y1) = α(y2). For i ∈ {1, 2}, if
S is T (X,Y ) or F (X,Y ), define γi ∈ S by γi(x) := yi for all x ∈ X . If S is L(X,Y ) or G(X,Y ), let B
be a basis for X , and for i ∈ {1, 2}, let γi ∈ S such that γi(x) = yi for all x ∈ B. Thus, αγ1 = αγ2 but
γ1 6= γ2. By Theorem 2.2, α is a left magnifying element of S. �

Theorem 2.8. Let S be T (X,Y ),BT (X,Y ), FixT (X,Y ), L(X,Y ),BL(X,Y ) or FixL(X,Y ). Then, for any

α ∈ S, α is a left magnifying element of S if and only if ran(α) = X , α(Y ) = Y , and α is not injective.
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Proof. Assume that α is a left magnifying element of S. By Theorem 2.4, we have that α(Y ) = Y .
By Corollary 2.6, we have that α is inversely left-S-invariant. Since idX ∈ S, by Theorem 2.2(1),
X = ran(idX) ⊆ ran(α). By Theorem 2.2(2), we also have that α is not injective.

Conversely, assume that ran(α) = X , α(Y ) = Y , and α is not injective. Then ran(α) ∩ Y = ran(α) ∩

α(Y ) = α(Y ). By Theorem 2.5, we have that α is inversely left-S-invariant. Notice that condition (1) in
Theorem 2.2 clearly holds. To show that condition (2) also holds, notice that since α is not injective,
there exist distinct x1, x2 ∈ X such that α(x1) = α(x2). First, assume that S is T (X,Y ), BT (X,Y ) or
FixT (X,Y ). If Y ( X , then for i ∈ {1, 2}, we define γi ∈ S by

γi(x) :=

xi if x ∈ X r Y ,

x if x ∈ Y .

If Y = X , then S = T (X,Y ) since α is not injective, so for i ∈ {1, 2}, we define γi(x) := xi for all x ∈ X .
Then αγ1 = αγ2 but γ1 6= γ2. By Theorem 2.2, α is a left magnifying element of S. Next, assume that S
is L(X,Y ), BL(X,Y ) or FixL(X,Y ). Let B be a basis for Y , and extend B to a basis B̃ forX . If B ( B̃,
then for i ∈ {1, 2}, let γi ∈ S such that

γi(x) :=

xi if x ∈ B̃ rB,

x if x ∈ B.

If B = B̃, then S = L(X,Y ) since α is not injective, so for i ∈ {1, 2}, we let γi ∈ S such that γi(x) := xi

for all x ∈ B̃. Then αγ1 = αγ2 but γ1 6= γ2. By Theorem 2.2, α is a left magnifying element of S. �

3. Right Magnifying Elements in Semigroups of Full Transformations

In this section, we investigate right magnifying elements in subsemigroups of T (X,Y ). We begin
with a lemma that provides a necessary and sufficient conditions for an element of a subsemigroup of
T (X) to be a right magnifying element.

Lemma 3.1. Let S be a subsemigroup of T (X). Then the following statements hold:

(1) If α is a right magnifying element of S, then there exist distinct γ1, γ2 ∈ S such that γ1α = γ2α.

(2) If α ∈ S with Sα = S and there exist distinct γ1, γ2 ∈ S such that γ1α = γ2α, then α is a right

magnifying element.

Proof. To show (1), let α be a right magnifying element of S. Then S =Mα for some proper subsetM
of S. Let γ1 ∈ S rM . Since γ1α ∈ S =Mα, it follows that γ1α = γ2α for some γ2 ∈M .

To prove (2), let α ∈ S such that Sα = S and there are distinct γ1, γ2 ∈ S such that γ1α = γ2α.
ChooseM = S r {γ2}. Since γ2α = γ1α ∈Mα, we have thatMα =Mα ∪ {γ2α} = Sα = S. Therefore,
α is a right magnifying element of S. �
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Similar to the previous section, we now define the concept of inversely right-S-invariant as follows.

Definition 2. Let S be a subsemigroup of T (X) and α ∈ S. We call α inversely right-S-invariant if there
exists γ ∈ T (X) such that α = αγα and Sγ ⊆ S.

The following remark follows directly from the definition:

Remark 2. For any subsemigroup S of T (X), the following statements clearly hold:
(1) α is inversely right-S-invariant if and only if there exists an inverse γ of α in T (X) such that

Sγ ⊆ S.
(2) If α is a regular element of S, then α is inversely right-S-invariant.

We now proceed to state our main result, which provides a characterization of right magnifying
elements.

Theorem 3.2. Let S be a subsemigroup of T (X), and let α ∈ S be inversely right-S-invariant. Then α is a

right magnifying element of S if and only if the following two statements hold:

(1) α−1 (α(x)) ⊆ ⋂β∈S β
−1 (β(x)) for all x ∈ X .

(2) There exist distinct γ1, γ2 ∈ S such that γ1α = γ2α.

Proof. Assume that α is a right magnifying element of S. By Lemma 3.1, we have that (2) holds. To
show (1), let x ∈ X , β ∈ S and a ∈ α−1 (α(x)). Since S = Sα, we get β = γα for some γ ∈ S. Since
α(a) = α(x), we have that β(a) = γα(a) = γα(x) = β(x), which implies that a ∈ β−1 (β(x)). Hence,
(1) holds.

Conversely, assume that (1) and (2) hold. By Lemma 3.1, it suffices to show that Sα = S. Let β ∈ S
be arbitrary. Since α is inversely right-S-invariant, αγα = α for some γ ∈ T (X) such that Sγ ⊆ S. By
(1), we have that βγα = β. Since βγ ∈ Sγ ⊆ S, we obtain that β = (βγ)α ∈ Sα. Hence, S = Sα. �

Next, we apply the main result to the semigroup S, where S is one of the following: T (X,Y ),
T (X,Y ), BT (X,Y ), FixT (X,Y ), F (X,Y ), L(X,Y ), L(X,Y ), BL(X,Y ), FixL(X,Y ), or G(X,Y ). To
do so, we first show that every right magnifying element in each of these semigroups is inversely
right-S-invariant.

Lemma 3.3. Let S be a subsemigroup of T (X,Y ). If α is a right magnifying element of S, then α−1(Y ) ⊆

β−1(Y ) for all β ∈ S.

Proof. Let α be a right magnifying element of S and β ∈ S. Then β = γα for some γ ∈ S. Thus,
α−1(Y ) ⊆ α−1

(
γ−1(Y )

)
= β−1(Y ). �

Theorem 3.4. Let S be T (X,Y ), BT (X,Y ), FixT (X,Y ), F (X,Y ), L(X,Y ), BL(X,Y ), FixL(X,Y ) or

G(X,Y ). If α is a right magnifying element of S, then ran(α) ∩ Y = α(Y ).
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Proof. This theorem is trivial when S is BT (X,Y ), FixT (X,Y ), F (X,Y ), BL(X,Y ), FixL(X,Y ) or
G(X,Y ) since for every α ∈ S, ran(α)∩Y = α(Y ). Now, assume that S is T (X,Y ) or L(X,Y ), and let α
be a right magnifying element of S. Since idX ∈ S, by Lemma 3.3, we have that α−1(Y ) ⊆ id−1X (Y ) = Y .
Thus, ran(α)∩ Y = α(α−1(Y )) ⊆ α(Y ). Moreover, since α(Y ) ⊆ Y , we can conclude that ran(α)∩ Y =

α(Y ). �

Theorem 3.5. Let S be T (X,Y ), T (X,Y ),BT (X,Y ), FixT (X,Y ), F (X,Y ), L(X,Y ), L(X,Y ),BL(X,Y ),

FixL(X,Y ) or G(X,Y ). If α is a right magnifying element of S, then α is inversely right-S-invariant.

Proof. By Theorem 2.5 and Theorem 3.4, this theorem holds when S is T (X,Y ), BT (X,Y ), FixT (X,Y ),
F (X,Y ), L(X,Y ), BL(X,Y ), FixL(X,Y ) or G(X,Y ). Now, let α be a right magnifying element of S,
and assume that S is T (X,Y ). Since Y 6= ∅, there exists y ∈ Y . For each b ∈ ran(α), fix an element ab
in α−1(b). Define γ : X → X by

γ(x) :=

ax if x ∈ ran(α),

y otherwise.
It is clear that αγα = α. Since T (X,Y ) is a right ideal of T (X), it is also obvious that T (X,Y )γ ⊆

T (X,Y ).
Next, assume that S is L(X,Y ). Let B be a basis for ran(α), and extend B to a basis for X , say B̃.

For each b ∈ ran(α), fix an element ab in α−1(b). Let γ : X → X be the linear transformation such that

γ(x) =

ax if x ∈ B,

0 if x ∈ B̃ rB.

It is clear thatαγα = α. SinceL(X,Y ) is a right ideal ofL(X), it is obvious thatL(X,Y )γ ⊆ L(X,Y ). �

For convenience, we also need the following two lemmas.

Lemma 3.6. Let S be T (X,Y ), BT (X,Y ), FixT (X,Y ), F (X,Y ), L(X,Y ), BL(X,Y ), FixL(X,Y ) or

G(X,Y ). If α ∈ S is injective, then α is inversely right-S-invariant.

Proof. Let α ∈ S be injective. First, assume that S is T (X,Y ), BT (X,Y ), FixT (X,Y ) or F (X,Y ). Since
Y 6= ∅, there exists y ∈ Y . For each b ∈ ran(α), let ab be the unique element in α−1(b). Define
γ : X → X by

γ(x) :=

ax if x ∈ ran(α),

y otherwise.
It is clear that αγα = α and Sγ ⊆ S.

Next, assume that S is L(X,Y ), BL(X,Y ), FixL(X,Y ) or G(X,Y ). Let B be a basis for ran(α), and
extend B to a basis for X , say B̃. For each b ∈ ran(α), let ab be the unique element in α−1(b). Let
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γ : X → X be the linear transformation such that

γ(x) =

ax if x ∈ B,

0 if x ∈ B̃ rB.

It is clear that αγα = α and Sγ ⊆ S. �

Lemma 3.7. Let S be T (X,Y ), T (X,Y ), BT (X,Y ), FixT (X,Y ), F (X,Y ), L(X,Y ), L(X,Y ), BL(X,Y ),

FixL(X,Y ) or G(X,Y ). For any α ∈ S, if α is injective and ran(α) 6= X , then there are γ1, γ2 ∈ S such that

γ1α = γ2α but γ1 6= γ2.

Proof. Let α ∈ S such that α is injective and ran(α) 6= X . First, assume that S is T (X,Y ), T (X,Y ),
BT (X,Y ), FixT (X,Y ) or F (X,Y ). Let a ∈ X r ran(α) and b ∈ Y ∩ ran(α). Let γ1 := α ∈ S and define
γ2 ∈ S by

γ2(x) :=

α(b) if x = a,

α(x) otherwise.
Then γ1α = γ2α. Since α is injective and a 6= b, we have that γ1(a) = α(a) 6= α(b) = γ2(a).

Next, assume that S is L(X,Y ), L(X,Y ), BL(X,Y ), FixL(X,Y ) or G(X,Y ). Let B be a basis for
Y ∩ ran(α). Then extend B to bases for Y and ran(α), say BY and Bα, respectively. Then BY ∪Bα is a
basis for Y + ran(α). We extend BY ∪Bα to a basis B̃ for X . Let γ1 := α ∈ S and let γ2 ∈ S such that

γ2(x) :=

0 if x ∈ B̃ rBα,

α(x) if x ∈ Bα.

Then γ1α = γ2α. Since α is injective and Bα ( B̃, we have that γ1(B̃ r Bα) = α(B̃ r Bα) 6= {0} =

γ2(B̃ rBα), so γ1 6= γ2. �

We are now ready to state the necessary and sufficient conditions for an element in the semigroups
under consideration to be a right magnifying element.

Theorem 3.8. Let S be T (X,Y ), BT (X,Y ), FixT (X,Y ), F (X,Y ), L(X,Y ), BL(X,Y ), FixL(X,Y ) or

G(X,Y ). Then, for any α ∈ S, α is a right magnifying element of S if and only if α is injective and ran(α) 6= X .

Proof. Assume that α is a right magnifying element of S. By Theorem 3.5, we have that α is inversely
right-S-invariant. By Theorem 3.2(2), we have that ran(α) 6= X . Next, we will show that α is injective.
First, assume that S is BT (X,Y ), FixT (X,Y ), BL(X,Y ) or FixL(X,Y ). Then idX ∈ S. By Theorem
3.2(1), α−1(α(x)) ⊆ id−1X (idX(x)) = {x} for all x ∈ X . Thus, α is injective. Now, assume that S
is T (X,Y ), F (X,Y ), L(X,Y ) or G(X,Y ). If |Y | = 1, then |S| = 1, so S does not contain any right
magnifying element, which contradicts to the assumption that α is a right magnifying element of S.
Thus, |Y | > 1. Then, for any distinct elements x1, x2 ∈ X , there is β ∈ S such that β(x1) and β(x2) are
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distinct elements in Y . It follows that α−1(α(x)) = {x} for all x ∈ X by Theorem 3.2(1). Hence, α is
injective.

Conversely, assume that α is injective and ran(α) 6= X . By Lemma 3.6, α is inversely right-S-invariant.
Since α is injective, condition (1) in Theorem 3.2 holds. By Lemma 3.7, condition (2) in Theorem 3.2
holds. Hence, α is a right magnifying element of S. �

Theorem 3.9. Let S be T (X,Y ) or L(X,Y ). Then, for any α ∈ S, α is a right magnifying element of S if and

only if α is injective, ran(α) 6= X and ran(α) ∩ Y = α(Y ).

Proof. Assume that α is a right magnifying element of S. By Theorem 3.4, we have that ran(α) ∩ Y =

α(Y ). By Theorem 3.5, α is inversely right-S-invariant. By Theorem 3.2(2), we have that ran(α) 6= X .
Since idX ∈ S, we have that α−1(α(x)) ⊆ id−1X (idX(x)) = {x} for all x ∈ X by Theorem 3.2(1). Hence,
α is injective.

Conversely, assume that α is injective, ran(α) 6= X and ran(α) ∩ Y = α(Y ). By Theorem 3.5, α is
inversely right-S-invariant. Since α is injective, condition (1) in Theorem 3.2 holds. By Lemma 3.7,
condition (2) in Theorem 3.2 holds. Hence, α is a right magnifying element of S. �
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