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Abstract. Cervical cancer, primarily caused by the human papillomavirus (HPV), remains a significant
global health burden, especially in low-income countries. This study develops a mathematical model based
on the SEIR framework to analyze the transmission dynamics of HPV and its progression to cervical cancer
in Burkina Faso. A distinctive feature of this model is the inclusion of both same-sex transmission and
vertical transmission mechanisms often overlooked in most existing models. We establish the existence of
non-negative solutions and determine the global stability of both the disease-free and endemic equilibria.
The basic reproduction number,R0, is derived, and sensitivity analysis is performed on key parameters.
Numerical simulations, grounded in local epidemiological data, confirm the theoretical findings and
provide actionable insights for prevention strategies in resource-limited settings like Burkina Faso. Our
results suggest that targeting both same-sex and vertical transmission pathways is crucial for comprehensive
HPV control.
2020 Mathematics Subject Classification. 92B05; 00A71; 49Q12; 37M05.
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1. Introduction

Cervical cancer, predominantly caused by human papillomavirus (HPV), represents a substantial
public health concern, especially in low-income countries. Globally, it is the fourth most common
cancer among women, with the highest burden concentrated in regions like sub-Saharan Africa, where
healthcare access is often limited. In 2020, around 90% of the 604,000 new cases and 342,000 deaths
related to cervical cancer occurred globally [1, 2]. In Burkina Faso, the disease’s impact is alarming,
with 1,132 new cases and a high mortality rate of 74.1% recorded in the same year [3]. HPV, a sexually
transmitted infection, remains the primary cause of cervical cancer, making it vital to understand its
transmission mechanisms.
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Despite significant research on HPV, most existing models overlook two transmission pathways:
same-sex transmission and vertical transmission from mother to child. Our study seeks to address
these gaps by developing a comprehensive SEIR-based model that integrates these transmission routes
to better understand HPV dynamics in Burkina Faso.

This study is timely, given the high prevalence of HPV in Burkina Faso, exacerbated by factors such
as poverty, internal displacement, and social stigma surrounding sexually transmitted infections. By
capturing the full spectrum of transmission pathways, themodel offers insights into effective prevention
strategies, including vaccination, screening, and targeted education efforts.
The manuscript is organised as follows: Section 2 presents the formulation of the mathematical model,
highlighting the integration of both same-sex and vertical transmission in HPV dynamics. In Section 3,
we analyze the mathematical properties of the model, including the existence of solutions, positivity,
boundedness, and stability of both disease-free and endemic equilibria.

A sensitivity analysis of key parameters is also conducted at the end of Section 3. Section 4 focuses
on the numerical methods and simulations, where local epidemiological data are used to validate
the model. Finally, Section 5 concludes with a discussion of the findings and potential public health
implications for HPV control in Burkina Faso.

2. Model Formulation

A SEIR model (Susceptible S, Exposed E, Infected I, Recovered R) has been formulated and includes
vertical transmission. The total birth population is denoted as Λf for females and Λm for males.
Accounting for vertical transmission reduces the birth rate of females by an amount of ρ1I2 +ρ2P +ρ3Q

because babies from this group are infected. Thus, ρ1I2 + ρ2P + ρ3Q appears in compartment E1. HPV
is vertically transmitted by some females aged 9-15 years and over 15 years who are exposed. It is also
transmitted by infected females aged 9-15 years and over 15 years, as well as by chronically infected
females and those in the pre-cancerous phase. The description of variables is provided in Table 1 and
that of parameters in Table 2.

Throughout this document, the following assumptions are made:
(H1) The choice of the vertical transmission model is used to account for vertical transmission.
(H2) The total population at time t, denoted by N(t), is divided into two classes: the total female

population (Nf (t)) and the total male population (Nm(t)).

(H3) The total female population is subdivided into 13 compartments: S1 (9 years - 15 years), S2

(>15 years), E1, E2, I1, I2, P , Q, T , C, R1, R2, Rc.

(H4) The total male population is subdivided into 4 compartments: Sm, Em, Im, Rm.

(H5) Recruitment is Λf − ρ1I2 − ρ2P − ρ3Q.
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(H6) General recruitment for males is Λm.

(H7) Susceptibles S1 and S2 contract the virus through sexual intercourses with an infected man at
a rate λm.

(H8) Susceptibles S2 contract the virus through sexual intercourses with an infected woman at a
rate Bf .

(H9) Susceptibles Sm contract the virus through sexual intercourses with an infected man at a rate
λf .

(H10) Susceptibles Sm contract the virus through sexual intercourses with an infected woman at a
rate Bm.

(H11) Classes R1, R2, and Rm can reacquire the virus.

(H12) Only individuals presenting pre-cancerous lesions are treated.
(H13) The parameters βf , βm, cf , cm, p1, µf , µq, µt, µm, µc, σi, σ1, σ2, σ3, σ4, σ5, ρ1, ρ2, ρ3,

θ1, θ2, θ3, θ4, θ5, θ6, θn, θm, kf , r, r1, r2, r3, r4, r5, m1, m2, rm, km, f1, f2, f3, f4, f5,

f6, k1, k2, τ1, τ2 are assumed to be strictly positive.
(H14) All individuals in compartments S1, S2, E1, E2, I1, I2, R1, R2, P , andRc have the samemortality

rate µf .

Compartment S1 represents susceptible females aged 9 to 15, who may become exposed (E1) through
sexual contacts with infectious males, with a strength of infection λm. As they grow older, a proportion
p1 of these women move into the susceptible compartment S2. In S2, susceptible women over the age
of 15 may become exposed and enter E2 with probability λm +Bf . Exposed individuals in E1 progress
to infectious state I1 at rate τ1σi, while those in E2 progress to I2 at rate τ2. Infectious women in I1 heal
and go into R1 with probability r1σ1 or evolve into the infectious state I2. Similarly, women in I2 heal
and go into R2 at a rate r2σ2 or develop persistent infections to go into the P compartment. Persistent
infections in P may resolve, leading to healing inR2, or progress to precancerous lesions inQ at the rate
(1− r3)σ3. SinceQ, individuals can receive treatment (T ) or develop cervical cancer (C). A proportion
of women treated in T recover to go into R2 and another proportion progress to cancer at the rate
(1− r5)σ5. Patients with cancer in C may heal and progress to Rc at the rate r4. The Sm compartment
represents susceptible men, who may become exposed (Em) through contacts with infectious women,
with probability λf +Bm. Exposed men in Em progress to the infectious state Im at rate τm and either
recover to go into Rm with probability rm, or remain in Em at rate kmλf . This dynamic framework
shows the essential interactions between individuals in the different compartments, taking into account
the different states of infection, cure, treatment and disease progression, in both male and female
populations.
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Table 1. Description of variables used in the model

Variables Biological description
S1(t) Population of susceptible females aged between 9 and 15
S2(t) Population of susceptible females above age 15
E1(t) Population of females aged between 9 and 15 exposed to HPV infection
I1(t) Population of HPV-infected females aged between 9 and 15
R1(t) Population of females aged between 9 and 15 who have recovered from

HPV infection
E2(t) Population of females aged above 15 exposed to HPV infection
I2(t) Population of HPV-infected females above age 15
R2(t) Population of females above age 15 who have recovered from HPV infec-

tion
P (t) Population of females with persistent HPV infection
Q(t) Population of females with precancerous lesions
T (t) Population of females with precancerous lesions treated
C(t) Population of females with cervical cancer
RC(t) Population of females who recovered from cervical cancer
Sm(t) Population of susceptible males
Em(t) Population of males exposed to HPV infection
Im(t) Population of HPV-infected males
Rm(t) Population of males who have recovered from HPV infection

Table 2. Parameters used in the model

Parameter Description Values References
Λf Recruitment of new sexually-active females 424,553 [21]
Λm Recruitment of new sexually-active males 396580 [21]
ρ1 Rate of births infected by vertical transmission from I2 0.09 Assumed
ρ2 Rate of births infected by vertical transmission from P 0.09 Assumed
ρ3 Rate of births infected by vertical transmission from Q 0.09 Assumed
p1 Proportion of S1 who grow healthy to enter in S2 0.11 Assumed
σi Departure rate of females (9-15 years) from class E1 0.21 [23]
τm Fraction of males that are infectious 0.47 Assumed
τ1, τ2 Fraction of females aged 9-15 years and over 15 years that are

infectious, respectively
0.47 Assumed

Continued on next page



Asia Pac. J. Math. 2025 12:8 5 of 32

Table 2 – Continuation of previous table
Parameter Description Values References
r Fraction of females that are treated 0.9 [23]
r1 Rate of females (9-15 years) leaving class I1 that recover 0.82 [23]
r2, r3, r4, r5 Fraction of females over 15 leaving class I2, P , C, and T , respec-

tively recovering
0.9, 0.9, 0.5, 0.9 [23]

rm Male recovery rate 0.9 [23]
βm(βf ) Probability of transfer of infection from males to females (females

to males) per contact
0.8 (0.7) [23]

σ1, σ2 Departure rate of females S1 from I1 and I2 0.61, 0.5 [23]
σ3, σ4, σ5 Departure rate of femalesS2 of age from classP , cervical neoplasia

Q, and treated T , respectively
0.58 [23]

kf Proportion of females aged 9-15 or over 15 who will be reinfected
through sexual contact

0.01 Assumed

km Proportion of males reinfected through sexual contacts 0.01 Assumed
cm Average number of sexual contacts per male 2 [23]
cf Average number of sexual contacts per female cmNm

Nf
[23]

µf , µm Natural mortality rate of females and males respectively, i.e., mor-
tality not caused by HPV

0.0085, 0.0099 [21]

µq Mortality rate caused by cervical neoplasia 0.002 Assumed
µt Mortality rate in treated precancerous women 0.004 Assumed
µc Mortality rate caused by cervical cancer 0.001 Assumed
θm Rate of latently infected men Em who are infectious 0.95 Assumed
θn Fraction of infected men Im capable of transmitting the HPV virus 0.99 Assumed
θ1, θ2, θ3, θ4,
θ5, θ6

Fraction of latently infected females E1, infected females aged be-
tween 9 and 15 I1, latently infected females E2, infected females
above age 15 I2, females with persistent HPV infection P , and
females with precancerous lesionsQ respectively capable of trans-
mitting the HPV virus

0.8, 0.95, 0.99,
0.94, 0.90, 0.97,
0.98, 0.99

Assumed

f1, f2, f3, f4,
f5, f6

Fraction of latently infected females E1, infected females aged be-
tween 9 and 15 I1, latently infected females E2, infected females
above age 15 I2, females with persistent HPV infection P , and
females with precancerous lesionsQ respectively capable of trans-
mitting the HPV virus between women

0.1, 0.15, 0.1,
0.3, 0.35, 0.35

Assumed

m1,m2 Fraction of latently infectedEm males and HPV-infected males Im
respectively capable of transmitting the HPV virus between men

0.2, 0.3 Assumed
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Figure 1. Schematic Diagram of the Dynamics of HPV
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By doing a mass balance through the compartments, we obtain the system of differential equations:

dS1

dt
= Λf − ρ1I2 − ρ2P − ρ3Q− (1− p1)λmS1 − (p1 + µf )S1

dS2

dt
= p1S1 − λmS2 −BfS2 − µfS2

dE1

dt
= (1− p1)λmS1 + λmkfR1 + ρ1I2 + ρ2P + ρ3Q− (σi + µf )E1

dI1

dt
= τ1σiE1 − (σ1 + µf ) I1

dR1

dt
= r1σ1I1 − λmkfR1 − µfR1

dE2

dt
= (1− τ1)σiE1 + λmS2 +BfS2 + λmkfR2 − (τ2 + µf )E2

dI2

dt
= τ2E2 + (1− r1)σ1I1 − (σ2 + µf ) I2

dR2

dt
= r2σ2I2 + r3σ3P + r5σ5T − λmkfR2 − µfR2

dP

dt
= (1− r2)σ2I2 − (σ3 + µf )P

dQ

dt
= (1− r3)σ3P − (σ4 + µf + µq)Q

dT

dt
= rσ4Q− (σ5 + µf + µt)T

dC

dt
= (1− r)σ4Q+ (1− r5)σ5T − (r4 + µf + µc)C

dRC
dt

= r4C − µfRC

dSm
dt

= Λm − λfSm −BmSm

dEm
dt

= λfkmRm + λfSm +BmSm − (τm + µm)Em

dIm
dt

= τmEm − (rm + µm) Im

dRm
dt

= rmIm − λfkmRm − µmRm

(1)

With

λf =
βfcm (θ1E1 + θ2I1 + θ3E2 + θ4I2 + θ5P + θ6Q)

Nf
,

Bf =
f1θ1E1 + f2θ2I1 + f3θ3E2 + f4θ4I2 + f5θ5P + f6θ6Q

Nf
,

Nf = S1 + S2 + E1 + I1 +R1 + E2 + I2 +R2 + P +Q+ T + C +RC , (2)
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λm =
βmcf (θmEm + θnIm)

Nm
,

Bm =
m1θmEm +m2θnIm

Nm
,

Nm = Sm + Em + Im +Rm,

cmNm(t) = cfNf (t).

3. Mathematical Analysis

3.1. Invariant Regions. We begin the analysis of the two-sex HPV infection model(1) by considering
its behavior in a biologically feasible region. First, we demonstrate that the system (1) is dissipative,
meaning that all biologically relevant solutions remain uniformly bounded within a suitable subset
D ⊂ R17

+ . The model is structured into two subsystems: one for the female population, Nf , and the
other for the male population, Nm. The feasible region is defined as D = Df ∪Dm ⊂ R13

+ × R4
+, with:

Df =

{
(S1, S2, E1, I1, R1, E2, I2, R2, P,Q, T, C,Rc) ∈ R13

+ : Nf ≤
Λf
µf

}
,

Dm =

{
(Sm, Em, Im, Rm) ∈ R4

+ : Nm ≤
Λm
µm

}
.

(3)

3.2. Positivity and Boundedness Properties.

Theorem 3.1. Let the initial conditions be:

(S1(0), S2(0), E1(0), I1(0), R1(0), E2(0), I2(0), R2(0),

P (0), Q(0), T (0), C(0), RC(0), Sm(0), Em(0), Im(0), Rm(0)) ∈ R17
+

such that: S1(0) +S2(0) +E1(0) + I1(0) +R1(0) +E2(0) + I2(0) +R2(0) +P (0) +Q(0) + T (0) +C(0) +

RC(0) + Sm(0) + Em(0) + Im(0) + Rm(0) = N(0) where Λf > 0, Λm > 0, and N(0) ≤ Λ
µ . Additionally,

the following parameter constraints hold:

0 ≤ λf , λm, cf , cm, p1, µf , µQ, µm, µC , σi, σ1, σ2, σ3, σ4, σ5, ρ1, ρ2, ρ3, θ1, θ2, θ3, θ4, θ5, θ6, θm, θn, kf , r, r1,

r2, r3, r4, r5,m1,m2, rm, km, f1, f2, f3, f4, f5, f6, k1, k2 ≤ 1.

Then, the system (1) has a unique global solution [8] that remains non-negative and bounded for all t > 0.

Moreover, the following conditions hold:

(1) 0 < N(t) < Λ
µ , where Λ = Λf + Λm, µ = min(µf , µm), and N(t) = Nf (t) +Nm(t).

(2) If S1(0) ≤ Λf

p1+µf
, S2(0) ≤ p1Λf

µf (p1+µf ) , and Sm(0) ≤ Λm
µm

, then for all t > 0, S1(t) ≤ Λf

p1+µf
, S2(t) ≤

p1Λf

µf (p1+µf ) , and Sm(t) ≤ Λm
µm

.

Proof. For local existence, all functions in system (1) are locally Lipschitz continuous. Hence, there
exists a unique local solution on t ∈ [0, Tmax[, where Tmax is the explosion time. The analysis of such
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systems is based on elementary methods of ordinary differential equations. The existence of unique
solutions is guaranteed by various fixed-point theorems on a maximal interval [0, Tmax[. By proving
that the components of the solution vector are uniformly bounded over any bounded interval [0, Tmax[,
we ensure Tmax =∞. We notice that the components of the vectorM ,

M =



M1(S1, S2, E1, I1, R1, E2, I2, R2, P,Q, T, C,RC , Sm, Em, Im, Rm)

M2(S1, S2, E1, I1, R1, E2, I2, R2, P,Q, T, C,RC , Sm, Em, Im, Rm)

. . .

M17(S1, S2, E1, I1, R1, E2, I2, R2, P,Q, T, C,RC , Sm, Em, Im, Rm)


(4)

are quasi-positive. Therefore, as the initial conditions are non-negative, this implies that the compo-
nents of the solution are non-negative for all t ∈ [0, Tmax[. Let’s define the function N as follows:
N(t) = S1(t) + S2(t) + E1(t) + I1(t) + R1(t) + E2(t) + I2(t) + R2(t) + P (t) + Q(t) + T (t) + C(t) +

RC(t) + Sm(t) + Em(t) + Im(t) +Rm(t) One obtains:

dN

dt
= Λf + Λm − µfNf − µmNm − µqQ− µtT − µcC

dN

dt
≤ Λ− µ(Nf +Nm)

dN

dt
≤ Λ− µN(t)

dN

dt
+ µN(t) ≤ Λ

(5)


dN
dt ≤ Λ− µN(t)

N(0) = N0

(6)

Solving the inequality:

dN

dt
+ µN(t) ≤ 0

N(t) ≤ k(t) exp−µt

N ′(t) ≤ k′(t) exp−µt−µ exp−µt k(t)

(7)

Substituting N ′(t) and N(t) in (5):

k′(t) exp−µt−µ exp−µt k(t) + µk(t) exp−µt ≤ Λ

k′(t) exp−µt ≤ Λ

k′(t) ≤ Λ expµt

k(t) =
Λ

µ
expµt +c

(8)
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Substituting k(t)in (7):

N(t) ≤
(

Λ

µ
expµt +c

)
exp−µt

N(0) ≤
(

Λ

µ
+ c

)
c ≥ N(0)− Λ

µ

N(t) ≤ Λ

µ
+

(
N(0)− Λ

µ

)
exp−µt

(9)

Since N(0) ≤ Λ

µ
, then N(t) ≤ Λ

µ
.

Conclusion: 0 < N(t) <
Λ

µ
, hence Tmax = ∞ and the existence of a unique global non-negative

solution is proven. Similarly, solving for S1:
dS1

dt
+ (p1 + µf )S1(t) ≤ 0

S1(t) ≤ k(t) exp−(p1+µf )t
(10)

The same reasoning applies to S2 and S3, concluding the proof of the theorem. �

3.3. Disease-free equilibrium point ε0 and basic reproduction numberR0. This section is dedicated
to calculating the reproduction numberR0 of the proposed model. To do this, we will use the method
of the generation matrix that was developed and then adopted for finite-dimensional systems.

Theorem 3.2. Consider the system (1) with the given parameters

Λf > 0, Λm > 0.

0 ≤ λf , λm, cf , cm, p1, µf , µQ, µm, µC , σi, σ1, σ2, σ3, σ4, σ5, ρ1, ρ2, ρ3, θ1, θ2, θ3, θ4, θ5, θ6, θm, θn, kf , r, r1,

r2, r3, r4, r5,m1,m2, rm, km, f1, f2, f3, f4, f5, f6, k1, k2 ≤ 1.

Then,

(i) The disease-free equilibrium point (DFE) is

ε0 =
(
S0

1 , S
0
2 , 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, S0

m, 0, 0, 0
) (11)

where

S0
1 =

Λf
p1 + µf

, S0
2 =

p1Λf
µf (p1 + µf )

, S0
m =

Λm
µm

(12)

(ii) The basic reproductive number is

R0 =

√√√√√√(m1µmθm +m1rmθm +m2θnrm)

(
p11

2
+
p19

2
+

√
p2

11 − 2p11p19 + 4p13p17 + p2
19

2

)
µ2
m + µmrm + µmτm + rmτm

(13)
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where

p11, p13, p17, p19, are given by (32), (34) and (35) (14)

Proof. Here, we consider the proposed mathematical model(1) with seventeen homogeneous compart-
ments. This model can be written as:
d
dt(S1, S2, E1, I1, R1, E2, I2, R2, P,Q, T, C,RC , Sm, Em, Im, Rm)T=
F (S1, S2, E1, I1, R1, E2, I2, R2, P,Q, T, C,RC , Sm, Em, Im, Rm)T

Where F is defined by(4) . The point ε0 defined by (11) satisfies F (ε0) = 0.

The T and C compartments already have precancerous lesions treated and cancerous cells, so will no
longer be part of the virus propagation process.
To compute the reproduction rateR0, using the next generation operator method [9–11] on the sys-
tem model(1). Only the infected and infectious non-cancerous compartments are to be considered,
satisfying the following seventh-order system:

d

dt



E1

I1

E2

I2

P

Q

Em

Im



=



(1− p1)λmS1 + λmkfR1 + ρ1I2 + ρ2P + ρ3Q− (σi + µf )E1

τ1σiE1 − (σ1 + µf ) I1

(1− τ1)σiE1 + λmS2 +BfS2 + λmkfR2 − (τ2 + µf )E2

τ2E2 + (1− r1)σ1I1 − (σ2 + µf ) I2

(1− r2)σ2I2 − (σ3 + µf )P

(1− r3)σ3P − (σ4 + µf + µq)Q

λfkmRm + λfSm +BmSm − (τm + µm)Em

τmEm − (rm + µm) Im



(15)

d

dt



E1

I1

E2

I2

P

Q


=



(1− p1)λmS1 + λmkfR1 + ρ1I2 + ρ2P + ρ3Q− (σi + µf )E1

τ1σiE1 − (σ1 + µf ) I1

(1− τ1)σiE1 + λmS2 +BfS2 + λmkfR2 − (τ2 + µf )E2

τ2E2 + (1− r1)σ1I1 − (σ2 + µf ) I2

(1− r2)σ2I2 − (σ3 + µf )P

(1− r3)σ3P − (σ4 + µf + µq)Q


(16)

d

dt

Em
Im

 =

λfkmRm + λfSm +BmSm − (τm + µm)Em

τmEm − (rm + µm) Im

 (17)
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The rate of occurrence of new infection in the seven compartments (E1, I1, E2, I2, P,Q,Em, Im, ) is
represented by the vector F as follows :

F =



(1− p1)
βmcf (θmEm + θnIm)

Nm
S1 +

βmcf (θmEm + θnIm)

Nm
kfR1 + ρ1I2 + ρ2P + ρ3Q

0

βmcf (θmEm + θnIm)

Nm
S2 +BfS2 +

βmcf (θmEm + θnIm)

Nm
kfR2

0

0

0

βfcm (θ1E1 + θ2I1 + θ3E2 + θ4I2 + θ5P + θ6Q)

Nf
(kmRm + Sm) +BmSm

0



(18)

Ff =



(1− p1)
βmcf (θmEm + θnIm)

Nm
S1 +

βmcf (θmEm + θnIm)

Nm
kfR1 + ρ1I2 + ρ2P + ρ3Q

0

βmcf (θmEm + θnIm)

Nm
S2 +BfS2 +

βmcf (θmEm + θnIm)

Nm
kfR2

0

0

0



(19)

Fm =


βfcm (θ1E1 + θ2I1 + θ3E2 + θ4I2 + θ5P + θ6Q)

Nf
(kmRm + Sm) +BmSm

0

 (20)

The transfer rate of individuals into and out of the infected compartments is given by the vector:

V =



(σi + µf )E1

− τ1σiE1 + (σ1 + µf ) I1

− (1− τ1)σiE1 + (τ2 + µf )E2

− τ2E2 − (1− r1)σ1I1 + (σ2 + µf ) I2

− (1− r2)σ2I2 + (σ3 + µf )P

− (1− r3)σ3P + (σ4 + µf + µq)Q

(τm + µm)Em

− τmEm + (rm + µm) Im



(21)
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Vf =



(σi + µf )E1

− τ1σiE1 + (σ1 + µf ) I1

− (1− τ1)σiE1 + (τ2 + µf )E2

− τ2E2 − (1− r1)σ1I1 + (σ2 + µf ) I2

− (1− r2)σ2I2 + (σ3 + µf )P

− (1− r3)σ3P + (σ4 + µf + µq)Q


(22)

Vm =

 (τm + µm)Em

− τmEm + (rm + µm) Im

 (23)

By linearizing F and V in ε0 and using (6), we obtain :

F =



0 0 0 ρ1 ρ2 ρ3 θmΦ1 θnΦ1

0 0 0 0 0 0 0 0

f1θ1S
0
2

S0
1 + S0

2

f2θ2S
0
2

S0
1 + S0

2

f3θ3S
0
2

S0
1 + S0

2

f4θ4S
0
2

S0
1 + S0

2

f5θ5S
0
2

S0
1 + S0

2

f6θ6S
0
2

S0
1 + S0

2

θmΦ2 θnΦ2

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

θ1Φ3 θ3Φ3 θ2Φ3 θ4Φ3 θ5Φ3 θ6Φ3 m1θm m2θn

0 0 0 0 0 0 0 0



(24)

With:

F1 =



0 0 0 ρ1 ρ2 ρ3

0 0 0 0 0 0

f1θ1S
0
2

S0
1 + S0

2

f2θ2S
0
2

S0
1 + S0

2

f3θ3S
0
2

S0
1 + S0

2

f4θ4S
0
2

S0
1 + S0

2

f5θ5S
0
2

S0
1 + S0

2

f6θ6S
0
2

S0
1 + S0

2

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0


(25)

and

F2 =

 m1θm m2θn

0 0

 (26)
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V =



d1 0 0 0 0 0 0 0

−τ1σi d2 0 0 0 0 0 0

− (1− τ1)σi 0 d3 0 0 0 0 0

0 − (1− r1)σ1 −τ2 d4 0 0 0 0

0 0 0 − (1− r2)σ2 d5 0 0 0

0 0 0 0 − (1− r3)σ3 d6 0 0

0 0 0 0 0 0 d7 0

0 0 0 0 0 0 −τm d8



(27)

With:

V1 =



d1 0 0 0 0 0

−τ1σi d2 0 0 0 0

− (1− τ1)σi 0 d3 0 0 0

0 − (1− r1)σ1 −τ2 d4 0 0

0 0 0 − (1− r2)σ2 d5 0

0 0 0 0 − (1− r3)σ3 d6


(28)

and

V −1
1 =



1

d1
0 0 0 0 0

σiτ1

d2d1

1

d2
0 0 0 0

πi
d3d1

0
1

d3
0 0 0

π1d3σiτ1 + πiτ2d2

d4d3d2d1

π1

d4d2

τ2

d4d3

1

d4
0 0

π2 (π1d3σiτ1 + πiτ2d2)

d4d5d3d2d1

π1π2

d4d5d2

π2τ2

d4d5d3

π2

d4d5

1

d5
0

π2π3 (π1d3σiτ1 + πiτ2d2)

d4d5d3d2d6d1

π1π2π3

d4d5d6d2

π2π3τ2

d4d5d6d3

π2π3

d4d6d5

π3

d6d5

1

d6


(29)

V2 =

 τm + µm 0

−τm rm + µm

 (30)

and

V −1
2 =


1

τm + µm
0

rm
(τm + µm) (rm + µm)

1

rm + µm

 (31)

Φ1 =
βmcfµmΛf (1− p1)

Λm (p1 + µf )
; Φ2 =

βmcfµmp1Λf
Λmµf (p1 + µf )

; Φ3 =
βfcmΛmµf

Λfµm
;

S0
2 =

p1Λf
µf (p1 + µf )

; S0
1 =

Λf
p1 + µf

Where d1 = σi + µf , d2 = σ1 + µf , d3 = τ2 + µf , d4 = σ2 + µf , d5 = σ3 + µf ,
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d6 = σ4 + µf + µq, d7 = τm + µm, d8 = rm + µm, πi = (1− τ1)σi, π1 = (1− r1)σ1,

π2 = (1− r2)σ2, π3 = (1− r3)σ3

p11 =
ρ1 (π1d3σiτ1 + πiτ2d2)

d4d3d2d1
+
ρ2π2 (π1d3σiτ1 + πiτ2d2)

d4d5d3d2d1
+
ρ3π2π3 (π1d3σiτ1 + πiτ2d2)

d4d5d6d3d2d1
, (32)

p13 =
ρ1τ2

d4d3
+
ρ2π2τ2

d4d5d3
+
ρ3π2π3τ2

d4d5d6d3
(33)

p17 =
S2

S1 + S2

[
f1θ1
d1

+
f2θ2σiτ1
d2d1

+
f3θ3πi
d3d1

+
(π1d3σiτ1 + πiτ2d2)

d4d3d2d1

(
f4θ4 +

f5θ5π2
d5

+
f6θ6π2π3
d6d5

)]
(34)

p19 =
S2

S1 + S2

[
f3θ3

d3
+
f4θ4τ2

d4d3
+
f5θ5π2τ2

d4d5d3
+
f6θ6π2π3τ2

d6d4d5d3

]
(35)

Thus, the effective number of reproducersR0 for model 1 is given by :
R0 = ρ(FV −1) where ρ represents the spectral radius
R0 =

√
RmRf With :

Rf = ρ(F1V
−1

1 )

Rf =
p11

2
+
p19

2
+

√
p2

11 − 2p11p19 + 4p13p17 + p2
19

2
Rm = ρ(F2V

−1
2 )

Rm =
m1µmθm +m1rmθm +m2θnrm
µ2
m + µmrm + µmτm + rmτm

R0 =

√√√√√√(m1µmθm +m1rmθm +m2θnrm)

(
p11

2
+
p19

2
+

√
p2

11 − 2p11p19 + 4p13p17 + p2
19

2

)
µ2
m + µmrm + µmτm + rmτm

(36)

R0 measures the average number of new HPV infections generated by a single infected individual
introduced into a fully susceptible population [5–7].
Rf measures the average number of new HPV infections in the female population generated by a single
infected male introduced into a fully susceptible female population.
Rm measures the average number of new HPV infections in the male population generated by a single
infected female introduced into a fully susceptible male population. �

3.4. Global stability of disease-free equilibrium point. In this section, we will present the global
stability of the disease-free equilibrium of the system(1) using the CASTILLO CHAVEZ technique
[12,13]. Thus, the system (1) must be written in the form:

dX

dt
= F (X, I)

dI

dt
= G (X, I) ,

G (X, 0) = 0

(37)
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where X = (S1, S2, R1, R2, RC , Sm, Rm) ∈ R7 and I = (E1, I1, E2, I2, P,Q,Em, Im) ∈ R8 respectively
denote the population of non-infected individuals and that of infected individuals (latent and infec-
tious).
The disease-free equilibrium point calculated in Section 3 is:

ε0 =
(
S0

1 , S
0
2 , 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, S0

m, 0, 0, 0
) (38)

ε0 =
(
S0

1 , S
0
2 , S

0
m, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0

) (39)

ε0 =

(
Λf

p1 + µf
,

p1Λf
µf (p1 + µf )

,
Λm
µm

, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0

)
(40)

ε0 can be written as:
ε0 =

(
S0, 0

) (41)

The following conditions (H1) and (H2) below must be satisfied to ensure local asymptotic stability.
(H1): if dX

dt
= F (X, 0), then ε0 is globally asymptotically stable.

(H2) : G (X, I)= AI − Ĝ (X, I) ou Ĝ (X, I) ≥ 0 pour (X, I) ∈ Ω

Here , A = DIG
(
S0, 0

) is an M matrix (off-diagonal elements of A are non-negative).
If the system satisfies these two conditions, the following theorem applies:

Theorem 3.3. The fixed point ε0 =
(
S0, 0

)
is a globally asymptotically stable equilibrium of the system provided

R0 < 1 and both hypotheses (H1) and (H2) are satisfied.

Proof. It is assumed that compartments T and C are non-infectious and therefore cannot transmit the
virus.

F (X, I) =



Λf − ρ1I2 − ρ2P − ρ3Q− (1− p1)
βmcf (θmEm + θnIm)

Nm
S1 − (p1 + µf )S1

p1S1 −
βmcf (θmEm + θnIm)

Nm
S2 −BfS2 − µfS2

r1σ1I1 −
βmcf (θmEm + θnIm)

Nm
kfR1 − µfR1

r2σ2I2 + r3σ3P + r5σ5T −
βmcf (θmEm + θnIm)

Nm
kfR2 − µfR2

r4C − µfRC

Λm −
βfcm (θ1E1 + θ2I1 + θ3E2 + θ4I2 + θ5P + θ6Q)

Nf
Sm −BmSm − µmSm

rmIm −
βfcm (θ1E1 + θ2I1 + θ3E2 + θ4I2 + θ5P + θ6Q)

Nf
kmRm − µmRm


(42)
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G (X, I) =



βmcf (θmEm + θnIm)

Nm
((1− p1)S1 + kfR1) + ρ1I2 + ρ2P + ρ3Q− (σi + µf )E1

τ1σiE1 − (σ1 + µf ) I1

(1− τ1)σiE1 +
βmcf (θmEm + θnIm)

Nm
(S2 + kfR2) +BfS2 − d3E2

τ2E2 + (1− r1)σ1I1 − (σ2 + µf ) I2

(1− r2)σ2I2 − (σ3 + µf )P

(1− r3)σ3P − (σ4 + µf + µq)Q

βfcm (θ1E1 + θ2I1 + θ3E2 + θ4I2 + θ5P + θ6Q)

Nf
(kmRm + Sm) +BmSm − (τm + µm)Em

τmEm − (rm + µm) Im



(43)

G (X, I) =



G1 (X, I)

G2 (X, I)

G3 (X, I)

G4 (X, I)

G5 (X, I)

G6 (X, I)

G7 (X, I)

G8 (X, I)



(44)

It is clear that at the point DFE, G (X, 0) = 0.
Next, we will verify that if dX

dt
= F (X, 0), then ε0 is globally asymptotically stable. To do this, let’s

compute the eigenvalues of the Jacobian matrix (DXF
(
ε0
)) associated with F at the DFE.

DXF
(
ε0
)

=



−(P1 + µf ) 0 0 0 0 0 0

P1 −µf 0 0 0 0 0

0 0 −µf 0 0 0 0

0 0 0 −µf 0 0 0

0 0 0 0 −µf 0 0

0 0 0 0 0 −µm 0

0 0 0 0 0 0 −µm


(45)

Given that the eigenvaluesϑ1 = −(P1+µf ), ϑ2 = −µf , ϑ3 = −µf , ϑ4 = −µf , ϑ5 = −µf , ϑ6 =

−µf , ϑ7 = −µf of the Jacobian matrix are all negative, the DFE point is globally asymptotically sta-
ble. To verify that G (X, I) = A × I − Ĝ (X, I) or Ĝ (X, I) ≥ 0, we will first compute the matrix
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A = DIG
(
S0, 0

)
A = F − V

A =



−d1 0 0 ρ1 ρ2 ρ3 θmΦ1 θnΦ1

τ1σi −d2 0 0 0 0 0 0

η1S
0
2

N0
f

+ πi
η2S

0
2

N0
f

η3S
0
2

N0
f

− d3
η4S

0
2

N0
f

η5S
0
2

N0
f

η6S
0
2

N0
f

θmΦ2 θnΦ2

0 π1 τ2 −d4 0 0 0 0

0 0 0 π2 −d5 0 0 0

0 0 0 0 π3 −d6 0 0

θ1Φ3 θ3Φ3 θ2Φ3 θ4Φ3 θ5Φ3 θ6Φ3 m1θm − d7 m2θn

0 0 0 0 0 0 τm −d8



(46)

Where: η1 = f1θ1, η2 = f2θ2, η3 = f3θ3,η4 = f4θ4, η5 = f5θ5 and η6 = f6θ6

It is clear that matrix A is an M-matrix (the off-diagonal elements of A are non-negative).
We can now compute the function Ĝ (X, I):

AI =



− d1E1 + ρ1I2 + ρ2P + ρ3Q+ θmΦ1Em + θnΦ1Im

τ1σiE1 − d2I1(
η1S

0
2

N0
f

+ πi

)
E1 +

η2S
0
2

N0
f

I1 +

(
η3S

0
2

N0
f

− d3

)
E2 +

η4S
0
2

N0
f

I2 +
η5S

0
2

N0
f

P +
η6S

0
2

N0
f

Q

+ θmΦ2Em + θnΦ2Im

π1I1 + τ2E2 − d4I2

π2I2 − d5P

π3P − d6Q

θ1Φ3E1 + θ3Φ3I1 + θ2Φ3E2 + θ4Φ3I2 + θ5Φ3P + θ6Φ3Q+ (m1θm − d7)Em +m2θnIm

τmEm − d8Im



(47)

G (X, I) = AI − Ĝ (X, I)⇒ Ĝ (X, I) = AI −G (X, I)

Ĝ (X, I) =



Ĝ1 (X, I)

0

Ĝ3 (X, I)

0

0

0

Ĝ7 (X, I)

0



(48)
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With

Ĝ1 (X, I) = θmΦ1Em + Φ1θnIm − (1− p1)
βmcf (θmEm + θnIm)

Nm
S1 −

βmcf (θmEm + θnIm)

Nm
kfR1

Ĝ1 (X, I) = Φ1 (θmEm + θnIm)− (θmEm + θnIm)

(
(1− p1)

βmcf
Nm

S1 +
βmcf
Nm

kfR1

)
Φ1 =

βmcfµmΛf (1− p1)

Λm (p1 + µf )

Φ1 = (1− p1)
βmcf
N0
m

S0
1

N0
m = S0

m =
Λm
µm

S0
1 =

Λf
p1 + µf

Ĝ1 (X, I) = (1− p1)
βmcf
N0
m

S0
1 (θmEm + θnIm)− (θmEm + θnIm)

(
(1− p1)

βmcf
Nm

S1 +
βmcf
Nm

kfR1

)
Ĝ1 (X, I) = βmcf (θmEm + θnIm)

[
(1− p1)

S0
1

N0
m

− (1− p1)
S1

Nm
−
kfR1

Nm

]
Ĝ1 (X, I) = βmcf (θmEm + θnIm) (1− p1)

[
S0

1

N0
m

− S1

Nm
−

kfR1

Nm (1− p1)

]
Ĝ1 (X, I) ≥ 0⇔

[
S0

1

N0
m

− S1

Nm
−

kfR1

Nm (1− p1)

]
≥ 0

Ĝ1 (X, I) ≥ 0⇔ S1

Nm
+

kfR1

Nm (1− p1)
≤ S0

1

N0
m

Ĝ1 (X, I) ≥ 0⇔ S1

Nm
≤ S0

1

N0
m

Ĝ1 (X, I) ≥ 0⇔ S1 ≤ S0
1

Nm

N0
m

like Nm ≤
Λm
µm

, N0
m = S0

m =
Λm
µm

then Nm ≤ N0
m and

Nm

N0
m

≤ 1

Ĝ1 (X, I) ≥ 0⇔ S1 ≤ S0
1

Ĝ3 (X, I) = θmΦ2Em + θnΦ2Im −
βmcf (θmEm + θnIm)

Nm
(S2 + kfR2) +BfNf

(
S0

2

N0
f

− S2

Nf

)

Ĝ3 (X, I) = θmΦ2Em + θnΦ2Im −
βmcf (θmEm + θnIm)

Nm
S2 −

βmcf (θmEm + θnIm)

Nm
kfR2+

BfNf

(
S0

2

N0
f

− S2

Nf

)

Ĝ3 (X, I) = Φ2 (θmEm + θnIm)− (θmEm + θnIm)

(
βmcf
Nm

S2 +
βmcf
Nm

kfR2

)
+BfNf

(
S0

2

N0
f

− S2

Nf

)
(49)
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Φ2 =
βmcf
N0
m

S0
2

N0
m = S0

m =
Λm
µm

S0
2 =

p1Λf
µf (p1 + µf )

Ĝ3 (X, I) =
βmcf
N0
m

S0
2 (θmEm + θnIm)− (θmEm + θnIm)

(
βmcf
Nm

S2 +
βmcf
Nm

kfR2

)
+BfNf

(
S0

2

N0
f

− S2

Nf

)

Ĝ3 (X, I) = βmcf (θmEm + θnIm)

[
S0

2

N0
m

− S2

Nm
−
kfR2

Nm

]
+BfNf

(
S0

2

N0
f

− S2

Nf

)

Ĝ3 (X, I) ≥ 0⇔ βmcf (θmEm + θnIm)

[
S0

2

N0
m

− S2

Nm
−
kfR2

Nm

]
+BfNf

(
S0

2

N0
f

− S2

Nf

)
≥ 0

Ĝ3 (X, I) ≥ 0⇔
[
S0

2

N0
m

− S2

Nm
−
kfR2

Nm

]
≥ 0 and

(
S0

2

N0
f

− S2

Nf

)
≥ 0

Ĝ3 (X, I) ≥ 0⇔ S0
2

N0
m

≥ S2

Nm
+
kfR2

Nm
and

S0
2

N0
f

≥ S2

Nf

Ĝ3 (X, I) ≥ 0⇔ S0
2

N0
m

≥ S2

Nm
and

S0
2

N0
f

≥ S2

Nf

Ĝ3 (X, I) ≥ 0⇔ S2

Nm
≤ S0

2

N0
m

and
S2

Nf
≤ S0

2

N0
f

Ĝ3 (X, I) ≥ 0⇔ S2 ≤
S0

2Nm

N0
m

and S2 ≤
S0

2Nf

N0
f

Ĝ3 (X, I) ≥ 0⇔ S2 ≤ S0
2 × 1 because

Nm

N0
m

≤ 1 and
Nf

N0
f

≤ 1

Ĝ7 (X, I) = m1θmEm +m2θnIm −
λfNf

βfcm

[
−Φ3 +

βfcm
Nf

(kmRm + Sm)

]
− (m1θmEm +m2θnIm)

Nm
Sm

Ĝ7 (X, I) = m1θmEm +m2θnIm −
λfNf

βfcm

[
−Φ3 +

βfcm
Nf

kmRm +
βfcm
Nf

Sm

]
− (m1θmEm +m2θnIm)

Nm
Sm

Φ3 =
βfcmµfS

0
m

Λf

S0
m =

Λm
µm

Ĝ7 (X, I) = (m1θmEm +m2θnIm)

(
1− Sm

Nm

)
+
λfNf

βfcm

[
Φ3 −

βfcm
Nf

kmRm −
βfcm
Nf

Sm

]
Ĝ7 (X, I) ≥ 0⇔

[
Φ3 −

βfcm
Nf

kmRm −
βfcm
Nf

Sm

]
≥ 0

(50)
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Ĝ7 (X, I) ≥ 0⇔
[
βfcmµfS

0
m

Λf
−
βfcm
Nf

kmRm −
βfcm
Nf

Sm

]
≥ 0

Ĝ7 (X, I) ≥ 0⇔ βfcm

[
µfS

0
m

Λf
− kmRm

Nf
− Sm
Nf

]
≥ 0

Ĝ7 (X, I) ≥ 0⇔
[
µfS

0
m

Λf
− kmRm

Nf
− Sm
Nf

]
≥ 0

Ĝ7 (X, I) ≥ 0⇔
µfS

0
m

Λf
− kmRm

Nf
≥ Sm
Nf

Ĝ7 (X, I) ≥ 0⇔
µfS

0
m

Λf
≥ Sm
Nf

Ĝ7 (X, I) ≥ 0⇔ Sm ≤
S0
mNfµf

Λf
; we have Nf ≤

Λf
µf
⇒

Nfµf
Λf

≤ 1

Ĝ7 (X, I) ≥ 0⇔ Sm ≤ S0
m × 1

Ĝ7 (X, I) ≥ 0⇔ Sm ≤ S0
m

(51)

From the above, we can say that: Ĝ (X, I) ≥ 0 ⇔ S1 ≤ S0
1 ,S2 ≤ S0

2 and Sm ≤ S0
m.Therefore, the

conditions (H1) and (H2) above are satisfied. Thus, we can use the CASTILLO CHAVEZ technique to
conclude that ifR0 < 1, then the DFE point is globally asymptotically stable. �

3.5. Endemic equilibruim point ε∗.

3.5.1. Existence of ε∗.

Theorem 3.4. The system (1) admits a unique positive endemic equilibrium

ε∗ = (S∗1 , S
∗
2 , E

∗
1 , I
∗
1 , R

∗
1, E

∗
2 , I
∗
2 , R

∗
2, P

∗, Q∗, C∗, R∗C , S
∗
m, E

∗
m, I

∗
m, R

∗
m) wheneverR0 > 1.

Proof. By setting the right-hand side of system (1) to zero and assuming all variables are non-zero
(S1 6= 0, S2 6= 0, E1 6= 0, I1 6= 0, . . . , Rm 6= 0) we obtain:

S∗1 =
Λf − ρ1I

∗
2 − ρ2P

∗ − ρ3Q
∗

(1− p1)λ∗m + p1 + µf
; S∗2 =

p1S
∗
1

λ∗m +B∗f + µf

E∗1 =
(1− p1)λ∗m (S∗1 + kfR

∗
1) + ρ1I

∗
2 + ρ2P

∗ + ρ3Q
∗

σi + µf
; I∗1 =

τ1σiE
∗
1

(σ1 + µf )
; R∗1 =

r1σ1I
∗
1

λ∗mkf + µf

E∗2 =
λ∗m (S∗2 + kfR

∗
2) + (1− τ1)σiE

∗
1 +B∗fS

∗
2

(τ2 + µf )
; I∗2 =

τ2E
∗
2 + (1− r1)σ1I

∗
1

(σ2 + µf )

R∗2 =
r2σ2I

∗
2 + r3σ3P

∗ + r5σ5T
∗

λ∗mkf + µf
; P ∗ =

(1− r2)σ2I
∗
2

(σ3 + µf )
; Q∗ =

(1− r3)σ3P
∗

(σ4 + µf + µq)

T ∗ =
rσ4Q

∗

(σ5 + µf + µt)
; C∗ =

(1− r)σ4Q
∗ + (1− r5)σ5T

∗

(r4 + µf + µc)
; R∗C =

r4C
∗

µf
; S∗m =

Λm
λ∗f +B∗m + µm

E∗m =
λ∗f (kmR

∗
m + S∗m) +B∗mS

∗
m

(τm + µm)
; I∗m =

τmE
∗
m

(rm + µm)
; R∗m =

rmI
∗
m

λ∗fkm + µm

(52)
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3.5.2. Global stability of ε∗. By constructing an appropriate Lyapunov function, we will demonstrate the
global asymptotic stability of the endemic equilibrium point.

Theorem 3.5. IfR0 > 1, the global endemic equilibrium point ε∗ of system (1) is globally asymptotically stable.

Proof. WhenR0 > 1, the basic reproduction number is positive, confirming the existence of the endemic
equilibrium ε∗. To demonstrate global asymptotic stability, construct the Lyapunov function [4, 14–17]:
L = (S1 − S∗1) + (S2 − S∗2) + (E1 −E∗1) + (I1 − I∗1 ) + (R1 −R∗1) + (E2 −E∗2) + (I2 − I∗2 ) + (R2 −R∗2) +

(P − P ∗) + (Q − Q∗) + (T − T ∗) + (C − C∗) + (RC − R∗C) + (Sm − S∗m) + (Em − E∗m) + (Im − I∗m) +

(Rm−R∗m)− (S∗1 + S∗2 +E∗1 + I∗1 +R∗1 +E∗2 + I∗2 +R∗2 +P ∗+Q∗+C∗+R∗C + S∗m +E∗m + I∗m +R∗m)×

ln

(
S1 + S2 + E1 + I1 +R1 + E2 + I2 +R2 + P +Q+ T + C +RC + Sm + Em + Im +Rm

S∗1 + S∗2 + E∗1 + I∗1 +R∗1 + E∗2 + I∗2 +R∗2 + P ∗ +Q∗ + T ∗ + C∗ +R∗C + S∗m + E∗m + I∗m +R∗m

)

Let’s define:
N = S1 + S2 + E1 + I1 +R1 + E2 + I2 +R2 + P +Q+ T + C +RC + Sm + Em + Im +Rm

N∗ = S∗1 + S∗2 + E∗1 + I∗1 +R∗1 + E∗2 + I∗2 +R∗2 + P ∗ +Q∗ + T ∗ + C∗ +R∗C + S∗m + E∗m + I∗m +R∗m

The Lyapunov function can be rewritten as:
L = N −N∗ −N∗ ln

N

N∗

L = N∗
(
N

N∗
− 1− ln

N

N∗

)
We will use the Volterra-type Lyapunov function family defined by g(x) = x − 1 − ln(x), x ∈ R+

which has a global minimum at x = 1 and satisfies g(1) = 0.
Since (S1(t) > 0, S2(t) > 0, E1(t) > 0, I1(t) > 0, R1(t) > 0, E2(t) > 0, I2(t) >

0, R2(t) > 0, P (t) > 0, Q(t) > 0, T (t) > 0, C(t) > 0, RC(t) > 0, Sm(t) > 0, Em(t) >

0, Im(t) > 0, Rm(t) > 0,

One can obtain the following: L = N∗
(
N

N∗
− 1− ln

N

N∗

)
≥ 0

Therefore, the derivative of the Lyapunov function L is given by:

dL

dt
=
dN

dt

(
1− N∗

N

)
(53)

Considering system (1) , we have:

dN

dt
= Λf − µf (S1 + S2 + E1 + I1 +R1 + E2 + I2 +R2 + P +Q+ T + C +RC)

− µqQ− µtT − µcC + Λm − µm (Sm + Em + Im +Rm)

dN

dt
= Λf + Λm − µfNf − µmNm − µqQ− µtT − µcC

(54)
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At the endemic equilibrium point where dN
dt

= 0,we have:

0 = Λf + Λm − µfN∗f − µmN∗m − µqQ∗ − µtT ∗ − µcC∗

Λf + Λm = µfN
∗
f + µmN

∗
m + µqQ

∗ + µtT
∗ + µcC

∗
(55)

According to (53), (54), and (55), assumingN −N∗ ≥ 0, Nf −N∗f ≥ 0, Nm−N∗m ≥ 0, Q−Q∗ ≥

0, T − T ∗ ≥ 0, C − C∗ ≥ 0,we have:
dL

dt
=
dN

dt

(
1− N∗

N

)
dL

dt
=

(
1− N∗

N

)(
µfN

∗
f + µmN

∗
m + µqQ

∗ + µtT
∗ + µcC

∗ − µfNf − µmNm − µqQ− µtT − µcC
)

dL

dt
= −

(
N −N∗

N

)(
µf
(
Nf −N∗f

)
+ µm (Nm −N∗m) + µq (Q−Q∗) + µt (T − T ∗) + µc (C − C∗)

)
dL

dt
≤ 0

(56)

According to (56) and using the fact thate dL

dt
= 0 if and only if S1 = S∗1 , S2 = S∗2 , E1 =

E∗1 , I1 = I∗1 , R1 = R∗1, E2 = E∗2 , I2 = I∗2 , , R2 = R∗2, P = P ∗, Q = Q∗, T = T ∗, C =

C∗, RC = R∗C , Sm = S∗m, Em = E∗m, Im = I∗m, Rm = R∗m,
then dL

dt
converges as t→∞. By LaSalle’s invariance principle, the endemic equilibrium point ε∗ is

said to be globally asymptotically stable whenR0 > 1 [4, 18–20,22]. �

3.6. Sensitivity analysis ofR0. To assess the impact ofmodel parameters on the transmission dynamics
of the HPV virus, a sensitivity analysis of model (1) is conducted. This analysis aims to quantify how
variations in each parameter affect R0, the basic reproduction number, while excluding parameters
µm and µf , as these cannot be targeted through intervention strategies. The standard equation for the
sensitivity index of a parameter α with respect toR0 is given by equation (57) [24] [25,26]:

χR0
α =

∂R0

∂α
× α

R0
. (57)

Given the complexity ofR0, numerical differentiation was employed to compute the sensitivity indices.
The numerical results for these indices are summarized in Table 3. Figure 2 presents the results of the
sensitivity analysis.
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Figure 2. Sensitivity analysis of the model parameters
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Sensitivity Index Values
χR0
ρ1 0.105097
χR0
ρ2 0.008929
χR0
ρ3 0.000877
χR0
p1 0.027623
χR0
τ1 -0.045038
χR0
τ2 -0.072378
χR0
τm -0.489685
χR0
m1

0.196375
χR0
m2

0.303625
χR0
θ1

0.026503
χR0
θm

0.196375
χR0
θn

0.303625
χR0
θ2

0.007454
χR0
θ3

0.231115
χR0
θ4

0.024067
χR0
θ5

0.002397
χR0
θ6

0.119413
χR0
f1

0.004695
χR0
f2

0.113392
χR0
f3

0.081847
χR0
f4

0.019575
χR0
f5

0.002423
χR0
f6

-0.018402
χR0
r1 -0.282710
χR0
r2 0.003304
χR0
rm -0.029699
χR0
r3 -0.005802
χR0
σi -0.020580
χR0
σ1 -0.323786
χR0
σ2 -0.041608
χR0
σ3 -0.003241
χR0
σ4 -0.003241

Table 3. Sensitivity indices of the model parameters
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Interpretation of sensitivity analysis results.
(1) Parameters with a Significant Impact onR0: The parameters τm (fraction of infectious men),

m1, and m2 (fractions of latent and infected men capable of transmitting the virus) play a
crucial role, with sensitivity indices of −0.489685, 0.196375, and 0.303625, respectively. This
means that infected men, particularly in the latent and infectious classes, have a significant
influence on the spread of the virus. Additionally, a decrease in the fraction of infectious men
(τm) leads to a substantial reduction inR0.

(2) Impact of Vertical Transmission:
The parameters ρ1, ρ2, and ρ3 (vertical transmission from classes I2, P , and Q) show positive
sensitivity indices, but of different magnitudes, with χR0

ρ1 = 0.105095, χR0
ρ2 = 0.008929, and χR0

ρ3

= 0.000880. Vertical transmission from I2 has the most significant influence onR0.
(3) Parameters of Progression in Infectious Classes for Women:

The sensitivity indices for the progression rates τ1 (infectious women aged 9 to 15 years) and
τ2 (infectious women over 15 years) are negative, −0.045039 and −0.072376, respectively. This
indicates that faster progression through these classes results in a lowerR0. In other words, if
individuals exit the infectious classes more quickly, it reduces the spread of the infection.

(4) Impact of Healing Rates:
The parameter r1, which represents the healing fraction of women infected in class I1, has a
significant impact with χR0

r1 = −0.282780.
(5) Contamination Between Genders:

The parameters λf and λm, representing the force of infection in women and men, respectively,
do not have direct sensitivity indices indicated but are indirectly related to transmission pa-
rameters such as θm, θn, and θ1 to θ6. These show relatively high sensitivity indices, with χR0

θ3

= 0.231111 and χR0
θ6

= 0.119414, indicating the importance of individuals in the latent and
pre-cancerous classes for viral transmission.

In Summary: The analysis reveals that the fractions of latent and infected men capable of transmitting
the virus play an important role and highlights the need for special attention to these groups to better
control the transmission of the virus. The results also show that the speed of healing and transition out
of the infectious state, particularly among young girls, is crucial for reducingR0. Efforts to reduceR0

should focus on reducing transmission among infectious men, improving healing rates in women, and
decreasing vertical transmission, particularly from the I2 class. Measures such as vaccination, early
screening, and treatment of latent infections could have a significant impact on reducingR0.
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4. Numerical Simulations

In this section, we present numerical results that illustrate the theoretical conclusions established in
the previous sections. To achieve this, we perform numerical simulations using MATLAB, applying the
fourth-order Runge-Kutta method . This method was selected for its accuracy and stability in solving
systems of nonlinear ordinary differential equations, such as those used to model the dynamics of
human papillomavirus (HPV) and its associated complications.

The goal of these simulations is not only to validate the theoretical results but also to provide deeper
insights into the system’s dynamic behavior, particularly concerning parameter sensitivities and equi-
librium points. With the parameters specified in (2), the basic reproduction number is calculated as
R0 = 1.0173. We set Nf = 7 718 366 and Nm = 5 004 502, representing the total population of females
aged over 9 years and males aged over 15 years in Burkina Faso in 2020. Therefore, N = 12 722 868

[21]. Initial conditions are: S1(0) = 1 500 000; S2(0) = 6 106 666; Sm(0) = 4 959 502; E1(0) =

10 000; R1(0) = 5 000; I1(0) = 7 000; E2(0) = 30 000; I2(0) = 20 000;P (0) = 15 000; Q(0) =

5 000; T (0) = 3 000; C(0) = 1 000;RC(0) = 700; Em(0) = 20 000, Im(0) = 15 000; Rm(0) =

10000;R2(0) = 15 000

Figure 3. Evolution of the sus-
ceptible population.

Figure 4. Evolution of the ex-
posed population.

• Susceptible : As shown in Figure 3, the susceptible population starts high, mainly comprising
women over 15. A gradual decline occurs over time as individuals move to latent or infected
states, particularly noticeable among young girls.
• Exposed : Figure 4 illustrates the exposed population, with higher prevalence among men and
a significant increase in girls aged 9 to 15 during the first decade. This prevalence decreases as
they progress to infected or recovered states.
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Figure 5. Evolution of the in-
fected population.

Figure 6. Evolution of the re-
covered population.

• Infected: Figure 5 shows an exponential growth in the infected population during the first
decade, especially among young girls, indicating rapid transmission, with men playing a crucial
role.
• Recovered: Figure 6 depicts a steady increase in the recovered population, contributing to an
overall decrease in infections after the initial decade.

Figure 7. Trends in persistent
infections and precancerous le-
sions.

Figure 8. Precancerous lesions
treatment and cervical cancer.

Persistent Infections and Precancerous Lesions
Figure 7 shows a significant increase in persistent infections and precancerous lesions during the first
decade, followed by stabilization.

• Persistent Infections: This initial rise indicates unresolved cases, contributing to the progression
towards precancerous lesions and potentially cervical cancer.
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• Precancerous Lesions: Highlighted in Figure 7, this trend is closely tied to persistent infections,
with untreated cases often advancing to this stage.
• Treatments: Figure 8 illustrates effective management of precancerous lesions, which helps
keep cervical cancer incidence relatively low, emphasizing the importance of ongoing treatment
and vaccination.
• Cervical Cancer: This figure demonstrates the initial increase in cervical cancer cases, mitigated
by effective treatments, underscoring the need for sustained prevention and management
strategies.

Figure 9. Prevalence of infec-
tions.

Figure 10. Incidence of infec-
tions.

Analysis of Prevalence and Incidence

• Prevalence: Figure 9 indicates that prevalence is initially driven by latent cases, peaking among
young girls before stabilizing with the increase in recoveries.
• Incidence: Figure 10 mirrors prevalence trends, with early increases followed by declines due
to recovery and effective treatment interventions.

Perspectives on Solutions

• Strengthening Vaccination Programs: Intensify efforts among young girls to reduce both latent
and infected cases.
• Improving Treatments: Enhance access to healthcare and treatments, particularly in under-
served areas.
• Education and Awareness: Implement campaigns to raise awareness of HPV risks, treatment
options, and vaccination benefits.
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• Prenatal Screening and Vertical Transmission: Promote screening and vaccination prior to
reproductive age to mitigate vertical transmission.
• Enhancing Medical Infrastructure: Strengthen infrastructure and training to improve infection
management and recovery rates.

Confirmation of Theoretical Results: The simulations confirm the accuracy of the theoretical equilib-
rium points, indicating that infection persists in the population due toR0 > 1.

Dynamic Behaviors of the System: The simulations reveal clear trends, such as the rapid increase in
infections followed by stabilization post-treatment introduction, underscoring the importance of early
intervention to curb the virus’s spread.

Equilibrium Points: The simulations provide insights into how quickly the system converges to the
equilibrium, crucial for understanding intervention effects. They show that a stable endemic equilib-
rium can be achieved with continuous strategies.

In Summary: Numerical simulations enrich the theoretical analysis by providing insights into
infection dynamics and supporting the proposed interventions against HPV and its complications.

5. Conclusion

This study developed a mathematical model that uniquely incorporates same-sex transmission and
vertical transmission to better capture the full dynamics of HPV transmission in Burkina Faso. By
extending the standard SEIR framework, the model offers a more comprehensive understanding of
how these additional pathways contribute to the spread of HPV and cervical cancer. The existence
and global stability of disease-free and endemic equilibria, determined by the basic reproduction
number R0, provide valuable insights into the conditions required for controlling HPV. Sensitivity
analysis revealed that parameters such as the fraction of infectious men, the rate of vertical transmission,
and progression through different infectious stages play pivotal roles in shaping HPV’s dynamics.
Importantly, our results emphasize the necessity of addressing both same-sex and vertical transmission
pathways in public health strategies to effectively reduce HPV incidence and mortality from cervical
cancer. Numerical simulations, using data from Burkina Faso, support these findings and highlight
the practical relevance of the model in informing local prevention efforts. Future research should
aim to refine the model by incorporating more detailed demographic and behavioral data, as well as
exploring the impact of integrated intervention strategies, including vaccination and screening, across
various subpopulations. Overall, this work offers a solid foundation for advancing HPV control efforts
in regions with high disease burden.
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