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AsstrACT. We define a homogeneous g-shift operator7 (q_‘l; q, pr). Subsequently, we utilise this oper-
ator to derive various polynomial g-identities, including the generating function, Rogers-type formula,
as well as Mehler’s formula along with it’s extension and two mixed generating functions for Cigler’s
polynomials ™ (x, 1, plq). Also, we obtain a transformational identity involving generating functions
of ¢ (x, ¥, plq). We provide some special values for C* " (x, 1, plq) identities in order to estab-
lish identities for the bivariate Rogers-Szego polynomials i, (z, y|¢) and Al-Salam-Carlitz polynomials
Un(x,y,alq).
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1.. INTRODUCTION

This study will adhere to standard notations and definitions regarding the g-series utilised in [14].

Note that 0 < |¢| < 1. Let b € C, the g-shifted factorial is defined as: [10,11,14]

o0

(b;q)o =1, (b5q)n = (1—b)(1=bg)..(1—bg" "), (biq)eo = [J(1 - bq")
k=0

the multiple ¢-shifted factorials, along with:

(b1,b2, -y b3 Q) = (015 Qn(b2; Qv -+ (brs @)y

where n € Z or oo.

The basic hypergeometric series ,¢5 is presented as follows [ 14]:

ba"-vb > bi,...,b; n\11+k—r
r Ok ! " 4, T | = Z ( L ’ T’_Q)n |:(—1)nq(2)] ",
Cly...,Ck n—0 (g,¢1,- ki @n
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where g # 0 when r > k£ + 1. Note that

bl,...,br 1 > b,...7b7» yq)n n
7‘+1¢7‘( " ;qw%') :Z( ! + q) x, |{E’<1

Cly.-.,Cp n—0 (chlv-"ycr;(I)n

The ¢-binomial coefficient is defined as follows [ 14]:
n (¢ Dn
- o 0 < k < n,
AR

where n, k € N.
o (% Dk ok k(%)
=== q¢*(=1)%¢"\2), a€elR.
[’f] (43 )k =)
The Cauchy identity is expressed as follows [14,22]:

(e 9]

(b§ Q)m m (ba; q)oo .
mzo(q;q)m iy P I L A

When b = 0, the Cauchy identity reduces to Euler’s identity [14]:

oo m 1

a
E - O la| <1,
) oo

= (@ )m

The ¢g-Chu-Vandermonde sum is represented as follows [ 14]:
(c/a;q)n a’.
(¢ On

Jackson'’s transformation of 2¢; series [14, Appendix III, equation (III.4)] is:

201(¢" ", a5¢,4,q) =

a,b az;q)co a,c/b
oo | 7 ) = W=y, bz | . max{j2] bz} < 1
c (23 @)oo ¢, az

Setting a = 0, b — ¢/band z = bd/c in equation (1.3) leads to

b 0,b
191 ( 1, d) = (bd/c; q)so 201 ( 14, bd/C) ,|bd/c| < 1.
C C

transformation of »¢; series by Heine [14, Appendix III] is:

a,b b, 075 q) 0o C/b,Z
201 g,z | = % 201 ;q,b ], max{|z], |b[} < 1.
c (CaZa‘Z)oo az

Transformation of 3¢9 series [ 14, Appendix III] is:

q_nab7c e/Ciq)n n q_n7c7 d/b
302 14,9 :(/,7(])0 302 1q,bg/e | .
d,e (€ @)n d,q'""c/e

We make use of the following identities in this work [14]:

(ag™ " q)n = (q/a; q)n(—a)”q_”_@),

v = GDn e (B
0k (4 @n—r e '

—-n

(q

(1.1)

(1.2)

(1.3)

(1.4)

(1.5)

(1.6)

(1.7)

(1.8)
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The following polynomials were defined by Hahn In 1949 [16]:
() =) m (@) *. (1.9)
k=0
The following result was formulated by Al-Salam and Carlitz in 1965 [6,20,21] for ¢$La) (x):
e Mehler’s formula for ¢\ (z) is [5]

" (az,byT;q)oo p ( T, YT, a

> ol (2)e (y) =
n—0 q/x, byt

3P2 14,4 , max |7—7$7|y7_ <1
(¢:9)n  (T,2,9T;¢) ) {rl, lal, lyrl}

axT,byT; q)so a, b,
_ (e butide gy |, (1.10)
(7,27, Y73 @)oo axT, byt
where max{|7|, |z7|, |y7|, |zyT|} < 1.
Rewrite (1.10) by using y — y/7 and b — b/y as follows :
7,Y,a axrT,T;q)oco avb/yaT
302 ( ;q,q> _ (0% Q) 3¢2 ( ;q,wy> : (1.11)

q/z,b (0, 275 4)oo axT,b

where max{|az|, |z7|, |zy|} < 1.

The generating function for o) (x) was proposed by Srivastava and Agarwal in 1989: [27]

S 600 (2) T ) ha X 1. 1.12
nz;)(z)n (;U)( ,Q) (q,Q)n (T7Q)oo 2¢1 \r 34, XT |, Ia {|T’a’$7—‘}< ( )

The ¢-differential operator was defined by [9, 18]
f(a) = f(aq)

a

Dy{f(a)} =
The Leibniz rule for D, is [19]
Dy {r(@ata)) = Y- [} a4 D ) Dy Hatad)) (113)
k=0

Theg-exponential operator was introduced by Chen and Liu [9] introduced the following

o k
T(aDg) = ( P;))k .

a
= (&

It is easy to prove that [ 1]

T(D){r"} = ; [: ] R

The Cauchy polynomials are defined as follows [2,23,24,26]:

Pu(a,b) = (b/a;q)n a” = (a—b)(a—gb) - - - (a — ¢"~'b),
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which have the generating function [3,4,5,17]

- tn bt;
> Pu(a,b) = . at] < 1. (1.14)
ot (a)n  (at;@)eo
In 2003, Chen et al [8] introduced the homogeneous ¢-difference operator D, which operates on
functions of two variables as follows:

9(z, ¢ y) — glqz,y)
r—qly

Day {9(2,y)} =

The homogeneous g-shift operator was constructed as follows:

e GO

E(D:cy) =

Proposition 1.1. [8]. The following result is established

Dt (Pawy)y = LD p ),

(¢ Dt
Dk { (yt; @)oo } _ W@
w (xt; Q)oo (wt; Q)oo
The bivariate Rogers—-Szego polynomials were defined by Chen et al [¢]. in the following manner:
" [n
hn(23ylg) =) u Pj(z,y) (1.15)
j=0

and provided the generating function for h,,(z;y|q) as follows:

(Yt; )0
t, xt; Q)oo

> haasle) i = ¢ - max{Jt] ot} < 1. (1.16)
n=0 A

In 2007 Chen et al [12] provided the following findings for h,(z; y|q):

e Rogers-type formula on h,(x;y|q) is

oo oo
tm s s; Y, xS
SN sl o e W, at], (1.17)
== GO (GDm (5,25, 28 ¢)oo ys
where max{|s|, [¢|, |zs|, |zt|} < 1.
e Mehler’s formula for h,(z;y|q) is
oo
" vat, yt; q y,xt,v/u
S o3 0lg) (3 yl) e = AL Do gt || (1.18)
n—=0 (Q7 Q)n (.%'t, tv u:ct, q>00 yt, vt

where max{|t, |zt|, |ut], |uzt|} < 1.
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The Al-Salam-Carlitz polynomials can be denoted as follows [13]:

ntomaia) = 3 1] (=100 Pyt (1.19)
=0

Chen et al. [ 13] presented Rogers formula for the Al-Salam-Carlitz polynomials U, (z, y, a; ¢) utilising
the g-exponential operator T'(bD,). Consequently, they derive the inverse linearisation formula for
Un(.%', 3/7 a; q) .

e The generating function for Uy, (z, y,a; q) is

S " (atyt @)oo
Un(x,y,a;q = , |xt] < 1. 1.20
nzo oy )(q; Dn (20)00 =t (1.20)
e The Rogers-type formula for U, (z,y, a;q) [13] is
Untm(z,y,a:q
Z;]mzzjo Fnley )(q;q)n (¢ m
as,Ys; @)oo o= (—1)F (5) xs; at)” y/x,0
(:US>Q)OO k=0 (Q7 Q)kz(a&?/S,Q)k ysqk
provided that max{|zs|, |zt|} < 1.
e The inverse linearisation formula for U, (x,y, a;q) is [13]
Unimlaonaia) = Y- |1 (<1700 0™V Py o), " 50), (1.22)

Jj=0

In 2013, Saad and Sukhi [25] provided Mehler’s formula for P, (z,y) as follows:

S Pulay) Pulus o)~ = T ( v ;q,yut> , (1.23)
n=0

(@G )n  (vut; @)oo vt

where |zut| < 1.
In 2018, Wang and Cao [28] research the following Cigler’s polynomials:
—v ~ [v G & (5) K
vt = 3 7] 2 -0t @ e paoc . (124)

K
xk=0

e Letting x = 1,9 =0, a = log,(x/y), p = y in (1.24), the bivariate Rogers-Szegt polynomials
hn(z,y|q) defined in (1.15) is derived.

e Letting o — oo, x =z, ¢ = y and p = a in (1.24), Al-Salam-Carlitz polynomials Uy, (z, y, a; q)
defined in (1.19) is derived.

Wang and Cao [25] found the following results, for Cigler’s polynomials, by the method of homoge-

neous g-difference equations.
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e The generating function for Cl(,a_y) (x, ¥, plq) is

ZC a—v) X,¢7P|Q) t¥ _ (¢t;Q)oo(pt; Q)a

= ,  max{|xt|, |ptq®|} < 1. 1.25
2 G0, (e thetl. leta™} (1.25)

e An extension of the generating function for C\* " (x, ¥, p|q) is

Cyocgu 0') 4,
Z 7 (0, pla) @

: =7 xt, ptg®
o (W Doolpty @)oo [ T XEPIG (1.26)

=t O 3 iq,q ], Ixtl <1
Xt; @)oo Ut, pt

e Srivastava-Agarwal type [28] generating function for ol (X, plg) is

t” _ Aopb¥liq)e P17 XED

= 302 A (1.27)
(¢ 0)v (pta®, xt; @)oo pt, Pt

> (. pla) (As q)w

v=0

where max{|xt|, |ptq®|, |\ } < 1.
e Transformational identity involving generating functions for Cl(,a_y) (x, ¥, plq) is

Let the coefficients A(v) and B(v) satisfy the following relationship:

S AW)R( Z ;Z Z; (1.28)
v=0 =|
Then
ZA 1o (16, p) i (Vg"t, ptq”; @)so (1.29)

xq”t Pta*q”; @)oo

where each series in (1.28) and (1.29) are absolutely convergent.

The paper is organised as follows: In section 2, we'll introduce the homogeneous ¢-shift opera-
tor 7 (¢~%; q, pDyy). Afterwards, we determine several associated identities. Section 3 discusses the

generating function and its extension for Cigler’s polynomials el

(x, v, plg), by applying opera-
tor technique (2.2). Section 4 looks at the Rogers-type formula and its extension, plus the inverse
linearisation formula. Section 5 describes Mehler’s formula and its extension. In section 6, for the
polynomials c (x, b, plq), we develop two mixed generating functions for ™) (x, b, plq). We use
the homogeneous ¢-shift operator 7 (¢~%; ¢, pD,+) in section 7 to obtain the transformational identity

for the polynomials C\* ™ (x, ¥, p|q).

2.. T HomoGENEOUS ¢-SHIFT OPERATOR AND CERTAIN OPERATOR IDENTITIES

Within this section, we introduce the homogeneous ¢-shift operator 7 (¢~%; ¢, pDy.;). We shall next

proceed to determine some of its identities.
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Definition 2.1. The homogeneous q-shift operator is defined as follows:
—a — [a k(5 K
T (17%¢.pDys) =Y M (—=1)"¢(2) (pDyy)", @€ R. (2.1)
k=0

Specific values assigned to the homogeneous ¢-shift operator 7 (¢~“; ¢, pDy), yield numerous

previously mentioned operators; for further details, refer to [7,8,13].

There is an easy way to prove the following lemma:

Lemma 2.2. Assuming that the operator T (q*a; q, pDW) defined as in (2.1), then

T (4% ¢, pDyy) {Pr(x, 1)} = ) (x, 1), pla). (22)
t;q) oo t, pt: ) oo
T (4% q,pDyy) {Ezﬁt; Z§oo} N (>(<1tb pgatf]()z)oo’ bet] <1 (2

Lemma 2.3. Define the operator T (q~; q, pDyy) as shown in (2.1), then

T(q_a5q7pr¢){ ((Xt Xl Ew Do }

Ut @) (Xt @)oo
(Vt; @)oo (Pt; Do = (477, Xt, pta*; q),
= E qt, max{|pt|,|xt|} < 1. 2.4
(Xt @)oo =g (098 pt5q) et xtl} @4

Proof. Using ¢g-Chu-Vandermonde sum (1.2), we obtain

Bo(xt, vt) (0t @)oo _ (9 @)oo (V1/ X1 @) (X2)"
Wt 0)n (Xt Do (X Do (Vs
= Eiﬁ ch;Z: 201(¢7", xt;¥t; ¢, q)

~ (¢7"9). (¢Vt ),
= (q q). qxt, Do @5)

Applying the operator T (¢~ %; ¢, pDyy) on both side of (2.5), we get

—a, Pk(Xta W) (W; Q)oo
70" 4.pDx) { (Wt ) (Xt q)oo}

= (q’.“;q)LqL (¢, pDy) {(qut; q)oo}

— (9. (g'xt; @)oo

72 ’q“ g WP Do g i (2.3))
=0

(xtq*, ptq™*; @)oo

(Wt pt @) i(q”’”,xt,ptq“;qh L
(Xt g™ @)os =2 (a,%t, ptiq).



Asia Pac. J. Math. 2025 12:83 8 of 24

3.. GENERATING FuncTioN For C° ") (x, ¥, plq)
In this section, we derive an extension of the generating function of the polynomials

Cl(,a_y)(x, Y, plg) via the operator technique (2.2). So, to derive a generating function and extend

both polynomials h,(x,y|q) and Uy (x,y, a; q), firstly, we use the operator 7 (¢~%; ¢, pD,+) to prove an

extension to generating function for CS" ) (x, 1, plg) (equation (1.26)).

Proof.
O] V
VZO i (X, ¥, plq) @Dy
0o tu+o
=177 T (44 pDyy) Poso(x: ) (¢;9) (by using (2.2))
v=0 o
o0 tV+U
=t7T (¢7“ ¢, pDyy) Z Poto 06 ¥) s
Z (¢:9)v
[o@) tV
=t 7 (q_a§ q, prib) P, (Xta ¢t) Z By (X7 qaw) ( ;
iy q; Q)V
o Q)00 .
— 7T (¢4 pDy) Py (xt, w)W (by using (1.14))

Fy(xt, 14)oo
— t*G’T (qfa;q’ pDX'l/J) { (Xt TIZ)t) (wt Q) }

Wt q)o (Xt @)oo

» (Ut D)oo (pt, Qe = (077, Xt % q),
>

=t : : ¢ (by using (2.4))
(Xt @) o (00t pt5q),

_o (Wt q t,q q 7, xt, ptq*
o )(’.O(p L. 1,4 | -
(Xtv Q)oo Pt pt

O

(a=v)

e Letting o0 = 0 in equation (1.26), the generating function for C;~ "’ (x, ¢, p|q) was obtained
(equation (1.25)).
* Letting x = 1,9 = 0, a = log,(z/y), p = y in (1.25), the generating function to a bivariate
Rogers-Szego polynomials h,(x, y|q) was obtained (equation (1.16)).
* Letting o — 00, x = 7,9 = yand p = ain (1.25), we have regained the generating
function for the polynomials Uy, (z, y, a; ¢). (equation (1.20)).
e By taking x = 1,% = 0,0 = s, a — log,(7/y) and p — y in equation (1.26), we have obtained

an extension to generating function for h,(z, y|q)

Corollary 3.1. The following identity holds:

o0 ; —
t]+s t: q S)t xt
> hjssl@,ylg) = Wi 302 g,
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Assume max{|t|, |xt|} < 1.

e For taking x = 2, % =y, p = a, @ = 00, 0 = s in equation (1.26), an extension for the

generating function for U, (x, y, a; ¢) was derived.

Corollary 3.2. The following result was established:

o N —

s yt, at; q) g%, xt,0

> Ujys(a,y,a;q)— ’:( ios = 369 10,4 |
j:O (Q7 Q)J (':U 7Q)OO

provided max{|t|, |zt|} < 1.

4.. RoGErs-TYPE FORMULA FOR C,Saiu) (x, ¥, plq)

In this section, we are investigating the Rogers-type formula and its extension, as well as the

inverse linearisation formula for the polynomials el

(X, ¥, p|q) within the framework of operators.
Rogers-type formula and it’s extension, as well as the inverse formula of the bivariate Rogers-Szego
polynomials h,,(z,y|q) and the generalised Al-Salam-Carlitz polynomials U,,(z,y, a; ¢) are derived by
(a—V)(

using specific values for the variables of C, X, ¥, plq).

We are provided two proofs for Roger’s formula regarding C\* ™ (x, ¥, plq)-

Theorem 4.1. (Roger’s Formula for C\* ™) (x, ¥, plq)).

v

a—v— Ii) T o
Cl/ K bl )
,;);) i b9, 0l0) (0w (50w
g; 0o\ 00} « X0, PUqaao,O .
B (w(xf:)T/f(fI?Q)fo) @ ( qo /T, po, o ;q’q) > mextlxoller/elk <1 (4.1)
_ (Yo, po;q)so i (Vg %/p; Q) (XT3 Q) (Tpg®)" 21 p/x,0 g (42)
(pa'qa,XO';Q)oo =0 (q; q),.C (Pff;CI)ﬁ(lZJU;q)n poq" » 45 )
where max{|xo|, x7|} < 1.
First proof
Proof.
a—v— /1) TV o
C b )
;mzo v 009 210) (4:9)v (:9)x
N\ - PV-Hi(Xaw)TV o” .
- Z ZT (a7 4. pDyy) : : (by using (2.2))
v=0kx=0 (Q7 q)V ((L Q)H

o0 K

Z (X, q"¥) @ q)ﬂ} (by using (1.14))

l/

=T (7% ¢, pDyy) {Z P, (x, %)
v=0
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T(q—a;%prd) {ZP X, ¥ q“po; Q)oo i }

(X3 @)oo (459w

=3 T(Q‘“;q,prw){(( )waq)m}

Yo;q)y (X035 Q)0

—v

(W00 (po5@)a =TV = (07, X0, p0q%5q), sin
(o) Z(Q;Q)ug @vo o, ¢ (PYUsing (24)

_ (¥959)(p03 @) ZZ o (—1)4qE)g " (xa, pog*;q), ¢ (by using (1.8))

(X035 @)oo — = (¢, ¥0,po; q).
_ (W03 @)eo(poi @)a 5 ﬂaﬂ(—lyq(%)q*(xa,paqa;q» N (0717/0)"
- (9w ; (4.0, po;q). ! ; (@:)w
_ ¥0:9)o0(po; @)a i o (=1)¢¥) g (xa, prg*; ), ¢ 1
X0 Qe = (q,90,p03q). (¢7'7/05¢)oo
(by using (1.1))
(%03 @)oo (P73 Q) - o (=1)'a" ) (xo, porg; ), .
- b 1.7
oot 23 Ciprrore O anima g, T80

_ (¥059)(p0;5 @)a s | X0 poq®,0,0 0
(X0'7T/U; Q)oo qo’/T,pg’wU T

Second proof

Proof.

V K

Ca v— r{) 9, g
f;;) v prm(q Qv (4 0)x

_ (a— V) ( ) a"
ZZC S P

= Y (a—v) ( aQ)VT ol
ZZC (ot hl0) e o

— Z X?Ipv p|q) (O'Dq){TV}

= T(o (YT T )0

=T Dq){(XT,mqa'q) }

= r(k— (1/}7- q) V—NM ibniz r
Z ;) M D i Dy (D (the Leibniz rule)

—Z

« n(¢7q q) P n(quV;Q)oo
;)[ ] e/ pnlpd”) (pTq; q)oo(x’Q)” X (XTq"; @)oo (43)
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X g P k(L3 D (o1 T YT a @)oo X (pg%)"
-y :

== (¢ 9)w(g; q)n (PTq% XTq"; Q) oo
sy e A o)
— <,ff;?;;?23; > (‘”‘1;?2?;“ = si:ﬁxii: Y
- et S G (4 )

From equations (4.1) and (4.2), the following transformation is derived:

Corollary 4.2. The following identity holds:

xo, g, 0,0 = (g @)k (o Q)r(Tpg®)"
103 ( qo /T, po, o ,q,q) B (T/U’q)oo,;] (@0 (po30)s(V0;9)s

p/X,0
X 2¢1 4 XT ) maX{|XT|7 |T/U|} <1
poq"

e By takinga = log,(v/y),x = 1, = 0,7 =t,0 = sand p = y in equation (4.1), the Rogers-type
formula for h,(z, y|q) is derived (equation (1.17)).

Proof.

s $:q) 00 s,xs,0
S5 b o) oo o = ol i, 04
n=0 j=0 q;9q )9y 7q) oo qs/t7y8

(Y53 @)oo Y, s ,
= ————— 201 ;q,t |, (byusing (1.11))
(x‘S?S?It; Q)OO ys

where max{|zs|, |s|, |zt], |t|} < 1. O

e For taking a — oo, x = ,% = a, 7 =t, 0 = sand p = y in equation (4.2), the Rogers-type
formula for Uy, (z, y, a; q) is derived (equation (1.21)).

The aforementioned Rogers-type formula yields the inverse linearisation formula for

™ (x, b, plg).

Theorem 4.3. For ¢, v are nonnegative integers, we are possessing

v

(ﬁf”uwm®=zﬂJ&@Pwunmeaym%mewwﬁ (4.4)
k=0



Asia Pac. J. Math. 2025 12:83 12 of 24

Proof. Rewrite equation (4.3) as follows:

Ca V=K) b, TV foakd
,;);) e (09 210) (4:9)v (¢:9)x
= ii load |:1/:| (wqfa/p, q)n(pqa)ﬁw(p )1/ ,‘iXV r \PTq ,q)
Sl CELVA L ’ (PT4% @)oo X

v o Pu(q®p. )P, (V79" @)oo (p74"5
;;;HZO (4 )v—n(G:0)n (@0 9)Frl:0) (pTa™ @)oo (XTG":q

& v 00 H(a—v—f) K K v ¢
oV C (xq",¥q", pq"|q)T
= ——————P(q"p, ) Pu—n(x. p £
;);0 (43 @)v—r(a:0)x ( ) ); (a39)e

(
(XTq"; @)oo
)
)

o

(by using (1.25))

D (xg® gt pg? |g)ot T
- Pi(q%p, ) P (X, p) ( @0 )

qquﬁqq)

S ¢ (06w pa”lg)g o T
—————————Pu(q”p, V) Po—r(x, p) - ( T 9 :

ezyoﬁoqqyﬁqq)

By equating the coefficients of 0”7 in the aforementioned equation, the required identity is derived.

O

e Letting a = log,(z/y), x = 1,% = 0, and p = y in equation (4.4), the inverse linearization

formula for A, (z,y|q) was derived.

Corollary 4.4. The following identity holds:

n

heyn(T,ylg) =) m (¥ @)n—rhe(zq™", yg"*|q) (xq")".

k=0
e Letting o — 00, x = 2, ¢ = a, and p = y in equation (4.4), the inverse linearisation formula for

Un(z,y,a; q) was regained (equation (1.22)).

(OéV/{

Theorem 4.5. (An Extension of Roger’s formula for C,, .~ " (x, %, p|q)).

ZZZCVLZJ “(x, ¥, pla) (

v=0 p=0 k=0

_ Woi@wlpoida , f X0pod® 0.0 (4.5)
(xo, 7/t 1/07q) po,qo /t, Yo S

v K

TH o

G Do (GO (G Dk

where max{|xo|,|7/t|,|t/o|} < 1.

Proof.

[c o lENNe olNe o]

>3 S sl T

=0 =0 k=0 G Dorn (GO (ke

K
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o < 2ENNe olNe o]

S T (4% ¢, pDyg) Porgprn(x: ) (

v=0 p=0 k=0

T (4% ¢, pDyxy) {ZZPVW v L ZP (X ”Wm( ) }

== QQ)u—i—u(qq

t¥ TH ok

G Do (G D (G Dk

v=0 pu=0 q)lH‘V (Q7 q)m (X07Q)oo

¢ (@0,
T (¢ q, pDyy) {ZZ Pyiu(x: ¥ a (4 1,#0 ) }

(by using (1.14))

oo o0
Y T B (qu+uw0. q>oo
T ("% q;pD {P+ )=
;MZ:) (@ @) ptv (6 Dm ( ) P (X5 @)ox
m . . AV ity a.
ZZ ™ (W0 d)x(p0iDa —(utv) 3 (¢, x0,poq"; q). .
== (G (GDn (X050 —  (g,%0,p05q),
1% V+ — IV
(7700- q PO q a ZZ F aado (v+u) Zlf (q ( +M)’XO-’ PUqa,q)LqL
Xoi @)oo I (G Drn (GO (¢, %0, po; q).

(by using (2.4))

 (W00)x(p05@)a o~ xm (t/0) (7)) = (Y, X0, pog®, q).q"
Z% >

(XT3 @)oo Dvrp (G Du (q,v0,po;q),

L= v+pu=t

oo oo XX

_ (¥019)e0(p03 9)a ZZZ t/JJ " ( T/U) (77, x0, pog*; q).q"

(X035 @)oo (©Du  (g,%0,p0;9),

=0 p=0 j=u

e}

_ (%039)o(po; 4)a ZZ Z 7f/ff (/o) (=1)'q0+9¢) (xo, pog®, g)uq"

(XT3 @)oo (q, D (¢,%0,p03q).

=0 p=0j+4+1t=1 T4
(by using (1.8))

[S SlENNe Ol o

_ 90i Deolp0i e ZZZ T/t (t/o) (~1)'q 040 (xo, pog®, g)ua’

xoi@)eo gz (40); (G0 (q,¢0,p05q).
~ (1059)00(po; @) o= (T/8)H o (—1)Lq_(2)(t/0)’“ (X0, poq®, q), = (g~ ‘t/0)’
- (0w %(q;q)ug (¢:9). (Yo, posiq). ; (43 9);
_ ($039)c(p03 ) i (-0 @ t/o) (xo,poa ) 1
(xo.7/td)e = (¢:9). (Yo, po;q) (47'1/03q)oc
_ (03 9)e0 pa Do - ~(

)~ G(t/o)  (xo,poq®,q),
(xo, 7/t @)ee = ( $q). (Yo, poq®, gt/ o5 q).

M

o0

_ (¥0;9)(p0; q)a (xo, poq%;9).9"
- x0T/t b3 4)es 2 (4,000, p0, 0 [t q),

M

(by using (1.7)).
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_ W0i0)(prida xo, pog®,0,0 q
(XO',T/t,t/O';q)oo ,OU,QU/t,wU B

g

e By taking 7 = 0, ¢ — 7 in equation (4.5), the Rogers-type formula for C\" " (x, %, p|q) is derived
(equation (4.2)).
e By taking o = log,(z/y), x = 1,7 = 0,0 = sand p = y in equation (4.5) and using (1.11), an

extension of Roger-type formula for polynomials h,,(z, y|q) is derived.

Corollary 4.6. The following identity holds:

oo oo o0 m k

n=0m=0 k=0 q)n+m (QaQ)m (q7Q)k

_ (Y53 @)oo o | % gt
(s, s, 7/t,t;q) oo 0,ys E

where max{|s|, |zs|, |T/t|,|zt|, |t|} < 1.

e By taking o — 00, x = 2,40 =y, 0 = s5,p = a in equation (4.5), the extension of Roger’s formula

for polynomials U, (z,y, a; ¢) was obtained.

Corollary 4.7. We have

oo 0 X

Y3 Unimir(@ v, a5 Q)(

n=0m=0 k=0

S5 q as; q .’L’S,0,0,0
= <y >OO( )OO 493 ( 34,4 |

" Tm Sk

s Dntm (G Om (GO

(zs, 7/t t/s30)00 as,qs/t,ys

where max{|xs|, |7 /t|,|t/s]} < 1.

5.. MEHLER's FORMULA FOR Cﬁa_y) (x, ¥, plq)
(a—v)

This section presents Mehler’s formula and it’s extension for the polynomials C, (x, ¥, plq) util-
ising the operator representation (2.2). The special values for the variables in Mehler’s formula

for ¢ (x, %, p|lq) are used to establish Miller’s formula and it’s extension for both h,(x,y|q) and
U(z,y,a;q).

Theorem 5.1. (Extension of Mehler’s formula for ¢l (X, %, plq)). We have

a—V— tV
Z Cy+u ﬂ ¢a p|Q) (va U|Q) (q’ q)
I ORCUSNUUTIE o JCUSK vq&) Py(04° /¢, 0/C)

(XtC; @)oo i q) OO
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—(v4r—p) a
q , XGt, ptlq
X 32 ( ;Q;Q> , o Ixt¢] < 1. (6.1)

¥(t, pt¢

Proof. From (2.2), we have

Z LM (. plg)CP (¢ w, o lg)

(a5 9)v

= Z T (47 ¢ pDyy) {Pw(x, D)C) (¢ w, 0lq) } (by using (2.2))

(¢:9)v

=T (4% 4 pDyy) {ZPWL Yo t) im [i] (q;Q)n(—l)”q(g)ff”PuH(CM}

qﬂ q) :0

(by using (1.24))

tV
=T (¢ “q,pD { Piu(x, ,PR(JQB,U)PV—H(CM)}
( X ;}; 00 (@ o
. t5Py(0g°,0) & Py+n+u<x,w>t”Py<<,w>}
=T (¢ %q,pD {
( ) ;0 (@ @)« ;) (@ 0w
© Lk 8 rﬁ-uw
T (i0.Du) {Zt pw(x(, WP(odta) ( ofC <t)}
o % q)r 0

o o~ " P (X ) Pe(0dP, o) (FH90(t 0) oo
=T ,q,pr){; (@ @)x (¢t ¢)oo

g

X 20 X ;q,wxt } (by using (1.3))

0, ¢" (e
_ t Pt (X, ¥) Pu(0q, 0)(=1)" G P, (x, ¢"H4))
=T (a5 rDw) {f;;) ) (¢ Q)x(q, ¢"TFCt q)

o (UGt oo (W) }
(XCt; @)oo

B t*(wt)? Pe(oq?, o) (1) (V)Pu+ﬁ+u(X7¢)
=T (7% 0:0Dx) {,;);J (@ x4 Qv (V< Ditn

" (Yt @)oo }
( 'LH_'LL@/)Ct q XCt q o

tf-i wt VP o‘qﬁ )( 1) ( ) ., PV+N+M(X7¢)(1/)€t; Q)oo
N /{z%;] ) ( 7q)l/ T (q 7Q7pDXTJJ> { (¢Ct§ Q)nJrqun(XCta Q)oo}

co oo ktrvtp

3y S et P’ o) (-11g) (Wt (oCtia)ac)

(@ 0)k(q:9)w (XtC; @)oo

k=0v=0 5=0

L T X ptCa™ 4);
(g, 9Ct, pt¢;q)
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_ (GO (¢t @)oo Gt @) (/)" (=1)"4"D) P04’ /¢, 7<)
- (Xt 9)oo ;0;) Q) (4:0)x
y "R (g Gt ptCa®ia);
= (q,9Ct, ptC; q);
_ (6Ot @)oopSt: @) (/)" (=1)"4"D) Po(0d” /¢, 7<)
B (Xt¢; @)oo HZOVZO Q) (40)s
g~ XL ptCg®
X 302 $q:q ] -
PGt pt¢
U
e By substituting ¢ = 0 in equation (5.1), Mehler’s formula for Cigler’s polynomials
cﬁ“‘”)(x, ¥, p|lq) was obtained.
Corollary 5.2. The following identity was established:
N cle cli—v t
Z (s plg)CY (¢ w, 0g) @
_ (0 D)ue(pSt 0 (/0" (=1)"q'%) Pa(og?/¢.0/Q)
(xt¢; q) f;);) Q) (¢ @)x
—(V—‘,—K))’ t, ptCq®
o [T XRIIT 0] masdcl, ly < 1 (52)
Y(t, pt¢

* By taking x = 1,% = 0, @ = log,(z/y), p =y, ( = 1,w =0, B = log,(u/v), ¢ = uwand

o = v in equation (5.2), we re-derived Mehler’s formula for the polynomials A, (x,y|q)

(equation (1.18)).

Proof.
tn
hn(x, y|q) i (u, v|q
Z 2 ’)(q,q)n
00 k —k
(Yt @)oo P, (u ttfﬂq j
q
tthOoZO ]z_; )i (Yt; q);

@) ZZ Pi(u,v) (—1Yq@) g=ki(t, ta; q); ¢
(t,t2;q)oo (45 Q)k—; (:9);(yt;9);

Jj=0 k=j

J .2
(Wt ZZ Pt j(u,v) (—1)7 q(2) gi— (t,tw;q); gk
(£, 823 q)o0 = (0:9);(yt; q);

kj

(Wt @)oo = Pi(u,v) (—1)7q~ (¢, t;9); N Pulu, ¢?v)g~
() jzo (59); (yt:q); kzo (4 )
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(d o

(yt @) i PJ u,v) (—1)q~ @) (1, 125 9); (04?07 9)oc

(t: b5 4)oo =5 (a5 (yt; q); (ug™75q)oo
. _(J

thQOoi () (4 t:0); (1) g )

(t:t2;0)oo = (6:0); (Y54); (ug™75q)ec

o0

(yt,v; @)oo ’U/u q )jul (ttx;q); (q/u)’
(bt v ) oo Z q);  (Wta); (q/u;q);

J=

(yt,v; Q)oo tvtmvv/u
= 2

= 14,9
t,v; vat, u; v/u,y,tx .
- ;yt f])"o ( th)“ 302 fey sq,ut | (by using (1.11))
( , LT, U Q)OO (’U,Ul’ ’q)OO U.’L’t,yt

(yt, vzt; q)oo y,xt,v/u
= 2

= : t
(t, zt, uzt; @)oo U

yt, vat
O

* By substituting o« = oo, x =z, ¢ =y, p=a,8 = 00, ( = 2, w = w, 0 = bin equation

(5.2) and using an equation (1.6), Mehler’s formula for U, (z, y, a; ¢) was proposed.

Corollary 5.3. The following identity holds:

tn
ZU (z,y,a;q)U, (Zwa)(Q'q)

(yzt q)oo(azt; @)oo ZZ abt (wta)" ( ) (5 )q("é’“)
(mq s (4:9) (qq)
q n+k)’y/x
X 201 sq;xq/a ], max{|ztz],xzq/a} < 1.
yzt

e By substituting ¢® — z/y, x =1,% =0,p=1y,¢° = 2/w,( =1,w = 0 and o = w in equation

(5.1), an extension of Mehler’s formula for h,(x, y|q) was derived.

Corollary 5.4. The following identity holds:

o0 tn
> by (@, ylg) (2, w]q)

(¢ @)n
"™ (yt; @)oo (azt; q) oo Z Pi(z,w) s g "R ¢t
= 392 459 ]
(t, 2t; q)oo = (¢ k 0, yt

provided that max{|t|, |xt|} < 1.

e By substitutinga — oo, x =z, =y, p=a,f = 00,( = z,w = w, 0 = bin equation (5.1) and

using equation (1.6), an extension of Mehler’s formula for U, (x, y, a; ¢) was obtained.
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Corollary 5.5. We are possessing

o tn

Un m\L, Y, a; Un Z,’LU,b; TN
nyﬁ p(e 0 0)n 2 (¢ On

= (za)™ (yzt q)oo(azt; @)oo ZZ (n) (k)q(n+§+m) (wta)"(abt)k’

(Tt Q)oe =i (43 Dn(a: Ok
g~ k) g/
X 901 ;q;xq/a |, max{|xtz|,zq/a} < 1.
yzt

6.. Mixep GENERATING FUNCTIONS FOR L") (x, ¥, plq)

In this section, by an operator approach, we are creating mixed generating functions for Cigler’s

(a—v)

polynomials C; " (x, ¥, p|q). We are specified parameter values for Cigler’s polynomials, in order

to determine Mehler’s formula for ¢-Hahn polynomials o) (x|q), as well as, by employing specified

parameter values to establish a mixed generating function for both h,,(z,y|¢q) and U(z,y, a; q).

Theorem 6.1. (Mixed generating functions of ™ (x, 1, plq)). We have

Zcb(a (xlg)C (¢ w, ol9);

¢ q)v
(wt, ax; q)so(0t,q) Ct,otq®, a,0
- 34, ) 6.1
(Ct: x5 @)oo ( whota/x q) o
provided max{|(t|, |x|} < 1.
Proof.
) r
Z¢ (xlg)CY (C,w,alq)(q;q)y
S H 03 9)x“C (¢ w, 0]) (q?; (by using (1.9))
v=0 k=0 e
=33 [lean T aope) (A - by using (22)
v=0 k=0 Vv
TP w0
B =1 = aqﬁx “Py(C, ) }
— aQ7UDCw {HZOVZ,; q’q)
=Tl 0.0D5) {zz gl Pﬁﬂ“’ 2
k=0 r=0 & )

> aq (xt)" t¥
B ’q’UDCw{ Pl (G 9)e ZPCQW)(qq)V}
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_ - 1 @)s(Xt)" (¢"WH; ¢)oo sin
=Ta" 00D {ZP (q,q)n (¢t q)oo } (by using (1.14))

= Z MT(Q*/B; q, O,DCW){P(H(Ct,wt) (Wt; Q)oo}

< (G0)x wt; q)r (¢t @)oo

:Z(a;q)nx (W g)oo(rt, 2) Z ot ot 1 ¢ (by using (2.4))

= @as  (Bde o (g0t otig);
_ (Wt g)so(ot;@)s (@)X (1) gB g7 (¢t at¢%; q); j
- (Ct @)oo ZOHZJ:] (@:)x (a.wt, ot;q);
_ WEDe(0E0)8 N~ i1y ()-2 (8 ote’a) (e 0)ex
(¢t @)oo JZ:(:)( ) (1 (g, wt, ot; q); HZ::O (¢ @)n

_ (W Qo(0t9)s i) —2 (Ctota’ @) (ax; @)ood’
(€t 9)oo Z ¢ (-1Yee (q,wt,0t:9); (X473 9)o0

Q

(Ct,otd”; q); ()4
“ (q,wt,ot;q); (a/x:9);

= (it ax; Q)m)(at; 2)s i (by using (1.7))

(Ct, X3 @)oo =

(th 29¢ q)oo(at, Q),B ¢ Ct,(thﬁ,Oé,O -4, q
= 493 y Yo .
(€t X5 @)oo wt, ot q/x

g

e Taking( =1, w=0,x =2, a=aq,f[ = logq(bfl), o = by and ¢t = 7 in equation (6.1), we are
retaining Mehler’s formula for ¢7(la) (x|q) (equation (1.10)).
e Takingxy =2, a=a,( =2 w=w, f = ocoand o = bin equation (6.1), we are obtaining mixed

generating functions formula for U, (z, y, a; q).

Corollary 6.2. The following result holds:

t" wt, ax, bt; q zt,a,0,0
Z¢ (@|Q)Un(z,w,b; q) _ Joo 4¢3< 14,9 |

(@ 9)n (28,75 ¢) oo wt, bt, q/x

provided max{|zt|, |z|} < 1.

o Lettingx =z, a=a,(=1,w=0,3 —log,(z/w) and 0 — w in equation (6.1), then using the

transformation (1.11), the mixed generating functions formula for h,,(z, y|q) was derived.

Corollary 6.3. The following identity holds:

" wt, axzt; q a,w, 2t
Z¢ Z ’LU|q)( = ( : ’ )OO 3¢2 ( T ,q,l‘t) )

q7q)'n (t,Zt,l‘Zt, Q)OO a.’th,wt

provided max{|zt|, |t|, |xzt|, |xt|} < 1.
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Theorem 6.4. (Another mixed generating functions for Cl(,a_y) (x, ¥, plq)). We have

i;ca”)%¢mMNMQWN;;V
B (nggtgftxié}ftq)qf . ( PCZ:zZ,O ;q,w/C) o Ixctl < 1. (6.2)
Proof.
ﬁzc#f”amaumfa@ﬁw(%;»
'—237' D) { B o) PG
=T a750.pD) {231);” 3 Nqiby}

[e.e]

> W/x ) o (/€ )u s

= (4 9)v

{5
{ (wu,m”cg}
¢, pDyy) { th q ( v/x.0 ;q,th)} (by using (1.3))

= aq pDX'llJ

—
A
~+~
S~—
AN
—

,q pDX’l/J

0,9Ct

(¥Ct; @)oo ¥/x
1 q, wxt
(XCt; @)oo Wit

=T (4% 4 pDyy) {M 201 ( O;zt ;qvw/é) } (by using (1.4))

(x¢t;q)

(ol N (Gt Pt q)e (w/ ) .
= (w/¢; Q)ooz  (pCta"a™, XCta"s )ow (@) (by using (2.3))

_ (w/C, pCt Gt @)oo pCtq®, xCt; q)y v
—(pCtg®, XCt @)oo Z (g, pCt, ¥Ct; qy( w/¢)

_ (W/¢, pCt, ¢t @)oo s pGtq®, xGt, 0 0)C
(pCtq™, XCt; @)oo pCt,Ct b

e Assuming x =z, ¢ =y,( =2,p=a,a = 00, = zand w = w in equation (6.2),

we are obtaining another mixed generating functions formula for U, (z, v, a; q).
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Corollary 6.5. The following identity holds:

o0

" w/z, azt, yzt; zzt,0,0
S U, a3.0) Palz, ) o = (/2 02525 0o m( ;q,w/z),
n=0

(¢ Dn (22t ¢) oo azt,yzt

provided max{|w/z|, |zzt|} < 1.

e Taking x = 1,9 =0, @ — log,(z/y), p = y,{ = z and w = w in equation (6.2), then using the

transformation (1.3), another mixed generating functions formula for A, (z, y|¢) was obtained.

Corollary 6.6. The following identity was established:

o
" (yzt, wrt, y; q)oo ztz,y
h (xayQ)P sz) = 2¢2 7Q7wt )
,;) " 19) P (¢ @)n (2t 2t; q)oo yzt, wtx

provided max{|zt|, |xzt|, jwt|} < 1.

e Letting w/¢ = XA and ( — 1 in equation (6.2), Srivastava-Agarwal type generating function
formula for CS* ™) (x,1, plq) (equation (1.27)) was formulated.

o Letting x = 1, ¢ = 0, « — log,(a™!), p — az and t = 7 in equation (6.2) and using
Heine’s transformation (1.5), Srivastava-Agarwal type generating function formula for A (x)

(equation (1.12)) was formulated.

7.. A TRANSFORMATIONAL IDENTITY INVOLVING GENERATING FUNCTIONS FOR C’l(,a_”) (X, ¥, plg)

Here, we demonstrate the polynomials’ cle) (X, v, plq) transformational identity (equation (1.29)),
assuming that equation (1.28) was satisfied, by using the homogeneous operator 7 (¢~%; ¢, pDyy).

Proof. Let f(x,, p) denote the left-hand side of (1.29). Using (1.28) and (2.2), we determine that

FOG,p) =Y AW)CE ™ (x, ¢, plg)
v=0

=T (¢ ¢, pDyy) {ZA(V)PV(X’W}
v=0

, v )oo

_ y (¥4t @)oo
N ;}B( T4, Dx) { (xg“t; q)oo}

= Z B(v (4", pta": 4)oc (by using (2.3))

— (Xq"t, ptq“q”; q) oo
It is exactly (1.29)’s right-hand side. equation (1.29) has been fully proved. O

e Letting x = 1,% =0, a — log,(v/y) and p = y in equations (1.28) and (1.29),

the transformational identity for h,,(z,y|q) was formulated.
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)

(2)

3)

Corollary 7.1. Let the coefficients A(n) and B(n) satisfy the following relation

-ship:
,;)A(n) - nyf) (0"t @)oo (71)
Then
S ~— B Wtd";q)x
;%A(n)hn(x, vha) = nzo (4" @)oo (414" @)oo 7.2)

both series in (7.1) and (7.2) are absolutely convergent.

Letting o — o0, x = 2, ¥ = y and p = a in equations (1.28) and (1.29), the transformational

identity for U, (z,y, a; q) is obtained.

Corollary 7.2. Suppose the coefficients A(m) and B(m) fulfil the following relationship:

Then
}OO: ) = ZOO oy Y™ atq™; 4)oo
mzoA(m)Um(x7y7a7Q) - mZOB( ) (-’rtqmaq)oo ’ (74)

Both series in (7.3) and (7.4) are absolutely convergent.

8.. CONCLUSIONS

By supplying special values to the generalised homogeneous g-shift operator

T (¢7; ¢, pDyy), it is possible to obtain a number of operators that were previously specified.
for more information, see [7,8, 13].

The bivariate Rogers-Szeg6 polynomials and Al-Salam-Carlitz polynomials are specific in-
stances for Cigler’s polynomials C\* ) (x, ¥, p|q).

The identities for Cigler’s polynomials are generalization for the polynomials identities for both

the bivariate Rogers-Szego polynomials and Al-Salam-Carlitz polynomials.
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