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AsstrACT. The main object of the paper is to study the behavior of the numerical solutions of the Caputo-
Fabrizio partial differential equations (CFPDEs) by using modified Adomian decomposition method
(MADM). Moreover, we discuss some new existence, uniqueness, and convergence results. Finally, some
examples are included to demonstrate the validity and applicability of the proposed technique.

2020 Mathematics Subject Classification. 26A33; 34A12; 35C05.

Key words and phrases. Caputo-Fabrizio fractional derivative; modified Adomian decomposition method;

Sumudu transform; numerical solutions.

1. INTRODUCTION

Fractional calculus (FC) has many applications in mathematics and has attracted many researchers.
The publicity of FC is due to the variety of the fractional derivatives operators, such us the Caputo
fractional derivative (CFD), the Riemann-Liouville fractional derivative (RLFD), the Atangana-Baleanu
fractional derivative (ABFD), the Caputo-Fabrizio fractional derivative (CFFD), and many others. The
ABFD and CFFD were recently used in modeling physical phenomena. The ABFD and CFFD are great
compromises in modeling real world phenomena [1-5].

In recent years, a many of approximate and analytical methods have been utilized to solve the PDEs
with LFDOs such as the FADM [6-8], FVIM [9-15], FRDTM [15-18], FDTM [19-21], FSEM [22,23],
FSTM [24], FLTM [25], FLVIM [26-31], FHAM [32], FLHPM [33], FSHPM [34], FSHAM [35], FLDM
[36], FFDM [37], FSVIM [38,39] and another methods [40-70].

The main objectiveof the paper is to study thebehavior of the solution that can be formally determined
by analyticalapproximated method as the MADM. Furthermore, we proved the existence, uniqueness

results (EUR), and convergence of the solution of the CFPDEs. The rest of the paper is organized as
DOI: 10.28924/APJM/12-84

©2025 Asia Pacific Journal of Mathematics


https://doi.org/10.28924/APJM/12-84

Asia Pac. J. Math. 2025 12:84 2 of 20

follows: In Section 2, some preliminaries related to FC are recalled. In Section 3, modified ADM is
constructed for solving the CFPDEs. In Section 4, the EUR of the solutions have been proved. In Section
5, the two examples are presented to illustrate the accuracy of MADM. Finally, we will give a report on

our paper and a brief conclusion is given in Section 6.

2. PRELIMINARIES

Definition 2.1. letu € H'(a,b),a > b,a € (—00,t),0 < a < 1. The fractional derivative of u(t) in the

Caputo-Fabrizio sense is [2,6,37]

O DFult) = ¢ f(_a(l) / " (5) exp <—“a(t— s)> ds (2.1)

where ((«a) is a normalization function satisfying 5(0) = 8(1) =1

Hence, we have the following properties: [40,41]

e YD =u ,where a = 0.
o JFDMu(t) +o(t)] =¢" Ditu(t) +¢ D).

e ¢F'D&(c) = 0, where c is constant.

Definition 2.2. letu € H'(a,b),a > b,a € (—00,t),0 < a < 1. The fractional integral of order « of

u(t) is [2,7,57]

CF oy (t) = lﬁ(_a(;u(t)—i— ﬂ(aa) / u(s)ds. (2.2)

Hence, we have the following properties: [40,41]
o CFIou(t) = u(t) , wherea = 0.
o JIIP[u(t) +o(®)] =¢T Ifu(t) +57 Ifv(t).

o JFIF TTDF u(t) = u(t) — u(a).
Definition 2.3. Over the set of functions
A= {u®)|3M, 71,72 > 0, [u(t)] < M5 ift € (1) x [0,00)},
the Sumudu transform (ST) is defined by [42]
G(2) = S[u(t)] = /0 T ulet)etdt (2.3)
where z € (11, 72)

Some ST properties: [42 ]

e Slc] = ¢, cis constant

o S[t"] =TI'(1+ na) 2"
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Proposition 2.1. If S{f(¢)} is the ST of f(t), then the ST of the fractional derivative with CFFD of f(¢)

of order o € (0,1) is
1

l1—-a+az

S{EFDYf(t)} = [S{F()} = f(0)] (2.4)

Proof. By using CFFD of (2.1) we have

srppio) = s{e [ e (<2 i-9))as}

l—ajy Os 11—«

B 1 Lof(s) o
= 1_(}5{/{) P exp(—l_a(t—s)>ds}
By using properties of ST we get

SOTDRF) = 1 azs{agff) } S{exp (—1 fat)}

By using properties of ST we get

SODRFD) = 2 (S0}~ 2 (0)] 1+1]
1
= m[s{f@)} — f(0)]
O
3. ANarysis oF MADM
Let us consider the CFPDE:
CFD,?‘u(x,t) + R(u(x,t)) + N(u(x,t)) = g(x,t) (3.1)
With the initial condition

u(z,0) = up(z), (3.2)

where ©F D¢ is CFFD, R is a linear operator , N is an nonlinear operator , g is a source term and

0<a<l.

Taking ST to (3.1) we obtain
S{F D{u(z, t)} + S{R(u) + N(u)} = S{g} (3.3)

or

HZM[S{U(% )y —uo(z)] = S{g(x, 1) — R(u(z,t)) — N(u(z,t))} (34)

By substituting (3.2) in (3.4) we get
S{u(z,t)} = wo(x)+ (1 —a+ az)S{g(x,t) — R(u) — N(u)}

= wo(z)+ (1 —a+ az)S{g}
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—(1—a+az)S{R(u) + N(u)}
By using inverse ST to both sides of (3.5) we get

u(z,t) = S™Huo(@)} +STH(1 — a +az)S{g}}

—S7H1 — a4 az)S{R(u) + N(u)}}

Now, we represent solution as an infinite series given below

u(z,t) = Z up (z,t)
n=0

and the nonlinear term can be decomposed as
o0
N(u) = An(uo,u1,ug,---)
n=0

Where

1=0

1o >
An('UJOa'Ule"' ;Un) = E@ [N <Z€lu2)] .
e=0

By substituting (3.7)and (3.8) in (3.6) we get
Y unlz,t) = SHuo(@)} + 571 - a+az)S{g}}

—STH1-a+ az)S{Z up(,1)}}

n=o

—STH1 -a+ az)S{Z Ap(u)}}
= uolz) +57H{(1 - a+a2)S{g}}

—-STH1-a+ ozt)S{Z Un}}

~S7H(1—a+a2)S{D An(u)}}

n=o

On comparing both sides of the Eq. (3.9), we get

uo = up(x) +STH{(1 - a+az)S{g(z,1)}}
uns1 = —S7H1 —a+az)S{un(z,1)}}

—S7H( — a+ az)S{A,(u)}}
Finally, we approximate the analytical solution (3.1) by truncated series:

u(az,t) = UO(QT,t) + ul(x, t) + ’LLQ(QE’t) + ...

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)
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4. MaIN ResuLrs

In this section, we shall give an existence and uniqueness results of following initial value problem
“Dfu(x,t) = g(x,t,u(x,1)), u(x,0) = uo(z), (4.1)
and prove it.

Theorem 4.1. Let0 < a <1, ¢: [a,b] x [0,00) x H'([a,b] x [0,00)) — R be a continuous map, then
the solution of the following IVP:

CF Deu(x,t) = gla, t,u(z, 1)) — g(x,0,u(z,0))exp <_1aat>

u(z,0) = up(z) (4.2)
is given by
u(z,t) = wo(z)+ (1 —a)g(z, t,u(x,t))
+a /Otg(x, s,u(z,s))ds ;>0 (4.3)
Proof. We verify that functiondefined in (4.3) is the solution of theproblem (4.2), by (4.3), we get

aiu(a:,t) =(1- a)aamg(x,t, u(z,t)) + ag(x, t,u(z,t)) (4.4)

Hence, multipelied by functon exp <1aat> on bothsides of (4.4) , for t > 0:

cap (10‘at> ((1 - a)%g(x,t,u(x,t)) + ag(m,t,u(m,t)))
= (1— a)gt (exp (1_0‘at> g(a:,t,u(x,t))) (4.5)

Integreting from 0 to ¢ on bothsides of (4.5), for t > 0, we get

t o 0
/0 exp (1 — as) %u(x, s)ds

= -0 (eom (25 ottt ) — ot 00,0

From (4.6) , for t > 0, we get

CF Doz, t) = g(z,t,u(z, b)) — g(z, 0, u(z,0)) <e;vp <— : a at)) (4.6)

As well, from (4.3), we know that u(x,0) = ug(z). With (4.6) combined, we get that u(z, t) is the
solution of (4.2). O
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Theorem 4.2. Let0 < a < 1,¢: [a,b] x [0,00) x H'([a,b] x [0,00)) — R be a continuous map, then
the solution of thelVP:

CE Doz, t) = gz, t,u(x,t)) — g(z,0,u(z,0))
u(z,0) = up(z) (4.7)
is given by
u(z,t) = wo(z)+(1-0a)lg(xt,u(z,t)) - g(z,0,u(z,0))]
+a /Otg(a:, s,u(z,s))ds — ag(z,0,u(x,0))t ;t >0 (4.8)
Proof. Here, we test that function defined in (4.8) is the solution of (4.7). By (4.8), we obtain

D) = -ttt

+ag(z, t,u(z,t)) — ag(x,0,u(x,0)) ;t >0 (4.9)

Multiplying by exp <1at> on (4.9), we obtain
—

exp< a t) gtu(:r,t) = exp <1f‘at> (1- a)gtg(x,t,u(:zr,t))

1l -«

+exp <1i¥at> ag(z,t,u(z,t))

—exp <“t> ag(z,0,u(z, 0))

l1—a

= (1- a)gt (easp (1 fat> g(z,t, U(%f))>

—exp <1_O‘at) ag(z,0,u(z,0)). (4.10)

Now Integreting from 0 to ¢ on the equality above, we obtain

t o 0
/0 exrp (1 — 048> gu(m, s)ds

= (1-a) <ea:p <O‘t> g(z,t,u(z,t) — gla, 0,u(m,0)))

l—«

(1 — a)g(z,0,u(z,0)) <exp <1 f‘at> - 1)

= (1-a)exp (Zliéat> [9(x,t,u(x,t)) — g(x,0,u(z,0))]

(4.11)
According to the equality above, we get
CFDfu(w,t) = g(x,t,u) — g(x,0,u(,0)) (4.12)

Hence, u defined in (4.8) is the solution of (4.7). O
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Theorem 4.3. Consider the NFPIDE (4.1) over the region M and suppose that g satisfies LC with

1
respect to u with constant ¢ such that c < ———, then (4.1)
l-—a+at
Ty = uo(x) +7 I (g(x, t, 1)) (4.13)
has a unique solution.

Proof. The set of all contnuously differentiable functions definedon M form a Banach space.Therefore
it remains to show that 7 is a contractive mapping and for this purpose take u1,us € H!([a,b] x [0, 00))

and then:
| Tuy = Tl = Nuo(e) +F I (g(, 8, ua (2, 1)))
—ug(x) =" I (g(, t, ua(x,1)))|

= "I (g(z, b, (2, 1) = I (g(, 8, ua (2, 1))
= HCFIfl(g(x,t7u1(a},t)) —g(m,t, uQ(xvt)))H
= H(l - a)[g(x7t7u1(xvt)) - g(]},t,UQ(x,t))]

+a [ lo(e s (2,9) = oo s, (e )as)]

(1 —a)llg(z,t,ui(z, 1) — g(@, T, uz(z, 1))

+a||/ (x,s,u1(x, 8)) — g(x, s, uz(x, s))ds]||

(Since g satisfies Lipschitz condition)

IN

< G—QFMM%U—W@JM+aﬂm@J%ﬂM%0WAds
= (1 - a)dllur (e, t) — us(a, t)]| + aclus (@, ) — us e, )t

= |ui(z,t) — uo(z, t)||(1 — a + at)e

1
Since ¢ < FRp—— which implies (1 — « + at)c < 1, T is a contrective mapping andtherefore 7" has
— (0%

a unique fixedpoint which means that (4.1) has a unique solution O
5. ILLUSTRATIVE EXAMPLES

Example 5.1. We consider the following nonlinear Burger equation with CFFD:

ou 0%

CF _

(5.1)
subject to the initial condition

u(z,0) =z (5.2)
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Taking ST of (5.1):

(5.3)

o 0*u ou

By using ST inverse of (5.3):

v=a2+85"" <(1—a+au) (S{;};ivn}—S{iAn}>> (54)
n=0 n=0

Now
Ay = uoégﬁ)
A = uo%—kul%
Ay = uo% ul%jLuQ% (5.5)
From relation (3.10) we get
u = x

up = Sl<ﬂ—a+a@(S{§?}—S&%0>
= S ((1-a+az)S{0} - S{z})
= —SY1-a+az)

= —z(l—-a+at)

uy = S <(1 —a+az) <S{8;;21} - S{A1}>>

= S7H((1—a+az)S{2z(1 —a+at)})
= S (22(1 — a+ a2)?)
2 2 L 99
= 2x((1+0¢ —2a)+2(a—a)t+2at> (5.6)

Therefore, the solution of (5.1) is
1
u(t,z) =z — (1 — a+at) + 2z ((1 +a? = 2a) + 2(a — a®)t + 2a2t2> o (5.7)

Therefore, the approximate solution of (5.7) is

X

u(x,t) = Tt

for @ = 1, which is the exact solution of (5.1).

Table 1 shows the values of the exact and approximate solution of u(x,t) among the different values
of z,t and «, as well as the values of the absolute error between the exact solution and the approximate
solution when o = 1 of u(x, t) for equation (5.1). In Figure 1, we plotted the graphs of the approximate

and exact solutions among different values of t and o when z is fixed and the Figures 2,3,4,5 show the
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graphs of the approximate and exact solutions among different values of x and t when a = 0.8,0.9,1

respectively for equation (5.1).

Example 5.2. We consider the following linear heat-like equation in the Caputo-Fabrizio sense

?u  0%u
CF
Dt 82+827

where 0 < z,y < 27,0 < a < 1,1t > 0, with the initial condition

(5.8)

u(z,y,0) = sin(z) sin(y) (5.9)
By using ST G(z) to both sides of (5.8) we get
82 82
CF
Taking ST inverse G~ !(z)to both sides of (5.10) we get
. ‘ . 82 00 82 00
u = sin(z)sin(y) + S (I-a+az)sS anz:oun+ W%un (5.11)
From relation (3.10) we get
up = sin(z)sin(y)
_ aQUQ 8211,0
= S (1 — a4+ az)S{—2sin(z)sin(y)})
= —S7H((1 — a+ az)(2sin(x)sin(y)))
= —2sin(z)sin(y)(l — o + at)

82u1 62U1
Uy = (1—a+az)sS 8x2+8y2
"((

(1 —a+ az)S{4sin(z)sin(y)(1 —a+at)})

= 4sin(z)sin(y)S~! (1-—a+ az)Q)
= 4sin(z)sin(y) ((1 +a? = 2a) 4 (20 — 20°)t + ;a2t2> (5.12)
Then, the approximate solution of (5.8) is
u(t,z) = sin(x)sin(y) — 2sin(z) sin(y)(1 — a + at)
+4 sin(z) sin(y) <(1 +a? = 20) + (200 — 20°)t + ;a%?) . (5.13)
The Eq. (5.13) is approximate solution to the form
2t

u(z,t) = sin(z) sin(y)e” ",

for @ = 1, which is the exact solution of (5.8).
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Table 2 shows the values of the exact and approximate solution of u(z,y,t) among the different
values of x,y,t and « , as well as the values of the absolute error between the exact solution and the
approximate solution when a = 1 of u(x,y,t) for equation (5.8). In Figure 6 , we plotted the graphs
of the approximate and exact solutions among different values of t and o whenz, y are fixed and the
Figures 7,8,9,10 show the graphs of the approximate and exact solutions among different values of =

and t when y is fixed and o = 0.8, 0.9, 1 respectively for equation (5.8).

TasLE 1. The results obtained by the SDM for different values of « for equation (5.1)

T |t | Ua=08 | Ua=0.9 | Ua=1 | Uexact | ||Uexact — Ua=1]
0.2 10.2184 | 0.2111 | 0.2100 | 0.2083 0.0017
0.25] 0.4 | 0.2296 | 0.2084 | 0.1900 | 0.1786 0.0114
0.6 | 0.2536 | 0.2219 | 0.1900 | 0.1563 0.0338

0.2 | 0.4368 | 0.4222 | 0.4200 | 0.4167 0.0033
0.50 | 0.4 | 0.4592 | 0.4168 | 0.3800 | 0.3571 0.0229
0.6 | 0.5072 | 0.4438 | 0.3800 | 0.3125 0.0675

0.2 | 0.6552 | 0.6333 | 0.6300 | 0.6250 0.0050
0.75] 0.4 | 0.6888 | 0.6252 | 0.5700 | 0.5357 0.0343
0.6 | 0.7608 | 0.6657 | 0.5700 | 0.4688 0.1013

TaBLE 2. The results obtained by the DJM and SDM for different values of « for equation (5.8)

x (1 t | Ua=08 | Ua=09 | Ua=1 | Uexact | ||Uexact — Ua=1]]
0.2000 | 0.1000 | 0.0364 | 0.0368 | 0.0403 | 0.0402 0.0001
0.25 | 0.4000 | 0.2000 | 0.0720 | 0.0664 | 0.0655 | 0.0646 0.0009
0.6000 | 0.3000 | 0.1089 | 0.0925 | 0.0810 | 0.0767 0.0044

0.2000 | 0.1000 | 0.0706 | 0.0713 | 0.0781 | 0.0780 0.0001
0.50 | 0.4000 | 0.2000 | 0.1395 | 0.1286 | 0.1270 | 0.1251 0.0018
0.6000 | 0.3000 | 0.2109 | 0.1792 | 0.1570 | 0.1486 0.0084

0.2000 | 0.1000 | 0.1003 | 0.1013 | 0.1110 | 0.1109 0.0002
0.75 | 0.4000 | 0.2000 | 0.1983 | 0.1828 | 0.1805 | 0.1779 0.0026
0.6000 | 0.3000 | 0.2999 | 0.2547 | 0.2232 | 0.2112 0.0120
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Ficure 1. The plot for the approximate solution for equation (5.1) at (o = 0.8, a = 0.9,

a = 1) and exact solution.
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FiGure 4. The surface generated from the numerical solution for equation (5.1) at o = 1.
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Ficure 7. The surface generated from the numerical solution for equation (5.8) at o = 0.8.
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Ficure 8. The surface generated from the numerical solution for equation (5.8) at o = 0.9.
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CONCLUSIONS

The MADM is successfully applied to find the approximate solutions of CFPDEs. The reliability of
themethod and reduction in the size of the computational work givethis method a wider applicability.
The method is very powerful and efficient in finding analytical as well as numerical solutions for wide
classes of linear and nonlinear PDEs. Moreover, we proved the EUR of the solution. The illustrative

examples establish the precision and efficiency of the MADM.

Authors’ Contributions. All authors have read and approved the final version of the manuscript. The

authors contributed equally to this work.

Conflicts of Interest. The authors declare that there are no conflicts of interest regarding the publication

of this paper.

REFERENCES

[1] A. Atangana, J]. Gomez-Aguilar, A New Derivative with Normal Distribution Kernel: Theory, Methods and Applications,
Physica A: Stat. Mech. Appl. 476 (2017), 1-14. https://doi.org/10.1016/j.physa.2017.02.016.

[2] A. Atangana, J.F. Gomez-Aguilar, Decolonisation of Fractional Calculus Rules: Breaking Commutativity and Asso-
ciativity to Capture More Natural Phenomena, Eur. Phys. J. Plus 133 (2018), 166. https://doi.org/10.1140/epjp/
12018-12021-3.

[3] N. Enad, New Analytical and Numerical Solutions for the Fractional Differential Heat-Like Equation, J. Educ. Pure Sci.
14 (2024),75-92. https://doi.org/10.32792/jeps.v14i4.529.

[4] H.K. Jassim, New Approaches for Solving Fokker Planck Equation on Cantor Sets Within Local Fractional Operators, J.
Math. 2015 (2015), 684598. https://doi.org/10.1165/2015/684598.

[5] D. Baleanu, H.K. Jassim, M.A. Qurashi, Approximate Analytical Solutions of Goursat Problem Within Local Fractional
Operators, J. Nonlinear Sci. Appl. 09 (2016), 4829-4837. https://doi.org/10.22436/jnsa.009.06.118.

[6] H.K. Jassim, The Approximate Solutions of Three-Dimensional Diffusion and Wave Equations Within Local Fractional
Derivative Operator, Abstr. Appl. Anal. 2016 (2016), 2913539. https://doi.org/10.1155/2016/2913539.

[7] D. Baleanu, H. Jassim, H. Khan, A Modification Fractional Variational Iteration Method for Solving Nonlinear Gas
Dynamic and Coupled Kdv Equations Involving Local Fractional Operators, Therm. Sci. 22 (2018), 165-175. https:
//doi.org/10.2298/tsci170804283b.

[8] H.K. Jassim, W.A. Shahab, Fractional Variational Iteration Method for Solving the Hyperbolic Telegraph Equation, J.
Phys.: Conf. Ser. 1032 (2018), 012015. https://doi.org/10.1088/1742-6596/1032/1/012015.

[9] HK. Jassim, C. Unlii, S.P. Moshokoa, C.M. Khalique, Local Fractional Laplace Variational Iteration Method for Solving
Diffusion and Wave Equations on Cantor Sets Within Local Fractional Operators, Math. Probl. Eng. 2015 (2015), 309870.
https://doi.org/10.1155/2015/309870.

[10] D. Baleanu, H.K. Jassim, Approximate Solutions of the Damped Wave Equation and Dissipative Wave Equation in
Fractal Strings, Fractal Fract. 3 (2019), 26. https://doi.org/10.3390/fractalfract3020026.

[11] D.Baleanu, H.K. Jassim, A Modification Fractional Homotopy Perturbation Method for Solving Helmholtz and Coupled
Helmbholtz Equations on Cantor Sets, Fractal Fract. 3 (2019), 30. https://doi.org/10.3390/fractalfract3020030.


https://doi.org/10.1016/j.physa.2017.02.016
https://doi.org/10.1140/epjp/i2018-12021-3
https://doi.org/10.1140/epjp/i2018-12021-3
https://doi.org/10.32792/jeps.v14i4.529
https://doi.org/10.1155/2015/684598
https://doi.org/10.22436/jnsa.009.06.118
https://doi.org/10.1155/2016/2913539
https://doi.org/10.2298/tsci170804283b
https://doi.org/10.2298/tsci170804283b
https://doi.org/10.1088/1742-6596/1032/1/012015
https://doi.org/10.1155/2015/309870
https://doi.org/10.3390/fractalfract3020026
https://doi.org/10.3390/fractalfract3020030

Asia Pac. J. Math. 2025 12:84 17 of 20

[12] D.Baleanu, H.K. Jassim, M. Al Qurashi, Solving Helmholtz Equation with Local Fractional Derivative Operators, Fractal
Fract. 3 (2019), 43. https://doi.org/10.3390/fractalfract3030043.

[13] H.K.Jassim, J. Vahidi, V.M. Ariyan, Solving Laplace Equation within Local Fractional Operators by Using Local Fractional
Differential Transform and Laplace Variational Iteration Methods, Nonlinear Dyn. Syst. Theory 20 (2020), 388-396.

[14] H. Kamil Jassim, M. Gassab Mohammed, H. Ali Eaued, A Modification Fractional Homotopy Analysis Method for
Solving Partial Differential Equations Arising in Mathematical Physics, IOP Conf. Ser.: Mater. Sci. Eng. 928 (2020),
042021. https://doi.org/10.1088/1757-899x/928/4/042021.

[15] H. Ali Eaued, H. Kamil Jassim, M. Gassab Mohammed, A Novel Method for the Analytical Solution of Partial Differential
Equations Arising in Mathematical Physics, IOP Conf. Ser.: Mater. Sci. Eng. 928 (2020), 042037. https://doi.org/10.
1088/1757-899x/928/4/042037.

[16] H.K.Jassim, J. Vahidi, A New Technique of Reduce Differential Transform Method to Solve Local Fractional PDEs in
Mathematical Physics, Int. J. Nonlinear Anal. Appl. 12 (2021), 37-44.

[17] Z. Fan, H. Jassim, R. Raina, X. Yang, Adomian Decomposition Method for Three-Dimensional Diffusion Model in
Fractal Heat Transfer Involving Local Fractional Derivatives, Therm. Sci. 19 (2015), 137-141. https://doi.org/10.
2298/tscilbs1s37f.

[18] H. Ahmed, H.A. Mkharrib, G.A. Hussein, M. Hussein, Analytical Solutions for Fractional Biological Population Model
by Reduce Differential Transform Approach, J. Educ. Pure Sci.-Univ. Thi-Qar 15 (2025), 82-88.

[19] S.A.H. Khafif, HK. Jassim, M.G. Mohammed, SVIM for Solving Burger’s and Coupled Burger’s Equations of Fractional
Order, Prog. Fract. Differ. Appl. 7 (2021), 73-78. https://doi.org/10.18576/pfda/070107.

[20] H.K. Jassim, H. Kadmim, Fractional Sumudu Decomposition Method for Solving PDEs of Fractional Order, J. Appl.
Comput. Mech. 7 (2021), 302-311. https://doi.org/10.22055/jacm.2020.31776.1920.

[21] HK.Jassim, M.G. Mohammed, Natural Homotopy Perturbation Method for Solving Nonlinear Fractional Gas Dynamics
Equations, Int. . Nonlinear Anal. Appl. 12 (2021), 37-44. https://doi.org/10.22075/ijnaa.2021.4936.

[22] N. Rhaif, M. Taimah, D. Ziane, An Analytical Approach to Nonlinear Fractional Differential Equations Using Daftardar-
Jafari Method, J. Educ. Pure Sci. 15 (2025), 62-73. https://doi.org/10.32792/jeps.v15i1.651.

[23] H.K. Jassim, A New Approach to Find Approximate Solutions of Burger’s and Coupled Burger’s Equations of Fractional
Order, TWMS J. Appl. Eng. Math. 11 (2021), 415-423.

[24] L. Alzaki, H. Jassim, The Approximate Analytical Solutions of Nonlinear Fractional Ordinary Differential Equations, Int.
J. Nonlinear Anal. Appl. 12 (2021), 527-535. https://doi.org/10.22075/ijnaa.2021.5094.

[25] H.Jassim, H. Ahmad, A. Shamaoon, C. Cesarano, An Efficient Hybrid Technique for the Solution of Fractional-Order
Partial Differential Equations, Carpathian Math. Publ. 13 (2021), 790-804. https://doi.org/10.15330/cmp.13.3.
790-804.

[26] H.G. Taher, H. Ahmad, J. Singh, D. Kumar, H.K. Jassim, Solving Fractional Pdes by Using Daftardar-Jafari Method, AIP
Conf. Proc. 2386 (2022), 060002. https://doi.org/10.1063/5.0067177.

[27] LK. Alzaki, HK. Jassim, Time-fractional Differential Equations with an Approximate Solution, J. Niger. Soc. Phys. Sci. 4
(2022), 818. https://doi.org/10.46481/jnsps.2022.818.

[28] H.K.Jassim, M.A. Hussein, A Novel Formulation of the Fractional Derivative with the Order a > 0 and Without the
Singular Kernel, Mathematics 10 (2022), 4123. https://doi.org/10.3390/math10214123.

[29] S. Xu, X. Ling, Y. Zhao, H. Jassim, A Novel Schedule for Solving the Two-Dimensional Diffusion Problem in Fractal Heat
Transfer, Therm. Sci. 19 (2015), 99-103. https://doi.org/10.2298/tscilbs1s99x.


https://doi.org/10.3390/fractalfract3030043
https://doi.org/10.1088/1757-899x/928/4/042021
https://doi.org/10.1088/1757-899x/928/4/042037
https://doi.org/10.1088/1757-899x/928/4/042037
https://doi.org/10.2298/tsci15s1s37f
https://doi.org/10.2298/tsci15s1s37f
https://doi.org/10.18576/pfda/070107
https://doi.org/10.22055/jacm.2020.31776.1920
https://doi.org/10.22075/ijnaa.2021.4936
https://doi.org/10.32792/jeps.v15i1.651
https://doi.org/10.22075/ijnaa.2021.5094
https://doi.org/10.15330/cmp.13.3.790-804
https://doi.org/10.15330/cmp.13.3.790-804
https://doi.org/10.1063/5.0067177
https://doi.org/10.46481/jnsps.2022.818
https://doi.org/10.3390/math10214123
https://doi.org/10.2298/tsci15s1s99x

Asia Pac. J. Math. 2025 12:84 18 of 20

[30] T.M. Elzaki, A.R. Razaaq, Analytical Solution of Fractional Differential Equations with Using the Natural Variation
Iteration Method, J. Educ. Pure Sci. 15 (2025), 74-81. https://doi.org/10.32792/jeps.v15il.624.

[31] R.Shah, HK. Jassim, H. Ahmad, M.Y. Zayir, S.H. Mahdji, et al. An Approximation Method to Solve Atangana-Baleanu
Fpdes, AIP Conf. Proc. 3219 (2024), 040004. https://doi.org/10.1063/5.0236443.

[32] HK.Jassim, D. Baleanu, A Novel Approach for Korteweg-de Vries Equation of Fractional Order, J. Appl. Comput. Mech.
5 (2019), 192-198.

[33] D. Baleanu, H.K. Jassim, Exact Solution of Two-Dimensional Fractional Partial Differential Equations, Fractal Fract. 4
(2020), 21. https://doi.org/10.3390/fractalfract4020021.

[34] M.Y. Zayir, HK. Jassim, A Unique Approach for Solving the Fractional Navier-stokes Equation, J. Interdiscip. Math. 25
(2022), 2611-2616. https://doi.org/10.1080/09720502.2022.2057050.

[35] H. Jafari, M.Y. Zair, HK. Jassim, Analysis of Fractional Navier-stokes Equations, Heat Transf. 52 (2023), 2859-2877.
https://doi.org/10.1002/htj.22807.

[36] G.A. Hussein, D. Ziane, Solving Biological Population Model by Using Fadm Within Atangana-Baleanu Fractional
Derivative, J. Educ. Pure Sci. Univ. Thi-Qar 14 (2024), 76-88. https://doi.org/10.32792/jeps.v14i2.434.

[37] M.Y. Zair, M.H. Cherif, The Numerical Solutions of 3-Dimensional Fractional Differential Equations, J. Educ. Pure Sci.
Univ. Thi-Qar 14 (2024), 1-13. https://doi.org/10.32792/jeps.v14i2.428.

[38] H.K.Jassim, M.A. Hussein, S. Mahdi, M.Y. Zayir, S.A. Sachit, et al. Semi-analytical Solutions of Fractional Differential
Equations by Elzaki Variational Iteration Method, AIP Conf. Proc. 3219 (2024), 040003. https://doi.org/10.1063/5.
0236441.

[39] H. Ahmad, J.J. Nasar, Atangana- Baleanu Fractional Variational Iteration Method for Solving Fractional Order Burger’s
Equations, J. Educ. Pure Sci. Univ. Thi-Qar 14 (2024), 26-35. https://doi.org/10.32792/jeps.v14i2.430.

[40] S. Wang, Y. Yang, H.K. Jassim, Local Fractional Function Decomposition Method for Solving Inhomogeneous Wave
Equations with Local Fractional Derivative, Abstr. Appl. Anal. 2014 (2014), 176395. https://doi.org/10.1155/2014/
176395.

[41] M.A. Hussein, H.K. Jassim, Analysis of Fractional Differential Equations with Antagana-Baleanu Fractional Operator,
Prog. Fract. Differ. Appl. 9 (2023), 681-686. https://doi.org/10.18576/pfda/090411.

[42] HK. Jassim, M.A. Hussein, M.R. Ali, An Efficient Homotopy Permutation Technique for Solving Fractional Differential
Equations Using Atangana-Baleanu-Caputo Operator, AIP Conf. Proc. 2899 (2023), 060008. https://doi.org/10.1063/
5.0157148.

[43] H.JAFARI, H.K.JASSIM, C. UNLU, V.T. NGUYEN, Laplace Decomposition Method for Solving the Two-Dimensional Dif-
fusion Problem in Fractal Heat Transfer, Fractals 32 (2024), 2440026. https://doi.org/10.1142/50218348x24400267.

[44] H. Jafari, HK. Jassim, A. Ansari, V.T. Nguyen, Local Fractional Variational Iteration Transform Method: a Tool
for Solving Local Fractional Partial Differential Equations, Fractals 32 (2024), 2440022. https://doi.org/10.1142/
s0218348x2440022x.

[45] P. Cui, HK. Jassim, Local Fractional Sumudu Decomposition Method to Solve Fractal Pdes Arising in Mathematical
Physics, Fractals 32 (2024), 2440029. https://doi.org/10.1142/s0218348x24400292.

[46] H.G. Taher, H.K. Jassim, N.J. Hassan, Approximate Analytical Solutions of Differential Equations with Caputo-Fabrizio
Fractional Derivative via New Iterative Method, AIP Conf. Proc. 2398 (2022), 060020. https://doi.org/10.1063/5.
0095338.

[47] S.A. Sachit, HK. Jassim, N.J. Hassan, Revised Fractional Homotopy Analysis Method for Solving Nonlinear Fractional
PDEs, AIP Conf. Proc. 2398 (2022), 060044. https://doi.org/10.1063/5.0093413.


https://doi.org/10.32792/jeps.v15i1.624
https://doi.org/10.1063/5.0236443
https://doi.org/10.3390/fractalfract4020021
https://doi.org/10.1080/09720502.2022.2057050
https://doi.org/10.1002/htj.22807
https://doi.org/10.32792/jeps.v14i2.434
https://doi.org/10.32792/jeps.v14i2.428
https://doi.org/10.1063/5.0236441
https://doi.org/10.1063/5.0236441
https://doi.org/10.32792/jeps.v14i2.430
https://doi.org/10.1155/2014/176395
https://doi.org/10.1155/2014/176395
https://doi.org/10.18576/pfda/090411
https://doi.org/10.1063/5.0157148
https://doi.org/10.1063/5.0157148
https://doi.org/10.1142/s0218348x24400267
https://doi.org/10.1142/s0218348x2440022x
https://doi.org/10.1142/s0218348x2440022x
https://doi.org/10.1142/s0218348x24400292
https://doi.org/10.1063/5.0095338
https://doi.org/10.1063/5.0095338
https://doi.org/10.1063/5.0093413

Asia Pac. J. Math. 2025 12:84 19 of 20

[48] M.A. Hussein, H.K. Jassim, A.K. Jassim, An Innovative Iterative Approach to Solving Volterra Integral Equations of
Second Kind, Acta Polytech. 64 (2024), 87-102. https://doi.org/10.14311/ap.2024.64.0087.

[49] , The Approximate Solutions and Stability Analysis for Blood Ethanol Concentration System, Prog. Fract. Differ. Appl.
11 (2025), 539-546. https://doi.org/10.18576/pfda/110308.

[50] H.K. Jassim, ].J. Nasar, The Approximate Solutions of Pdes with Atangana-Baleanu Fractional Operator, AIP Conf. Proc.
3264 (2025), 050025. https://doi.org/10.1063/5.0259223.

[51] N.R.Swain, H.K. Jassim, Innovation of Yang Hussein Jassim’s Method in Solving Nonlinear Telegraph Equations Across
Multiple Dimensions, Partial. Differ. Equ. Appl. Math. 14 (2025), 101182. https://doi.org/10.1016/j.padiff.2025.
101182.

[52] M. Yasser, H. Jassim, A New Integral Transform for Solving Integral and Ordinary Differential Equations, Math. Comput.
Sci. 6 (2025), 32-42. https://doi.org/10.30511/mcs.2025.2045547 . 1254.

[53] H.K. Jassim, M. Abdulshareef Hussein, A New Approach for Solving Nonlinear Fractional Ordinary Differential
Equations, Mathematics 11 (2023), 1565. https://doi.org/10.3390/math11071565.

[54] D.Ziane, M.H. Cherif, K. Belghaba, H. K. Jassim,, Application of Local Fractional Variational Iteration Transform Method
to Solve Nonlinear Wave-Like Equations Within Local Fractional Derivative, Prog. Fract. Differ. Appl. 9 (2023), 311-318.
https://doi.org/10.18576/pfda/090211.

[55] D. Kumar, HK. Jassim, J. Singh, V.P. Dubey, A Computational Study of Local Fractional Helmholtz and Coupled
Helmholtz Equations in Fractal Media, in: Lecture Notes in Networks and Systems, Springer, Cham, 2023: pp. 286-298.
https://doi.org/10.1007/978-3-031-29959-9_18.

[56] N.Haitham Mohsin, H. Kamil Jassim, A. Dhurgham Azeez, A New Analytical Method for Solving Nonlinear Burger’s
and Coupled Burger’s Equations, Mater. Today: Proc. 80 (2023), 3193-3195. https://doi.org/10.1016/j .matpr.2021.
07.194.

[57] H.K.Jassim, G.A.A. Hussein, Analytical Solutions to Fractional Differential Equations: a Comparative Study with the
Natural Homotopy Pertutation Method, AIP Conf. Proc. 3264 (2025), 050048. https://doi.org/10.1063/5.0259224.

[58] H.K.Jassim, M.Y. Zayir, A.H. Shuaa, N.J. Hassan, Solving Fractional Pdes by Using Fadm Within Atangana-Baleanu
Fractional Derivative, AIP Conf. Proc. 2899 (2023), 060004. https://doi.org/10.1063/5.0157145.

[59] HXK.Jassim, M.Y. Zair, H. Ahmad, L.K. Alzaki, A.-H. Shuaa, M.H. Cherif, Approximate Analytical Solutions of Fractional
Navier-Stokes Equation, AIP Conf. Proc. 2834 (2023), 080100. https://doi.org/10.1063/5.0161550.

[60] H.K. Jassim, M.A. Hussein, M.R. Ali, An Efficient Homotopy Permutation Technique for Solving Fractional Differential
Equations Using Atangana-Baleanu-Caputo Operator, AIP Conf. Proc. 2899 (2023), 060008. https://doi.org/10.1063/
5.0157148.

[61] HK.Jassim, A.T. Salman, H. Ahmad, N.J. Hassan, A.E. Hashoosh, Solving Nonlinear Fractional Pdes by Elzaki Homotopy
Perturbation Method, AIP Conf. Proc. 2834 (2023), 080101. https://doi.org/10.1063/5.0161551.

[62] N.R. Swain, H.K. Jassim, Solving Multidimensional Fractional Telegraph Equation by Using Yang Hussein Jassim
Method, Iraqi J. Comput. Sci. Math. 6 (2025), 12-29. https://doi.org/10.52866/2788-7421.1238.

[63] J. Singh, H.K. Jassim, D. Kumar, V.P. Dubey, Fractal Dynamics and Computational Analysis of Local Fractional Poisson
Equations Arising in Electrostatics, Commun. Theor. Phys. 75 (2023), 125002. https://doi.org/10.1088/1572-9494/
adOlad.

[64] H.K. Jassim, A.L. Arif, Analysis of Cauchy Reaction-Diffusion Equations Involving Atangana-Baleanu Fractional
Operator, Partial. Differ. Equ. Appl. Math. 12 (2024), 100981. https://doi.org/10.1016/j.padiff.2024.100981.


https://doi.org/10.14311/ap.2024.64.0087
https://doi.org/10.18576/pfda/110308
https://doi.org/10.1063/5.0259223
https://doi.org/10.1016/j.padiff.2025.101182
https://doi.org/10.1016/j.padiff.2025.101182
https://doi.org/10.30511/mcs.2025.2045547.1254
https://doi.org/10.3390/math11071565
https://doi.org/10.18576/pfda/090211
https://doi.org/10.1007/978-3-031-29959-9_18
https://doi.org/10.1016/j.matpr.2021.07.194
https://doi.org/10.1016/j.matpr.2021.07.194
https://doi.org/10.1063/5.0259224
https://doi.org/10.1063/5.0157145
https://doi.org/10.1063/5.0161550
https://doi.org/10.1063/5.0157148
https://doi.org/10.1063/5.0157148
https://doi.org/10.1063/5.0161551
https://doi.org/10.52866/2788-7421.1238
https://doi.org/10.1088/1572-9494/ad01ad
https://doi.org/10.1088/1572-9494/ad01ad
https://doi.org/10.1016/j.padiff.2024.100981

Asia Pac. J. Math. 2025 12:84 20 of 20

[65] S. Abdulwahed, Haleh Tajadodi, Solving Fractional Telegraph Equation via Yang Decomposition Method, J. Educ. Pure
Sci. 14 (2024), 96-113. https://doi.org/10.32792/jeps.v14i4.535.

[66] H.K. Jassim, S.A. Issa, Semi-analytical Solutions of Fractional Telegraph Equations by Using Yang Decomposition
Method, Asia Pac. J. Math. 11 (2024), 97. https://doi.org/10.28924/apjm/11-97.

[67] H. Jassim, H. Ahmed, M. Hussein, ]. Singh, D. Kumar, R. Shah, M. Zayir, M. Cherif, K. Jabbar, On Efficient Method
for Fractional-Order Two-Dimensional Navier-Stokes Equations, Iraqi J. Sci. (2024), 5710-5726. https://doi.org/10.
24996/1ijs.2024.65.10.32.

[68] Z.R.Jawad, A K. Al-Jaberi, A Modified of Fourth-Order Partial Differential Equations Model Based on Isophote Direction
to Noise Image Removal, J. Educ. Pure Sci. Univ. Thi-Qar 14 (2024), 1-15. https://doi.org/10.32792/jeps.v14i3.442.

[69] N.H. Mohsin, H.K. Jassim, M.A. Alkhafaji, Approximate Analytical Solutions of Fractional Schrodinger Equations, Asia
Pac. J. Math. 12 (2025), 18. https://doi.org/10.28924/apjm/12-18.

[70] A.T.Salmaan, H.K. Jassim, M.A. Alkhafaji, Applications of Local Fractional Variational Iteration Method for Solving
Partial Differential Equations Within Local Fractional Operators, Asia Pac. J. Math. 12 (2025), 4. https://doi.org/10.
28924/apjm/12-4.

[71] M. Caputo, M. Fabrizio, A New Definition of Fractional Derivative Without Singular Kernel, Prog. Fract. Differ. Appl. 1
(2015), 73-85.

[72] M. Al-Refai, K. Pal, New Aspects of Caputo-Fabrizio Fractional Derivative, Prog. Fract. Differ. Appl. 5 (2019), 157-166.
https://doi.org/10.18576/pfda/050206.


https://doi.org/10.32792/jeps.v14i4.535
https://doi.org/10.28924/apjm/11-97
https://doi.org/10.24996/ijs.2024.65.10.32
https://doi.org/10.24996/ijs.2024.65.10.32
https://doi.org/10.32792/jeps.v14i3.442
https://doi.org/10.28924/apjm/12-18
https://doi.org/10.28924/apjm/12-4
https://doi.org/10.28924/apjm/12-4
https://doi.org/10.18576/pfda/050206

	1. Introduction
	2.  Preliminaries
	3. Analysis of MADM
	4. Main Results
	5. Illustrative Examples
	Conclusions
	Authors' Contributions
	Conflicts of Interest

	References

