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AsstrACT. The purpose of this paper is to study a new class of regular rings, namely weakly Fr-regular and
weakly wFr-regular rings. Their key properties and features, as well as the relationship between these rings
and other rings, such as C'S-rings, F'G P-rings, and G M P-rings are investigated. Moreover, a new class of
sets is introduced, namely weakly motivating and weakly w-motivating sets, after which their connections
with the weakly Fr-regular and the weakly wFr-regular rings are also studied. Weakly F*r-regular and
weakly wF*r-regular rings are discussed, alongside their relationships with weakly Fr-regular and weakly
wFr-regular rings. 2-primal rings are classified, and the conditions required to render the 2-primal weakly
Fr-regular and weakly wFr-regular rings are also examined.
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1. INTRODUCTION

Von Neumann introduced the concept of regularity in ring theory during the 1900s, and it plays
a fundamental role in understanding the structural properties of rings and modules. A ring ¥ is
called von-Neumann regular if for every element a € R, there exists x € #& such that a = aza. This
notion has been widely studied and generalized in various directions, particularly in the context of
non-commutative rings.

Among such generalizations, the concept of weakly regular rings appeared by Ramamurthi in
1973. The study of right (resp. left) weakly regular rings was motivated by the point of view of the
generalization of regular rings, which also provided examples for regular rings that are right (resp.
left) weakly regular rings. Ramamurthi generalized the property of the regular rings, namely Z° = Z,

for every right (resp. left) ideal of . The latter researcher also represented the concept of a right
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(resp. left) weakly regular ring R such that for all a € R we have a € (aR)? (a € (Ra)?) [15]. Later, the
concept of weakly regular rings has been utilized and studied by several other authors, such as Camillo
and Xiao. In addition, Gupta defined the concept of weakly m-regular rings through generalizations
made about weakly regular rings and described weakly m-regular as a broad class of rings that includes
n-regular and weakly regular rings. According to Gupta, i is a right (left) weakly 7-regular ring
provided that for all a € R there is an m € Z* such that a™ € (a™R)? (a™ € (Ra™)?) respectively.

In 1997, Hong, Kim, Kwak, and Lee [ 12] investigated the relationships between the maximality of
prime ideals in 2-primal rings and the weak 7-regularity from the right (or left). They extended the
m-regularity rings to weakly 7-regularity rings. Their findings indicated that the 7-regular is a weakly
w-regular ring, but the converse is not true.

Throughout this paper, we present new generalizations of regular rings; namely, right (resp. left)
weakly Fr-regular and weakly wFr-regular rings. The system of weakly Fr-regular and weakly wFr-
regular rings is indeed a wide class of rings that strictly includes weakly m-regular and Fr-regular
rings. We study their properties by generalizing some results in [3,6,7,9,10,14] and also provide
some examples. In addition, we establish the relationship between weakly Fr-regular and weakly

wFr-regular rings with some other rings.

2. PRELIMINARIES

Throughout this paper, it denotes an identity-associated ring. A ring ¥ is a (Von Neuman) regular
ring if for each a € R, there exists b € R such that a = aba [8]. Let S be a subset of a ring &, then the
annihilator of S is ann;(S) = {r € R|rs =0, for all s € S} .This is a left annihilator, (dually the right
annihilator ann,(S) = {r € R|sr =0, forall s € S§}). LetU(R), Z(R), P(R), N(RN), and C(R) denote
the set of all unit elements, the set of all zero divisors, the prime radical, the nilpotent elements, and

the center of R, respectively.

Definition 2.1. Let R be a ring then:

(a) Risaright (resp. left) Gw-R if for every a € R, there is x € RaX such that a = ax (resp. a = za) [10].

(b) Risaright (resp. left) w-Rif forall a € R we have a = abjaby (resp. a = bjabsa) where by, by € RN [4].

(c) Risaright (resp. left) wn-Rif forall a € R, thereisanm € Z7 such that a™ = a™d (resp. a™ = da™)
where d € Ra™R [10].

(d) Ris aright (resp. left) wr'-R if for all a € R, there is an m € Z7 such that a™ = a™b;a™by (resp.
a = bja™bya™) where by, by € R [4].

(e) Risan Fr-R if for every a € R, there exist 0 # ¢ € R and b € R such that ac = acbac [3].

Definition 2.2. [13] An ideal T of a ring R is said to be reqular if for each x € Z, there exists y € L such that

T = TYZT.
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Proposition 2.1. [13] Let R be a regular ring, and I be an ideal of R. Then, I is regular.

Theorem 2.1. [13] The statements below are equivalent:

(a) R is a right w-R regular.

(b) Aright ideal Z of R, is an idempotent.

(c) All right ideal of R, is the intersection of prime right ideal.
(d) Foreverya € R, a € (akR)?.

(e) For any two right ideals T and J whereZ C J,1J = T.

Definition 2.3. [13] Let £ be a right ideal of R. Then, L is called a prime (resp. semi-prime) if xRy C L
(resp. xRx C L) impliesx € Lory € L (resp. x € L) forall x,y € R. Moreover, R contains no non-zero

nilpotent ideals if and only if R is a semiprime ring. If R is a reduced ring, then R is a semiprime.

Definition 2.4. [13] If R satisfies the ascending chain condition on both complement and annihilator right

ideals, then R is a right Goldie ring.

3. WEeakLy Fr-RecuLar AND WEAkLY wFm-REGuLAR RINGS

In this section, we define wFn-R and wwFr-R rings and outline some of their properties.

Definition 3.1. A ring R is called right (resp. left) weakly Fr-regular (wFm-R) if for every element a € R,
there exists 0 # ¢ € R such that ac = acbjachy (resp. ac = bjacbaac), where by, by € R.

Moreover, we define a right weakly motivating set for an element a € R as M¥(a) = {0 # ¢ € R :
ac = acbyachy, for some by,by € R}, (dually, a left weakly motivating set as *M(a) = {0 #c € R : ac =

biacbsac, for some by, by € R} ).

Definition 3.2. A ring R is called a right (resp. left) weakly wFn-regular (wwFn-R), if for every element
a € Rand r € N, there exists an element d € RacR such that ar = ard (resp. ar = dar).

Moreover, we define right (dually, left) weakly w-motivating sets for an element a € ¢ as M"*(a) = {0 #
c € R:ac=acx,r € RacR} (dually, " M(a) = {0 # c € R : ac = zac,x € RacR}).

Clearly, every right wm-R is a right wFn-R ring. In addition, every right wFn-R and right wm-R are
right wwFr-R rings.

u v
Example 3.1. A ring R = |u,v € D, where D is simple domain ) is a right wwFn-R ring by [11,

0 u
Example 4.2]. Thus, the ring__% shows that it is not necessarily a right wn-R or right wwFm-R is an Fr-R

u 0
ring. Indeed; for A = such that 0 # v € D and is not invertible, there is no 0 # C € R such that

0 u

AC ¢ ACRAC.



Asia Pac. J. Math. 2025 12:86 40f13

Subsequently, we have the assertion below:

Proposition 3.1. (a) Let R be a right wwFm-R where r(ac) C l(ac) for some c € M""(a), then R is a
left wwFn-R ring.
(b) If Ris a left wwFr-R such that 1(ac) C r(ac) for some ¢ € “*“’M(a), then R is a right wwFr-reqular

ring.

Proof. (a) Let R be a right wwFr-R, where a € R and ¢ € M"*(a) with r(ac) C 1(ac). Then, there
exists 0 # ¢ € R such that ac = act for some ¢ € RacR. Therefore, ac(1 —t) = 0 implies
1 —t € r(ac). Since r(ac) C l(ac) then 1 — ¢ € 1(ac) and (1 — t)ac = 0, and hence ac — tac = 0.
Thus, ac = tac and then, R is a left wwFr-R ring.

(b) Straightforward using a similar argument in (a).

Lemma 3.1. [13] Let R be a reduced ring. Then, r(a) = 1(a) for all 0 # a € R.
Corollary 3.1. A reduced ring R is a right wwFn-R if and only if R is a left wwFr-R.

Proposition 3.2. Let R be a domain. Then:
(a) If Ris an Fr-R ring, then it is a division ring.
(b) If R is a right wwFn-R ring, then it is a simple.
(c) If Ris a right wFn-R ring, then R is a division ring.

Proof. (a) Strightforword by [3, Corollary 3.7].

(b) Since R is a domain, then it does not have zero divisors. By the definition of wwFn-R, we obtain
that for any nonzero element a in a proper ideal Z C ¥, we have 1 — b = 0 for some b € RacR
where ¢ € M""(a). Hence, 1 = b € RacR C Z, and then Z = R. Therefore,  has no proper
ideal; thus R is simple.

(c) Let R be a domain and wFn-R ring. Then, for any 0 # a € R, there exists 0 # ¢ € R such that
ac = acracs for some r, s € R, then ac(1 — racs) = 0. Since R is domain, then it has no zero
divisor, so 1 = racs implies that a is invertible. Hence, R is a division ring.

0

Theorem 3.2. Let R; be rings with identities. Then, the direct product of R; is a right wFr-R if at least one of
them is a right wFn-R ring.

Proof. Let & and Ry be rings where R, is a right wFr-R ring. It is sufficient to show that 8 = R; x Ry
is a right wFr-regular ring. Let (aj,a2) € R where a; € R; and ay € Ry. Since a; € Ry and R is

a right wFr-regular, there exist 0 # ¢; € R and b1,d; € R such that ajcibjaicid; = ajci. Take
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(0,0) # ¢ = (c1,0) € Rwithc; # 0and b = (b1,b2),d = (d1,d2) € R where by,dy € Ra. Now,
(al,ag)(cl,0)(b1,bg)(al,ag)(cl,O)(dl,dg) = (alclblalcldl,O) = (a1c1,0) = (al,ag)(cl,()). Therefore, R
is a right wFn-R ring. O

Similar argument can be utilized to show the assertion below:

Theorem 3.3. Let R; be rings with identities. Then, the direct product of R; is a right wwF-R if at least one of

them is a right wwFm-R ring.

The next example shows that not necessarily every right wwFn-R is a right wn-R ring.

u v
Example 3.4. Let A = Z x &, where R = |u,v € D, where D is simple domain . From Example
0 u

3.1, Ris a right wwFn-R. Then, A is a right wwFn-R ring by Theorem 3.3. Indeed; (2,0)™ ¢ (2,0)™.A(2,0)™A,

for any positive integer m implies that R is not wn-R ring.

Theorem 3.5. Let R/ be a right wwFn-R ring where T is the right ideal Gw-R of R. Then, R is a wwFr-R

ring.

Proof. Let R/ = R where R is a right wwFn-R ring. Then for every a € R, there exist 0 # ¢ € R
and z € Rack such that, ac + Z = (ac + Z)(z + Z) = (acx + Z). This implies that ac — acz € Z.
Since 7 is a right Gw-R ideal, then there exists t € Z(ac — acx)Z C Rac(l — z)R C RacR such that
ac —acr = (ac —acz)t = act — aczt then ac = ac(x + ¢t — xt). Since x +t — xt € RacR. Then,

ac = ac(x +t — xt), and therefore R is a right wwFr-R ring. O

Proposition 3.3. Let R be a right wwFn-R ring. Then:

(a) If T is a proper ideal of R, then M (a) C I for any right reqular element (i.e. not a non-zero left zero
divisor) a € T.

(b) If R has no nonzero left zero divisor, then R is a simple.

Proof. (a) Letc € M""(a), then ac = acz for some = € (ac). This implies that a(c — cz) = 0, and if
a is a right regular element, then ¢ = cx € c(ac) C Z implies M"“"(a) C Z.
(b) If R is a right wwFr-R ring without nonzero left zero divisor and 7 is a proper ideal, then
0 # a € Z, there exists 0 # ¢ € R such that ac = acx and = € (ac) implies 1 = z € (ac) C 7.
Hence,  is a simple.

g

Proposition 3.4. [3] Let R be a ring. Then the following are satisfied:

(a) Ifa € U(R), then ais a reqular.
(b) Ifae N(R)UU(R), then ais a w-reqular.
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Proposition 3.5. [3] Let R be a ring. Then the following are satisfied:

(a) Ifa € Z(R), then ais an Fr-reqular.
(b) Ifa € U(R), then U(R) C M(a).

According to propositions 3.4 and 3.5, we have the proposition below.

Proposition 3.6. (a) Ris a right wr-R if and only if for all a ¢ N (R) UU(R), there is a positive integer
m where a™ € M™% (a).
(b) Ris a right wwFn-R if and only if for all a ¢ Z(R) UU(R), MY (a) # 0.
(c) Risaright wr-R if and only if for all a ¢ U(R), then 1 € M™(a).

Definition 3.3. Let X C R. A set X is called a weakly regular set if for all x € X, there exists y € RaR such
that x = xy.

Corollary 3.2. Let R be a right wwFn-R and a ¢ Z(R), then M (a) is a weakly reqular set.

Proof. Let R be a right wwFn-R and a ¢ Z(R). Then, by Proposition (3.6 -2) M“*(a) # (). Suppose
r € M"¥"(a), then 0 # = € R and ax = axd for some d € RacR. Hence, a(x — zd) = 0. Since a ¢ Z(R),
then z — zd = 0 and = = zd. Therefore, M"*(a) is a right weakly regular set. O

Proposition 3.7. Let R be a ring such that for every a € R, there is c € M"* (a) where r(ac) = r(a). Then the
following statements are equivalent:

(a) R isaright w-R ring.

(b) Risaright wr-R ring.

(c) Risaright wwFn-R ring.

Proof. 1t is clear that a = b = c.
For ¢ = a, let R be a right wwFr-regular ring where a € R and ¢ € M (a) with r(ac) = r(a). Then
ac = acx where z € RacR. Hence 1 — z € r(a). Then a = az and = € RaR. Thus, R is a right w-R

ring. O
Since each prime reduced ring is a domain, the following proposition yields.

Proposition 3.8. Let R be a reduced ring. Then the following statements are equivalent;
(a) Risaprime wn-R ring.
(b) Risaprime wwFn-R ring.
(c) Risasimple.

Theorem 3.6. Let R be a semiprime right Goldie ring such that every essential right ideal of R is an ideal. Then,

the following are equivalent.
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(a) R isaright wr-R ring.
(b) Risaright wwFn-R ring, where M (a) contains an element that is not a nonzero left zero divisor
whenever a is a reqular element.

(c) R isasemi-simple artinian.

Proof. (a)<=(c), [10, Theorem 3.4].

For (b) =(c), let it be a semiprime right Goldie ring. Then every essential right ideal of % contains
a regular element. Let 7 be a proper essential right ideal of i&. Then Z contains a regular element a.
Since R is wwFr-R, then Z contains M"* (a). Hence, M"*(a) contains an element that is not a nonzero
left-zero divisor. Therefore, Z = @ according to Proposition 3.3. Suppose J is a proper right ideal of Jt.
Then there exists a right ideal £ C it where J + K = J @ K that is essential. Hence, J & K = . Thus,
R is semi-simple artinian.

For (c) = (b), since R is a semi-simple artinian right ring, then it is a von Neumann regular and

therefore, it is a right wwFn-R ring. Also, for each regular a, M (a) contains a non-zero left divisor. [

Definition 3.4. [3] For an element a € R is called a right semi-Fr-reqular if there exist 0 # ¢ € Rand t € R
such that ac = act and r(ac) = r(t). Moreover, R is a right semi-Fr-reqular if and only if all elements of R are

right semi-Frm-reqular elements.

Proposition 3.9. Let R be a ring satisfying that for all 0 # a € R, there exists 0 # ¢ € R, such that

r(ac) N RacR = 0. Then, every right wwFr-R ring is a right semi-Fr-reqular element.

Proof. Let 0 # a € R. Then there exists 0 # ¢ € R such that r(ac) NRacR = 0. Since R is a right wwFr-R
ring, then ac = acd where d € RacR. We need to show that r(d) = r(ac). If z € r(d), then dz = 0.
Multiplying both sides by ac , we obtain that acdz = 0. Since ac = acd, then acz = 0, hence = € r(ac)
and r(d) C r(ac). Next, let z € r(ac), then acx = 0. Since ac = acd, then acdr = 0, hence d € RacR and
then dz € RacR. However, by multiplying both sides by z, we obtain (ac)x = (acd)z. Thus, acdz =0
and dz € r(ac). Hence, dz € r(ac) N RacR = 0 and dz = 0 implies that = € r(d). Then, r(ac) C r(d).

Therefore, r(ac) = r(d) and so R is a right semi-Fr-regular ring. O

4. ReLATION BETWEEN WEAKLY wFm-REGULAR RING AND OTHER RINGS

In this section, we examine the relation between a wwFn-R ring and other rings such as C'S-rings,

G M P-rings, FG P-rings, and quasi-duo rings.

Definition 4.1. [16] An R is a right (resp. left) CS-ring if every nonzero right (resp. left) ideal is essential in
a direct summand. Equivalently, every right (resp. left) closed ideal is a direct summand.

Clearly, every maximal right ideal is indeed a right-closed ideal.
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Theorem 4.1. Let R be a right C'S-ring. Then R is a left wwFn-R ring, if for all elements 0 # a € R, 1(ac) isa
two-sided ideal with 0 # ¢ € R.

Proof. Suppose R is a right C'S-ring and for all 0 # a € R, there exists 0 # ¢ € R such that 1(ac)
is a two-sided ideal. Claim, Rac® + 1(ac) = R, if not then there exists a maximal right ideal M of
R such that RacR + l(ac) C M. Since R is C'S-ring and M is maximal right ideal of &, then M is
a direct summand, such that M + K = R and M N K = 0, where K is a right ideal of ®. Hence,
(RacR + 1l(ac)) N K € M N K = 0. Then, (Rack + 1(ac)) N K = 0. Therefore, RackR N K = 0 and
l(ac) N K = 0so kac = 0. Thus, K C 1(ac) which is a contradiction. Hence, Rack + 1(ac) = R and so
z + d =1 where z € RacR and d € 1(ac). Thus, ac = zac and R is a left wwFnr-R ring. O

Definition 4.2. Let R be a ring and T C R be an ideal. Then T is a right (resp. left) Fr-pure ideal, if for all

a € I, there exist some c € T and d € T where ac = acd (resp. ac = dac).

Definition 4.3. A right (resp. left) GM P-ring is a ring in which every maximal right (resp. left) ideal is a left
(resp. right) Fr-Pure ideal.

Theorem 4.2. Suppose R is a right GM P-ring with a € R. If x € 1(ac) for some 0 # ¢ € R, then = € r(ac).
Then R is a right wwFr-R ring.

Proof. Let R be a right GM P-ring, and suppose with aim of contradiction, that RacR + r(ac) # R.
Then, a maximal right ideal M of R exists such that facR + r(ac) C M. Since R is a right GM P-ring,
then M is left Fr-pure ideal. Then, for all a € M, there exist some 0 # c,t € M such that ac = tac.
Then ac —tac =0and 1 — ¢ € r(ac) then 1 — ¢t € 1(ac). Therefore, 1 — ¢t € M, which is a contradiction.
Therefore, Rack + r(ac) = R. Let 2 € RacR and d € r(ac) such that z + d = 1. By multiplying both

sides by ac we obtain that zac = ac. Therefore, R is a right wwFm-R ring. O

Definition 4.4. [10] An R is a right (resp. left) quasi-duo ring whenever every maximal right (resp. left)
ideal of R is a two-sided ideal.

Lemma 4.1. Let R be a quasi-duo ring and a left GMP-ring. Then R is a right wwFn-R ring.

Proof. Let R be a quasi-duo ring and a left GMP-ring. Then there is a maximal right ideal M C ¥ such
that RacR + r(ac) € M. M is a right Fr-pure ideal since R is a left GM P-ring. Then, for all a € M
and 0 # ¢ € M, there exists t € M such that ac = act, then ac(1 —t) = 0. Therefore, 1 — ¢ € r(ac) C M,
and so 1 € M which is a contradiction. Therefore, Rack + r(ac) = R. Let x € RacR and d € r(ac) such
that  + d = 1. Then by multiplying both sides by ac, we obtain that ac = acz, and therefore ¥t is a right
wwFm-R ring. O
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Definition 4.5. [1] A right (resp. left) F'G P-injective is a right (resp. left) R-module B where for any a € R
there exists 0 # ¢ € R such that 0 # ac = ca, and any right (resp. left) R-homomorphism of acR (resp. Rac)
into B can be extended to one of R, (resp. ;) into B.

Theorem 4.3. Let R be a ring with every simple right R-module is an F'G P-injective module. Then R is a right

wwFm-R ring.

Proof. Let R be a ring with every simple right R-module is an F'G P-injective module. Claim for any
a € R there exists 0 # ¢ € R where 0 # ac = ca such that RacR + r(ac) = R. If not, then there
is a maximal right ideal M of R such that Rac® + r(ac) C M. Define a map f : ack — /M by
f(acz) = x + M for all z € R. Note that f is well defined right homomorphism. Since R/ M is an
FG P-injective, then for y € ®/M we have, f(acz) = (y+M)(aczr) = yacx + M. Since f(acz) = z+ M,
then z + M = yacz + M. In particular, let x = 1 and so 1 + M = yac + M. Hence, 1 — yac € M
implies 1 € M which is a contradiction. Hence, RacR + r(ac) = R. Then, for € RacR and d € r(ac)

we have x + d = 1. Hence, ac = acx and R is a right wwFr-regular ring. O

Lemma 4.2. Let R be a ring. If for a € R, there exists 0 # ¢ € R such that 1(ac) C r(ac), then RacR + r(ac)

is an essential right ideal of R.

Proof. Assume that (RacR + r(ac)) NZ = 0, where 7 is a non-zero right ideal of R. Then RacRNZ =0
and r(ac) NZ = 0. Since Zac C Rack and Zac C Z, then Zac C RacRNZ = 0 implies Z C 1(ac) C r(ac).

Therefore, Z = 0, which is a contradiction. Hence, Ract + r(ac) is an essential right ideal of }. O

Corollary 4.1. [2?] If R is a ring whose simple singular right R-modules are F'G P-injective, then the center
C(R) of R is a regular ring.

Theorem 4.4. If R is a ring with every simple singular right module is an F'G P-injective, and for any a € R,
there exists 0 # ¢ € R such that 1(ac) C r(ac). Then R is a right wwFn-R ring, and the C(R) is a reqular ring.

Proof. Let R be a ring with every simple singular right module is an F'G P-injective. To prove that for
any a € R, there is 0 # ¢ € R such that RacR + r(ac) = R, suppose with the seek of contradiction
that this is not true. Then there exists a maximal right ideal M of R such that ®acR + r(ac) C M.
Using Lemma 4.2, RacR + r(ac) is an essential right ideal of R, and then M must be essential in R.
Hence, R/ M is an FGP-injective. Let f : acR — R/M defined by f(acz) = v + M forall z € R.
Note that f is a well-defined R-homomorphism. Since R/ M is an F'G P-injective, then for g € R/ M
such that f(acz) = (y + M)(acz) = yacz + M. Since f(acz) = = + M, then x + M = yacz + M. Let
x =1landso 1+ M = yac + M, then 1 — yac € M implies 1 € M which is a contradiction. Hence,
Rack + r(ac) = R, and t + d = 1 where t € RacR and d € r(ac). Therefore, act = ac, and R is a right
wwFr-R ring. Moreover, C() is a regular ring by Corollary 4.1. O
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5. Weakry F¥*m-RecuLar AND WEAKLY wF*m-REGULAR RINGs

In this section, we define wwF*m-R and wF*r-R rings. In addition, we introduce the relationship

between wwFr-R and wFr-R rings with a 2-primary ring.

Definition 5.1. (a) A ring R is identified as a right (resp. left) wF*m-R ring if for an ideal T of R and
a ¢ T, thereexist 0 # ¢ ¢ T and t,s € R such that ac = actacs (resp. ac = tacsac).
(b) Aring R is identified as a right (resp. left) wwF*r-R ring if for an ideal T of % and a ¢ I, there exist
0 # ¢ ¢ T and x € RacR such that ac = acx (resp. ac = xac).

Example 5.1. Let R = Zg is a wF*n-R ring. The ideals of Z¢ are I, = {0}, Zo = {0, 2,4}, Z3 = {0, 3}, and
Z4 = {0,2,4}. Then, for every a € Zg and a ¢ T; , where j € {1,2,3,4}, there exist ¢ ¢ T; and by, by € Zg

such that ac = acbjacbhs.

Lemma 5.1. (a) Every right wF*n-R ring is a right wFn-R ring.
(b) Every right wwF*m-R ring is a right wwFr-R ring.

Proof. (a) Let R be a wF*r-Rring and a € R. If 0 = a € R done. Suppose 0 # a € R, and take
Z = {0}. Then, there exist ¢ ¢ Z and by, by € R where ac = acbjacbs. Since, ¢ ¢ Z then 0 # ¢ € R.
Hence, for every a € &, there exist 0 # ¢ € R and by, by € R such that ac = acbjachs. Hence,
is a wFr-R ring.
(b) Straightforward using a similar argument in (a).

O

However, the converse of the above assertion is not true. For example, let R = Zgand Z = {0, 4, 8, 12}
be an ideal of R. In this case, & is wFr-R but not wF*r-R (wwF*r-R). Since for a = 2 ¢ Z, there is no

such an element ¢ ¢ 7 and by, by € Z16 (no x € 2¢Z1¢) such that ac = achjachy (ac = acx).
Theorem 5.2. If R is a right wF*n-R, and 1 is an ideal of a ring R, then R/ is a right wF*r-R.

Proof. Let R be a right wF*r-R ring. We need to show that /7 is a right wF*r-R. Suppose ® = ®/Z,
and J be an ideal of it with a ¢ 7. Since R is right wF*r-R, then a ¢ 7 when J is an ideal of ®. Then,
there exist 0 # ¢ ¢ J and by, by € R such that ac = achyachs. Hence, ac = achyachs. Since ¢ ¢ 7, then
¢ ¢ J and by, by € R. Therefore, R is a right wF*r-R ring. O

A similar argument can be used to prove the assertion below:
Theorem 5.3. Let 7 be an ideal of a ring R. If R is a right wwF*n-R, then R/Z is a right wwF*r-R.

Theorem 5.4. [[R; is a right wF*r-R ring if and only if R; is a right wF*r-R all i.



Asia Pac. J. Math. 2025 12:86 11 0f 13

Proof. Let [[ R; be a wF*r-R ring and a ¢ Z where 7 is ideal in ;. Then, T =1{(as,az,...,a4...): aj €
Ri,forall j # i,a; € I} is an ideal of [[R; and a = (0,...,a,0,...) ¢ Z. since [[ R; is wF*r-R, then
there exist ¢ ¢ Z with ¢ = (cy,c¢2,...,¢;,...), and b,d € [[R; where ac = achacd. As ¢ ¢ Z, we have
c; ¢ I, otherwise, a contradiction. Thus, ac; = ac;b;acid; € ;, and hence, R; is wF*r-R.

Conversely, let R; be a right wF*n-R, for all Z. Suppose a ¢ T where 7 is an ideal in [[ ;. Since a ¢ Z,
there is at least a; ¢ Z; = {i; : (i1,i2,...,%;,...) € Z}. As %R; is right wF*n-R, there is ¢; ¢ Z; and
bi,d; € R; where a;c; = a;c;b;a;c;d;. Hence, ac = achacd where ¢ = (0,...,c;,0,...) ¢ Z; otherwise,

¢; € Z; a contradiction. Therefore, [[ ®; is wF*r-R. O

A similar argument can be used to prove the assertion below:
Theorem 5.5. [[R; is a right wwF*n-R ring if and only if R; is a right wwF*n-R all i.

Definition 5.2. [4] A 2-primal ring is a ring R that satisfied P(R) = N (R). Equivalently, if R/P(R) is a

reduced ring.
Lemma 5.2. [4] A ring R is 2-primal if and only if every minimal prime ideal is completely prime.

Theorem 5.6. [12] Let R be a reduced ring. Then the following statements are equivalent:
(a) R isaright w-R.
(b) Risaright wr-R.
(c) Every prime ideal of R is a maximal.

(d) Every prime factor of R is a simple domain.

Lemma 5.3. Let R be a 2-primal ring, and R /P (R) is a right wwFn-R ring. Then every prime ideal of R is

maximal.

Proof. Let P C R be a prime ideal. Using Lemma 5.2, there is a minimal prime ideal X of R that is
completely prime, since R is a 2-primal. Let ® = R/X, then R is a wwFr-R. Let 0 # a € R. There exists
0 # ¢ € R such that ac = ach, where b € RacR. Then, ac(1 — b) = 0 implies that 1 = b € Rack. Hence,

R is a simple ring and therefore, X is a maximal ideal and so is P. O

Corollary 5.1. [4] Suppose R is a 2-primal ring. Then the following statements are equivalent:
(a) R/P(R) is a right w-R ring.
(b) R/P(R) is right wr-R ring.

(c) Every prime ideal of R is maximal.

According to Corollary 5.1, Lemma 5.3, and the fact that every right wn-R is right wwFr-R, the

following assertion yields.

Theorem 5.7. Let R be a 2-primal ring. Then the following statements are equivalent:
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(a) R/P(R) is a right w-R ring.
(b) R/P(R) is a right wr-R ring.
(c) Every prime ideal of R is maximal.

(d) R/P(R) is a right wwFr-R ring.

Since every reduced ring is 2-primal, and every right Gw-R is a right wwFr-R ring. Then, the

following theorem yields by applying Theorem 5.2, Lemma 5.3, and Theorem 5.6.

Theorem 5.8. Let R be a reduced ring. Then the following conditions are equivalent:
(a) Ris aright w-R.
(b) Risaright wr-R.
(c) Every prime ideal of R is a maximal.
(d) Ewvery prime factor of R is a simple domain.
(e) W isright wwF*m-R.

Birkenmeier, Kim, and Park [5, Example 1.7], constructed a ring R, consisting of upper triangular
matrices over a Weyl algebra W. They showed that  is a 2-primal and its factor ring /P (R) = W x W
is a right wn-R; however, it itself failed to be a right wn-R. This example demonstrates that even when
a ring is 2-primal and its prime factor ring is right wn-R, the ring itself need not be right wr-R. Hence,
they concluded that a 2-primal condition does not guarantee that a ring is wn-regular, even if its prime

factor ring satisfies this property.
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