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Abstract. This paper introduces a novel extension of classical Ẑ-ideals by incorporating the neutrosophic
set framework, which models truth, indeterminacy, and falsity as independent components. By unifying
concepts from neutrosophic and fuzzy set theories, we define and investigate neutrosophic Ẑ-ideals within
the broader context of Ẑ-algebras. We establish formal definitions, prove key structural properties, and
explore conditions for their stability under algebraic operations such as intersections and homomorphisms.
The proposed framework offers a robust and flexible tool for handling uncertainty in algebraic systems
and opens pathways for applications in soft computing, approximate reasoning, and decision-making
environments where imprecision is inherent.
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1. Introduction

The evolution of fuzzy logic and algebraic structures has played a transformative role in address-
ing uncertainty, imprecision, and partial truth in mathematical systems. The foundational work by
Zadeh [15] on fuzzy sets initiated a paradigm shift, where traditional binary logic was expanded
to accommodate degrees of membership, enabling more flexible modeling of real-world problems.
Building on this, Rosenfeld [9] introduced the concept of fuzzy groups, further enhancing algebraic
applications under fuzziness and establishing a basis for the development of fuzzy algebraic systems
such as fuzzy rings, modules, and ideals.

Subsequent studies extended fuzzy set theory into broader algebraic contexts. Sivaramakrishna
Das [4] proposed the theory of fuzzy groups and level subgroups, reinforcing the interplay between
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group theory and fuzzy sets. Likewise, Bhattacharya and Mukherjee [1] explored fuzzy relations and
fuzzy groups, enriching the structural understanding of fuzzy algebraic systems by linking relational
models with group-theoretic properties. These foundational studies provided the impetus for more
complex structures involving intuitionistic and type-2 fuzzy sets.

In parallel, researchers like Iséki and Tanaka [7], and Imai and Iséki [5] investigated BCI- and
BCK-algebras, which are generalizations of logical algebras instrumental in non-classical logic. These
structures, as discussed in [6] by Iséki and in [14] by Xi, became significant in fuzzy settings due to
their ability to generalize implications and other logical operations algebraically. The work of Jun et
al. [8], who analyzed fuzzy ideals and fuzzy subalgebras in BCK-algebras, marked a key point where
abstract algebra merged with fuzzy logic to model uncertainty in non-associative systems, laying the
groundwork for algebraic reasoning in uncertain environments.

The concept of Ẑ-algebras, a structure that generalizes classical rings and fields, has also seen
significant developments. These algebras have versatile applications in automata theory, coding, and
systems design. Chandramouleeswaran et al. [3] contributed foundational insights into Ẑ-algebra
theory, focusing on its intrinsic properties and structural behaviors. These ideas were further extended
into fuzzy contexts by Sowmiya and Jeyalakshmi [11–13], who explored fuzzy algebraic structures
and fuzzy Ẑ-ideals, showing how such ideals operate under graded membership and how fuzziness
influences algebraic closure and stability. These efforts reflect the growing relevance of Ẑ-algebras in
soft computing, where algebraic precision must coexist with data uncertainty.

In recent years, novel ideas have emerged to address limitations in classical fuzzy logic. Shanmu-
gapriya and Hemavathi [10] proposed an innovative approach by introducing neutrosophic sets in
Ẑ-algebra, offering a more nuanced framework that accommodates truth, indeterminacy, and falsity
simultaneously. This triple-component structure allows for richer representation of uncertainty, es-
pecially in scenarios involving contradictory or incomplete information. Similarly, Borumand Saeid
et al. [2] investigated bi-normed intuitionistic fuzzy β-ideals in β-algebras, adding depth to the inter-
play between fuzzy logic and algebraic systems, and demonstrating the potential of intuitionistic and
bi-normed frameworks in handling multilayered uncertainty.

These developments reflect a collective effort by the mathematical community to construct algebraic
systems that are more adaptable and expressive. With increasing complexity in computational and
decision-making environments, the integration of fuzzy, intuitionistic, and neutrosophic frameworks
into algebraic structures becomes both essential and promising. These enriched models are now being
explored for applications in artificial intelligence, data classification, optimization, and knowledge
representation. The referenced works provide a robust foundation for further exploration in this
interdisciplinary domain, where algebra meets uncertainty in both theory and practice.
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This research article develops a unified framework for neutrosophic Ẑ-ideals within the structure of
Ẑ-algebras by introducing formal definitions, establishing key theorems, and providing illustrative
examples. The study further extends these concepts through the analysis of their behavior under
Ẑ-homomorphisms and by formulating the strongest neutrosophic relation, thereby enriching the
algebraic modeling of uncertainty with greater structural depth.

2. Preliminaries

This section establishes the foundational definitions and notational framework essential for the
development of neutrosophic Ẑ-ideals. Core concepts such as fuzzy sets, neutrosophic sets, and
Ẑ-algebras are introduced alongside algebraic structures like Ẑ-ideals, homomorphisms, and level
subsets. These definitions serve as the mathematical backbone for the theoretical results that follow,
ensuring precision and consistency throughout the exploration of uncertainty within algebraic systems.

Definition 2.1. [15] Let M be a non-empty set. A fuzzy set ζ on M is defined by a membership function

µζ : M→ [0, 1], where for each element E ∈M, the value µζ(E ) denotes the degree of membership of E in ζ.

The fuzzy set ζ can thus be represented as:

ζ = {E : µζ(E ) | E ∈M}.

Definition 2.2. [3] A Ẑ-algebra (M, ∗, 0) is defined as a structure, where M is a non-empty set with constant

0 and ∗ is a binary operation onM, satisfying the following conditions:

(i) E ∗ 0 = 0

(ii) 0 ∗ E = E

(iii) E ∗ E = E

(iv) E ∗ δ = δ ∗ E , when E 6= 0 and δ 6= 0, for all E , δ ∈M.

Example 2.3. Consider the Cayley table defined on the setM = {0,N1,N2,N3,N4}, equipped with a binary

operation ∗ and a distinguished constant element 0.

∗ 0 N1 N2 N3 N4

0 0 N1 N2 N3 N4

N1 0 N1 N3 N2 N4

N2 0 N3 N2 N4 N3

N3 0 N2 N4 N3 N2

N4 0 N4 N1 N1 N4

Then (M, ∗, 0) is a Ẑ-algebra.

Definition 2.4. [10] Let the neutrosophic set ζ = {E : Tζ(E ), Iζ(E ), Fζ(E ) | E ∈ M}. If it holds the

following conditions, then it is known to be a neutrosophic Ẑ-subalgebra in a Ẑ-algebraM: for all E , δ ∈M,
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(i) Tζ(E ∗ δ) ≥ min{Tζ(E ), Tζ(δ)}

(ii) Iζ(E ∗ δ) ≥ min{Iζ(E ), Iζ(δ)}

(iii) Fζ(E ∗ δ) ≤ max{Fζ(E ), Fζ(δ)}.

Definition 2.5. [3] Let M be a Ẑ-algebra and = ⊆ M. Then, = is called a Ẑ-ideal of M if the following

conditions hold: for all E , δ ∈M,

(i) 0 ∈ =

(ii) E ∗ δ ∈ = and δ ∈ = implies E ∈ =.

Definition 2.6. [11] Let (M, ∗, 0) and (Y, ∗′, 0′) be two Ẑ-algebras. Then, the mapping h : (M, ∗, 0) →

(Y, ∗′, 0′) is known as a Ẑ-homomorphism of Ẑ-algebras if

h(E ∗ δ) = h(E ) ∗′ h(δ),∀E , δ ∈M.

Definition 2.7. [11] Take into consideration a Ẑ-homomorphism h that maps the Ẑ-algebra (M, ∗, 0) onto

another Ẑ-algebra (Y, ∗′, 0′). The properties listed below are met by this mapping:

(i) h is called a Ẑ-monomorphism of Ẑ-algebras if it is injective (one-to-one)

(ii) h is called a Ẑ-epimorphism of Ẑ-algebras if it is surjective (onto).

Note 2.8. If h : (M, ∗, 0)→ (Y, ∗′, 0′) is a Ẑ-homomorphism, then it must satisfy h(0) = 0′.

Definition 2.9. [15] Suppose a non-empty setM. A fuzzy set ζ onM is defined by a membership function

µζ : M→ [0, 1] which assigns to each element E ∈M a value in the interval [0, 1]. The value µζ(E ) represents

the degree or grade of membership of E in the fuzzy set ζ.

Definition 2.10. Consider a Ẑ-algebra (M, ∗, 0). A fuzzy set ζ onM, characterized by the membership function

µζ , is called a fuzzy Ẑ-subalgebra ofM if for all E , δ ∈M,

µζ(E ∗ δ) ≥ min{µζ(E ), µζ(δ)}.

Definition 2.11. Consider a fuzzy set ζ defined on M. For a fixed t ∈ [0, 1], the set

U(ζ, t) = {E ∈M | µζ(E ) ≥ t}

is called the upper-level subset of ζ, also known as the upper-level cut or upper t-level subset.

Definition 2.12. [9] A fuzzy set ζ onM with membership function µζ is said to satisfy the supremum property

if for every non-empty subset τ ⊆M, there exists an element E0 ∈M such that

µζ(E0) = sup
t∈τ

µζ(t).

Definition 2.13. [1] A fuzzy relation ζ on a non-empty setM refers to a fuzzy set characterized by a membership

function µζ : M×M→ [0, 1].
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Definition 2.14. [1] If ζ is a fuzzy relation on a non-empty set M, defined by the membership function µζ ,

and let ξ be a fuzzy set onM, with membership function µξ, then ζ is said to be a fuzzy relation on ξ if for all

E , δ ∈M,

µζ(E , δ) ≤ min{µξ(E ), µξ(δ)}.

Definition 2.15. [1] Let ξ be a fuzzy set on a non-empty set M with a membership function µξ. Then

the strongest fuzzy relation ζξ on M, a fuzzy relation on ξ, is a fuzzy relation whose membership function

µζξ : M×M→ [0, 1] is expressed as

µζξ(E , δ) = min{µξ(E ), µξ(δ)}.

Definition 2.16. [1] Consider two Ẑ-algebras (M, ∗, 0) and (Y, ∗′, 0′). Then, the Cartesian product (M×

Y, ∗′′, 0′′) forms a Ẑ-algebra, where the binary operation ∗′′ is defined by

(E1, δ1) ∗′′ (E2, δ2) = (E1 ∗ E2, δ1 ∗′ δ2), ∀(E1, δ1), (E2, δ2) ∈M×Y,

and the constant element is given by 0′′ = (0, 0′).

Definition 2.17. [13] Let (M, ∗, 0) be a Ẑ-algebra. A fuzzy set ζ onM, defined by the membership function

µζ , is said to be a fuzzy Ẑ-ideal ofM if it satisfies the following conditions: for all E , δ ∈M,

(i) µζ(0) ≥ µζ(E )

(ii) µζ(E ) ≥ min{µζ(E ∗ δ), µζ(δ)}.

3. Neutrosophic Ẑ-Ideals in Ẑ-Algebras

This section lays the foundational framework for neutrosophic Ẑ-ideals by formally defining their
structure within Ẑ-algebras. Through carefully constructed examples and a sequence of supporting
theorems, we characterize their algebraic behavior under operations such as intersection and level
subset formation. The results highlight how truth, indeterminacy, and falsity components interact to
preserve ideal properties, establishing a solid basis for the subsequent extension of neutrosophic ideals
across more complex algebraic and relational contexts.

Definition 3.1. A neutrosophic set ζ in a Ẑ-algebra (M, ∗, 0) with membership function

ζ = {E : µζT (E ), µζI (E ), µζF (E ) | E ∈M}

is known as a neutrosophic Ẑ-ideal inM if it satisfies the following conditions: for all E , δ ∈M,

(i) µζT (0) ≥ µζT (E ) and µζT (E ) ≥ min{µζT (E ∗ δ), µζT (δ)}

(ii) µζI (0) ≥ µζI (E ) and µζI (E ) ≥ min{µζI (E ∗ δ), µζI (δ)}

(iii) µζF (0) ≤ µζF (E ) and µζF (E ) ≤ max{µζF (E ∗ δ), µζF (δ)}.
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Example 3.2. Consider the Cayley table in Example 2.3. Let µζ(T,I,F )
be the neutrosophic function defined as

follows:

µζ(T,I)(E ) =


1.0 if E = 0

0.8 if E = N1,N4

0.7 if E = N2,N3

µζF (E ) =


0.1 if E = 0

0.2 if E = N1,N4

0.3 if E = N2,N3

Hence, ζ is a neutrosophic Ẑ-ideal in M.

Theorem 3.3. The arbitrary intersection of neutrosophic Ẑ-ideals in a Ẑ-algebra M is itself a neutrosophic

Ẑ-ideal.

Proof. Let {ζi | i ∈ Ω} be a family of neutrosophic Ẑ-ideals of a Ẑ-algebraM.
Let E , δ ∈M. Then

µ⋂
i∈Ω ζTi

(0) = inf
i∈Ω

µζT (0) ≥ inf
i∈Ω

µζT (E ) = µ⋂
i∈Ω ζTi

(E ),

µ⋂
i∈Ω ζTi

(E ) = inf
i∈Ω

µζT (E )

≥ min{inf
i∈Ω

µζTi (E ∗ δ), inf
i∈Ω

µζTi (δ)}

= min{µ⋂
i∈Ω ζTi

(E ∗ δ), µ⋂
i∈Ω ζTi

(δ)}.

Similarly,

µ⋂
i∈Ω ζIi

(0) ≥ µ⋂
i∈Ω ζIi

(E ),

µ⋂
i∈Ω ζIi

(E ) ≥ min{µ⋂
i∈Ω ζIi

(E ∗ δ), µ⋂
i∈Ω ζIi

(δ)}.

The remaining case,

µ⋂
i∈Ω ζFi

(0) = sup
i∈Ω

µζF (0) ≤ sup
i∈Ω

µζF (E ) = µ⋂
i∈Ω ζFi

(E ),

µ⋂
i∈Ω ζFi

(E ) = sup
i∈Ω

µζF (E )

≤ max{sup
i∈Ω

µζFi (E ∗ δ), sup
i∈Ω

µζFi (δ)}

= max{µ⋂
i∈Ω ζFi

(E ∗ δ), µ⋂
i∈Ω ζFi

(δ)}.

Hence, ⋂i∈Ω ζi is a neutrosophic Ẑ-ideal ofM. �
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Theorem 3.4. A neutrosophic set ζ of a Ẑ-algebra (M, ∗, 0) is a neutrosophic Ẑ-ideal if and only if for any

t ∈ [0, 1],

U(ζ, t) = {E ∈M | µζT (E ) ≥ t, µζI (E ) ≥ t, µζF (E ) ≤ t}

is a Ẑ-ideal of M, provided that U(ζ, t) 6= ∅.

Proof. Let ζ be a neutrosophic Ẑ-ideal of M and U(ζ, t) 6= ∅ for any t ∈ [0, 1]. If E ∈ U(ζ, t), then it
follows that µζT (E ) ≥ t, µζI (E ) ≥ t, and µζF (E ) ≤ t. This directly follows from the definition of a
neutrosophic Ẑ-ideal, we get

µζT (0) ≥ µζT (E ) ≥ t, so 0 ∈ U(ζ, t).

Let E ∗ δ ∈ U(ζ, t) and δ ∈ U(ζ, t). Then µζT (E ∗ δ) ≥ t and µζT (δ) ≥ t. Thus,

µζT (E ) ≥ min{µζT (E ∗ δ), µζT (δ)} ≥ min{t, t} = t.

Similarly,
µζI (E ) ≥ min{µζI (E ∗ δ), µζI (δ)} ≥ min{t, t} = t.

If E ∗ δ ∈ U(ζ, t) and δ ∈ U(ζ, t). Then µζF (E ∗ δ) ≤ t and µζF (δ) ≤ t. Thus,

µζF (E ) ≤ max{µζF (E ∗ δ), µζF (δ)} ≤ max{t, t} = t.

Therefore, E ∈ U(ζ, t). Hence, U(ζ, t) is a neutrosophic Ẑ-ideal ofM.
Conversely, suppose that for every t ∈ [0, 1], the set U(ζ, t) is either empty or a Ẑ-ideal of M. For

any E ∈M, µζT (E ) = t, then E ∈ U(ζ, t). Since U(ζ, t) 6= ∅ is a Ẑ-ideal of M, we have 0 ∈ U(ζ, t) and
µζT (0) ≥ t = µζT (E ). Thus,

µζT (0) ≥ µζT (E ),∀E ∈M.

Assume that µζT (E ) ≥ min{µζT (E ∗ δ), µζT (δ)} for all E , δ ∈M is not true. Then, there exist E0, δ0 ∈M

such that
µζT (E0) < min{µζT (E0 ∗ δ0), µζT (δ0)}.

Let
t0 =

1

2
[µζT (E0) + min{µζT (E0 ∗ δ0), µζT (δ0)}].

Then
µζT (E0) < t0 < min{µζT (E0 ∗ δ0), µζT (δ0)}.

So, E0 ∗ δ0 ∈ U(ζ, t0) and E0 /∈ U(ζ, t0). But U(ζ, t0) is a Ẑ-ideal of M, we have E0 ∈ U(ζ, t0), so
µζT (E0) ≥ t0. This is a contradiction. Hence, µζT (E ) ≥ min{µζT (E ∗ δ), µζT (δ)}. Similarly,

µζI (0) ≥ µζI (E ),

µζI (E ) ≥ min{µζI (E ∗ δ), µζI (δ)}.
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Now, µζF (0) ≤ t = µζF (E ). Thus,

µζF (0) ≤ µζF (E ), ∀E ∈M.

Assume that µζF (E ) ≤ max{µζF (E ∗ δ), µζF (δ)} for all E , δ ∈M is not true. Then, there exist E0, δ0 ∈M

such that
µζF (E0) < max{µζF (E0 ∗ δ0), µζF (δ0)}.

Let
t0 =

1

2
[µζF (E0) + max{µζF (E0 ∗ δ0), µζF (δ0)}].

Then
µζF (E0) < t0 < max{µζF (E0 ∗ δ0), µζF (δ0)}.

So, E0 ∗ δ0 ∈ U(ζ, t0) and E0 /∈ U(ζ, t0). But U(ζ, t0) is a Ẑ-ideal of M, we have E0 ∈ U(ζ, t0), so
µζF (E0) ≤ t0. This is a contradiction. Hence, µζF (E ) ≤ max{µζF (E ∗ δ), µζF (δ)}. Therefore, ζ is a
neutrosophic Ẑ-ideal ofM. �

Definition 3.5. Let ζ be a neutrosophic Ẑ-ideal of a Ẑ-algebra M. For each t ∈ [0, 1], a Ẑ-ideal U(ζ, t) is

referred to as the upper-level Ẑ-ideal of ζ.

Remark 3.6. Henceforth, upper-level Ẑ-ideals will be designated as level Ẑ-ideals.

Theorem 3.7. A neutrosophic set ζ of a Ẑ-algebra (M, ∗, 0) is a neutrosophic Ẑ-ideal of M if and only if every

non-empty level subset U(ζ, q), where q ∈ Im(ζ) forms a Ẑ-ideal of M.

Proof. Let ζ be a neutrosophic Ẑ-ideal of M. Then µζT (0) ≥ µζT (E ), ∀E ∈ M. Hence, E ∈ U(ζT , q),
µζT (0) ≥ q =⇒ 0 ∈ U(ζT , q). Now, for any E , δ ∈ M, assume that E ∗ δ ∈ U(ζT , q) and δ ∈

U(ζT , q). Then µζT (E ∗ δ) ≥ q and µζT (δ) ≥ q =⇒ min{µζT (E ∗ δ), µζT (δ)} ≥ q. Thus, µζT (E ) ≥

min{µζT (E ∗ δ), µζT (δ)} ≥ q. Thus, E ∈ U(ζT , q), so U(ζT , q) is a Ẑ-ideal of M. Similarly, U(ζI , q) is
a Ẑ-ideal of M. Now, µζF (0) ≤ µζF (E ) ∀E ∈ M. Hence, E ∈ U(ζF , q), µζF (0) ≤ q =⇒ 0 ∈ U(ζF , q).
Now, for any E , δ ∈ M, assume that E ∗ δ ∈ U(ζF , q) and δ ∈ U(ζF , q). Then µζF (E ∗ δ) ≤ q and
µζF (δ) ≤ q =⇒ max{µζF (E ∗ δ), µζF (δ)} ≤ q. Thus, µζF (E ) ≤ max{µζF (E ∗ δ), µζF (δ)} ≤ q. Thus,
E ∈ U(ζF , q). Hence, U(ζF , q) is a Ẑ-ideal ofM.

Conversely, let U(ζT , q) be a Ẑ-ideal of M for q ∈ Im(ζT ). Let E , δ ∈ M. For any q ∈ Im(ζT )

and q = min{µζT (E ∗ δ), µζT (δ)}. This indicates E ∗ δ, δ ∈ U(ζT , q). Since U(ζT , q) is a Ẑ-ideal of
M, we have E ∈ U(ζT , q). This confirms that µζT (E ) ≥ q = min{µζT (E ∗ δ), µζT (δ)}. Similarly,
µζI (E ) ≥ min{µζI (E ∗ δ), µζI (δ)}. Let E , δ ∈M. For any q ∈ Im(ζF ) and q = max{µζF (E ∗ δ), µζF (δ)}.
This indicates E ∗ δ, δ ∈ U(ζF , q). Since U(ζF , q) is a Ẑ-ideal ofM, we have E ∈ U(ζF , q). This confirms
that µζF (E ) ≤ q = max{µζF (E ∗ δ), µζF (δ)}. Hence, ζF is a neutrosophic Ẑ-ideal ofM. �
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Theorem 3.8. Let ζ be a neutrosophic Ẑ-ideal of a Ẑ-algebraM and let E ∈M. Then µζ(T,I,F )
(E ) = t if and

only if E ∈ U(ζ(T,I,F ), t) but E /∈ U(ζ(T,I,F ), q) ∀q > t.

Proof. Assume µζT (E ) = t, so E ∈ U(ζT , t). If E ∈ U(ζT , q) for q > t, then µζT (E ) ≥ q > t. This leads
to contradiction, µζT (E ) = t. Hence, E /∈ U(ζT , q),∀q > t. Similarly, µζI (E ) = t. Hence, E /∈ U(ζI , q)

∀q > t. Assume µζF (E ) = t, so E ∈ U(ζF , t). If E ∈ U(ζF , q) for q < t, then µζF (E ) ≤ q < t. This
opposes the fact that µζF (E ) = t. Hence, E /∈ U(ζF , q), ∀q < t.

Conversely, let E ∈ U(ζT , t), but E /∈ U(ζT , q) ∀q > t. Thus, E ∈ U(ζT , t) =⇒ µζT (E ) ≥ t. Since E /∈

U(ζT , q),∀q > t, we have µζT (E ) = t. Similarly, µζI (E ) = t. Let E ∈ U(ζF , t), but E /∈ U(ζF , q),∀q < t.
Thus, E ∈ U(ζF , t) =⇒ µζF (E ) ≤ t. Since E /∈ U(ζF , q),∀q < t, we have µζF (E ) = t. �

4. Ẑ-Homomorphism of Neutrosophic Ẑ-Ideal in Ẑ-Algebra

In this section, we investigate how neutrosophic Ẑ-ideals behave under structural transformations
between Ẑ-algebras through the lens of Ẑ-homomorphisms. By examining the pre-image and endo-
morphic images of these ideals, we demonstrate that key neutrosophic properties are preserved under
both surjective and internal mappings. Theoretical results are supported with precise formulations,
confirming that the algebraic integrity of neutrosophic Ẑ-ideals remains intact under homomorphic
operations—thereby reinforcing their robustness in abstract algebraic frameworks and potential for
structural generalization.

Definition 4.1. Let M and Y be two Ẑ-algebras and h : M→ Y be a function. If ζ is a neutrosophic set in Y,

then the pre-image of ζ under h denoted by h−1(ζ) is the neutrosophic set inM, is defined by

h−1(ζ) = {E : h−1(ζT (E )),h−1(ζI(E )),h−1(ζF (E )) | E ∈M},

where

h−1(ζT (E )) = ζT (h(E )),h−1(ζI(E )) = ζI(h(E )), and h−1(ζF (E )) = ζF (h(E )).

Theorem 4.2. Let h : M → Y be a Ẑ-epimorphism of Ẑ-algebras. If ζ is a neutrosophic Ẑ-subalgebra of Y,

then the pre-image of ζ under h is a neutrosophic Ẑ-subalgebra of M.

Proof. Let ζ be a neutrosophic Ẑ-subalgebra of Y, and let E1,E2,E3 ∈M. Then

h−1(ζT (0)) = ζT (h(0))

≥ ζT (h(E1))

= h−1(ζT (E1)).

Similarly, h−1(ζI(0)) ≥ h−1(ζI(E1)). The remaining case,

h−1(ζF (0)) = ζF (h(0))
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≥ ζF (h(E1))

= h−1(ζF (E1)).

Now,

h−1(ζT (E2 ∗ E3)) = ζT (h(E2 ∗ E3))

= ζT (h(E2) ∗′ h(E3))

≥ min{ζT (h(E2)), ζT (h(E3))}

= min{h−1(ζT (E2)),h−1(ζT (E3))}.

Similarly, h−1(ζI(E2 ∗ E3)) ≥ min{h−1(ζI(E2)),h−1(ζI(E3))}. The remaining case,

h−1(ζF (E2 ∗ E3)) = ζF (h(E2 ∗ E3))

= ζF (h(E2) ∗′ h(E3))

≤ max{ζF (h(E2)), ζF (h(E3))}

= max{h−1(ζF (E2)),h−1(ζF (E3))}.

Hence, h−1(ζ) is a neutrosophic Ẑ-subalgebra ofM. �

Theorem 4.3. Let h : M→ Y be a Ẑ-epimorphism of Ẑ-algebras. If ζ is a neutrosophic Ẑ-ideal of Y, then the

pre-image of ζ under h is a neutrosophic Ẑ-ideal of M.

Proof. The proof is similar to Theorem 4.2. �

Definition 4.4. Let h be a Ẑ-endomorphism of a Ẑ-algebra M and let ζ be a neutrosophic set on M. A new

neutrosophic set ζh onM is defined by the membership function:

µζh
(T,I,F )

(E ) = µζ(T,I,F )
(h(E )), ∀E ∈M.

Theorem 4.5. Let h be a Ẑ-endomorphism of a Ẑ-algebraM and ζ be a neutrosophic set onM. Then ζh will

also be a neutrosophic Ẑ-ideal ofM, provided that ζ itself is a neutrosophic Ẑ-ideal.

Proof. The proof is straightforward. �

5. Strongest Neutrosophic Relation of Neutrosophic Ẑ-Ideals in Ẑ-Algebras

This section introduces a pivotal extension of neutrosophic Ẑ-ideals through the formulation of
their strongest neutrosophic relation. By constructing a binary relation over the Cartesian product
M×M, we explore how the interaction between two distinct neutrosophic Ẑ-ideals can be captured in
a structured and algebraically meaningful way. Specifically, the relation is defined using the infimum
(min) for truth and indeterminacy, and the supremum (max) for falsity—reflecting the strongest logical
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overlap between ideals. A key theorem is established, demonstrating that this combined relation retains
the defining properties of a neutrosophic Ẑ-ideal, thereby extending the ideal structure to product
algebras without loss of integrity.

Definition 5.1. Let ζ1 and ζ2 be two neutrosophic Ẑ-ideals of M. Then the strongest neutrosophic relation

ζ1 × ζ2 is defined by:

ζ1 × ζ2 : M×M→ [0, 1]

such that

ζ1 × ζ2 = {(E , δ) : µζT1
×ζT2

(E , δ), µζI1×ζI2 (E , δ), µζF1
×ζF2

(E , δ) | E , δ ∈M},

where

µζT1
×ζT2

(E , δ) = min{µζT1
(E ), µζT2

(δ)}

µζI1×ζI2 (E , δ) = min{µζI1 (E ), µζI2 (δ)}

µζF1
×ζF2

(E , δ) = max{µζF1
(E ), µζF2

(δ)}.

Theorem 5.2. Let ζ1 and ζ2 be neutrosophic Ẑ-ideals in a Ẑ-algebra M. Then ζ1 × ζ2 is a neutrosophic Ẑ-ideal

inM×M.

Proof. Let ζ1 and ζ2 be two neutrosophic Ẑ-ideals inM. Let (E1,E2) ∈M×M. Then

µζT1
×ζT2

(0, 0) = min{µζT1
(0), µζT2

(0)}

≥ min{µζT1
(E1), µζT2

(E2)}

= µζT1
×ζT2

(E1,E2).

Let (E1,E2), (δ1, δ2) ∈M×M. Then

µζT1
×ζT2

(E1,E2) = min{µζT1
(E1), µζT2

(E2)}

≥ min{min{µζT1
(E1 ∗ δ1), µζT1

(δ1)},min{µζT2
(E2 ∗ δ2), µζT2

(δ2)}}

= min{min{µζT1
(E1 ∗ δ1), µζT2

(E2 ∗ δ2)},min{µζT1
(δ1), µζT2

(δ2)}}

= min{µζT1
×ζT2

(E1 ∗ δ1), (E2 ∗ δ2), µζT1
×ζT2

(δ1, δ2)}

= min{µζT1
×ζT2

(E1,E2) ∗ (δ1, δ2), µζT1
×ζT2

(δ1, δ2)}.

Similarly,

µζI1×ζI2 (0, 0) ≥ µζI1×ζI2 (E1,E2),

µζI1×ζI2 (E1,E2) ≥ min
{
µζI1×ζI2 ((E1,E2) ∗ (δ1, δ2)), µζI1×ζI2 (δ1, δ2)

}
.
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Let (E1,E2) ∈M×M. Then

µζF1
×ζF2

(0, 0) = max{µζF1
(0), µζF2

(0)}

≤ max{µζF1
(E1), µζF2

(E2)}

= µζF1
×ζF2

(E1,E2).

Let (E1,E2), (δ1, δ2) ∈M×M. Then

µζF1
×ζF2

(E1,E2) = max{µζF1
(E1), µζF2

(E2)}

≤ max{max{µζF1
(E1 ∗ δ1), µζF1

(δ1)},max{µζF2
(E2 ∗ δ2), µζF2

(δ2)}}

= max{max{µζF1
(E1 ∗ δ1), µζF2

(E2 ∗ δ2)},max{µζF1
(δ1), µζF2

(δ2)}}

= max{µζF1
×ζF2

(E1 ∗ δ1,E2 ∗ δ2), µζF1
×ζF2

(δ1, δ2)}

= max{µζF1
×ζF2

(E1,E2) ∗ (δ1, δ2), µζF1
×ζF2

(δ1, δ2)}.

Hence, ζ1 × ζ2 is a neutrosophic Ẑ-ideal inM×M. �

6. Conclusion and Future Directions

This study presents a rigorous generalization of classical Ẑ-ideals by introducing the concept of
neutrosophic Ẑ-ideals within the algebraic framework of Ẑ-algebras. By incorporating the independent
degrees of truth, indeterminacy, and falsity, the proposed model offers a more expressive and adaptable
approach to uncertainty than traditional fuzzy or intuitionistic systems. Key properties such as closure
under intersection and preservation under homomorphisms were established, demonstrating both
theoretical soundness and operational versatility.

Building upon these foundations, several promising directions for future research emerge. A natural
progression involves the classification of neutrosophic Ẑ-ideals into prime, maximal, and semiprime
classes, enhancing the structural granularity of the theory. Extending this framework to broader alge-
braic systems—such as semigroups, modules, or near-rings—may reveal new algebraic behaviors under
neutrosophic uncertainty. Furthermore, the integration of topological or lattice-theoretic perspectives
could deepen our understanding of continuity, convergence, and ideal hierarchies in this context.

From an applied standpoint, developing computational methods to detect and manipulate neutro-
sophic Ẑ-ideals could accelerate their use in decision-making, data science, and AI systems where
ambiguity is inherent. Comparative studies with fuzzy and intuitionistic frameworks may further
highlight the strengths and limitations of the neutrosophic approach. Ultimately, this work lays a
strong foundation for both theoretical advancement and real-world impact in the algebraic modeling
of uncertainty.
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