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1. INTRODUCTION

A periodic Fourier integral operator (also called Fourier series operator) is defined by providing a
symbol and a phase function. Such operator can be expressed as follows
Apaf(w) =Y ™ a(z, )(Frnf)(€),  VF € C™(T),
Lezn
where (Frn f)(€) is the Fourier transform on the torus T", a(x, ) denotes the symbol and ¢(x, £) is the
phase function. These operators were first introduced by M. Rushansky and V. Turunen [13]. They
naturally emerged in the solutions of hyperbolic Cauchy problems with periodic conditions, as can be
seen, for example in [ [13], pages 410-411].

The boundedness of Fourier integral operators in a functional space is contingent upon conditions
on the symbol a(z, £) and the phase ¢(z, £). Several authors have established results on the extension of
Fourier integral operators in the LP(R™) spaces depending on the values of the real order of the symbol
(see [14] and [9]). Furthermore, D. Ferreira and W. Staubach [15] investigated the regularity of Fourier

integral operators within weighted Lebesgue spaces L%, (R"), where the weight function belongs to the
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Muckenhoupt space A,, for 1 < p < oo. In [18], K. Alexei Yu and S. Ilya M. studied the boundedness
of pseudo differential operators associated to a symbol in certain class of Hérmander.

Also, the study of periodic Fourier integral operators gives rise to a fundamental issue pertaining
to a topological property of these operators, namely the question of their boundedness in functional
spaces. For example, the study of the LP-boundedness of periodic Fourier integral operators with a

symbol a(z, &) € STH(T" x Z") i.e.
07 Aga(z, €)] < Caple)™ ),

with a positively homogeneous phase function of degree 1 (for { # 0), belonging to C*°(T" x R™\{0})
whose Hessian matrix is non-degenerate in the spaces L?(T"), was studied by D. Cardona, R. Mes-
siouene and A. Senoussaoui [4]. Moreover, D. Cardona in [3] studied the particular case when the
phase function ¢(z,§) = = - £ and established sufficient conditions on the symbol a(z, ) to ensure
boundedness of periodic pseudo-differential operators in the spaces LP(T"). However, it is obvious
that Lebesgue spaces with a constant exponent are not sufficient for modelling complex physical
phenomena, in particular those exhibiting spatial variation in properties, such as heterogeneous ma-
terials or non-Newtonian fluids. This led to the generalization to the variable exponent Lebesgue
spaces LP()(R"). Some authors such as [2], [ 1] focused on the extension of differential operators and
pseudo-differential operators in LP() (R") and e (R™).

In this paper, we focus on the study of periodic Fourier integral operators in the Lebesgue spaces
with variable exponent on the n-dimensional torus LP(")(T"). We first establish the boundedness of
periodic Fourier integral operators in L} (T™), when 1 < py < oo and deduce the boundedness of these
operators in LP()(T"), using the technique developed by V. Rabinovich and S. Samko [11]. We also
establish boundedness results for periodic Fourier integral operators in 2 (T™). The rest of the paper
is organized as follows. The Section 2 is devoted to preliminaries on variable exponent and weight

function in the torus. In section 3, we provide basic tools on periodic Fourier integral operators

2. PRELIMINARIES

The two first sections present the basic definitions and useful results in the sequel. For more

informations, see references [7], [2], [6], [13]-

2.1. On the torus.

(1) The Torus is the quotient space
T" = R"/Z" = (R/Z)",

obtained by the equivalence relation z ~ y <= z — y € Z", where Z" denotes the additive

group of integral coordinate.
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(2) We can identify T" with the cube [0,1)" C R", where the measure on the torus coincides with
the restriction of the Euclidean measure on the cube.
(3) A function f : R — Cis 1-periodicif f(x + 1) = f(x) Vax € R" and ! € Z". This definition
shows that there is a correspondence between functions defined on R™ and those defined on
.
To define Fourier integral operators, as well as operator series, we need the notion of Fourier transform.
Definition 2.1. The Fourier transform is defined by

Frn : C(T") —- S(Z"), f+— f,

where (Frn f) ()

flor = [ et o
Note that Fr« is a bijection and its inverse Fi,! : S(T") — C*(Z") is defined by:

flo) =" e[ ().

gezn

2.2. On periodic Fourier integral operators. Given that the notion of partial derivative is no longer
valid when & € Z", we use the concept of forward and backward difference operators, also known as

discrete derivatives.

Definition 2.2. Let (0;)1<;<n be the canonical basis of R". For a function a : Z" — C the forward and

backward partial difference operators of a are defined respectively by

Ag;a(€) = a(§ +6;) —al§),  Dgal€) = al§) —al§+9;). (1)
Fora = (a1, -+ ,a,) € N7,
Lemma 2.3 ( [13] Lemma 3.3.10). Assume that ¢, : Z" — C. Then for all « € N",

D e©AgY(E) = (DI D (Agp(£)) (&) (3)

Lezn Lezn

provided that both series are absolutely convergent.

Definition 2.4. Let m € R,0 < 4,p < 1. The Hérmander symbol class S7%(T" x Z") consists of
functions a(z,§) € C*°(T" x Z") which satisfy the estimation: for «, 8 € N, there exists a constant

Ca,p > 0 such that

Ag0la(x, &) < Co (@) Pl yp e T, Ve ez (4)
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The periodic Fourier integral operator (or Fourier series operator) associated to the symbol a(z, §) and
phase function ¢(z, {) denoted by A, , is defined by
Apaf(@) =Y T a(e, €)(Fra f)(€), Vf € O=(T"), (3)
Lezn
where ¢ : T x Z" — R is positively homogeneous of degree 1 in £ # 0 and the function x + e?¢(#:€)

is 1-periodic for all { € Z".

In the sequel, the operator A4 , will be denoted A.
In [13], the authors mentioned the result below which shows that properties of toroidal symbols
automatically imply certain properties for differences. The proof follows their Proposition 3.3.4: let

a(x, &) € CF(T™ x Z"™), k € N. For every a € N, and 3 € N*, | 3| < k we have the identity

AgOfa(w ) = > (-1 (O‘) Ofaw.€+7), V(&) eT" x 2" (6)

1y|<led v

2.3. Some basic tools on variable exponent and weight functions.

Definition 2.5. Let P(T") be the set of all measurable and 1-periodic functions p(-) : T" — (0, o]
and let p_ = essinf ern p(x) and py = esssup,crn p(z). The function p(-) € P(T") is said locally

log-Holder continuous, abbreviated p € Cllgcg(']l‘”), if there exists a constant cjos(p) > 0 such that

1
x’yer]rn,|w_y|<7

Ip(x) — p(y)| < Clog 7) =9

= —loglz —yl’

Definition 2.6. Let p(-) € P(T"). The variable exponent Lebesgue space L") (T™) is the set of all

measurable, 1-periodic functions f on T" such that o, (%) < oo for some A > 0, equipped with the

p(z)

f(z)
DU dx.

Luxemburg norm

where g, (ﬁ) :/

Lemma 2.7. (Theorem 4.3.12, [6]) If p(-) € P(T™) with p; < oo, then C5°(T") is dense in LP()(T™).

The following results are extremely useful. They are known in the literature for the Euclidean space

R™. Let’s denote by M the maximal operator and M# the sharp operator:

1
Mf(x) =sup ———
() =S 1B ] Jsen)

# T) = su ; - T
M (f)( ) r>10) |B(£U,T’)’ B(:p,r)|f(y) fB( Ndy,

| (y)|dz,

1
where fp(z) = sup

_ dy.
up o /B Iy
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Theorem 2.8. Let p(-) € P(T"). Suppose 1 < p_ < py < oo. Then the following properties are equivalent:

(1) The maximal operator M is bounded in LP)(T™);

2) The maximal operator M is bounded in LP' ) (T™), with i + -1 =1

( P OO

(3) There exists pg > 1 such that the maximal operator is bounded in L¥()/Po)(T™),

Since T" is identified with the cube [0;1)" C R", the above theorem is similar to the Theorem 3.35

of [5] where 2 or R" is replaced by T".

Definition 2.9. An operator T is of weak type (1, 1) if there is a constant C' > 0 such that for every

A > 0 we have

lellzomy

meas{x € T" : |Tu(z)| > \} < C 3

Theorem 2.10 ( [1] Theorem 2.1). Let T be a linear operator associated to a kernel K that satisfies the following

conditions
sup sup [jy|"*" 09K (2,y)| < oo, (7)
|a|]=1 z,yeT™
sup sup_ 2" 97 K ()| < oo (8)
|8]=1 x,ycT™

and T is of weak type (1, 1). Then for 0 < s < 1, there exists a constant Cs > 0 such that
MF (Tf) (@) < C:Mf(x), VfeCFT). ()
The weight functions in L spaces are useful in the proof of general and precise regularity results.

Definition 2.11. Let w € L}, (T") a non-negative function. Then w belongs to the Muckenhoupt

weights space A, for 1 < py < oo if

il = sup (@ /Q w(x)dx) (@ /Q w(w)polldx)po_l < o0, (10)

where Q is a cube in T".

By definition w € A; if there exists a constant C' > 0 such that Mw(z) < Cw(zx) for all x € T™.

Example 2.1 ( [15] Example 1). The function |z|* is an A, weighted, for 1 < p < oo, if and only if

—n<a<n(p-1).

Lemma 2.12 ( [8] Property 2). Suppose that w is in A, for some p € [1, co]and 0 < § < 1. Then w

5

belongs to A, where ¢ = dp + 1 — §. Moreover, [w’], < [w]s.

Next, we state the extrapolation theorem of Rubio de Francia [5] applied to the torus.
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Theorem 2.13. Suppose that for py > 1 and F is a family of pairs non-negative measurable functions such that
forallw e Ay
/ Flo)w(@)ds < o | GPw(@)dz, (F.G)€ F. (11)
n ’]In

p(-)

Ifp(-) € P(T™), po < p— < p4 < oo and the maximal operator M is bounded on L( 0 ) (T™), then there exists

a constant C > 0 such that
1Pl prromy < C Gl ooy (F,G) € F. (12)

Proof. Since the torus is identified to the cube [0;1)" C R", we replace R" by T" in the Theorem
424 5]. O

Definition 2.14. Let w € L} (T") be a weight.

loc

(1) If 1 < p < oo, L%, (T™) is the space of all functions f : T" — C with finite quasi-norm
gy = [ 17@F wia)ds.

(2) If p(-) € P(T™) such that 1 < p_ < p(z) < py < oo, qu(')(T”) is the space of all functions

f: T" — C with finite quasi-norm

10500 gy = 101l oy -

Proposition 2.15. Let p(-) € P(T") such that 1 < p_ < p(z) < py < occand 0 < s < p_.Ifw € L} _(T")

is a weight, then

1
1l opmy = 10 s (13)
L5 (T)

The following theorem is proved for constant p in the non-weighted case in [ [17], p. 148] and for

variable p(-) in the weighted case in [10], Lemma 4.1.
Theorem 2.16. Let T" be an operator with kernel K such that

Tf(x) = - K(z,z —y)f(y)dy-

Let p(-) € C\°8(T") such that 1 < p_ < py < oo and p(x) = puo for x| > R where R > 0. Suppose also a
weight function w € A,y of the form

n
w(@) = L+ al)? ] Jo —aul®, a4 €T
k=1

Then if
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n n mn
———— < P < —— and <B4+ Bk < , k=1,--- n, there exists a constant
p(zg) P (xk) Do k=t Pho
C > 0 such that

1711 30 zmy < C||MFT D) vf € (T, (14)

h ()’
3. Mains Resurts

We begin by proving the regularity of periodic Fourier integral operator in the weighted Lebesgue
space L} (T™), where the weight function is locally integrable and positive. To this purpose let’s set up

the following lemma.

Lemma 3.1. For all multi-indices o € N” and a(z,§) € C>°(T" x Z") we have

> Ml €) = (~)ETEY — )7 3 (A afa ).

Lezn gezn

Proof. By using the identity (1) we obtain:
A?1€2wi(x—y)‘f — 627”'(3?—1/)'5 _ 627”'(50—21)‘(54‘51)
1
_ 627ri(zfy)-£ - 627ri(xfy)-§ . e27ri(zfy)-51

— _2mi(e—y)€ ( 2mi(z—y)-o1 _ 1)
~An 2mi(z—y)-€ _ 2mi(v—y)-€ <€2m<zfy)-61 _ 1)
_ p2mi(e—y)-€ <e2m'<z—y) _ 1) '

Now the identity (2) with o = (a1 -+ - o) and € = (&1 - - - &) gives

(_1)|a|A?62wi(x—y).§ _ (627”;(3:73/) - 1>a . 627ri(:pfy)-§'

Thus
2mila=y)€ — (_1)lal (ezm(%y) _ 1)‘“ Age2mite=u)€,
This yields the result:
S el ta(e, €)= (—1)lel (e 1) T ST (Ageie € afag).
cezn gezn

O

Theorem 3.2. Let 1 < py < oo and w € Ap,. Let A : C°(T™) — C>(T") be the periodic Fourier integral
operator defined by

Af(z) =Y e Da(x, &) (Fr f)(€), Ve (T,

cezn
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where (z,€) : T" x Z" — R is a phase function such that x — e*™*(*£) is 1-perodic for all ¢ € 7" and

a(x, &) : T" x Z™ — C is a symbol satisfying the Hormander condition

07 Aga(w, £)] < Cap(€)m P,

withm < (p—1)|L — 3| — eand o, B € N"; € > 4. Then the periodic Fourier integral operator A is bounded

Po
on LE (T™).

Proof. The symbol a(z, ) € S;(T" x Z") is continuous and thus admits a Fourier series expansion
given by
a(z,&) =Y €™ Ma(n, &) forally € Z".
nezn"
Let us assume that f € C5°(T"). The decomposition of the phase function ¢(z,&) = z - £ + (&), where

Y(§) is a real values function belonging to C°*°(R™\ {0}) and is positively homogeneous of degree 1 in

§ # 0 gives

Af(z) =Y ™0 (z, &)(Fre f)(€)

Eezn
= 3 2rEE g, ) (Frn ) ()
cen
_ Z Z 627ri(33'§+’¢'(5))ezﬂix'ndO%5)(fT"f)(§)
§EL™ neL™
_ Z iz (Z 28 G (. €)(Fpn f)(g)emw(s)) :
nezm™ gezn

One can see the expression

> T, &) (Fref)(©)e*m O

gezn

2mip(Dy)

as the symbol of the product of the two operators a(n, D) and e . Namely

(a(n, Do) P)) f(a) = 3 €2 €a(n, €)e O (Fpn f)(€).

cegn

It follows that

Af(x) = €™ a(n, Dy) f ()™ Px),

nezm”

where

a(n, Do) f(x) = > 2™ 8a(n, &) (Fra f)(€)

Eegm

is the Fourier multiplier.

We now estimate A f with respect to a(n, D) f.
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1
70
; Ppo
HAfHLﬁP(T") < {/ § ’2mw£ a(n, D f(x)e%rw(Dx) w(fc)dw}
nezr

< {/ a0, Da) f@)" w <>dx}”1°

nezL"

< ZH a(n, D ||Lp0('[rn)~ (15)

neL

The next step is to estimate the norm [|a(n, D) f|| 7o (Tn):

ot D)z = { [ a0 D)@ wiayi )"

< { / 120 emtam, ) f(€) w(w)daz}
ceqm
< 2o o, €) g)dy| i) b
{/ ! gzz/ o }
Po %
{ / / S e2milen)€a(n, €) f(y)dy w(as)daz} .
" eenn

We then apply Lemma 3.1 to deduce:

lla(n, Dx)fHprO(']l‘n)

L

By Lemma 2.3, and the second-order multidimensional Taylor expansion around (0, 0) to the function

[ 3 [neienoms - ymeagentian, ] )y

gezr

e27ri(xfy):
e2mi(z—y) —q +vel. 2ri(z —y) + o(||lx — ?/HZ)
=1+ 2mi(z —y) + o[l — y|?),
where Ve = (1, —1) is the gradient of the function e?m(@=Y) at the point (0, 0), we obtain

lla(n, D:c)fHLfUO(Tn)

< {/n/ Z 2m ~lal ( )Oce%ri(z—y)fﬁfd(n,f)} fly)dy w(x)dx}
cezn
< i o — - 1| dylncan | w@ds b
{/" gezz:n/" YISeatin, }
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1

< (@n)w ngam o) [ 1@ -9 fwldy] w@yde s
{/" éezn‘ a ‘/ ! }
< <2w>°f{ L3 182a0n9)] (1 =972 150D () w(m)dx}
cegn
)~ led *a po : z— )" % | O] w(z)dx %
< (2 (ngnAg <n,s>) L = £ 0l@ P wto)as |

Note that the convolution norm on the weighted spaces gives

{/IF" [[G@ =)™ > L OI@)[™ w(x)d:n}plo < HH—Ia\

< Callfll o (pny -

O e

Let’s use the estimate
|Aga(n, )] < Craln) (€A vr € Ny (16)

established in [13], Lemma 4.2.1. We obtain

1

PO
Hd(nvDI)fHLﬁP('ﬂ‘") <( Ia\c (Z Chraln) P (mpa+r6)P0) Hf”LfUO(T”)
gezr
1

PO
< (2m) e ()" ( > <£>(mp°‘+r‘5)p°) 1F1l 20 (my -
gezn

The series converge for 1 < r < [§] + 1. So, there exists a constant Cy, ., > 0 such that

”&(777 Dm)f”Lﬁ,O(T") < (27)_‘Q|Cr,a<77>_r0p0,7",a ||f||L£,O(’]I‘n)
= C;o,ra( >—7” Hf”LﬁO(Tn) .
We are now ready to formulate the boundedness of the operator A. If we go back to the estimate (15)
we can write

AL 2o gny < Y llan, Do) f (@)l oo (my

neLn

< Cpuraln) ™ Ifllizo e

nezLn"

< (01/70,7",04 Z <77>T) HfHLfUO(T")'

nezn"

Since r > 1, the sum 3, .. () ™" is finite and there exists a constant C, ;. , > 0 such that

Po,T,&x

1AL 29 (x2) < Cpo a1 29 () -
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O

Now, we present a sufficient condition for the boundedness of periodic Fourier integral operators in

generalized Lebesgue spaces LP()(T"), using Rubio de Francia extrapolation theorem on the torus.

Theorem 3.3. Let ¢(x, &) € C®(T™ x Z") be a phase function such that x s e*™*(®:%) js 1-periodic for all
£ € Z"and let a(x, &) € C°(T™ x Z™) be a symbol which satisfies
|Ag00a(x, &) < Cop(€)™ Pl Va,p e N
Forall p(-) € P(T") such that 1 < p_ < p(-) < py < oo, there exists a constant C' > 0 such that the periodic
Fourier integral operator A associated to the symbol a(x, §) satisfies
IAf N ey my < CIF e pny -

Proof. Let f € C3°(T"). Then f € LPO)(T™) since C3°(T") is dense in LP()(T™) (Lemma 2.7) .

Moreover, if 1 < p < ¢ < oo, there is a continuous embedding of Muckenhoupt classes A, — A, (see
Lemma 2.12). Let w be a weight function in A;. Since py > 1, then w € A,,. By Theorem 3.2, the
operator A is bounded in L (T"). Moreover, the maximal operator is bounded on L(®()/P0)’(T") and
(IAf|,1f]) is a pair of positive functions. By Theorem 2.13, the periodic Fourier integral operator A is

bounded in LP()(T"), and there exists a constant C' > 0 such that
IAS N oy (omy < C NNl Loer (my -
g

Hereafter is the result of boundedness for periodic Fourier integral operators in weighted Lebesgue

spaces with variable exponent.
Theorem 3.4. Let a(x,&) : T" x Z™ — C be a symbol which satisfies the condition
107 AZa(x, )] < Ca,ple)™ P+,

where 0 < § < p < 1, the parameter m < —(n+1) forall o, f € N. Let ¢ : T™ x Z™ — R be a phase function
such that the function x v e*™9(@) is 1-periodic and satisfies the condition: there exist a constant C' > 0 such

that
07 (x,8)] < C.

Further, suppose p(-) € Cllgf(']I‘") such that 1 < p_ < p; < oo and p(-) = peo for |x| > R where R > 0. Let

w € Ay be a Muckenhoupt weight function of the form w(x) = (1 + |z|)? H |z — xx|P* such that for all

k=1
xp €T,

n mn n Ui n
————— << ——yand — —<B+ Y /J<— k=1,...,n 17
plan) < ) poe SOH 2P (17)
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Then the periodic Fourier integral operator A associated to the symbol a is bounded in A% (T™), and there exists

a constant C' > 0 such that
HAfHLﬁ)(‘>(Tn) S Cl ||f||LfU(')(T”) -

Proof. To simplify, we use the expression f < g which means that f < cg for some independent constant
c>0.
Let f € C3°(T") and 0 < ¢t < 1. We have
140500y = AN e
L (T
In what follows, we will decompose the proof in two steps.

First step: In this step, we establish the estimate
1
t

1AFll g0 oy < #1457 !

p() .
Lt (T

Let p(-) € CI°6(T™). Forall 0 < ¢ < 1, we have 2 () € CI°8(T™). Multiplying inequality (17) by ¢ gives

loc loc

n
— <10 < D) and <t6—|—kzltﬂk< 78 k=1,..n.
¢ 7

Furthermore, forall 0 < ¢t < 1, we have tp_ + 1 —t < p_. Thus by Lemma 2.12, the weight function w’
belongs to A,,_. Since the space A, C A, then w’ € A,y . Now, using Theorem 2.16 and the density
of C2(T™) in L (T™) (see Lemma 2.7), for all f € C5°(T™),

1
t

1A o0 ooy S [[ M7 (1411)

(7 .
Lt (T

Second step: For the second step we show that

1
HM# (A e
L t

<
(Tn) ~ ||f||Lﬁ(A)(T”) ‘

Let’s establish the conditions of the Theorem 2.10, where K (z,y) is the kernel associated to the periodic

Fourier integral operator A :

n+1

sup sup_ [y |08 K (2, y)| < o,

|o/|=1 z,yeTn

sup sup [zl ‘85/K(ﬂs,y)‘ < 00
|8’|=1z,ycT™

By using the Leibniz formula as well as the estimates on the symbol a and the phase ¢, we obtain

0y K (z,y) =05 | Y T 0@ v 8a(a,¢)

cezn

=3 Y Can@ri)06(x,€)08 Va(x, €)X ~v5),

EEL™ |y|<|e|
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Consequently

x Y ‘ < Z Z ’ 27(’1 Ma’y¢ 1‘ §>8O‘ ’Ya(x E) 2mi(¢p(x,8)—y-€)

EeZ™ |y|<|o/|

<3 Y Cun 10268l |0 T a(w,6)|
£€Z" y|<|o/|

<D0 Y Cucmtl <
EeZ™ |y|<|o/|

Since m + 6|’ — 7| < —n, this ensures convergence with respect to {. Moreover, by multiplying

Y K (x, y)’ by ly|"** and considering the identification of T" with the cube [0,1)", such that for all

n+1 | qa’
9, K(m,y)‘ < 00

y € T" we have |y| < 1, we can conclude that sup sup ||z||
la/|=1 z,yeT™

We now give an estimate of ]85 'K (x,y)|

8 K(.w)| < 3 |(2xi) el Ma(z ©)

ceun

<> clgmtal

Lezn

Using the precedent idea for # € T" we obtain sup sup ||z||"*"

8§/K(x,y)‘ < 00
|8/|=1 z,yeT™
Note also that if the symbol of integral operators is order m < —(n + 1) then this operator is a locally

weak (1, 1) [Seeger [16]]. Since the kernel satisfy (7) and A is a locally weak (1, 1), the Theorem 2.10

yields

-

|a# 1517y

= [IM(f)

t (T™) HLZZ’(‘)(Tn) )
wt

o SO,

wt

h .

Moreover, the maximal operator M is bounded in A% (T™) (Theorem 2.8). Thus, by the density of
CS°(T™) in LPO)(T™) (Lemma 2.7), we have
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It follows that
||Af||LZ,(‘)(T") 5 HfHLfU(')(T”) .
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