Asia Pac. ] Math. 2025 12:93 ASIA PACIFIC ACADEMIC

THE HOMOGENEOUS ¢-SHIFT OPERATOR FOR POLYNOMIALS WITH DOUBLE
¢-BINOMIAL COEFFICIENTS

NEDAA Q. MOHAMMED!, HUSAM L. SAAD**

'Department of Educational and Psychological Sciences, University of Basrah, Iraq
2Depar’cmen’c of Mathematics, University of Basrah, Iraq

*Corresponding author: hus6274@hotmail.com

Received Aug. 4, 2025

AsstrACT. Within this document, a homogeneous g¢-shift operator is constructed and we form a
polynomial with double g-binomial coefficients Lg 'fc)(/a’, u, m,o0,1,s,p). The generating function, the
Rogers type, Mehler’s formula, and mixed generating functions and all of its extension are inferred
for the polynomials Lg ”;)(57u,m7 o,r,s,p). When we take a few special values for a polynomials
Lg *) (B,u,m,0,7,s,p) are provided for the purpose of find the polynomials’ identities for L;w (B,u,0,7)
and LGP (B,u,m,o0,7). Also we develop the generating functions of a class mixed. Using generating
functions for Lg *) (B,u,m,o0,r,s,p), atransformation formula is derived.
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1. INTRODUCTION

This section, the g-series symbols and definitions used in [15] shall be adhered to. Our hypothesis is

that |¢| < 1.
The g-shifted factorial for ¢ € C is defined as [ 13-15].
m—1 [e'¢)
(Go=1, (Gm=[]0-cd"), (50e=]]0-c"),
k=0 k=0

The following relation is true:
(017 C2,...,Cp; Q)g = (Cl§ Q)g(C% Q)g ce (CT; Q)ga
where g € Z or cc.
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The fundamental series , ¢, can be presented as follows [6,15,25]:

b ( Biy.. .y By ;q,x) _ Z ((Bl,...,ﬁrSQ)n [(—1)"(](3)} 1+sfrl‘n’

at,...,04 n—0 qvalv---aas;CZ)n

where ¢ # 0 when r > s + 1.
Note that

(675 T 6 7 i—0 (qvalv"-,ar;Q)i

oo
s ( Biy..wy Bria ;q7x) -y (51,...,57«“,@195@7 2] < 1.

The g-binomial coefficients is defined as follows [15,19,32]:

m] (@ Dm
[l} (6L (6 0)mt for O<tsm,

where m, [ € N.

The following relationships apply to the generalized coefficients of g-binomial [10] :

7N _ @k k(%

e a1
o I G BT g
[k} I L 70 (12)

where v € C.

The following identity is called Cauchy [2,7,8]:

 (0i); 5 (i)
Y iy Qv ) oy (13)
= (@), (45 @)oo

Cauchy identity with b = 0 provides Euler’s identity [15]:

[e.9]

Yy’ 1
= .yl < 1.

= (@d; B

The ¢g-Chu-Vandermonde’s identity is [15,21,29]:

201(¢" ", d;e5q,q) = mﬂ d™. (14)

This study will make use of the following identities [18,22,23]:

(ag ™™ @)m = (¢/a; @)m(—a)™g ™ (3. (15)

- (G Dm 1y ()-m
= G (1)
The definition of Hahn polynomials is as follows [5,17,28]:
U U 4
ol =3 |1] @t
q

- u
=0
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The generating function that follows was introduced by Srivastava and Agarwal [33] in 1989:

m . )\7
Z o) (1) (A; @) m (qfq)m = (():Gf’qq)?: 201 ( P ;q,;vs) , max{|s|, |zs|} < 1.

The following is a definition of the Cauchy polynomials [3,30,31]:

Pr(s,t)=(s—t)(s—qt) - (s— qm_lt) = (t/s;q)m s™
whose generating function is [1,4,27]:

S " Whae
2 e g = g 47

Goulden and Jackson gave the following identity [16]:
Pt = 3 | (1)@ am (18)
— LJ
7=0
The canonical definition of the g-differential operator, also referred to as the ¢-derivative, is [12,24]:

fle) = flae)

Cc

qu(c) =

Regarding the operator Dy, the ¢-Leibniz rule, is shown below [12,26]:

DM (@)g(a))} = ZH =) DE{ £ (a)} DI+ g (ag")}.

The key property of the operator D, is [ 10]:
D { (b ¢)oo } _om (/Y D (0259) o0
(by; @)oo (023 ) (by; @)oo
The g-exponential operator was defined by Chen and Liu [12] as

= (bDy)"
T(0Da) = Z_;) (¢; q))n '

byl < 1.

—

Using functions in two variables, the homogeneous ¢-difference operator D,; was defined by Chen
etal. [11] in 2003 as:

f(s,q7't) — f(gs,t)
s—q 1t '

Dy {f (s, 1)} =

Additionally, they erected the operator which is homogeneous g-shift like this:

Proposition 1.1. [11]. We have
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In 2021, Jia et al. [20] presented the subsequent polynomials:
. n B T n—
LogBuon =3 1] []] w0 O gt 19)
=0 q -9
where
e - - 1 -
T(],k‘)_]<;>—k‘<l; ), j,keR (1.10)
The findings of Jia et al. [20] are
Theorem 1.2. [20]. We have
The generating function for L i (8, u, 0,7):
= t" 1 S~ EaPma Giyu
Lz (B,u,0,r = TORHB (o) |ut] < 1. 1.11
Z_: G @ (Ut;Q)oolz(; & (o), It (L)
The mixed generating function for the polynomials L ; 1, (5, u, 0,7) is:
P,(t,s) )oo (r8/t0)i G+
L~ - - \5 875 9)i (k) +(5) 1.12
nzo 5 oo P Z ; } DR ey,
where |ut| < 1.
An extension of the polynomials L ; (ﬂ ,u,0,7) was presented in 2021 by Cao et al. [9] as
10 umon) =3 | [[] 700 Osanpeum (1.13)
=0 q -4
The findings of Cao et al. [9] are as follows:
Theorem 1.3. [9]. We have
The generating function for Ly» (B,u,m,o, T) is
N LGB "o )oo i q L rGRIHB (gl
ZLn (67u7m707 7’) Z (Ot) y (114)
— (@@ Joo =2
where |ut| < 1.
For generalised q-polynomials L (ﬁ, u,m,o,r), the Rogers formula is
" (mzge - (uzq)kd”
L B,U m,o,r
7;,;0 2 )(q; Dn (@ Dk (/2,023 oo kzo (¢,mz,q2/t; q)x
.- ¢ ", riq)
qu'”(] ) %(ozqk)l, max{|t/z|,|uz|} < 1. (1.15)
P (4% ¢*)
Mixed generating function for Lg’k) (B,u,m,o,r)is
@) (2]q) LGP (8, u,m, 0,7 " Joo (59) 19” L ut; g)ng”
,;fb" (rlaka )(q;q)n ut } @)oo ;%% %4q mt,q, Dn
_ B, . n\l .-
« ( q 7(])l(7‘,Q)l(0tq ) qlﬂ—l—ﬂ-(],k)’ |ut| < 1. (116)

(4% ¢
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In 2022, Cao et al. [10] showed how the polynomials Lg ) (8,u, m,o0,r) can be extended as:

L’gﬁ) (67 u,m, 0,7, Sap) = Z |:n:| |:B:| QT(E’];)Jr(é)moan_k(u, ’I’I’L)Ol. (117)
1=0 ! q ! —q (p; q)k
Cao et al. [10] lead to the following outcomes:
Theorem 1.4. [10]. We have
The generating function for Lﬁf’k) (B,u,m,o0,r,s,p) is
- n . x  _-B . L
ZL ] k /67,“ m, o, ,r_ s p) t — (mt7q)00 ( q 7r7 S7q)lql6+7—(‘77k)(0t)l’ (118)

(@ On  (ut;q)se = (¢*:¢*)i(Piq)

where |ut| < 1.

The Rogers formula for Lg’k) (B,u,m, 0,7, 8,p)is

A (mz; q)oo
L =
nz(]kzo o 28,0150 (GOn (GO (t/2,u2¢)00
> o (=g B s
uz q k’ lﬁ—‘r'r]k: T757Q)l kNl
x q —OZQ , max{|t/z],|uz|} < 1. 1.19
Z (g, mz,qz/t;q)x Z (¢2; q)(pﬂ])l( ) {1t/ luz|} ( )

=0

The mixed generating function for L%j k) (B,u,m,o,r,5,p) is

> 17 " (mt; q)oo
(@) (X|q)LI*) (B8, u,m, 0,7, s, =
,;)qj" (Kla) L5 p)(q;q)n (ut; q)oo
oo oo K
() X5 (@5, ut; )ng” (=477 Q)i(r, 5:0)1(0t™)" 15476k
X TR ut] < 1. (1.20
222 (Ga)xk  (mt,q;q)n (¢%; a*)i(p; @) I [ud (120)

The findings above for Jia et al. [20], Cao et al. [9] and Cao et al. [ 10] are obtained by the method of
g-difference equations.

The rest of the paper is organized as follows: The homogeneous ¢-shift operator
O(B,, s,p; q,0Dym) will be outlined in section 2, and we’ll figure out a few of its identities. To get
the generating function and its extension, we will use the operator Q(S, r, s, p; ¢, 0Dy ). We will use
the operator O(3,, s, p; ¢, 0Dym,) to find the generating function and its extension for the polynomials

L£§ k) (B,u,m,0,r,s,p) in Section 3. The operator technique in forth Section will be used to drive an

extension of Rogers’ for the polynomials L,(f k) (B,u,m,o0,r,5,p). An extension of Mehler’s formula

for polynomials LS? k) (B,u,m,0,r,s,p) are presented in Section 5. In section 6, two mixed generating

functions are constructed for the polynomials Lg ) (B,u,m,o0,r,s,p). Finally, We will use the homoge-

neous g-shift operator O(f, r, s, p; ¢, 0Dy, ) in section 7 to obtain the transformational identity for the

polynomials Lg’]%) (B,u,m,o,r,s,p).
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2. OPERATOR IDENTITIES FOR THE GENERALISED HOMOGENEOUS q—SHIFT OPERATOR

We start this section by presenting the homogeneous g-shift operator in the manner described below:

T y Ty S5 Q) l
O(B,r,5,p;q,0Dym) = E P RO R A LIL VINDY s R 21
( (¢%5q ) (p;qh ( ) 21

O(0Dym) will be used to represent the operator O(B, 1, s,p; q, 0Dym ). We use the following notations

for simplicity:

(=g ", rsiah
O(B,r,5,p;4,0) qu”” *) 0.
= (4% q 7, (P3q)i
. 73q
M(B,r:q,0 qu+ Gy ( % rsa

QQ)

Proving the following lemma is easy:

Lemma 2.1. Assuming that the operator Q(0D.,,) is defined as in (2.1), then

OB, 7, 5,34, 0Dum) { Pa(u,m)} = LI (8,0,m, 0,7, 5,p). (2.2)
OB, r,s,p;q,0Dum) { ((73;”5))::} = ((Zi’qq)): O(B,r,s;q,0t), |ut| <1. (2.3)

Lemma 2.2. Given the operator O(j3,r, s, p; q, 0Dy, defined in (2.1), then

Pi(u, m)(mt; q)oo }
(mt; q)i(ut; q)oo

OB, 7,5, p; ¢, 0Dum) {
(mt: 9)oo i~ (a7 utz )
== ————¢°O(B,r,s,p;q,0tq°), |ut| <1. 24
(ut; @)oo ;} (¢, mt;q)c ( bl (24)
Proof. We shall discover that by employing ¢-Chu-Vandermonde sum (1.4).

Pi(u,m)(mt; @)os _ (mt; @)oo (M/u; )i ;
(mt;q)i(ut; @)oo (ut; @)oo (Mt;q);

= 2 g (g utymit; g, q)

(75 q)e (¢°mt; @)oo .
0 (¢;9)e (q°ut; @)oo = (2.5)

o
I

Utilising (2.5), we arrive at

. Pi(u,m)(mt; q)oo
@(B’T,S,p,q,ODum){ (mt; q)i(ut; q)oo }

3 ! _i; cC ¢ ¢ tﬂ [e’e)
=t ZL 2 7°O(B, 7, 5,p; ¢, 0Dum) {(q mit; ) }

= (69 (q°ut; q)oo
_ i i (@5 a)e (@mt;q)s

q
— (;q0)c  (¢°ut; @)oo
c=0

O(B,r,s,p;q,0tq°). (by using (2.3))
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i
3. THE GENERATING FUNCTION FOR Lgf’ )(6, U, M, 0,7, 8,P)

For the polynomials Lq(@j k) (B,u,m,0,r,s,p), we shall derive the generating function and its extension

using the operator representation (2.2). We will provide some distinctive values for the parameters in

the generating function and its extension for the polynornials L(j k) (B,u,m, o, r, s, p) in order to obtain

the generating function and its extension for both L (ﬁ ,u,0,7) and L( (B Uy M, 0,T).

Theorem 3.1. (Generating function for L (6, u, m,o,r,,p)). We have

ik " (”Lt;Q)oo
ij (B,u,m,o,r,5,p = O(B,r,s,p;q,0t), |ut| <1. 3.1
Z aan ~ (gl b G.1)

Proof.

St nmananl

= ngo OB, 7, 8,0, q, 0Dy ){ P (u,m)} @O

o0 tn
:(O)(B,T’,S, ) 70Dum){ Pn(l', ) }
P nz% @ an
(mt;@w}

(ut; q)so

— O(8,7,5,p, 4, 0Dum) {

_ (mt;q)os "
- (Ut Q)oo (57 S p7Q7Ot)

g

e Setting m = s = p = 0 in equation (3.1), we get the generating function for L ; (5, u,0,7)

(equation (1.11)).
e Letting s = p = 0 in equation (3.1), we regain the generating function for% k) (B,u,m,o,r)

(equation (1.14)).

Theorem 3.2. (An extension of the generating function for L ( B,u,m,o,r,5,p)). We have

tn (mt; Q)oo —k
Ln (B,u,m,o,r,8,p = t
Z i @on ~ (tig)es
ko,
X ;) @ mt 2 qJO(ﬁ,r s,piq,otg?),  |ut| < 1. (3.2)
Proof.
ZLgffk (B,u,m,0,7,5,p) &
(@ Dn

n

= Z@(Ba r,s,p;4, ODum) {Pn—i-k(uvm)}

2 @O (by using (2.2))
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=0O(B,r,s,p;q,0Dum) {Pk(u,m) Z P, (u, mq®) " }
= (¢ Dn

mtq®: ¢)as _
=0O(B,r,s,p;q,0Dum) {Pk(u,m)M} (by using (1.7))

Py(u,m) (mt; q)eo }
(mt; q) (ut; q)oo

— OB, 7, 5,13, 0Dum) {
k
t k
j=

OO

t: ,
" utiq); ¢ O(B,r,8,p;q,0t¢?). (by using (2.4))
— (g, mt; q);
O
e Setting k = 0 in equation (3.2), we obtain the generating function for L£Z ’k)(ﬁ L, Uy M, 0,7, 8,D)
(equation (3.1)).
eIf s = p = 0 in equation (3.2), we find an extension to the generating function for

Lg’%)(ﬁ, Uy M, 0,T).

Corollary 3.3. We have

W55 ing (8,7 q0tq),  Jut] < 1.

Corollary 3.4. We have

2 : (3.F)
L /37 u? 0,”"
~ ik @

k
ut ; :
= Z Vi g0 (B, s, 0t¢"),  Jut] < 1.
(ut; @)oo s q);

4. RoGers FORMULA FOR L%j’k) (B,u,m,o0,7,5,p)

We will present an operator approach to Rogers’” formula and its extension for the polynomials

L7(1j7k) (57 U, M, 0,7, s,p) in this section.

Theorem 4.1. (Roger’s formula for L (ﬂ ,u,m,0,r,8,p)). We have

A (m2; oo
LY B,u m,o,7,8,p =
nzokzo n+k )(%Q)n (e (t/z,uz;9)00
oo
» Z (uz;q)k kO(B,T,S,pS q, ozqk), max{[t/z|, |uz|} < 1. (4.1)

— (¢,m2,q2/t;q)k
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Proof.
n k
U, k) t z
ZZL (B,u,m,0,7,5,p)
n+k :
=0 k=0 (4 Dn (@ Dk
= ii©(ﬁar73ap; q70Dum) { Pn+k(u,m)} " Zk
=0 k=0 (@ Dn (¢ Dk
> Lk
= O(B,1,8,p;q,0Dum  (u,
( ) n=0 ( (q,q)
S t" (qan;Q)oo ,
= O(B,7,5,p; 4, 0Dum Br(u,m by using (1.7
S ){2 ) e (umgee [ Y 58 (1))
= P,(u,m) (mz;q)co
= - @(67T7S>p;Q70Dum){ (_ ) _q) }
n=0 (q’ Q)n (mZ7Q)n (UZ7Q)OO
- " (Mmz; q)oo JUZ )k ke A .
- z OIB’T7S’ ;4,02 by usin 2.4
,;)(Q;Q)n (42 @)oo k:ZO (g, mz; q) ( p;q,02q")  (by g (2.4))
- q"O(B,r,s,p;q,0z
2 e 2 G OB s 0nd)
k
(Mmz; @)oo x~_(uz;@)k 4, - t/z hg(5)—nk
= O 77'7 S? 7 702
(uz; q) oo kzz:o (g, mz;q)x ¢ 08 pi g, 02¢" ;Z:k )n .

(by using (1.6))

0 nk (_ 1\, (5)—(n+k)k
)oo Z (uz; q)k ’“O(B,r,s,p;qvozqk)z A A

)oo (g.mz;q)g — (¢ 9)n
n=0

_ ooi U W TIPS o i

)oo (¢, mz; q)k = (D

(M@)o o (uz; q)i(t/2)F(~ 1)k () "
C (us Qe = (a,mz k(a2 ¢)o OB.r.5,pi0, 020)

(m2; ¢)oo i(uz;q)k(t/z)k(—l)kq(g)

O(B,r,5,p; ¢, 024"
(Wt @) 2= (qomz Qula—Ft/z g 5P 0 0)

o0

(uz; q)y ¢*
(g,mz,qz/t; Q)

_ (mz; Q)oo
(t/z,uz;¢)

O(ﬁvrasvp; q, quk) (by using (15))
k=0
e If m = s =p = 0in equation (4.1), we obtain Rogers formula for LG P (B,u,0,7).

Corollary 4.2. We have

ZZLn+k B,UOT ( z

=i q) (4 9k
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_ 1 (w2 @)wd”
(/2,02 @)oo £=2 (0:92/t; @)k

M(B,7;q,02q"), max{|t/z|, luz]} < 1.

e If s = p = 0in equation (4.1), we find Rogers formula for Lg’iﬁ) (B,u,m,0,7) (equation (1.15)).

Theorem 4.3. (An extention to Roger’s formula for L$Z k) (8,u,m,o0,r,s,p). We have

oo 00 00 k) ta 7_b wc
L G, (B,u,m,o0,7,8,p)
azo bE:%; bt T NG @)asn (6506 (659)e
(mw > uw
Ve Z 4)e” O(B,r,s,p;q, owq®), (4.2)

B C(t/w,uw, T/t q)so — (g, mw, qu/t; q).
provided that max{|t/w|, |uw|, |7 /t|} < 1.

Proof.
o0 o0 o0 b

~ 7 ta T w
F A B,u,m,0,7,5,p
2_% kel )(Q;Q)a+b (@D (¢9)c

c

b c

= ZZZ@(B,T’,S,]); q, ODum) {Pa+b+c(u7m)} - . -

pr (4 Da+b (6 0)b (4 9)e

e T
= (O)(B?Tvsap;q,ODum {ZZPCL‘H’ u, m

et (4 @)a+s (@5 9)p

S a+b w*
X ZPc(u,q m)

(45 9)c

b

b

e o lNee)
ta’ T a+bmw7
:©(67T73ap;q70Dum) {ZZ Pa+b u, m (q Q)oo}

a=0 b=0 (G Darv (GOp (05 ¢)o

(by using (1.7))

i r Q(B,r,s,p;q,0D ){Pﬁb(u’m) (mw;Q)oo}
- . sy oy Uy Yy (mW;Q)a+b (’LL’LU,C])oo

e a a+b (a c
Sl R g

== (G Davs (G0 (¢, mw; q)e

x O(B,7,8,p;q,0w¢°) (by using (2.4))

= OOZZ t/w (r/w)? L2 (=) ww, q)eq°

Dato (9 = (@, mw;g)e

O(B,r, s,p;q,owq")

oo o0

ZZ t/w (7/w)" ib(uw,q)cqc(—l)cq(é)q(a+b)c
=0 q;9q

Ve = (mwiq)e (G @atv—c(@;)e

x O(B,r,s,p;q,0wq") (by using (1.6))

o0

_ OOZZ Z t/w T/w (uw, q)cq (—1)° q(g)q—(aﬂ?)c

a=0 b=0 a-tb—c (mw;q)e (¢ @)a+b—c(q39)e
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x O(B,r,s,p;q,owq")

_ (mwig) iii T/t t/w C“( 1qB) gDt (uw, g,

(577357]?;@[7010(]0). (by using (15))

(t/w, uw, 7/t; q)oo = (q, MW, qu/t; q)e

)oo b=0 I=0 ¢=0 Q1 (@5 9)c (mw; q)c
x O(B,r,s,p;q,owq)
 (ma; @)oo 1) & (—1)°q~ ) t/w)c (uw, q)e _ .
T (uw; @)oo bz% yﬁ (mw; q)e Of.r.5,pi0, owg’)
— (¢ t/w)’
« N\ Tty
= (@ar
(mw; > )eq~ C) (t/w)¢ (vw,q) 1
= @)oo e r.s.p q, owqt)) —m78
- (uw, 7/t ¢)s cz: $q)e (mw; q)c OB, 5,pi0, o0g ))(q*ct/w;q)oo
(g (D)D)t (ww, g o
(uw, 7/t,t/w; @)oo ; % q)k (yw, = Ft/w; q)x OB, 8pi0, owg’)
(mw; q)so i (uw; q)cq”

O

e Setting b = 0 in equation (4.2), we obtain Rogers formula for Lg ) (B,u,m,0,r,s,p) (equation
(4.1)).
e Setting m = s = p = 0 in equation (4.2), we obtain an extension to Rogers formula for

L(j,]:;) (/Ba u, o, T).

Corollary 4.4. We have

o0 [ e o] b

te T w*€
DD Lutmek(Byu,0,7) — —
o (4 Datv (@3 0)6 (4 Qe
1 o~ (uw; q)eq°

= M(B,r;q,0wq®),
(uw, 7/t,t/w; @)oo = (¢, qu/t; q)e ( )

C

where max{|uw|, |T/t|, |t/w|} < 1.

e If we setting s = p = 0 in equation (4.2), we obtain an extension to Rogers formula for

Lg’k) (B,u,m,o,r).

Corollary 4.5. We have

o o0 [e.9] b

ik t* T w® (mw; q)
L(]JC) (B,u,m,o,r,s,p) = - =
== CZ:; bt (@ Qats (G Db (G0)e (ww, 7/t,t/w;q)oo
(uw; q)cq°

x Z 1 M(B, 759, 00wq°),  max{|uwl|,[r/t], |t/w]} <1.

g, mw, qu/t; q).
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5. MEeHLER FORMULA FOR ng’k) (B,u,m,o,r,8,p)

Mehler’s formula using the operator technique and its application to polynomials
Lg k) (B,u,m,0,r,s,p) will be illustrated in this section. For the polynomials L(3 P (8,u,0,r) and
L(j ) (B,u,m,o0,7), we will construct Mehler’s formula and its extension by replacing variables in

the Mehler’s formula for L;; Gk (ﬁ ,u,m,0,r,s,p) with special values.

Theorem 5.1. (Mehler formula for Lg ) (8,u,m,o,r,s,p). We have

~ n

S LGRS, m,0,7,5,p) LD (B, 0,0, 1,5, ) o
n=0 (QaQ)n

(mt; q
N ut,q OOZ[ }

550k 7d014(2) Py, )

_, (P Q) (@ D

k
X Z q,mt 2 jO(ﬁ,r s,p;q,0tq’), |ut| < 1. (5.1)

Proof.

ZL (B, u,m, 0,7, 5, p) LD (B, w, g, b, s p>(qf2)n

n

= Z(O) B,7,8,0; ¢, 0Dym ){ Pn(u, m)}L(d6 (B,w,g,h,r,8,p) ——

2 o (by using (2.2))

(e 9]

t’n
=0(B,r,5,p;q, ODum){ Z P (u,m)-—
= (¢ Dn

(r,5:9)k @G REP,  (w, g) - }
D3k (2

o . nik -
(IB’T S,P54, ODum { |: :| (T’S,Q)k th qT(d7é)+(g)Pn—k(wvg)Pn(ua m)}
i kg Ok (6 Dk Dnk

(by using (1.17))

=0(B,7,5,p; 4, ODum){ m qu(d’é”(g)Pk(w,g) (ql?t)’“
_q (15

Pr.(u,m) Py (u, qkm)(qﬁ;)n} (by using (1.7))
= r,8,p;q,0 8] (s 7(d&)+(3) P, (w u,m 3 u, ¢*m &
D75 6,234, 0Dum) z; [k]_q B Pl 9)p(, ),;)P”( )

- r,m; 7z k kot
= O(B,r,s,p;q,0Dum) [ﬁ] MQT(CI’G) (3 )Pk(w 97— (ht) Py(u m)(qt’q)w}
k=0 —-q

k (s O (4 D)k (ut; q)oo

_ G /8 (T7S;Q)k 7(d,&)+ () w (h )k 7. 8. 0. oW k Pk(uam)(mt;Q)oo
= [k] L, ! Fiulw.9) O OBms 8,30, otg ){ (mt; @)k (ut; @)oo }
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o B] (1,8 Dk _rdey+(%) N 0);

= € P w t ]O /87,,,, s : ,Ot
P [k _q B0k ¢ a g z;){ q’mt 05 LY OB, 1, 5,15 4, 0t¢”)

_ \N"m /o 7T(de)+ P w, J jO TS, P ,Otj.
(ut; q)oo kzzo [k] L, o ! 4 9 ]Z; q,mt 0); (B,7,5,p5q; 0tq”)

g

e As a spacial case of equation (5.1), welet m = s = p = g = 0. Then we get Mehler’s formula

for LGJ})(B,U, 0,1)).

Corollary 5.2. We have

0o i .
;L(M)(ﬁ,u, 0,7)Ljz(B,w, h,T) G = o
i ut
XZH e Z qj ¢ M(B,r;q,0tq”), |ut| < 1.
(@ q) o
e Substituting s = p = 0 in equation (5.1), we get Mehler’s formula for Lg ) (B,u,m,o0,r).

Corollary 5.3. We have

-~ n t q)oo
L”C (B,u,m,o,r B,w,q,h,r :(m7
Z L ) (¢; q)n (ut; q)oo
B Pulw,g)(r; q)eh*q" 9+ (g
X . . ]M B,r;q,otq’ ut| < 1.
EZ: [k]_ (4 )k j; q,mt q); ( ). Jutl
Theorem 5.4. (An extension Mehler’s formula for Lg ) (B,u,m,o0,7,8,p)).
ZLn+mﬂ,umorsp> 1) (8,w, g, h 1,5, p)
(¢ On
_ (mhig) Z [ | non UMD EHERT S T T
(ut; ¢)oo L x g(,q)k (p,Q) = (amtq);
x O(B,r,5,p;q,0tq’), |ut| <1. (5.2)
Proof. From (2.2), we have
ZL#_@; B,umorsp) (B,w g, h,r,8,D) &
(4 Dn

n

= Z (O)(/Ba 7’, Svp; q7 ODum) {Pm+n(u7m)} Lglg’é)(57w7gv h77aa Sap)W
n=0 yqd)n

= O(B,r,s,p;q,0Dum) {Z Prnin(u, ) ( @n }
n=0

¢
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XZ{Z] i) e O s oy wing 1.17)

oooorsqkq()(g) frn
O(B, 7, 5,3 4, 0Dum) {Z Z (5 ). (4 )i Ok

n=0k=n

< [o)_ Pk 9Pt}

hktn+k

e . r(de)+(%)
T, s; 2
= 0(B.7.5,p:4, oDum>{ Sy (s

= (P; @)k (45 k(g On

< [o)] e ) Pt }

s g™ @+() 18
OB, 7, 5,5 4, 0Dum) {}j risig [ } Pa(w, ) Py (1)
e (P ) Kot +k

m "
xZPn(a;,q +km) : }

(¢ Dn

_ =, (r, s:q)rg” G 8 (ht)F
= 0(@r 5. 0Dun){ 32 CEREEEE ] ) P

(qm-i-k

X (Lvty;)’Q)oo} (by using (1.7))

OB, 7,5, piq ODum){Pm‘Hf(u? m) (mt;q)oo}

(mt; Qmar (ut; @)oo

)18 ()" (ry (Mt @)oo
[k] _qu(w, 2 (¢ Dk ' (ut; @)oo

X 59D 0B, 7, 5,p; . 0tg?)  (by using (2.4))

. 0 k . - mtk  _(m4k c ).
k=0 —-4q

(ut; ¢)oo k (g, mt; q);

<.
i
=)

x O(B,r,5,p;q,0tq).

e We restore Mehler’s formula for LG k) (B, u, m,0,7) by substituting m = 0 in equation (5.2).
e An extension to Mehler’s formula for L (ﬁ ,u,0,7) is obtained if weputm =s=p=9¢g =0

in equation (5.2):

Corollary 5.5. We have

i 1
ZL”+m By1,0,1) L (8, w, ) (@G Dn  (uh;9)m
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> rs @) p(wht)kq(s) g=(mtk) TR (= (mtk) .
sz (r; @) (wht)*q (q q);

(430 = (4:9);

¢ M(B,7;q.0tq’),

where |ut| < 1.
e By setting s = p = 0 in equation (5.2), Mehler’s formula for L (6 ,u,m,o0,7) is obtained.

Corollary 5.6. We have

ZLWFW B,u,m, 0,7) L) (8,0, g, h, 7) (qi)n N ((Tzsj)):

oo F(d.&)+(F) m —(m ;
Xy M (13 q) 1 Pr(w, ) (ht)Ft =m0 g7 @O+ () T (q=(m+8) it ) 50
(a3 )k — (4:9);

x M(B,r;q,0t¢?), |wt] < 1.
6. Mixep GENERATING FUNCTIONS FOR ng k) (B,u,m,o0,7,8,p)

The polynomials Lg ) (B,u,m,0,r,s,p) has two mixed generating functions they are stated and
proved in this section. We obtain another mixed generating function for both the polynomials
Lg ) (B,u,0,r) and Lg ’%)(6 ,u,m,0,r) by providing some certain values for the parameters in the
two mixed generating functions for the polynomials Lg ) (B,u,m,o0,1,s,p). Also, we get Srivastava-
Agarwal type generating function for the polynomiasls Lg ) (B,u,0,1), Lg ) (B8,u,m,o,r), and

L’gﬁ)(ﬁvuvma o,r, Sap)'

Theorem 6.1. (Mixed generating function for L (ﬁ ,w,g,h,r, s,p)). We have

- t" (gt, az;q) oo
xq Jk B?wa ,h,?“,s,p =
Zd) ) ( g >(q; On (Wt 2;9)s0
% i Mq” O(B T,8,D;q otqn) maX{’wt| |33|} <1 (6 1)
n=0 (q,gt,q/x;q)n R ’ ’
Proof.
tn
Zqﬁ(a) (zlg) LY (B, w, g, B, 5.p) ———

(¢ O)n

n=0

n

m (o )rz™ LY (B, w, g, h,r, 3, p) (by using (1.9))

- nZ:;)kO k (q’ Q)n
= [Z] (o )rx"Q(B, 7, 5,p; ¢, 0Dug) { Pu(w, 9)} (qi) (by using (2.2))
n=0 k=0 o
t’n
—@(5,r,s,p,q,oDwg {;%[ :| & Qkfl' P (w g)(QaQ)n}

(a; Q) Pr(w, g)t"
O(B,7,5,p;q,0Dug) {ZZ (¢; (g O n—k }

k=0 n=~k
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oo 00 o ZL‘kPn w, tn+k
Z@(ﬁvr,S,p;q,oDwg){ZZ( Q" Ppyr(w, g) }

—= (4 0)k(a: @)n

- tn
= O(B, 7,5, ¢, 0Duy) {ZPk O ZP w,¢"g) @ }

OBt s pia 0 S b (. o) (@ Dit)" (0t @)o
O Dwg){ B ) e @t e

k=0
Pr(w, g) (9t;q)oo }
(9t; Q) (wt; @)oo

} (by using (1.7))

(a; Q) (at)”
(@ 9)n

(O)(/Ba 7’, Sap; qa ODwg){

(B,7,5,p:q,0tq")

2
k=0
S (@0t (00 g (a0 D
k=0

Gk (g = (4,950

(by using (2.4))

_ (9t0)x i R zk: @0 Dn ny5 1 o g otg™)

(wh; Qoo &= (G Dk £ (4,9 Dn
g S et oot
- (e 3 ot é%zzif‘”’“
EEEE e
B o Z q,gz ;)t - Q)”x"O(ﬁ,r,s,p; ¢ thn)(;a:;?;io

_ (95,035 9)0 o= (1) (wt,a59)
(wt, 23 q)oe <= (4,98 Q)n(q7 "5 q)n

“2"O(B,r, s, p; q,0tq")

_ (gtaziq)e o~ (Wt a59)n
(wt, 3 9)o0 2=5 (4, 91, 4/ %5 )

O(B,T,S,p; q, thn) (by USing (15))

e Not that equation (6.2) is the same as equation (1.20).

e Allowing g = s = p = 0 in equation (6.1), we obtain another mixed generating function for

L("]‘J;:) (ﬁ, w, h7 T).
Corollary 6.2. We have

= (a) . " (T q)eo 2. (a, wt; q)n "
;d}" (@la) LG 1) (8w, ) (@a)n (Wt 239) nzo (¢:9/75)n " M B,73,000"),

where max{|wt|, |z|} < 1.
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e Letting s = p = 0 in equation (6.2), we obtain mixed generating function for

Lg’%) (B,u,m,o0,r) (equation (1.16)).

Theorem 6.3. (Another mixed generating function for L (B ,u,m, 0,7, 8,p)). We have

S —
(g/wuf ke Z m;fnzwtgé;u) O(B,r,s,piq, owtq’), |uwt| < 1.
=0
Proof.
ZP w Q)L(] k)(ﬁ,u m, 0,7, 8,p)——— &
(¢ O)n

n=0
—ZP wg ﬂ7r5paQ70Dum){P (u g)}(qf?;)n

[e.9]

= @(,8, r$8,P;q, ODum) {Z Pn(’UJ, g)ljn(u7 m)(tn}
n=0 an)n

= (O)(/Ba r,s,pq, ODum)

(
@ Q)k = (@G

(9t)" Py(u, m) (¢"mwt; ¢)oo
¢k (uwt; q)oo

(by using (1.7))

i (—1)5¢0) (gt)* Py(u,m) <mwt;q>oo}

(k. (mwt; @) (vwt; q)oo

O(B,7,8,0;q,0Dum) { Py(u,m) (mwt; q)oo}

(mwt; q)r (uwt; q)oo

(—1)’“61(5)(90"’( K (Mwt; @)oo zk: F uwt; q);

- wt

— (G (uwt; q)oo 5 (g, mavt; q)
X O(B7T737p;Q7owtqj) (by using (24))

i(-m%’i P Bam) & G <wt>”}
k=

(6.3)
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_mwtqooz uwtq )q()q
mwt

4. owtd?
uwt q q) (67T787P7Q70w q )

XZ )g/w) kg

@)k —=J

_(/wmwtqooz uwt; q)j(g/w)’

: tg’).
(uwh: ) (¢, muk; q); O(B,r,s,p;q,owtq’)

7=0

O

e Settingm = s =p=0,t =1, and then w = t, g = s in equation (6.3), we regain the mixed

generating function for LGJ})(”B’ u,0,r) (equation (1.12)).

Proof.

> P,(t,s)
D LG Bruom)
n=0 )

(8/t:q) (ut; q); 5/75 - 18+-Gy (= g P riq) l
= - - - -7 t]
(ut; @)oo z;) ;q (4% ¢*) (ot

(8/t:0)o0 >
— o0 IBJr‘r]k) l
(ut; q)oo Z (4% ¢%) ]Z q;q

(sq /t

_ (S/t q 0o 15+7—]k)( , T, S/t q) o (’U,S;q)oo in
(ut; @)oo Z (a% ¢ ) (us: q); L(ot)! (5% Q) (by using (1.3))

(Usa )oo l,8+~rgk:) Q) (r,8/t;q) l
ot
(U’ta ) Z Q7Q)l ((17“37(])1( )
_ (us59)c0 [ ] (4G (1s/E @) .
q\2) T ——————(ot)". (by using (1.2
 (ut @)oo Zg H, (q,US;q)z( ) (byusing (1.2))
a
e Setting s = p = 0 in equation (6.3) yields another mixed generating function for
L,(g’k)(ﬁ,u,m,o,r).
Corollary 6.4. We have
3 G.F) &
ZPn(w7g)Ln (ﬁ,u,m,o,r)i
= (4 @)n

_(/wmthOoZ uwt; q);(g/w)’

(uwt; @)oo (¢, mwt; @); M(B,7;q,0wtq’), |uwt| < 1.

7=0

e Lettingm = s = p = 0 in equation (6.3), produces Srivastava-Agarwal type generating function
for L, (B,u,o0,71).
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Corollary 6.5. We have

;L(jjg) (57 U, 0, 7,)(>‘7 Q)n (q, Q)n

OISR
(ut; @)oo

Z L), NO(B,r;q,0tq’), |ut| < 1.
= (@ Q)

e Setting s = p = 0 in equation (6.3), we get Srivastava-Agarwal type generating function for

Lg’%)(ﬁ, Uy M, 0,T).

Corollary 6.6. We have

[e.o]

LM (8, u,m,0,7)(X; @)
,;) ( ) )(q;q)n

(A, mt; q)oo (ut; q); ; . ;
o ut q Z q’ mt; q (]A) 0(67TaQ70tq )7 |Ut| < 1.

o If we set g/w = X and letting wt — ¢ in equation (6.3), we obtain Srivastava-Agarwal type

generating function for Lg k) (B,u,m,o0,7,8,p).

Corollary 6.7. We have

ZL%}J}) (57 u,m,0,7,S, p)()\; Q)n

n=0

(¢ Dn

(A mi @) (ut; q);
= NO(g, ;q, ot t| < 1.
(ut: 0o Zq,mtq (B,7,5,p5q,0tq"),  |ut|

7.k
7. A TRANSFORMATIONAL IDENTITY INVOLVING GENERATING FUNCTIONS FOR L%] ’ )( B,u, m,o0,r,8,p)

In this section, the transformational identity for L ( B,u, m,o0,r,s,p) is obtained by applying the
homogeneous g-shift operator O(/3, 7, s, p; ¢, 0Dym)-

Theorem 7.1. Assume the following relation is satisfied by the coefficients E(h) and G(h):

iE h) Py (u,m) = iG(h)M. (7.1)
h=0

= (@ utig)eo

Then

ZE B,umorsp)

o0

q "mt; q)oo h
h 1. N ﬂvrasvp;Q7th ) 7.2
Z (¢"ut; q)oo ol ) (7.2)

where each of the series in (7.1) and (7.2) are absolutely convergent.
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Proof. Let g(u, m, c) represent (7.2)’s right-hand side. We discover that by employing (7.1) and (2.2).

( )(q"mt; 7)o

NE

u,m,c) = G(h OB, r,s,p: q,otq"
g( ) 2 ("t D) (B,7,5,p;9,0tq")
N (¢"mt; q)oo}
= Gh@ﬁ,?"78, ; 70Dum {
hZ_O ot n ) (q"ut; q)oo
q "mit; q)oo
=0(8,1,s,p; aODum G
RN {Z T }
:@(ﬁarasap;QaODum {ZE Ph u, m }
=Y E(h)O(B,7,5,p; 4,0Dum) { Ph(u,m)}
h=0
=Y B0 B, um, 0,1, 5,0). (7.3)
h=0
It is exactly (7.2)’s left-hand side. Theorem 7.1 has been fully proved. O

e Letting m = s = p = 0 in equations (7.1) and (7.2), we get the transformational formula for

the polynomials Lk (B,u,0,7).

Corollary 7.2. Assume that the following connection is satisfied by the coefficients E(h) and G(h) :

- o o~ G(h)
,;E(h) = hZ:O it (7.4)
Then
ZE o (Bow0,1) = Z(qifq))@(ﬁ,r;q,otqhx (75)
-0 9 o0

where each of the series in (7.4) and (7.5) are absolutely convergent.

e Setting s = p = 0 in equations (7.1)and (7.2), we find the transformational identity for the

polynomials g”;) (B,u,m,o,r).

Corollary 7.3. Assume that the coefficients E(h) and G(h) meet the following criteria:

S q "mit; q)oo
E(h)Py( = G(h)~—"— 7.6
Z Wt ™) hgo (q"ut; q)oo (7:6)
Then
ZE B,u m,o,r) = iO:G(h)(q}:n¢)000(6,7“;q,otqh)7 (7.7)
P (q"ut; q)oo

where each of the series in (7.6) and (7.7) are absolutely convergent.
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8. CoNCLUSIONS

(1) The polynomials L, (3, u,0,r) and Lg ) (B,u,m,0,r) are special cases of the polynomials
L7(1]7k) (/87 u,m,o,r, Sap)'

(2) The polynomials identities of Lg ) (B,u,m,o0,7,s,p) are a generalization for polynomials iden-

tities for both polynomials L,, (53, u,0,r) and Lg’]}) (B,u,m,o,1).

(3) We obtained numerous results for the polynomials L, (3,u,0,7), Lg ) (8,u,m,o0,7) and
Lg’]%) (B,u,m,0,r,s,p) which are described by Jia et al. [20] and Cao et al. [9] and [10], respec-
tively.
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