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AsstrACT. In this paper, we introduce and develop the theory of a-fractional Hardy spaces by using
the framework of a-conformable fractional calculus. Building on the recent definitions of a-fractional
analytic functions, we construct new Hardy-type spaces over the quarter unit disk namely, D (z,y) =
{(z,y) : 2° + y*> < 1and z,y > 0} and explore their fundamental properties. Additionally, we define and
analyze a-fractional Toeplitz operators and prove several structural related theorems.
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1. INTRODUCTION

The Hardy spaces H?, for 1 < p < oo, form one of the most important classes of function spaces in
complex analysis, harmonic analysis and operator theory. They consist of analytic functions defined
either on the unit disk D C C or the upper half-plane and are governed in norm by their boundary
values. These spaces are closely related with the development of Fourier series, boundary value
problems, and the theory of singular integrals. Moreover, Hardy spaces give an appropriate framework
for investigating classical operators like the Toeplitz operators which are central in operator theory,
systems theory, and mathematical physics.

In contrast to LP spaces, Hardy spaces maintain analytic structure and are stable under certain
integral operators such as Hilbert transform. Therefore, they are useful in applications like time
frequency analysis and causality [1,2]. From a theoretical viewpoint, Hardy spaces emerge in the
examination of bounded mean oscillation (BMO) and duality theory, serving a crucial function in

contemporary harmonic analysis [2].
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Definition 1.1. [1] (Classical Hardy Space) Let D = {z € C : |z| < 1}. The classical Hardy space H? (D),

for 1 < p < oo, is defined as

2 P
H? (D) = { fisanalyticin D : || f|l ;o := sup 1/‘1"(7«6“’)‘%9 <oo b (1)
o<r<1 \ 27 b

It should be noted that, the norm || f|| ;, is derived from the boundary behavior of f on the circle
0D, and it ensures that f has non-tangential limits almost everywhere on the boundary. The case when
p = 2, the space H? has a Hilbert space structure and forms the foundation for many parts of operator

theory as well as functional analysis [1].

Definition 1.2. [1] (Toeplitz Operator) Let D = {z € C : |z| < 1} and ¢ € L*° (0D) be a bounded measurable

function. In classical case, the Toeplitz operator Ty on H?, is given by

Tyf =P (of), (2)

where P is the orthogonal projection from L? (0D) onto H>.

Toeplitz operators have various algebraic and spectral properties. They are widely used in control
theory and signal processing. A classical example of Toeplitz operator, that has a rich structure and
many applications, is the unilateral shift operator Ty on H?, where ¢ = z. It provides a bridge between
function theory and operator theory [3].

Before we discuss a nice property about 75, we introduce the following definition.

Definition 1.3. [4] (The Fredholm Operator) Let T : X — Y be a bounded linear operator, where X and Y

are two Banach spaces (or Hilbert spaces). Then T is called Fredholm operator if

i. ker(T) = {x € X : Tz = 0} is finite-dimensional,

it. The range of T' is closed in Y and has finite co-dimensional.

Definition 1.4. [4] (The Essential Spectrum of T ) The set of all complex numbers A\ € C, such that the
operator Ty, — NI is not Fredholm, is called the essential spectrum of Ty, and it is denoted by oess (Ty).

Theorem 1.1. [5] The essential spectrum of Ty is exactly the essential range of its symbol ¢. Equivalently,

Oess (Ty) = ess range (¢),

where

essrange (¢) ={A € C: foralle >0, u({z € C:|p(2) — A <e}) >0},

such that C = {z € C : |z| = 1} is the unit circle.
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Recently, the field of fractional calculus has gained significant traction due to its ability to model
phenomena involving memory, hereditary properties, and intermediate regularity. This has led to the
development of fractional analogues of classical function spaces and operators.

In this paper, we define and study a new class of a-fractional Hardy spaces HY, where a € (0, 1]
denotes the order of fractional analyticity. These spaces are built upon the recently introduced concept
of fractional analytic functions using conformable fractional derivatives, as proposed by Adm and
Khalil in [6]. Based on this framework, we also introduce a new definition of Toeplitz operators in the

fractional setting.

2. PRELIMINARIES

In this section, we provide the necessary definitions and background on fractional analytic functions,
which form the foundation for our construction of fractional Hardy spaces and fractional Toeplitz

operators.

Definition 2.1. [/] Suppose u : (0,00) — R. Then for x € (0, c0) the a-conformable fractional derivative of u
at « denoted by D®u(x) is given as

Dou(z) = lim & @7 ) e o € (0,1). (3)

e—0 €

By the above definition, we have the following differentiation rules:

(i) D*(c1u + cav) = c1D%(u) + coD¥(v), for all ¢, ¢ € R,
(79) D*(k) = 0, for all constant functions f(z) = k,
(
(

(4)
i11) D*(uv) = uD*(v) + vD*(u),
iv) D¥(%) = % v(z) # 0.
Also, it can be shown that
(i) D*(aF) = paP™,
i1) D(sin(Lz%)) = cos 1x°‘,
(i) D ein(Ea) = () -
(7i7) Da(cos( xa))— sin(z?),

1

(iv) D(ex®") = eba”.
It should be noted that, in (5) if & = 1, then the corresponding classical rules for ordinary derivatives
are obtained.
Various differential equations, that include a-conformable fractional derivatives, have been, precisely,
modeled many complex real world problems [8], [9], [10], [11].
Now, the standard notation for any complex valued function f : D C C — C in complex variable z,

where z = x + iy for some z;y > 0, is

f(Z) = f(357y) = U(:E,y) +’L'U(£C,y),
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where u(x,y) is the real part and v(x,y) is the imaginary part of f.

Definition 2.2. [0] (a-Fractional Analytic) Let f : D C {(z,y) : x,y > 0} — C. Then f is called a-
conformable fractional differentiable at z, = xo + iy, € D and denoted by f*(z.), if

P G qry Y Yo + eyt ™) — f(z,y)
(e1,62)—(0,0) €1+ tea

, where a € (0,1), (6)

exists. Moreover, if there exists 6 > 0 such that f is a-differentiable for all z € B(0, z,) where B(9, z,) is an

open disc centered at z,, then [ is said to be a-fractional analytic at z..

Theorem 2.1. [0] (Sufficient Conditions for Complex Differentiability) If f = u + v is analytic in D C
{(z,y) : 2,y > 0} C C, and ug, ugy vy, and vy exist, continuous and satisfy the a-Cauchy Riemann equations

(7), then f is a-fractional analytic in D.

Theorem 2.2. [6] (a-Cauchy Riemann Equations) If f = w + v is analyticin D C {(x,y) : x,y >0} CC

then, u and v satisfy the a-Cauchy Riemann equations

o (63 o (63
ug = vy and uy = —vy

in D. (7)

Theorem 2.3. [6] (a-Conformable Fractional Cauchy Integral Formula) Let f be o-fractional analytic every-

where inside and on a simple closed o-contour C' taken in the positive sense such that
Ci={2% =2 +ay® : [(a% +ay") = (& +i€5)| =7} .
Then for all z, € C°, the interior of C, we have

1) = o f RICHIRS (8)

a _
z 28

3. MaIN ResuLrs

Let
D (z,y) = {(z,y) : 2* +y* < land z,y > 0}, (9)
and
TH =T UT,UTs, (10)
where

1= {(z.9): (") + (")’ = land 2,y > 0.
To={z:0<z%<1},
and

T3 ={y:0<y*<1}. (11)
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FiGURE 1. Quarter unit disk.

Consequently, we present the following main results.
3.1. a-Fractional Hardy Spaces.

Definition 3.1. (a-fractional Hardy spaces H2) Let f : D* (0,1) — C be an a-fractional analytic. Then we
say that f is in the a~fractional Hardy space, that is denoted by H2 (D% (0,1)), if

(a) limf (re®) = f* (e®) exists,

r—1

(b) éin(l)f (re’) = f*(r) exists on [0,1] on the x-axis
%

(c) Gli_rgf (re®?) = f* (i) exists on [0,1] on the y-axis (12)

2

and
(@) [1f* W) |dw| < o0,

where vy =TT =T, UTy, UTx.

It is crucial to highlight that

onTi:w = e’ |dw| = db,
onTy: w = (z,0),|dw| = dz,
and

onTs:w = (0,y),|dw| = dy. (13)
Similar definitions can be given for H} and H® on D (0, 1).

Theorem 3.1. Let ¢ € H® and f € H2. Then ¢ f € H2.
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Proof. Let f = uy + ivy and ¢ = us + ivo. Then

(bf = U1U2 — V102 + 7 (111UQ + ulvg)

= P+iQ, (14)

where P = ujus — v1v9 and QQ = viug + uqvs.

Now,
(6% (0% « (0% (0%
Py = ujug + uiug, — vi,v2 — 0105,
(0% (0% 0% (0% (0%
Q:v = U V2 + ULV, + V1 U2 + ViU,
(6% (0% (0% o (0%
P = uiyus + uqug, — vi,v2 — 0105,
and
o « « « «
Qy = ufy,v2 + U1V, + Vi, U2 + V1uG,. (15)
But, since
« « « «
Uty = U1y, Uy = — Vg,
Y Y T
Ugg = Vgy, Ugy = Vg
then one can easily deduce that
o (0% o 0%
Py =@y and P = —Qg. (17)

But because uf,, u3,, vy, v3;, uf,, uy,, vy, and vy, are continuous as both ¢ and f are a-fractional
analytic, then by Theorem 2.2, it follows that ¢ f is analytic. Moreover, since ¢ € H3°, then this implies
that ¢ f € H2. Thus, the proof is complete.

Theorem 3.2. Let H2 (D (0, 1)) be a-fractional Hardy space. Then H2 (D" (0,1)) is complete with the ||-|,-

normon T,

Proof. Let f € H2 (D" (0,1)). Then f is a-fractional analytic over DT (0, 1). Thus, by Theorem 2.3,

we have

oy [ f) o,
f(z%) = i mdw ) (18)
2

where 2 = 2% +iy* e y =T+t =T UTL, U T3, w® = a® + ib*, and dw® = a® 'da + ib®db.

Now, by using the same technique as the usual Cauchy integral formula, we get
F) =3 an ()" (19)
n=0

This is because the curve y = T+ = Ty UT, U Ty is (%)% + (y*)? = 1 where z,y > O such that 0 < z® < 1
and 0 < y* < 1. Hence, the map ¢ : [0,00) — [0,00) where ¢ () = z is injective and surjective.

Similarly, one can deduce a function say, m, on the non-negative y-axis to be injective and surjective.
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Now, the quarter zy-plane, z,y > 0, is the quarter z*y®-plane, %, y* > 0. Hence, in the z%y“-plane,

2%, y® > 0, the equation (z%)? + (y*)* = 1 represents say, the a-arc of the circle in such plane. Thus,

(07

(2)? + (y*)* =%, and 6 = tan™! gyc—a (20)
Consequently,
f(z%) = Zan (29" = Zan (r"eme) . (21)
n=0 n=0

Therefore, on T} = {(:Ba,yo‘) (2 + (y*)? =1and 2, y* > 0},we have f(2%) = " ap (r"e™) with
n=0
1 £lly = (f, f) = > a? < oo. So, H? is closed in L? (T}).

n=0
Further,on Ty = {2® = 2 : 0 < z® < 1}, we have

f(z%) = ian (z*)" where 6 = 0. (22)
n=0

So, f(z%) = Y au™, 0 < r < lwith ||f|l, = (f,f) = Y a2r®® < oco. Similarly, for T3 =
n=0 n=0

{z=1y*:0<y*<landy >0}.

Thus, one can easily see that H2 (T") is complete.

3.2. a-Fractional Toeplitz Operators.

Definition 3.2. (a-fractional Toeplitz Operator) Let ¢ € L™ (T"). Then the a-fractional Toeplitz operator,
Tp.0r on H2 (TT) is given by

Ty H2 (TY) — HZ (T™) such that
Ty (f) = P(of), feHZ(TT),
where P is the orthogonal projection from L* (T'+) onto H2 (T).
Now, before continuing with T} ,, let us present the following nice result on H2 (T'").
Theorem 3.3. Let ¢ € L (TF). Then H2 (T+) C H2 (T*) ifand only if € HS® (T).

Proof. Let pH2 (T*) C H2(T"). Then ¢ -1 € H2(T"), and thus, ¢ € H2 (T"). Moreover, since
by definition ¢ € L*> (T"), ¢ is bounded. So, ¢ is a bounded function in H2 (T+). This implies
b€ H (T+).

In contrast, let ¢ € H (T1). Then for any 0 < r < 1, we have

Fle)s ()

2 2
< [loll% 1712



Asia Pac. J. Math. 2025 12:96 8 of9

where y = {(2,y) 4% 417 =12} U{a:0 <o <} Ufy:0 <y <r).
So, ¢f € H2(TT). Thus, pH2 (TT) C H2 (T*). Noting that ¢f is a-fractional analytic if both ¢ and

f are a-fractional analytic.
Theorem 3.4. If ¢ € L (T*)and p € HY (T™), then Ty o Typ.0 = Ty a-
Proof. Let f € H2 (T™"). Then by the previous theorem ¢f € H2 (T™). So,

TyaTya (f) = Ts,a (P(ef))
=T4a (ef)
= P(¢pf)

= becp,a (f) .
This completes the proof.
Theorem 3.5. If ¢ € L (T") such that T, | exists, then ¢~* € L> (T"), where Ty o : Ha (T*) — Hz (T™).
Proof. Suppose Tq:; exists. Equivalently, there exists ¢ > 0 such that
I Tpa (Hlly = €llflly forall f e HE(T).

Now,
¢ flls = [Tpa (Nlly = 1P (@f)lly = €l fll5-

Hence, M, (f) = ¢ - f is invertible, where M,, is the multiplication operator on L? (T). Thus, ¢! €
Lo (TH).

A consequence of the previous theorem is the following corollary.
Corollary 1. The essential spectrum of Ty o, is exactly the essential range of its symbol ¢. Equivalently,
Oess (Tya) = €ss range (¢) .

Proof. Noting that (T o — M) f =Ty o (f) = Af = P(¢f) — Af. Inaddition, (T4, — M) exists
and implies that M (6—») 1S invertible. But,

(M((ﬁ_/\))*l exists if and only if (¢ — \)~! exists in L™ ().

So, (¢ — \) " does not exist if ¢ () — A = 0 which is in the essential range of ¢ — \. Thus, oess (T)0) = €55

range (¢) as required.
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4. CONCLUSIONS

In this work, we introduced a new class of function spaces called a-fractional Hardy spaces based
on the a-conformable fractional derivative. These spaces generalize the classical Hardy spaces and
preserve key properties such as completeness and boundary behavior. We also extended the concept
of Toeplitz operators to this fractional context and showed that many classical results such as the

multiplicative algebra property and the essential spectrum formula still hold.
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