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Abstract. In this paper, we introduce and develop the theory of α-fractional Hardy spaces by using
the framework of α-conformable fractional calculus. Building on the recent definitions of α-fractional
analytic functions, we construct new Hardy-type spaces over the quarter unit disk namely, D+ (x, y) ={
(x, y) : x2 + y2 < 1 and x, y ≥ 0

} and explore their fundamental properties. Additionally, we define and
analyze α-fractional Toeplitz operators and prove several structural related theorems.
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1. Introduction

The Hardy spaces Hp, for 1 < p <∞, form one of the most important classes of function spaces in
complex analysis, harmonic analysis and operator theory. They consist of analytic functions defined
either on the unit disk D ⊂ C or the upper half-plane and are governed in norm by their boundary
values. These spaces are closely related with the development of Fourier series, boundary value
problems, and the theory of singular integrals. Moreover, Hardy spaces give an appropriate framework
for investigating classical operators like the Toeplitz operators which are central in operator theory,
systems theory, and mathematical physics.

In contrast to Lp spaces, Hardy spaces maintain analytic structure and are stable under certain
integral operators such as Hilbert transform. Therefore, they are useful in applications like time
frequency analysis and causality [1, 2]. From a theoretical viewpoint, Hardy spaces emerge in the
examination of bounded mean oscillation (BMO) and duality theory, serving a crucial function in
contemporary harmonic analysis [2].
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Definition 1.1. [1] (Classical Hardy Space) Let D = {z ∈ C : |z| < 1}. The classical Hardy space Hp (D),

for 1 < p <∞, is defined as

Hp (D) =

f is analytic in D : ‖f‖Hp := sup
0<r<1

 1

2π

2π∫
0

∣∣∣f (reiθ)∣∣∣p dθ


1
p

<∞

 . (1)

It should be noted that, the norm ‖f‖Hp is derived from the boundary behavior of f on the circle
∂D, and it ensures that f has non-tangential limits almost everywhere on the boundary. The case when
p = 2, the spaceH2 has a Hilbert space structure and forms the foundation for many parts of operator
theory as well as functional analysis [1].

Definition 1.2. [1] (Toeplitz Operator) LetD = {z ∈ C : |z| < 1} and φ ∈ L∞ (∂D) be a bounded measurable

function. In classical case, the Toeplitz operator Tφ on H2, is given by

Tφf = P (φf) , (2)

where P is the orthogonal projection from L2 (∂D) onto H2.

Toeplitz operators have various algebraic and spectral properties. They are widely used in control
theory and signal processing. A classical example of Toeplitz operator, that has a rich structure and
many applications, is the unilateral shift operator Tφ onH2, where φ = z. It provides a bridge between
function theory and operator theory [3].

Before we discuss a nice property about Tφ, we introduce the following definition.

Definition 1.3. [4] (The Fredholm Operator) Let T : X → Y be a bounded linear operator, where X and Y

are two Banach spaces (or Hilbert spaces). Then T is called Fredholm operator if

i. ker(T ) = {x ∈ X : Tx = 0} is finite-dimensional,

ii. The range of T is closed in Y and has finite co-dimensional.

Definition 1.4. [4] (The Essential Spectrum of Tφ) The set of all complex numbers λ ∈ C, such that the

operator Tφ − λI is not Fredholm, is called the essential spectrum of Tφ and it is denoted by σess (Tφ).

Theorem 1.1. [5] The essential spectrum of Tφ is exactly the essential range of its symbol φ. Equivalently,

σess (Tφ) = ess range (φ) ,

where

ess range (φ) = {λ ∈ C : for all ε > 0, µ ({z ∈ C : |φ (z)− λ| < ε}) > 0} ,

such that C = {z ∈ C : |z| = 1} is the unit circle.
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Recently, the field of fractional calculus has gained significant traction due to its ability to model
phenomena involving memory, hereditary properties, and intermediate regularity. This has led to the
development of fractional analogues of classical function spaces and operators.

In this paper, we define and study a new class of α-fractional Hardy spaces Hp
α, where α ∈ (0, 1]

denotes the order of fractional analyticity. These spaces are built upon the recently introduced concept
of fractional analytic functions using conformable fractional derivatives, as proposed by Adm and
Khalil in [6]. Based on this framework, we also introduce a new definition of Toeplitz operators in the
fractional setting.

2. Preliminaries

In this section, we provide the necessary definitions and background on fractional analytic functions,
which form the foundation for our construction of fractional Hardy spaces and fractional Toeplitz
operators.

Definition 2.1. [7] Suppose u : (0,∞)→ R. Then for x ∈ (0,∞) the α-conformable fractional derivative of u

at x denoted by Dαu(x) is given as

Dαu(x) = lim
ε→0

u(x+ εx1−α)− u(x)
ε

, where α ∈ (0, 1). (3)

By the above definition, we have the following differentiation rules:

(i) Dα(c1u+ c2υ) = c1D
α(u) + c2D

α(υ), for all c1, c2 ∈ R,

(ii) Dα(k) = 0, for all constant functions f(x) = k,

(iii) Dα(uυ) = uDα(υ) + υDα(u),

(iv) Dα(uυ ) =
υDα(u)−uDα(υ)

υ2
, υ(x) 6= 0.

(4)

Also, it can be shown that
(i) Dα(xp) = pxp−α,

(ii) Dα(sin( 1αx
α)) = cos( 1αx

α),

(iii) Dα(cos( 1αx
α)) = − sin( 1αx

α),

(iv) Dα(e
1
α
xα) = e

1
α
xα .

(5)

It should be noted that, in (5) if α = 1, then the corresponding classical rules for ordinary derivatives
are obtained.

Various differential equations, that include α-conformable fractional derivatives, have been, precisely,
modeled many complex real world problems [8], [9], [10], [11].

Now, the standard notation for any complex valued function f : D ⊆ C→ C in complex variable z,
where z = x+ iy for some x; y ≥ 0, is

f(z) = f(x, y) = u(x, y) + iv(x, y),
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where u(x, y) is the real part and v(x, y) is the imaginary part of f .

Definition 2.2. [6] (α-Fractional Analytic) Let f : D ⊆ {(x, y) : x, y > 0} → C. Then f is called α-

conformable fractional differentiable at z◦ = x◦ + iy◦ ∈ D and denoted by fα(z◦), if

lim
(ε1,ε2)→(0,0)

f(x◦ + ε1x
1−α
◦ , y◦ + ε2y

1−α
◦ )− f(x, y)

ε1 + iε2
, where α ∈ (0, 1) , (6)

exists. Moreover, if there exists δ > 0 such that f is α-differentiable for all z ∈ B(δ, z◦) where B(δ, z◦) is an

open disc centered at z◦, then f is said to be α-fractional analytic at z◦.

Theorem 2.1. [6] (Sufficient Conditions for Complex Differentiability) If f = u + iv is analytic in D ⊆

{(x, y) : x, y > 0} ⊆ C, and uαx , uαy ,vαx , and vαy exist, continuous and satisfy the α-Cauchy Riemann equations

(7), then f is α-fractional analytic in D.

Theorem 2.2. [6] (α-Cauchy Riemann Equations) If f = u+ iv is analytic in D ⊆ {(x, y) : x, y > 0} ⊆ C

then, u and v satisfy the α-Cauchy Riemann equations

uαx = vαy and uαy = −vαx in D. (7)

Theorem 2.3. [6] (α-Conformable Fractional Cauchy Integral Formula) Let f be α-fractional analytic every-

where inside and on a simple closed α-contour C taken in the positive sense such that

C := {zα = xα + iyα : |(xα + iyα)− (ξα◦ + iξα◦ )| = r} .

Then for all z◦ ∈ C◦, the interior of C, we have

f(zα◦ ) =
α

2πi

∮
C

f(zα)

zα − zα◦
dzα. (8)

3. Main Results

Let
D+ (x, y) =

{
(x, y) : x2 + y2 < 1 and x, y ≥ 0

}
, (9)

and
T+ = T1 ∪ T2 ∪ T3, (10)

where

T1 =
{
(x, y) : (xα)2 + (yα)2 = 1 and x, y ≥ 0

}
,

T2 = {x : 0 ≤ xα ≤ 1} ,

and

T3 = {y : 0 ≤ yα ≤ 1} . (11)
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Figure 1. Quarter unit disk.

Consequently, we present the following main results.

3.1. α-Fractional Hardy Spaces.

Definition 3.1. (α-fractional Hardy spaces H2
α) Let f : D+ (0, 1)→ C be an α-fractional analytic. Then we

say that f is in the α-fractional Hardy space, that is denoted by H2
α (D

+ (0, 1)), if

(a) lim
r→1

f
(
reiθ

)
= f∗

(
eiθ
)
exists,

(b) lim
θ→0

f
(
reiθ

)
= f∗ (r) exists on [0, 1] on the x-axis

(c) lim
θ→π

2

f
(
reiθ

)
= f∗ (iθ) exists on [0, 1] on the y-axis

and

(d)
∫
γ
|f∗ (ω)|2 |dω| <∞,

(12)

where γ = T+ = T1 ∪ T2 ∪ T3.

It is crucial to highlight that

on T1: ω = eiθ, |dω| = dθ,

on T2: ω = (x, 0) , |dω| = dx,

and

on T3: ω = (0, y) , |dω| = dy. (13)

Similar definitions can be given for H1
α and H∞α on D+ (0, 1).

Theorem 3.1. Let φ ∈ H∞α and f ∈ H2
α. Then φf ∈ H2

α.



Asia Pac. J. Math. 2025 12:96 6 of 9

Proof. Let f = u1 + iv1 and φ = u2 + iv2. Then

φf = u1u2 − v1v2 + i (v1u2 + u1v2)

= P + iQ, (14)

where P = u1u2 − v1v2 and Q = v1u2 + u1v2.
Now,

Pαx = uα1xu2 + u1u
α
2x − vα1xv2 − v1vα2x,

Qαx = uα1xv2 + u1v
α
2x + vα1xu2 + v1u

α
2x,

Pαy = uα1yu2 + u1u
α
2y − vα1yv2 − v1vα2y,

and

Qαy = uα1yv2 + u1v
α
2y + vα1yu2 + v1u

α
2y. (15)

But, since
uα1x = vα1y, uα1y = −vα1x,

uα2x = vα2y, uα2y = −vα2x,
(16)

then one can easily deduce that
Pαx = Qαy and Pαy = −Qαx . (17)

But because uα1x, uα2x, vα1x, vα2x, uα1y, uα2y, vα1y, and vα2y are continuous as both φ and f are α-fractional
analytic, then by Theorem 2.2, it follows that φf is analytic. Moreover, since φ ∈ H∞α , then this implies
that φf ∈ H2

α. Thus, the proof is complete.

Theorem 3.2. Let H2
α (D

+ (0, 1)) be α-fractional Hardy space. ThenH2
α (D

+ (0, 1)) is complete with the ‖·‖2-

norm on T+.

Proof. Let f ∈ H2
α (D

+ (0, 1)). Then f is α-fractional analytic over D+ (0, 1). Thus, by Theorem 2.3,
we have

f(zα) =
α

2πi

∮
γ

f(wα)

wα − zα
dwα, (18)

where zα = xα + iyα ∈ γ = T+ = T1 ∪ T2 ∪ T3, wα = aα + ibα, and dwα = aα−1da+ ibα−1db.
Now, by using the same technique as the usual Cauchy integral formula, we get

f(zα) =
∞∑
n=0

an (z
α)n . (19)

This is because the curve γ = T+ = T1∪T2∪T3 is (xα)2+(yα)2 = 1where x, y ≥ 0 such that 0 ≤ xα ≤ 1

and 0 ≤ yα ≤ 1. Hence, the map ψ : [0,∞) → [0,∞) where ψ (x) = xα is injective and surjective.
Similarly, one can deduce a function say, π, on the non-negative y-axis to be injective and surjective.



Asia Pac. J. Math. 2025 12:96 7 of 9

Now, the quarter xy-plane, x, y ≥ 0, is the quarter xαyα-plane, xα, yα ≥ 0. Hence, in the xαyα-plane,
xα, yα ≥ 0, the equation (xα)2 + (yα)2 = 1 represents say, the α-arc of the circle in such plane. Thus,

zα = reiθ = (xα, yα) ,

(xα)2 + (yα)2 = r2, and θ = tan−1
yα

xα
. (20)

Consequently,
f(zα) =

∞∑
n=0

an (z
α)n =

∞∑
n=0

an

(
rneinθ

)
. (21)

Therefore, on T1 =
{
(xα, yα) : (xα)2 + (yα)2 = 1 and xα, yα ≥ 0

}
, we have f(zα) =

∞∑
n=0

an
(
rneinθ

)with

‖f‖2 = 〈f, f〉 =
∞∑
n=0

a2n <∞. So, H2
α is closed in L2 (T1).

Further, on T2 = {zα = xα : 0 ≤ xα ≤ 1} ,we have

f(zα) =

∞∑
n=0

an (x
α)n where θ = 0. (22)

So, f(zα) =
∞∑
n=0

anr
n, 0 < r < 1with ‖f‖2 = 〈f, f〉 =

∞∑
n=0

a2nr
2n < ∞. Similarly, for T3 =

{zα = iyα : 0 ≤ yα ≤ 1 and y ≥ 0} .

Thus, one can easily see that H2
α (T

+) is complete.

3.2. α-Fractional Toeplitz Operators.

Definition 3.2. (α-fractional Toeplitz Operator) Let φ ∈ L∞ (T+). Then the α-fractional Toeplitz operator,

Tφ,α, on H2
α (T

+) is given by

Tφ,α : H2
α

(
T+
)
→ H2

α

(
T+
)
such that

Tφ,α (f) = P (φf) , f ∈ H2
α

(
T+
)
,

where P is the orthogonal projection from L2 (T+) onto H2
α (T

+).

Now, before continuing with Tφ,α, let us present the following nice result on H2
α (T

+).

Theorem 3.3. Let φ ∈ L∞ (T+). Then φH2
α (T

+) ⊆ H2
α (T

+) if and only if φ ∈ H∞α (T+).

Proof. Let φH2
α (T

+) ⊆ H2
α (T

+). Then φ · 1 ∈ H2
α (T

+), and thus, φ ∈ H2
α (T

+). Moreover, since
by definition φ ∈ L∞ (T+), φ is bounded. So, φ is a bounded function in H2

α (T
+). This implies

φ ∈ H∞α (T+).
In contrast, let φ ∈ H∞α (T+). Then for any 0 < r < 1, we have∮

γr

∣∣∣φ(reiθ) f (reiθ)∣∣∣2 dθ
≤ ‖φ‖2∞ ‖f‖

2
2 ,
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where γ =
{
(x, y) : x2 + y2 = r2

}
∪ {x : 0 ≤ x ≤ r} ∪ {y : 0 ≤ y ≤ r} .

So, φf ∈ H2
α (T

+). Thus, φH2
α (T

+) ⊆ H2
α (T

+). Noting that φf is α-fractional analytic if both φ and
f are α-fractional analytic.

Theorem 3.4. If φ ∈ L∞ (T+) and ϕ ∈ H∞α (T+), then Tφ,αTϕ,α = Tφϕ,α.

Proof. Let f ∈ H2
α (T

+). Then by the previous theorem ϕf ∈ H2
α (T

+). So,

Tφ,αTϕ,α (f) = Tφ,α (P (ϕf))

= Tφ,α (ϕf)

= P (φϕf)

= Tφϕ,α (f) .

This completes the proof.

Theorem 3.5. If φ ∈ L∞ (T+) such that T−1φ,α exists, then φ−1 ∈ L∞ (T+), where Tφ,α : H2
α (T

+)→ H2
α (T

+).

Proof. Suppose T−1φ,α exists. Equivalently, there exists ε > 0 such that

‖Tϕ,α (f)‖2 ≥ ε ‖f‖2 for all f ∈ H2
α

(
T+
) .

Now,

‖φ · f‖2 ≥ ‖Tϕ,α (f)‖2 = ‖P (φf)‖2 ≥ ε ‖f‖2 .

Hence,Mφ (f) = φ · f is invertible, whereMφ is the multiplication operator on L2 (T+). Thus, φ−1 ∈
L∞ (T+).

A consequence of the previous theorem is the following corollary.

Corollary 1. The essential spectrum of Tφ,α is exactly the essential range of its symbol φ. Equivalently,

σess (Tφ,α) = ess range (φ) .

Proof. Noting that (Tφ,α − λI) f = Tφ,α (f) − λf = P (φf) − λf . In addition, (Tφ,α − λI)−1 exists
and implies thatM(φ−λ) is invertible. But,

(
M(φ−λ)

)−1 exists if and only if (φ− λ)−1 exists in L∞ (T+
)
.

So, (φ− λ)−1 does not exist if φ (t)−λ = 0which is in the essential range of φ−λ. Thus, σess (Tφ,α) = ess

range (φ) as required.
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4. Conclusions

In this work, we introduced a new class of function spaces called α-fractional Hardy spaces based
on the α-conformable fractional derivative. These spaces generalize the classical Hardy spaces and
preserve key properties such as completeness and boundary behavior. We also extended the concept
of Toeplitz operators to this fractional context and showed that many classical results such as the
multiplicative algebra property and the essential spectrum formula still hold.

Authors’ Contributions. All authors have read and approved the final version of the manuscript. The
authors contributed equally to this work.

Conflicts of Interest. The authors declare that there are no conflicts of interest regarding the publication
of this paper.

References

[1] P. Koosis, Introduction to Hp Spaces, Cambridge University Press, Cambridge, 1998. https://doi.org/10.1017/
CBO9780511470950.

[2] E.M. Stein, Harmonic Analysis: Real-Variable Methods, Orthogonality, and Oscillatory Integrals, Princeton University
Press, 1993. https://doi.org/10.1515/9781400883929.

[3] P. Duren, Theory ofHp Spaces, Academic Press, 1970.
[4] J. Conway, A Course in Functional Analysis, Springer, 1990. https://doi.org/10.1007/978-1-4757-4383-8.
[5] R.G. Douglas, Banach Algebra Techniques in Operator Theory, Springer, New York, 1998. https://doi.org/10.1007/

978-1-4612-1656-8.
[6] M. Adm, R. Khalil, New Definition of Fractional Analytic Functions, Mo. J. Math. Sci. 35 (2023), 194–209. https:

//doi.org/10.35834/2023/3502194.
[7] R. Khalil, M. Al Horani, A. Yousef, M. Sababheh, A New Definition of Fractional Derivative, J. Comput. Appl. Math. 264

(2014), 65–70. https://doi.org/10.1016/j.cam.2014.01.002.
[8] S. Khan, Existence Theory and Stability Analysis to a Class of Hybrid Differential Equations Using Confirmable Fractal

Fractional Derivative, J. Fract. Calc. Nonlinear Syst. 5 (2024), 1–11. https://doi.org/10.48185/jfcns.v5i1.1103.
[9] E. Kengne, Conformable Derivative in a Nonlinear Dispersive Electrical Transmission Network, Nonlinear Dyn. 112

(2023), 2139–2156. https://doi.org/10.1007/s11071-023-09121-2.
[10] I.M. Batiha, S.A. Njadat, R.M. Batyha, A. Zraiqat, A. Dababneh, et al., Design Fractional-Order PID Controllers for

Single-Joint Robot Arm Model, Int. J. Adv. Soft Comput. Appl. 14 (2022), 97–114. https://doi.org/10.15849/ijasca.
220720.07.

[11] I.M. Batiha1, J. Oudetallah, A. Ouannas, A.A. Al-Nana, I.H. Jebril, Tuning the Fractional-order PID-Controller for Blood
Glucose Level of Diabetic Patients, Int. J. Adv. Soft Comput. Appl. 13 (2021), 1–10.

https://doi.org/10.1017/CBO9780511470950
https://doi.org/10.1017/CBO9780511470950
https://doi.org/10.1515/9781400883929
https://doi.org/10.1007/978-1-4757-4383-8
https://doi.org/10.1007/978-1-4612-1656-8
https://doi.org/10.1007/978-1-4612-1656-8
https://doi.org/10.35834/2023/3502194
https://doi.org/10.35834/2023/3502194
https://doi.org/10.1016/j.cam.2014.01.002
https://doi.org/10.48185/jfcns.v5i1.1103
https://doi.org/10.1007/s11071-023-09121-2
https://doi.org/10.15849/ijasca.220720.07
https://doi.org/10.15849/ijasca.220720.07

	1. Introduction
	2. Preliminaries
	3. Main Results
	3.1. -Fractional Hardy Spaces
	3.2. -Fractional Toeplitz Operators

	4. Conclusions
	Authors' Contributions
	Conflicts of Interest

	References

