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Abstract. We develop a multi-patch SIS compartmental epidemic model that captures the dynamics of an
infectious disease in a population of individuals who can travel among n patches. The model is formulated
as a non-autonomous system of ordinary differential equations, with periodic terms accounting for general
incidence, recovery, birth, death, and travel between cities. Through theories of dynamical systems, we
compute the basic reproduction number, R0 of the model and we establish that it is the threshold between
the persistence and the extinction of the epidemic. We further derive some conditions under which these
periodic steady states are globally asymptotically stable.
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1. Introduction

The spatial spread of infectious diseases is a phenomenon that involves many different factors.
Modelling this spread is a complex task. Spatial heterogeneity can be accounted in two ways: either by
formulatingmuti-patchmodels using ordinary differential equations, or by introducing spatial variation
through the use of partial differential equations. However, there are, cases where the latter spatial
approach may not be appropriate [1–3]. In the case of a human specific disease that is transmitted
through direct contact, in a large country with a small number of potentially significant cities and
well-developed transportation system, travel from one city to another is rapid and the spread on an
epidemic occurs only at the destination. In this context, the movement of individuals between distinct
discrete geographical regions can play an important role in the spread of the disease.

To incorporate this spatial heterogeneity, one approach is to use a patch model with different classes
of individuals. In such model that includes humans or/and vectors mobility, we need to specify how
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exactly, individuals move. Here, we have adopted a Eulerian approach where individuals are not
assigned to a particular patch, but instead simply move around between the various patches at certain
rates [4, 5]. Another more sophisticated patch model which captures the mobility of individuals is
a Lagrangian approach [6–8]. A fascinating question is whether a disease could remain endemic by
travelling geographically around a specific patch. The main disadvantage of this approach lies in the
high dimensionality of the resulting models [2,9]. Consequently, multi-patch epidemic models give
rise to large systems of non-linear differential equations and establishing their global dynamics can be
a mathematical challenge [10,11]. Thus, these models are often studied through computer simulations.
Some compartmental models with Eulerian and Lagrangian approach have been formulated and
discussed by several authors [2, 3, 12–15]. However, these formulated models give rise to autonomous
systems differential equations which are not applicable in environments with variable climates.

Indeed, mathematical models and field observations show that the intensity and mechanisms of
seasonality can influence the spread and persistence of infectious diseases [16,17]. From a practical
perspective, understanding the mechanisms and effects of seasonality provides valuable insights into
the functioning of parasite-host systems, how and when control measures should be implemented,
and how health risks are evolving in the face of shifting seasonal patterns [18, 19]. Seasonal variations
in temperature, precipitation, resource availability, contact rates, population birth and death rates, and
immune defences are ubiquitous and can exert significant impact on population dynamics. Empirical
data highlight several biologically distinct mechanisms through which seasonality can influence host-
pathogen interactions [20]. From a practical standpoint, a better understanding of the mechanisms
linking seasonal environmental changes to disease dynamics could help to predict long-termhealth risks,
implement effective public health programs, set goals and use limited resources more effectively. [21].

To model infectious diseases, the number of individuals contacted by an infective per unit of time
is called a contact rate of the infection. However, in most studies, an important parameter often is
neglected or arbitrary used by authors: the incidence of the disease. The incidence of a disease is
the total new infective infected by all individuals in the infected compartment per unit of time. In
the literature, there exists several incidences for direct or indirect transmission, but the choice of the
incidence to use depends on many factors such as toxicity of parasite and the characteristics of the
environment [22, 23]. Hence, the suitable incidence to use when studying a specific epidemic model is
a real challenge; particularly when investigating the spread of an infection in metapopulation, because
each patch is an environment with its own characteristics [24–26]. So, it is unrealistic to consider the
same type of incidence of infection accross all the patches.

To contribute to this challenge, we consider the model of Fang et al. [27] with periodic general
incidence function which includes the common properties of particular incidence functions. Then, the
model reads as follows
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u̇i = bi(t, hi)hi − µi(t)ui − fi(t, ui, vi) + γi(t)vi +

n∑
j=1

aij(t)uj , 1 ≤ i ≤ n,

v̇i = fi(t, ui, vi)− µi(t)vi − γi(t)vi +

n∑
j=1

bij(t)vj , 1 ≤ i ≤ n,
(1)

where in each patch i = 1, . . . , n, the whole population, hi is grouped into two classes: susceptible
individuals, ui and infectious individuals vi; namely hi = ui + vi. Susceptible individuals become
infective after contact with infectious individuals through the incidence function, fi(t, ui, vi) [28].
Infective individuals return to susceptible class after recovering at rate γi(t). While individuals are
recruited with function bi(t, hi), function µi(t) denotes the natural death rate and −aii(t), −bii(t)
capture the emigration rate of susceptible and infectious individuals respectively in the patch i. For all
i 6= j, aij(t), bij(t) represent respectively the ω-periodic immigration rate of susceptible and infectious
individuals from jth patch to ith.

The main purpose of this paper is to analyse the global dynamics of the complex non-linear system
(1). Consequently, we organize the paper as follows: in next section, we compute the threshold
dynamics of the system and recall some important preliminaries results used in our analysis. In Section
3, we focus on the global behaviour of the system around the basic reproduction rate,R0. In the last
section, we conclude.

2. Preliminaries

For i = 1, . . . , n, let u = (u1, u2, . . . , un)T , v = (v1, v2, . . . , vn)T , xi := (ui, vi)
T and gi := (gi1, gi2)T .

Then, we write the system (1) as follows:

ẋi = gi(t, ui, vi), ∀i = 1, . . . , n(2)

where

gi1(t, ui, vi) := bi(t, hi)hi − µi(t)ui − fi(t, ui, vi) + γi(t)vi +
n∑
j=1

aij(t)uj ,

and

gi2(t, ui, vi) := fi(t, ui, vi)− µi(t)vi − γi(t)vi +
n∑
j=1

bij(t)vj .

Hence, for all positive initial conditions xi(0), the Cauchy’s problem associated to (3) reads as follows:
ẋi = gi(t, ui, vi),

∀i = 1, . . . , n.

xi(0) = x0
i ,

(3)
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2.1. Definitions, notations and assumptions. To make sense biologically, we assume throughout this
paper that all parameters of system (3) are positive ω-periodic functions. In addition, we assume that
during the dispersal process, hosts death and birth rates are neglected. That is

n∑
j=1

aji(t) = 0,
n∑
j=1

bji(t) = 0,∀i = 1, . . . , n and t ∈ [0, ω],(4)

and the travelling matrix of susceptible, (aij(t)) and infectious, (bij(t)) hosts are supposed to be
irreducible.

Moreover, we further assume that, ∀i = 1, . . . , n the functions fi and bi satisfy the following condi-
tions:

(A1): fi and bi are respectively non-negative and positive ω-periodic functions, that is:

fi(t+ ω, ui, vi) = fi(t, ui, vi) and bi(t+ ω, hi) = bi(t, hi), ∀t ∈ [0, ω],

(A2): fi(t, 0, vi) = fi(t, ui, 0) = 0, ∀ui, vi ≥ 0,
(A3): fi is continuously differentiable and we note ∂fi

∂vi
(t, ui, 0) := pi(t, ui),∀ui ≥ 0.

(A4): there exists ε1 > 0 such that when 0 < vi < ε1,

fi(t, ui, vi) ≥ pi(t, ui)vi +
1

2
ε1vi

∂2f

∂v2
i

(t, ui, vi),

(A5): bi is continuously differentiable with ∂bi
∂hi

(t, hi) < 0, ∀hi ∈ (0,∞).

Let X = Rq+ and (Rq, X) be the standard ordered q-dimensional Euclidean space with a norm ‖.‖.
For z, t ∈ X , we denote z ≥ t, if z − t ∈ X, z > t, if z − t ∈ X \ {0}, z � t, if z − t ∈ int(X).

Definition 1. A q × q matrix function is cooperative if all its off-diagonal entries are non-negative. It is said

to be irreducible if its index set {1, 2, . . . , n} cannot be split into two complementary sets {n1, n2, . . . , nq} and

{m1,m2, . . . ,ml} such that cmrnd = 0, ∀r = 1, 2, . . . , l and d = 1, 2, . . . , q.

Definition 2. Let x(t, y) be the unique solution of system (3). For all t ≥ 0, a family of mappings Φ(t) :

X → X , such that Φ(t)y = x(t, y),∀y ∈ X is called periodic semi-flow generated by (3) if Φ(0) = idX ;

Φ(t+ ω) = Φ(t) ◦ Φ(ω) and Φ(t)y is continuous in R+ ×X .

If t = ω, P := Φ(ω) is called Poincaré map associated to system (3); satisfying Pn(x0) = x(nω, x0),∀n ≥ 1.

Definition 3. Let U be a non-empty, closed, and order convex set and κ : U −→ U be a continuous map. κ is

said to be strictly sub-homogeneous if κ(αa) > ακ(a) with a� 0 and α ∈ (0, 1).

Let us consider the following linear ordinary differential system:

(5) Ż(t) = A(t)Z(t),
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where A(t) is a continuous, cooperative, irreducible and ω-periodic n× nmatrix function. Let ΦA(t)

be the fundamental solution matrix of (5) and ρ(ΦA(ω)
) be the spectral radius of the matrix ΦA(ω).

By the Perron-Frobenius theorem (see [29], Theorem A.3), ρ(ΦA(ω)
) is the principal eigenvalue of

ΦA(ω) which is associated to the positive eigenvector. The following result is useful for our subsequent
comparison arguments.

Lemma 2.1. Let η =
1

ω
ln ρ(ΦA(ω)), then there exists a positive ω-periodic function θ(t) such that θ(t)eηt is a

solution of (5).

Proof. For an positive eigenvector % associated with the principal eigenvalue ρ(ΦA(ω)), introducing the
new variable, Z̃(t) = θ(t)eηt; the linear system (5) leads to:

θ̇(t) =
(
A(t)− ηIq

)
θ(t).(6)

Therefore, θ(t) := ΦA(t)−ηIq(t)% is a positive solution of (6). Then, one can easily see that
eηtΦA(t)−ηIq(t) = ΦA(.)(t). So, θ(ω) = ΦA(t)−ηIq(ω)% = e−ηωΦA(.)(ω)% = % = θ(0). It then follows
that θ(t) is a positive ω-periodic solution of (6). Thus, Z̃(t) is a solution of (5). �

2.2. Existence and characterization of solutions.

Proposition 2.1. For any positive initial condition x0
i , for i = 1, . . . , n, problem (1) has a unique positive

solution for all t ≥ 0. Moreover, there is an hF > 0 such that every forward orbit in R2n
+ of (1) enters into

G :=
{

(u, v) ∈ R2n
+ :

n∑
i=1

hi ≤ hF
}
,(7)

and G is positively invariant for model (1).

Theorem 2.1. LetM(t, .) be the periodic function matrix defined by

M(t, .) =


b1(t, .)− µ1(t) + a11(t) a12(t) . . . a1n(t)

a21(t) b2(t, .)− µ2(t) + a22(t) . . . a2n(t)
...

... . . . ...

an1(t) an2(t) . . . bn(t, .)− µn(t) + ann(t)

 .

If ρ(ΦM(.,0)(ω)) > 1, then system (1) admits a unique positive periodic disease-free equilibrium.

Proof. To prove the existence of periodic disease-free equilibrium, we consider the following equation:

u̇i := g1i(t, ui, 0) = bi(t, hi)hi − µi(t)ui +

n∑
j=1

aij(t)uj , i = 1, . . . , n;(8)
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which we write as follows: u̇ = M(t, λ)u; with

M(t, λ) =


b1(t, λ)− µ1(t) + a11(t) a12(t) . . . a1n(t)

a21(t) b2(t, λ)− µ2(t) + a22(t) . . . a2n(t)
... ... . . . ...

an1(t) an2(t) . . . bn(t, λ)− µn(t) + ann(t)

 .

We note that matrixM(t, λ) is irreducible with non-negative off-diagonal elements and the RHS, of
equation (8) satisfies the following conditions:

C1) g1i(t, u, 0) ≥ 0, for every u ≥ 0.
C2) ∂g1i

∂uj
(t, u, 0) ≥ 0,∀i 6= j and Dug1i(t, 0, 0) is irreducible.

C3) g1i(t, ., 0) is strictly sub-homogeneous on Rn+.
C4) g1i(t, 0, 0) = 0 and g1i(t, u, 0) < Dug1i(t, 0, 0)u,∀t ≥ 0 and u� 0.

Since the non-linear system (8) is dominated by linear system: u̇ ≤ Dug1i(t, 0, 0)u, then, for any
initial condition u0 ∈ Rn+, the global existence and stability, of the unique solution u(t, u0), ∀t ≥ 0 is
given by Corollary 3.2 in [30]. Now, it remains to prove that u(t, u0) is positive and bounded. Indeed,
let Pu be the Poincaré map associated with (8). Let λ∗ be the sufficient positive large real number
such that ∫ ω0 (bi(t, λ

∗) − µi(t))dt < 0. Hence, thanks to Lemme 2.1, there exists θ̄(t) such that θ̄(t)eη̄t

is a solution of u̇(t) = M(t, λ∗)u(t) with η̄ =
1

ω
ρ(ΦM(.,λ∗)(ω)). Moreover, let Ī(t) = eη̄t

∑n
i=1 θ̄i(t) and

L(t) = max{bi(t, λ∗) − µi(t) : 1 ≤ i ≤ n}. It yields that İ(t) ≤ L(t)I(t), and then I(t) → 0 as t → ∞.
Therefore ρ(ΦM(.,λ∗)(ω)) < 1. Thus, for l̄ > 0 large enough such that l̄θ̄(t) > λ∗ for all t ∈ [0, ω]. Hence,
thanks to standard comparison principle, it follows that ∀m̄ ≥ 0:

0 < P m̄u (l̄θ̄(0)) ≤ ΦM(.,λ∗)(m̄ω)lθ̄(0) = ρ(ΦM(.,λ∗)(m̄ω))lθ(0) = ρ(ΦM(.,λ∗)(ω))m̄ l̄θ̄(0) < l̄θ̄(0).

That means that P m̄u (l̄θ̄(0)) is bounded. Since, ρ(ΦM(.,0)(ω)) > 1, it comes from ( [31], see Theorem
2.1.2) that the Poincaré map Pu has a unique positive fixed point ū(0) which is globally attractive.
Therefore, system (1) admits a unique positive periodic disease-free equilibrium, E0(t) := (ū(t),0). �

2.3. Thresholds dynamics. In this part of the paper, we compute the thresholds dynamics of system
(1) according to the theory developed byWang and Zhao [32] for periodic systems. Linearising system
(1) at the periodic disease-free equilibrium, E0(t) we obtain the following system:

v̇(t) = (F (t)− V (t))v(t),(9)

with

F (t) = diag{p1(t, u), p2(t, u), . . . , pn(t, u)}
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and

V (t) = −


−µ1(t)− γ1(t) + b11(t) b12(t) . . . b1n(t)

b21(t) −µ2(t)− γ2(t) + b22(t) . . . b2n(t)

. . . . . . . . . . . .

bn1(t) bn2(t) . . . −µn(t)− γn(t) + bnn(t)

 .

For all t ≥ s, letW(t, s) be the evolution operator of the linear periodic system

ẇ = −V (t)w.

For each s ∈ R, the n× nmatrixW(t, s) satisfies the equation

Ẇ(t, s) = −V (t)W(t, s), ∀t ≥ s, W(s, s) = I,(10)

where I is the n× n identity matrix.
Let Cω be the ordered Banach space of all ω-periodic functions from R to Rn which is equipped with

the maximum norm ‖.‖ and the positive cone

C+
ω :=

{
φ ∈ Cω : φ(t) ≥ 0, ∀t ∈ R

}
.

Suppose φ(s) ∈ Cω is the initial distribution of infectious individuals in the periodic habitat. Then
F (s)φ(s) ∈ Cω is the distribution of newly infected individuals at time t produced by infected indi-
viduals introduced at time s ≤ t. Hence, W(t, s)F (s)φ(s) represents the distribution of those infected
individuals who were newly infected at time s and remain in the compartment at time s. Thus,

ψ(t) =

∫ t

−∞
W(t, s)F (s)φ(s)ds =

∫ ∞
0

W(t, t− a)F (t− a)φ(t− a)da, a ∈ [0,∞)

is the distribution of accumulative new infections at time t, produced by all those infected φ(s) intro-
duced at the previous time.

Let L : Cω −→ Cω be the linear operator defined by

(Lφ)(t) =

∫ ∞
0

W(t, t− a)F (t− a)φ(t− a)da, ∀t ∈ R, φ ∈ Cω.

Thus, the basic reproduction ratio,R0 of system (1) is given by the spectral radius of L: R0 = ρ(L).

Remark 2.1.

i) If only susceptible hosts can travel, namely bij(t) = 0, ∀1 ≤ i, j ≤ n, then V (t) = diag(µ1(t) +

γ1(t), µ2(t) + γ2(t), . . . , µn(t) + γn(t)). Thus, thanks to Lemma 2.2 from [32],

R0 = max
1≤i≤n

{R0,i}(11)

where [Z(t)] =
1

ω

∫ ω

0
Z(t)dt andR0,i =

[pi(t, ū)]

[µi(t) + γi(t)]
is a specific basic reproduction rate of patch i

when the network is deconnected.
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ii) If matrices F (t) and V (t) are both constant, then R0 = ρ(FV −1). Hence, we derive Salmani [13]

inegality type as follows:

min
1≤i≤n

R0,i ≤ ρ(FV −1) ≤ max
1≤i≤n

R0,i, if µi = µj = µ, γi = γj = γ, ∀i 6= j.

3. Main results

The following result will be useful in the rest of the paper.

Lemma 3.1. The following statements hold:

i) R0 = 1 if and only if ρ(ΦF−V (ω)) = 1.

ii) R0 < 1 if and only if ρ(ΦF−V (ω)) < 1.

iii) R0 > 1 if and only if ρ(ΦF−V (ω)) > 1.

3.1. Dependence ofR0 on incidence function and matrix movement.

Theorem 3.1. If there exists a positive real τ such that for all 1 ≤ i ≤ n, f̂i(t, ui, vi) = τfi(t, ui, vi), then the

basic reproduction number,R♦0 associated to this incidence function is computed as follows:

R♦0 = τR0.

Proof. Let us consider the following linear ω-periodic system:

ẇ(t) =

[
1

ξ
F (t)− V (t)

]
w(t), ∀t ∈ R+, ξ ∈ (0,∞),(12)

withW(t, s, ξ), t ≥ s, s ∈ R, the associated evolution operator on R2n . It is obvious that

W(t, 0, 1) = ΦF−V (t), ∀ t ≥ 0.

If f̂i(t, ui, vi) = τfi(t, ui, vi) then, the linear system (12) becomes:

ẇ(t) =

[
τ

ξ
F (t)− V (t)

]
w(t), ∀t ∈ R+, ξ ∈ (0,∞).

Let F̂ (t) = τF (t), V̂ (t) = V (t) and Ŵ(ω, 0, ξ) the monodromy matrix of the following system:

˙̂w(t) =

[
1

ξ
F̂ (t)− V̂ (t)

]
ŵ(t), ∀t ∈ R+, ξ ∈ (0,∞).

Since
Ŵ(ω, 0, ξ) = W

(
ω, 0,

ξ

τ

)
.

Then, thanks to the Theorem 2.1 in [30], we have

ρ(Ŵ(ω, 0,R♦0 )) = 1⇐⇒ ρ

(
W
(
ω, 0,

R♦0
τ

))
= 1.

Hence,R♦0 = τR0. �

Theorem 3.2. R0 is a non-decreasing function with respect to infected individuals movement matrix, B = (bij).



Asia Pac. J. Math. 2026 13:102 9 of 18

Proof. Let B et B̃ be two infected individuals movement matrix such that B ≤ B̄, that is all entries bij
and b̄ij respectively of B and B̄ satisfy bij(t) ≤ b̄ij(t), ∀i, j = 1, 2, . . . , n. Then, ∀t ∈ R, φ ∈ Cω.∫ ∞

0
W(t, t− a)F (t− a)φ(t− a)da ≤

∫ ∞
0

W̄(t, t− a)F (t− a)φ(t− a)da,(13)

where W̄(t, s) satisfies
˙̄W(t, s) = −V̄ (t)W̄(t, s), ∀t ≥ s,(14)

with

V̄ (t) = −


−µ1(t)− γ1(t) + b̄11(t) b̄12(t) . . . b̄1n(t)

b̄21(t) −µ2(t)− γ2(t) + b̄22(t) . . . b̄2n(t)

. . . . . . . . . . . .

b̄n1(t) b̄n2(t) . . . −µn(t)− γn(t) + b̄nn(t)

 .

It yields that (Lφ)(t) ≤ (L̄φ)(t), ∀t ∈ R, φ ∈ Cω. Hence ρ(L) ≤ ρ(L̄). So,R0(B) ≤ R0(B̄). �

3.2. Epidemic extinction. Here, we focus on the global dynamics of the model near of the periodic
disease-free equilibrium, E0(t).

Theorem 3.3. If R0 < 1 and aij(t) = bij(t) for all i, j = 1, . . . , n then E0(t) is globally for (u0, v0) ∈

Rn+ \ {0} × Rn+.

Proof. If aij(t) = bij(t) for all i, j = 1, . . . , n, then we have:

ḣi = b(t, hi)hi − (µi + γi)hi +
n∑
j=1

bij(t)hj , i = 1, . . . , n.(15)

Since (15) admits a unique positive equilibrium h̄(t) which is globally asymptotically stable for h0 ∈

Nn+ \ {0}, there exists tε such that

∀t ≥ tε, hi(t) < ūi(t) + ε, i = 1, . . . , n.(16)

Moreover, assuming (A6):

fi(t, ui, vi) < pi(t, u)vi, ∀ui, vi ≥ 0, i = 1, . . . , n.

Then, we have:

v̇i < pi(t, ū+ ε)vi − (µi + γi)vi +
n∑
j=1

bij(t)vj , 1 ≤ i ≤ n.(17)

Let us consider the following auxiliary system:

˙̃v(t) = (Fε(t)− V (t))ṽ(t), ṽ(t) = (ṽ1, ṽ2, . . . , ṽn)T , with Fε = diag(pi(t, ū+ ε)
)

1≤i≤n.(18)

By the continuity of the spectral radius, ifR0 < 1, we can fix ε small enough such that ρ(ΦFε−V (ω)) <

1. Thus, thanks to Lemma 2.1, there exists a positive ω-periodic function θ1(t) such that θ1(t)eηt is a
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solution of (18); with η =
1

ω
ln ρ(ΦFε−V (ω)). Since θ1 is bounded and η < 0, then standard comparison

theorem indicates that solutions of (18) tend to zero as t goes to infinity. Therefore, for any initial
condition (u0, v0) ∈ Rn+ × Rn+, with u0 6= 0, we have h0 ∈ Rn+ \ {0}. By the global attractivity of h̄(t), it
then follows that

lim
t→+∞

(u(t)− ū(t)) = lim
t→+∞

(h(t)− v(t)− ū(t)) = 0.

�

Theorem 3.4. If R0 < 1 then there exist ξ > 0 such that for every x0 ∈ G, with v0
i < ξ, i = 1, . . . , n, the

solution x(t, x0) of system (1) satisfies: limt→∞(u(t), v(t)) = (ū(t), 0).

Proof. Let us define the following auxiliary system:

ui = bi(t, ui)ui − µi(t)ui + (bi(t, 0+) + γi)ε+
n∑
j=1

aij(t)uj , i = 1, . . . , n,(19)

with ε a small constant to be determined. From above, we can select ε small enough such that (19)
admits a unique positive equilibrium ū(ε) which is globally asymptotically stable.

Let uε(t, h̄) be the solution of (19) through h̄ at t = 0 and Tε = m1ω > 0 such that

uε(t, h̄) < ū(ε) + ε, ∀t ≥ Tε, ε = (ε, . . . , ε), andm1 ∈ N∗.(20)

Let F ε = diag(pi(t, ū + ε)
)

1≤i≤n with F 0 = F . By the continuity of the spectral radius, if R0 < 1

then, we can restrict ε small enough such that ρ(ΦF ε−V (ω)) < 1. Thanks to Lemma 2.1, there exists
a positive ω-periodic function θ2(t) such that θ2(t)eη2t is a solution of ˙̂v(t) = (F ε − V )v̂(t); with
η2 =

1

ω
ln ρ(ΦF ε−V (ω)). Let choose k > 0 such that kθ2(t) < ε,∀t ∈ [0, ω]. Let v̂(t, δ) be the solution

through δ at t = 0 of the following auxiliary system:

˙̂vi = pi(t, h̄)v̂i − (µi + γi)v̂i +
n∑
j=1

bij(t)v̂j , i = 1, . . . , n(21)

such that for all δ > 0 small enough, we have

v̂(t, δ) < kθ2(t) < ε,∀t ∈ [0, Tε].(22)

Lemma 3.2. For all initial condition x0 ∈ G, with v0
i < δ, i = 1, . . . , n, the non negative solution x(t, x0) of

system (1) satisfies, v(t) ≤ kθ2(t)eη2t, ∀t ≥ 0.

Proof. By contradiction, suppose not. Then, there exist q, 1 ≤ q ≤ n and T ′ > Tε such that:
v(t) ≤ kθ2(t)eη2t for t ∈ [0, T ′],

vq(T
′) = k(eη2T ′θ2(T ′))q,

vq(t) > k(eη2T ′θ2(T ′))q for 0 < t− T ′ � 1.

(23)
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If t ∈ [0, T ′], then we have

u̇i < bi(t, ui)ui − µi(t)ui + (bi(t, 0+) + γi)ε+
n∑
j=1

aij(t)uj , i = 1, . . . , n.(24)

Thus, it follows from the comparison principle that u(T ′) < ū(T ′, ε) + ε. Hence, for 0 < t− T ′ � 1, it
implies that

v̇i < pi(t, ū(ε) + ε)vi − (µi + γi)vi +

n∑
j=1

bij(t)vj , i = 1, . . . , n.(25)

Since v(T ′) ≤ kθ2(T ′)eη2T ′ , the comparison principle implies that

v(t) < kθ2(t)eη2t for 0 < t− T ′ � 1.(26)

So

vq(t) < k(θ2(t)eη2t)q for 0 < t− T ′ � 1,(27)

which lead to a contradiction. �

Consequently,

u(t) < ū(ε) + ε,∀t ≥ Tε and v(t) < kθ2(t)eη2t,∀t > Tε.(28)

It then follows that v(t)→ 0 as t→∞.
Let P be the Poincaré map associated to system (1). Given the initial condition x0 ∈ G with u0 6= 0

and v0
i < δ, i = 1, . . . , n, it easily follows that u(t) ∈ int(Rn+), ∀t > 0. Let O′ = O′(x0) be the omega

limit set of x0 for P . Since, v(t)→ 0 as t→∞, thenO′ = Ō′×{0} holds. Hence, we claim that Ō′ 6= {0}.
Let assume that, by contradiction, Ō′ = {0}. It then follows that lim

t→∞
x(t, x0) = lim

m→∞
Pm(x0) = (0, 0).

Since ρ(ΦM(.,0)) > 1, we can choose a small ` > 0 such that ρ(ΦM(.,0)−`diag(1,...,1)(ω)) > 1. Thus, there
exists t′ > 0 such that

u̇i(t) > (bi(t, 0+)− `)ui − µiui +
n∑
j=1

aij(t)uj , ∀t ≥ t′, i = 1, . . . , n.

Let η4 = 1
ω ln ρ(ΦM(.,0)−`diag(1,...,1))(ω)) and θ4(t) be a positive ω-periodic function such that θ4(t)eη4t

is a solution of the following auxiliary linear solution:

u̇i(t) = (bi(t, 0+)− `)ui − µiui +

n∑
j=1

aij(t)ui, ∀, i = 1, . . . , n.(29)

Let select a small number d such that u(t′) > dθ4(0). Hence, thanks to the comparison theorem, we
have:

u(t) ≥ deη4(t−t′) min
t−t′≥0

θ(t− t′), ∀t ≥ t′.(30)

Thus, limt→∞ S(t) =∞. which leads to a contradiction.
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Moreover, we note that for all u0 ∈ Rn+,m ≥ 0, Pm(u0, 0) = (Pmu (u0), 0). Hence by Lemma 2.1, O′ is
an internal chain transitive set for P . So Ō′ is an internal chain transitive set for Pu. Since, Ō′ 6= 0 and
ū(0) is globally asymptotically stable for (1) in Rn+ \ {0}, we have Ō′ ∩W s(ū(0)) 6= ∅. It then follows
that Ō′ = ū(0). Thus, O′ = {(ū(0), 0)}. Consequently, (u(t), v(t))→ (ū(t), 0) as t→∞. �

3.3. Existence of positive ω-periodic solutions.

Theorem 3.5. Let R0 > 1. Then, system (1) is uniformly persistent and there exists at least one positive

equilibrium.

Proof. Let us consider the following sets:

X := {(u, v) ∈ Rn+ × Rn+},

X0 := {(u, v) ∈ X : u > 0},

∂X0 := X \X0.

It then suffices to show that system (1) is uniformly persistent with respect to (X0, ∂X0). Note that
X and X0 are positively invariant and ∂X0 is relatively closed in X . Furthermore, system (1) is point
dissipative.

We consider the set: M∂ = {x0 : Pm(x0) ∈ ∂X0, ∀m ≥ 0} and claim that:

M∂ = {(u, 0) : u ≥ 0}.(31)

Assume x0 ∈ M∂ . Let us show that v(t) = 0, ∀t ≥ 0. Suppose not. Then, there exist 1 ≤ i0 ≤ n

and t0 ≥ 0 such that vi0(t0) > 0. Define a partition of {1, . . . , n} into two sets J1 and J2 such that
vi(t0) = 0,∀i ∈ J1 and vi(t0) > 0, ∀i ∈ J2. Hence,

v̇i(t0) ≥ bji0vi0(t0) > 0,(32)

and there exist ε0 > 0 such that vj(t) > 0, ∀j ∈ J1; t ∈]t0, t0 + ε0[. Thus, we can restrict ε0 small enough
such that Ii(t) > 0,∀i ∈ J2; t ∈]t0, t0 + ε0[. Thus x0 /∈ M∂ ; so (31) holds. Moreover, we note that the
Poincaré map P has two fixed points inM∂ ; that isM0 = (0, 0) andM1 = (ū(t), 0).

For ε1 small enough, let us consider the following perturbed system:

u̇i = bi(t, ui + ε1)ui − µi(t)ui − fi(t, ui, ε1) +
n∑
j=1

aij(t)uj , i = 1, . . . , n.(33)

Since (33) admits a unique positive equilibrium ūε1(t) which is globally asymptotically stable, by
continuity, we can restrict ε1 such that ūε1(t) > ū(t)− ξ̄, with ξ̄ = (ξ̄1, ξ̄2, . . . , ξ̄n).

Proposition 3.1. IfR0 > 1, there exists ζ > 0 such that for any initial condition x0 ∈ X0, when
∥∥x0 −Mi

∥∥ ≤
ζ, one has lim sup

m→∞
d
(
Pm(x0),Mi

)
≥ ζ, i = 0, 1.
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Proof. Suppose by contradiction that lim sup
m→∞

d
(
Pm(x0),Mi

)
< ζ for some x0 ∈ X0 and i. Then, it

follows that there exists an integer N ≥ 1 such that for allm ≥ N we have d(Pm(x0),Mi

)
< ζ. By the

continuity of solution x(t, x0
), we have

∥∥x(t, Pm(x0)
)
− x(t,Mi

)∥∥ ≤ ε1,∀t ≥ 0, ε1 > 0. Let t = mω+ t′,
with t′ ∈ [0, ω] and m =

[
t

ω

]
.
[
t

ω

]
is the greatest integer less than or equal to t

ω
. Then, we have∥∥x(t, x0

)
− x
(
t,Mi

)∥∥ =
∥∥x(t′, Pm(x0

))
− x
(
t′,Mi

)∥∥ < ε1. Hence, vi(t) ≤ ε1,∀t ≥ 0 and 1 ≤ i ≤ n. It
then follows that:

u̇i ≥ bi(t, ui + ε1)ui − µi(t)ui − fi(t, ui, ε1) +

n∑
j=1

aij(t)uj , 1 ≤ i ≤ n.(34)

Consequently, there exists T1 > 0 such that u(t) ≥ ū(t)− ξ̄,∀t ≥ T1. Furthermore, based on assumptions
(A4), it follows that:

fi(t, ū(t)− ξ̄, vi) ≥ pi(t, ū(t)− ξ̄)vi +
1

2
ε1vi

∂2f

∂v2
i

(t, ū(t)− ξ̄, vi).(35)

Hence

v̇i ≥ pi(t, ū(t)− ξ̄)vi +
1

2
ε1vi

∂2f

∂v2
i

(t, ū(t)− ξ̄, vi)− µi(t)vi − γi(t)vi +
n∑
j=1

bij(t)vj .(36)

Since R0 > 1, then ρ(ΦF−V (ω)) > 1. By the continuity of the spectral radius, we have
lim
ξ̄→0+

ρ
(
ΦFξ̄−V (ω)

)
= ρ

(
ΦF−V (ω)

)
> 1. Thus, there exists ε∗ > 0 such that ρ(ΦFξ̄−V (ω)

)
> 1, ∀ξ̄ ∈

[0, ε∗]. Hence, there exists a positive ω-periodic function θ3(t) such that ertθ3(t) is a solution of RHS(36),
with r =

1

ω
ln ρ(ΦFε−V (ω)). Since ρ(ΦFξ̄−V (ω)) > 1, then r > 0 and lim

t→∞
vi(t) = ∞. which leads to a

contradiction. �

Note that , ū(t) is globally asymptotically stable in Rn+ \ {0}. By the afore-mentioned proposition, it
follows thatM1 andM2 are isolated invariant sets in X ,Ws((0, 0)) ∩X0 = ∅ andWs(Mi) ∩X0 = ∅

for i = 0, 1. Every orbit inM∂ converges to eitherM0 orM1. Further,M0 andM1 are acyclic inM∂ .
By the acyclicity theorem on uniform persistence for maps, we conclude that system (1) is uniformly
persistent with respect to (X0, ∂X0) [33]. Then, model (1) admits a fixed point (u∗(t), v∗(t)) ∈ X0 as
an equilibrium. Furthermore, suppose that u∗(t) = 0. Then, we derive that

n∑
i=1

u∗i (t) = 0.(37)

Hence, u∗i (t) = 0, ∀i = 1, . . . , n. Which leads to a contradiction. So, the model admits at least one
positive ω-periodic solution, x∗(t). �

Theorem 3.6. IfR0 > 1 and aij(t) = bij(t), then the positive ω-periodic solution x∗(t) is globally attractive in

Rn+ × int(Rn+).
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Proof. If aij(t) = bij(t), then system (1) reads as follows:
u̇i = bi(t, hi)hi − µi(t)ui − fi(t, ui, vi) + γi(t)vi +

n∑
j=1

aij(t)uj , 1 ≤ i ≤ n,

v̇i = fi(t, ui, vi)− µi(t)vi − γi(t)vi +
n∑
j=1

aij(t)vj , 1 ≤ i ≤ n.
(38)

Let consider the following equation:

ḣ(t) = bi(t, hi)hi − µi(t) +
n∑
j=1

aij(t)hj , 1 ≤ i ≤ n.(39)

Since, (39) admits a unique positive periodic solution which is globally asymptotically stable in int(Rn+),
then system (38) becomes:

ḣ(t) = bi(t, hi)hi − µi(t) +

n∑
j=1

aij(t)hj , , 1 ≤ i ≤ n,

v̇i = fi(t, hi − vi, vi)− µi(t)vi − γi(t)vi +
n∑
j=1

aij(t)vj , 1 ≤ i ≤ n.
(40)

Finally we obtain the following limiting system:

˙̂vi = fi(t, ūi − v̂i, v̂i)− µi(t)v̂i − γi(t)v̂i +
n∑
j=1

aij(t)v̂j , 1 ≤ i ≤ n.(41)

Let P̃ : Rn+ → Rn+ be the Poincaré map associated with (41). Now we show that (41) has a bounded
positive solution. Indeed, let us define following de matrix function:

M̃(t, λ̃) =


ã11(t, λ̃) a12(t) . . . a1n(t)

a21(t) ã22(t, λ̃) . . . a2n(t)
... ... . . . ...

an1(t) an2(t) . . . ãnn(t, λ̃)

 .

where ãii(t, λ̃) = fi(t, ūi − λ̃, v̂i) − µi(t) − γi(t) + aii(t). Therefore, let choose λ̃∗ > 0 such that∫ ω
0 ã11(t, λ̃∗)dt < 0, for i = 1, . . . , n; then by Lemma 2.1 there is a positive ω-periodic function θ̃(t) such
that θ̃(t)eη̃t is a solution of ˙̂vi = M̃(t, λ̃∗)v̂i with η̃ =

1

ω
ln ρ(ΦM(.,λ̃)(ω)).

Let I(t) = eη̃t
∑n

i=1 θ̃i(t) and N(t) = max{ãii(t, λ̃∗) : 1 ≤ i ≤ n}. It yields that İ(t) ≤ N(t)I(t), and
then I(t)→ 0 as t→∞. Therefore ρ(ΦM(.,λ̃∗)(ω)) < 1. Moreover, let l > 0 be large enough such that
lθ̃(t) > λ̃∗ for all t ∈ [0, ω]. Hence, thanks to standard comparison principle, it follows that ∀m̃ ≥ 0:

0 < P̃ m̃(lθ̃(0)) ≤ ΦM(.,λ̃∗)(m̃ω)lθ̃(0) = ρ(ΦM(.,λ̃∗)(m̃ω))lθ̃(0) = ρ(ΦM(.,λ̃∗)(ω))m̃lθ̃(0) < lθ̃(0).

That means that P̃ m̃(lθ̃(0)) is bounded. Since,R0 > 1, it then follows that the Poincaré map P̃ has a
unique positive fixed point v̂∗(0) which is globally attractive.Thus thanks to Theorem 3.5, the Poincaré
map associated with (38) admits (h̄(0) − v̂∗(0), v̂∗(0)) := (û∗(0), v̂∗(0)) has a unique positive fixed
point.
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Furthermore, let P̃1 be the Poincaré map associated to system (40). Given the initial condition
(h0, v0) ∈ R2n

+ \{0}, it easily follows that (h(t), v(t)) ∈ int(R2n
+ ), ∀t > 0. LetO′ = O′(h0, v0) be the omega

limit set of (h0, v0) for P1. Since, v(t)→ 0 as t→∞, then O′ =: Õ × {u∗(0)} holds. Hence, we claim
that Õ 6= {0}. Assume by contradiction, Õ = {0}. It then follows that limm→∞ P

m
1 (h0, v0) = (h̄(0), 0).

Since ρ(ΦM(.,0)) > 1, we can choose a small `1 > 0 such that ρ(ΦM(.,0)−`1diag(1,...,1)(ω)) > 1. Thus, there
exists t′′ > 0 such that for 0 < vi(t) < ε2 and ξ̄1 small enough,

fi(t, hi − vi, vi) ≥ pi(t, ū(t)− ξ̄1)vi +
1

2
ε2vi

∂2f

∂v2
i

(t, ū(t)− ξ̄1, vi), ∀t ≥ t′′.

Consequently, we have:

v̇i > pi(t, ū(t)− ξ̄1)vi +
1

2
ε2vi

∂2f

∂v2
i

(t, ū(t)− ξ̄1, vi)− µi(t)vi − γi(t)vi +
n∑
j=1

aij(t)vj ∀t ≥ t′′.

Let η5 = 1
ω ln ρ(ΦM(.,0)−`1diag(1,...,1))(ω)) and θ5(t) be a positive ω-periodic function such that θ5(t)eη5t

is a solution of the following auxiliary linear solution:

v̇i = pi(t, ū(t)− ξ̄1)vi +
1

2
ε2vi

∂2f

∂v2
i

(t, ū(t)− ξ̄1, vi)− µi(t)vi − γi(t)vi +
n∑
j=1

aij(t)vj , ∀, i = 1, . . . , n.

Let select a small number d̄ such that v(t′′) > d̄θ5(0). Hence, thanks to the comparison theorem, we
have:

v(t) ≥ d̄eη5(t−t′′) min
t−t′′≥0

θ5(t− t′′), ∀t ≥ t′′.(42)

Thus, limt→∞ vi(t) =∞, ∀1 ≤ i ≤ n; which leads to a contradiction.
Moreover, we note that for all v0 ∈ Rn+,m ≥ 0, P̃m(ū(0), v0) = (ū(0), P̃m1 (v0)). Hence, by Lemma

2.1 in [34], O′ is an internal chain transitive set for P̃ . So, Õ is an internal chain transitive set for P̃1.
Since, Õ 6= {0} and v∗(0) is globally asymptotically stable, we have Õ ∩ {v0 : P̃m1 (v0) = v∗(0)

}
6= ∅. It

then follows that Õ = {v∗(0)}. Thus, O′ = {(ū(0), v∗(0)}. Consequently, (u(t), v(t))→ (u∗(t), v∗(t)) as
t→∞.

Now, we prove the stability of (u∗(t), v∗(t)) for system (40). The Jacobian matrix of (40) evaluated
at (h∗(t), v∗(t)) give:

M(t) =

M1(t) 0

M2(t) M3(t)

(43)

where

M1(t) =


ã11(t) a12(t) . . . a1n(t)

a21(t) ã22(t) . . . a2n(t)
... ... . . . ...

an1(t) an2(t) . . . ãnn(t)

 ,M2(t) = diag
(
∂fi
∂hi

(t, h∗ − v∗, v∗)
)
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and

M3(t) =


c̃11(t) a12(t) . . . a1n(t)

a21(t) c̃22(t) . . . a2n(t)
... ... . . . ...

an1(t) an2(t) . . . c̃nn(t)


with

ãii(t) =
∂bi
∂hi

(t, h∗i ) + bi(t, h
∗
i )− µi(t) + aii(t),

c̃ii(t) = −∂fi
∂vi

(t, h∗ − v∗, v∗)− µi(t)− γi(t) + aii(t).

Since, ãii(t) < bi(t, h
∗
i ) − µi(t) + aii(t) := kii(t), then, trough the comparison principle, we have

ΦM3(∗)(t) ≤ ΦK(∗)(t) with

K(t) =


k11(t) a12(t) . . . a1n(t)

a21(t) k22(t) . . . a2n(t)
... ... . . . ...

an1(t) an2(t) . . . knn(t)


Hence, ρ(ΦM3(∗)(ω)) < ρ(ΦK(∗)(ω)) = 1. Moreover, since ρ(ΦM1(∗)(ω)) < 1, it yields that
ρ(ΦM(∗)(ω)) = max{ρ(ΦM3(∗)(ω)), ρ(ΦM1(∗)(ω))} < 1. Consequently, (h∗(t), v∗(t)) is stable. �

4. Conclusion

In this paper, we have proposed a SIS epidemic model in the patchy environment trough Eulerian
approach in order to capture the effect of individuals mobility on the dynamics of a disease influenced
by climate variations. In order to integrated the heterogeneity of environment in disease transmission,
we have considered a general incidence function which incorporates the effect of seasonality. Through
rigorous analysis, we have computed the disease-free periodic equilibrium, the positive periodic
solutions and the basic reproduction rate,R0 of the model.

Three main results emerge from our investigation. The first result has pointed out the dependence
of R0 on the incidence function and the infected individuals matrix movement. The second result
has shown thatR0 is the threshold between the persistence and the extinction of the disease. Finally,
under some hypothesis on incidence function, we have proved that the two periodic steady states of
the system are globally stable if susceptible and infectious individuals, in each patch have the same
dispersal rate. Our analysis have shown the incidence function has hight effect on the dynamics of a
epidemic model in patchy environment. So, realistic model must take this factor into account.

Conflicts of Interest. The author declares that there are no conflicts of interest regarding the publication
of this paper.
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