Asia Pac. ] Math. 2026 13:103 ASIA PACIFIC ACADEMIC

ON HESITANT INTUITIONISTIC FUZZY SOFT SUBALGEBRAS, IDEALS AND
DEDUCTIVE SYSTEMS OVER HILBERT ALGEBRAS

AIYARED IAMPAN'*, VENNILA RAMASAMY?, KANNAN GEETHA?, NEELAMEGARAJAN
RAJESH3

1Departrnent of Mathematics, School of Science, University of Phayao, Mae Ka, Mueang, Phayao 56000, Thailand
2Depar’cmen’t of Mathematics, Sri Eshwar College of Engineering, Coimbatore 641202, Tamil Nadu, India
3Department of Mathematics, Rajah Serfoji Government College, Thanjavur 613005, Tamil Nadu, India

*Corresponding author: aiyared.ia@up.ac.th

Received Apr. 13, 2026

AsstrACT. In this paper, we introduce the notion of hesitant intuitionistic fuzzy soft sets over Hilbert
algebras and develop the notions of hesitant intuitionistic fuzzy soft subalgebras, ideals, and deductive
systems. We investigate fundamental properties of these structures and establish several relationships
among them. In particular, we show that every hesitant intuitionistic fuzzy soft ideal is both a hesitant
intuitionistic fuzzy soft subalgebra and a deductive system, while the converses do not necessarily hold.
Furthermore, we introduce upper and lower hesitant level subsets and use them to characterize hesitant
intuitionistic fuzzy soft subalgebras, ideals, and deductive systems in terms of their corresponding crisp
structures. We also study structural properties such as closure under intersection and provide constructions
of associated subalgebras and ideals derived from hesitant intuitionistic fuzzy soft sets. These results
extend the theory of hesitant fuzzy structures and provide a new framework for studying uncertainty in
Hilbert algebras.
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1. INTRODUCTION

The concept of fuzzy sets was introduced by Zadeh [25]. Since then, fuzzy set theory has been widely
studied due to its applications in many real-life problems. After its introduction, many generalizations
of fuzzy sets have been proposed. In particular, the integration of fuzzy sets with other uncertainty
models such as soft sets and rough sets has been investigated in [1,3,7].

An important extension of fuzzy sets is the notion of intuitionistic fuzzy sets, introduced by Atanassov
[2], which characterizes uncertainty by considering both membership and non-membership degrees.
This concept has been widely applied in algebraic structures and decision-making problems.
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In 2009-2010, Torra and Narukawa [23,24] introduced the concept of hesitant fuzzy sets, which are
defined as functions from a reference set into the power set of the unit interval. This concept provides
a flexible way to represent situations where membership degrees are not given by a single value but by
a set of possible values. Since then, hesitant fuzzy set theory has been developed further and applied
in various fields of mathematics and related areas.

Following this development, several extensions and applications of hesitant fuzzy sets have been
studied in different algebraic structures. For example, Zhu et al. [27] introduced dual hesitant fuzzy
sets in 2012. In 2014, Jun et al. [ 16] studied hesitant fuzzy soft subalgebras and (closed) hesitant fuzzy
soft ideals in BCK/BCl-algebras. Jun and Song [ 18] investigated hesitant fuzzy filters and MV-filters of
MTL-algebras, and later [ 19] introduced hesitant fuzzy prefilters and filters in EQ-algebras. In addition,
Jun and Ahn [15] studied hesitant fuzzy subalgebras and ideals in BCK/BCl-algebras. Mosrijai et
al. [21] introduced hesitant fuzzy sets on Hilbert algebras, and further developments on hesitant fuzzy
structures in Hilbert algebras have been discussed in [13].

On the other hand, Hilbert algebras have been extensively studied in algebra and logic. Diego [9]
showed that Hilbert algebras form a locally finite variety. Further studies on Hilbert algebras and their
deductive systems were carried out by Busneag [5,6], Jun [14], and Dudek [10]. The fuzzification of
algebraic structures in Hilbert algebras has also been investigated, for instance, by Dudek and Jun [11]
and Kim [20] in the study of fuzzy and t-fuzzy ideals. Moreover, intuitionistic fuzzy approaches to
Hilbert algebras have been explored by Zhan and Tan [26], particularly in the context of intuitionistic
fuzzy deductive systems. However, the study of hesitant intuitionistic fuzzy soft structures in Hilbert
algebras, particularly in relation to subalgebras, ideals, and deductive systems, has not yet been fully
developed.

Motivated by these developments, in this paper we introduce the concept of hesitant intuitionistic
fuzzy soft sets over Hilbert algebras and develop and systematically study the notions of hesitant
intuitionistic fuzzy soft subalgebras, ideals, and deductive systems. We investigate their fundamental
properties and establish relationships among these structures. In particular, we show that hesitant
intuitionistic fuzzy soft ideals generate both subalgebras and deductive systems. Furthermore, we
introduce upper and lower hesitant level subsets and use them to characterize these structures. We

also study closure properties and provide several related results.

2. PRELIMINARIES

In this section, we recall some basic definitions and properties of Hilbert algebras that will be used
throughout the paper. We also present the fundamental concepts related to hesitant intuitionistic fuzzy

soft sets, which form the main framework of this study. These preliminary results provide the necessary
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background for developing hesitant intuitionistic fuzzy soft subalgebras, ideals, and deductive systems

in the subsequent sections.

Definition 2.1 ( [9]). A Hilbert algebra is a structure X = (X, , 1) consisting of a nonempty set X, a binary

operation = on X, and a distinguished element 1 € X, satisfying the following axioms:

(2.1) (Vz,ye X) (z* (y+z) =1),
(2.2) (Va,y,z€ X) ((z* (y*2)) * ((x*y) = (x*2)) =1),
(2.3) (Vz,ye X) (zxy=1landyxz =1) =z =y).

The following basic properties will be used throughout the paper.

Lemma 2.1 ( [10]). Let X = (X, *, 1) be a Hilbert algebra. Then the following statements hold:
(1) (Veze X)(xxx=1);
(2) VzeX)(1xx =2x);
(3) VzeX)(x=x1=1);
4) (

(5) (Vx,y,z € X) ((x* 2)x((zxy)*(zxy)) = 1).

Vo,y,z€ X) (z# (y*x2) =y=*(z=*2));

For a Hilbert algebra X = (X, , 1), define a binary relation < on X by
(Ve,ye X)(x <y — z*xy=1).

Then < is a partial order on X, and 1 is the greatest element of X with respect to <.
We recall three important types of subsets in a Hilbert algebra, namely subalgebras, ideals, and

deductive systems, which play a fundamental role in the study of its algebraic structure.

Definition 2.2 ([17]). Let X = (X, %, 1) be a Hilbert algebra. A nonempty subset S of X is called a subalgebra
of X if
(Vx,ye S)(xxyebd).

Definition 2.3 ( [8]). Let X = (X, «,1) be a Hilbert algebra. A nonempty subset S of X is called an ideal of
X if the following conditions hold:

(1) 1€ S;
(2) Vaz,ye X)(ye S=ax=xyel),
(3) (Va,yr,y2€ X) (1€ Sandy, € S) = (y1 * (y2 # x)) *x € 5).

Definition 2.4 ([12]). Let X = (X, «, 1) be a Hilbert algebra. A nonempty subset S of X is called an deductive
system of X if the following conditions hold:

(1) 1€ S;
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(2) VxeS,VyeX)(x-ye S=yeb9).

Definition 2.5 ( [4]). Let X be a reference set. A hesitant intuitionistic fuzzy set (HIFS) on X is defined by

two functions

h,k: X — P([0,1]),

where for each x € X, h(x) and k(x) denote the sets of possible membership and non-membership degrees of z,

respectively, satisfying

sup h(x) +supk(z) < 1.
Here, HIF(X) denotes the family of all hesitant intuitionistic fuzzy sets on X.

Definition 2.6 ( [22]). Let X be a universe and Y be a set of parameters. A hesitant intuitionistic fuzzy soft
set (H,Y) over X is defined by a mapping

H:Y — HIF(X),
where for each p € Y, H(p) is a hesitant intuitionistic fuzzy set on X, that is,

heo ks X — P([0,1]),

H(p)’ “H(p)

satisfying

sup hﬁ(p) () + sup kﬁ(p) () <1 forallz e X.

3. Hesitant INTUITIONISTIC FUZZY SOFT SUBALGEBRAS AND IDEALS

In this section, we introduce the concepts of hesitant intuitionistic fuzzy soft subalgebras and hesitant
intuitionistic fuzzy soft ideals in Hilbert algebras. We investigate their basic properties and establish
several fundamental relationships between them. In particular, we show that every hesitant intuitionistic
fuzzy soft ideal is a hesitant intuitionistic fuzzy soft subalgebra. Furthermore, we study level subsets
of hesitant intuitionistic fuzzy soft sets and provide characterizations of these structures in terms of

their upper and lower 7-level subsets.

Definition 3.1. Let X = (X, *, 1) be a Hilbert algebra and (H,Y') be a hesitant intuitionistic fuzzy soft set on
X, where foreachpe Y, H(p) = {(z, hﬁ(p) (z), kﬁ(p) (x)) | z e X}.
Then (H,Y) is called a hesitant intuitionistic fuzzy soft subalgebra of X if, forall x,y € X andp € Y, the

following conditions hold:

(3.1)
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Example 3.1. Let X = {1,a,b, c,d} be a set equipped with the binary operation = given in Table 1.

TasLe 1. Cayley table for the *-operation
*|la b c d 1

all 1 1 1
bla

C

ISH

IS
S S

o
Q= = =
e e e e

Then X = (X, *,1) is a Hilbert algebra. Let Y = {p1, p2, p3}. Define a hesitant intuitionistic fuzzy soft set
(H,Y)on X as follows.

TaBLE 2. Values of h Hp)

1 a b c d

p1 | {0.6,0.7} {0.5,0.6} {0.6} {0.6} {0.6}
p2 | {0.5,0.6} {0.5} {0.5} {0.6} {0.5}
D3 {0.4} {0.4} {0.4} {0.4} {0.4}

TasLE 3. Values of kj; ®)

1 a b c d

p1 | {0.3} {0.4} {0.4,0.5} {0.4} {0.4,0.5}
p2 | {0.4} {0.5} {0.5} {0.4} {0.5}
ps | {0.4} {0.4} {0.4} {0.4} {0.4}

It is straightforward to verify that foreachp e Y and x € X,
sup gy (x) + sup ki (p) (x) < 1.
Moreover, for all z,y € X and p € Y, we have
P (@ % 4) 2 Py () O gy W) K (@ %) < K (2) © By ().
Hence, (H,Y) is a hesitant intuitionistic fuzzy soft subalgebra of X.

Proposition 3.1. Every hesitant intuitionistic fuzzy soft subalgebra (H,Y') of a Hilbert algebra X satisfies

ki) (1) S i) ()-
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Proof. Let x € X and p € Y. Since X is a Hilbert algebra, we have x * = 1. Then, by (3.1),

hﬁ(p)(l) - hfl(p) (z*2) 2 hﬁ(p) (z) N hﬁ(p) (z) = hﬁ(p) (),

(1) = kfl(p)(x *x) S kﬁ(p)(x) v kﬁ(p)(‘r) - kfl(p)(m)‘

Proposition 3.2. If (H,Y) is a hesitant intuitionistic fuzzy soft subalgebra of a Hilbert algebra X, then

(33) (Vre X)pe vy d Hm 1) 2R @)

Bii)(1%2) S Fpyp (2)-

Proof. Letz € X and p € Y. Since (H,Y) is a hesitant intuitionistic fuzzy soft subalgebra, by (3.1) we

have

Hence,

g

Definition 3.2. Let X = (X, «, 1) be a Hilbert algebra and (H,Y') be a hesitant intuitionistic fuzzy soft set on
X. Then (H,Y) is called a hesitant intuitionistic fuzzy soft ideal of X if, for all z,y,y1,y2 € X and p € Y, the

following conditions hold:

(3.5)

~—

(@ y) S ko (y

=

(36) hﬁ(p) (1 % (y2 x2)) *2) 2 hﬁ(p) (y1) N h i p) (42),

kﬁ[(p)((yl * (Y2 * x)) * x) = kﬁ(p)(yl) o kﬁ(p)(?ﬁ)-

Example 3.2. Let X = {1,z,y, 2,0} be a set equipped with the binary operation = given in Table 4.
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TasLE 4. Cayley table for the *-operation

*= |1 x y 2z 0
111 2z y 2 0
z|1 1 y =z O

r 1 z =z

N
—_ —_ —_

y 1y
11

Then X = (X, *,1) is a Hilbert algebra. Let Y = {p1, p2, p3}. Define a hesitant intuitionistic fuzzy soft set

(H,Y)on X as follows.

TaBLE 5. Values of h )

hﬁ(p) 1 x Y z 0
p1 | {0.6,0.7} {0.5,0.6} {0.5} {0.5} {0.4}
D2 {0.6} {0.5} {0.5} {0.4} {0.4}
D3 {0.4} {0.4} {0.4} {0.4} {0.4}

TaBLE 6. Values of k )

kg(p) 1 x Y z 0
p1 |{0.2,0.3} {0.3,0.4} {0.4} {0.4} {0.5}
D2 {0.3} {0.4} {0.4} {0.5} {0.5}
D3 {0.4} {0.4} {0.4} {0.4} {0.4}

It is straightforward to verify that foreachx € X andpe Y,

sup hﬁ(p)(x) + sup kﬁ(p)(:r) <1

Moreover, for all z,y,y1,y2 € X and p € Y, the conditions (3.4)—(3.6) are satisfied. Hence, (H,Y) is a hesitant

intuitionistic fuzzy soft ideal of X.

Proposition 3.3. If (H,Y) is a hesitant intuitionistic fuzzy soft ideal of a Hilbert algebra X, then
(3.7) (Vx,ye X)(VpeY)

Proof. Letz,y € X and p € Y. By (3.6), taking y; = y and y» = 1, we obtain

k~

hﬁ(p)((y *x)* ) 2 hy

(p)(y)7

10y (W 0) % 2) S g ) (0).

hﬁ[(p)((y #*(1xx))*x) 2 hﬁ[(p)(y) N hﬁ[(p)(l)a
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kﬁ(p)((?/ #(lxx))*x) S kﬁ(p)(y) Y kﬁ(p)(1)~

Since 1 * x = x in a Hilbert algebra, it follows that

g

Lemma 3.1. If (H,Y) is a hesitant intuitionistic fuzzy soft ideal of a Hilbert algebra X, then for all z,y € X
andpeY,

(3.8) r<y =
Fiip) () 2 kﬁ(p) ().
Proof. Let z,y € X and p € Y be such that z < y. Then z * y = 1. Since 1 * y = y, we have
y=(Lxy)=((&*y)=(@=xy))*y.
By (3.6), taking y; = z * y and y» = z, we obtain
hﬁ(p)(y) = hﬁ(p)(«x xy)x (xxy)) *y)
=2 hﬁ(p) (1} * y) N hﬁ(p) (.T)
- hﬁ(p)(l) a hﬁ(p)(x) = hff(p)(x)’

where the last inclusion follows from (3.4). Hence h ) ()< h ) (y).

Similarly,
Fitp ) = ki (25 ) (2 9)) #9)
c kﬁ( )(x * 1Y) U k;ﬁ(p)(g;)
- kﬁ(p)(l) Y kﬁl(p) (z) < kﬁl(p) (2),
by (3.4). Hence kﬁ(p) (x) 2 kﬁ(p) (y). -

Theorem 3.1. Every hesitant intuitionistic fuzzy soft ideal of a Hilbert algebra X is a hesitant intuitionistic

fuzzy soft subalgebra of X.

Proof. Let (EI ,Y') be a hesitant intuitionistic fuzzy soft ideal of X. Letz,y € X andpe Y.

Since y * (x * y) = 1, we have y < z * y. By Lemma 3.1, we have
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On the other hand, by (3.5),

Hence,
hﬁ( )($ *y) = hﬁ(p)(y)v kH( )(I *y) = kH(p)(y)
Therefore,
Pt (% *9) 2 Py () 0 Py () Ria) (@ ) Ry () R (9),
and so (H,Y) is a hesitant intuitionistic fuzzy soft subalgebra of X. 0

The following example shows that the converse of Theorem 3.1 does not hold in general.

Example 3.3. Let X = {1,z,y, 2,0} be a Hilbert algebra with the binary operation = given in Table 4. Let
Y = {p}. Define a hesitant intuitionistic fuzzy soft set (H,Y') on X as follows:

TaBLE 7. Values of h ) and k )

x 1 x Y z 0

hir(@) | (06} {04} {05} {0.5) {03}
B, (@) | {03} {05} {0.4) {04} {06}

It is easy to verify that (H,Y') is a hesitant intuitionistic fuzzy soft subalgebra of X.
However, (H,Y) is not a hesitant intuitionistic fuzzy soft ideal of X. Indeed, take x = x, y = y, and z = z.

Then

zex =1, yx(zrz)=y, (y=(*z))sr=yxr=u1

Hence,
hﬁ(p)((y *(z#x))*1x) = hﬁ[(p)@) = {0.4},
while
hﬁ(p) (y) n hﬁ(p)(z) = {0.5}.
Thus,

{0.4} 2 {0.5},

which violates condition (3.6). Therefore, (H,Y) is not a hesitant intuitionistic fuzzy soft ideal of X.

Theorem 3.2. Let (H,Y') be a hesitant intuitionistic fuzzy soft subalgebra of a Hilbert algebra X. Then, for
eachp € Y, the sets

Xhiry = 12 € X2 hjp (2) = gy (1)}
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and

are subalgebras of X.
Proof. Letpe Y.
First, letx,y € X Mt Then
hﬁ(p)(fE) = hﬁ(p)(l) = hﬁ(p)(y)-

Since (H,Y) is a hesitant intuitionistic fuzzy soft subalgebra, we have

hiry (@ % Y) 2 by (@) 0 Ry (4) = gy (1)-

On the other hand, by Proposition 3.1,

Hence,

andsox*yeXhﬁ( -
p

Next, let z,y € Xkﬁ( . Then
p

Thus,

Again, by Proposition 3.1,

Hence,

andsox*yeXkﬁ( -
p

Therefore, both X Mt and X Fir, are subalgebras of X. O

Theorem 3.3. Let (H,Y) be a hesitant intuitionistic fuzzy soft ideal of a Hilbert algebra X. Then, for each
peY, the sets

Xhﬁ(p) = {zeX: hﬁ(p)(x) - hff(p)(l)}
and
Xkﬁ(p) —{re X kﬁ(p)(x) B kﬁl(p)(l)}

are ideals of X.
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Proof. Letpe Y. Clearly, 1 € X hir O X
p

ki)

First, we show that X [T isanideal. Let z,y € X withy € X [ Then

Pii)¥) = Pirp (1)

By (3.5),

Together with (3.4), we obtain

and hence x = y € Xhﬁ( -
p

Next, let z,y1,y2 € X with y1,ys € Xh,ﬁ(p). Then

By (3.6),
hﬁ(p)<(yl # (Y2 *w)) *x) 2 hﬁ(p)(yl) N hﬁ(p)(yQ) = hﬁ(p)(l)'
Using (3.4), we get
hﬁ(p)(@/l #(yo*x))*x) = hﬁ(p)(Dv
and so (y1 * (y2 *x)) *z € Xhﬁ(p)' Thus Xhﬁ(p) is an ideal of X.

Similarly, we show that X Kt isanideal. Let z,y € X withy € X| [T Then

By (3.5),

Together with (3.4), we obtain

and hence x xy e X5 .
H(p)

Next, let z,y1,y2 € X with y1, 42 € Xk,ﬁ(p). Then

ki W1) = K (W2) = Kz, (1)-
By (3.6),
ki (1 % (g2 # 2)) * 2) S kg, (1) O ke, (y2) = iz, (1)
Using (3.4), we get
K (1 # (y2 ) * ) = Kz, (1),

and so (y1 * (yo xx)) xx € Xk,ﬁ(p). Thus Xk,ﬁ(p) is an ideal of X. O
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Definition 3.3. Let (H,Y') be a hesitant intuitionistic fuzzy soft set over X, and let p € Y. For any = < [0,1],
define

U(hﬁ(p),ﬂ') ={reX| hﬁ(p)(a:) o7}
and

L(kﬁ(p),w) ={reX| kﬁ(p)(a;) c ).
Then U(h i(p) m) and L(kg ) ) are called the upper and lower hesitant m-level subsets of (H,Y), respectively.
Theorem 3.4. Let (H,Y) be a hesitant intuitionistic fuzzy soft set on a Hilbert algebra X. Then (H,Y)isa

hesitant intuitionistic fuzzy soft subalgebra of X if and only if, for each p € Y and for all = < [0, 1], the nonempty
sets U(hﬁ(p), ) and L(kﬁ(p),w) are subalgebras of X.

Proof. (=) Assume that (H,Y) is a hesitant intuitionistic fuzzy soft subalgebra of X, and letp e Y.
Let 7w < [0, 1] be such that U(hﬁ(p),w) # . Take x € U(hg(p), 7). Then

By Proposition 3.1,

sole U(hﬁ(p),w).
Ifz,ye U(hﬁ(p), 7), then

Thus,
Py () (@ % ¥) 2 Py () O gy (y) 27,

and hence z xy € U(h H(p) 7). Therefore, U(h H(p) ) is a subalgebra.
Similarly, let 7 < [0, 1] be such that L(kﬁ(p),w) # ,and letx € L(kﬁ(p), 7). Then

By Proposition 3.1,

sole L(kﬁ(p),w).
Ifz,ye L(kﬁ(p), ), then

Hence,
kﬁ(p)(a; % y) C kﬁ(p)(a:) v kﬁ(p)(y) cm,

SOT*Y€E L(kﬁ(p),w). Thus, L(kﬁ(p),w) is a subalgebra.
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(<) Assume that for each p € Y and each = < [0, 1], the nonempty sets U(hﬁ(p), 7) and L(kﬁ(p), )
are subalgebras.

Letz,ye X andpe Y. Set

Then z,y € U(hﬁ(p),w), and hence

which implies

Next, set
™ = Ky ) (%) © i) ().
Then z,y € L(kﬁ(p), 71), and hence
THYE L(k:ﬁ(p),m),
which implies
Kz (@ *Y) S B () O k) ().

Therefore, (H,Y) is a hesitant intuitionistic fuzzy soft subalgebra of X. O

Theorem 3.5. Let (H,Y) be a hesitant intuitionistic fuzzy soft set on a Hilbert algebra X. Then (H,Y) isa
hesitant intuitionistic fuzzy soft ideal of X if and only if, for each p € Y and for all = < [0, 1], the nonempty sets

U(hﬁ(p),w) and L(k:ﬁ(p), ) are ideals of X.

Proof. (=) Assume that (H,Y) is a hesitant intuitionistic fuzzy soft ideal of X, and letp e V.
Let m < [0, 1] be such that U(hﬁ(p),w) # . Take x € U(hﬁ(p), 7). Then

By (3.4),

sole U(hﬁ(p),w).
Ifre Xandye U(hmp),w), then

sox*yeU(hg.,,m).

), then

(p)
If Y1,Y2 € U(h‘ﬁ[(p)v
hﬁ(p)((yl * (Y2 # 1)) *x) 2 hﬁ](p)(yl) N hﬁ(p)(y2) =2,

so (y1 * (y2*w)) xx € U(hﬁ(p), 7). Hence U(h,ﬁ(p)7 ) is an ideal.
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Similarly, let 7 < [0, 1] be such that L(kﬁ(p), m) # &, and let z € L(k

Fi(p) 7). Then

By (3.4),

sole L(kmp),w).

Ifre Xandye Lk

) ), then

soxxy€ Lk () ).
Ifyl,ygeL(kﬁ , ), then

R (91 % (22 2)) # @) S Kz (1) © Kz (92) < 7

o(y1*(y2*xw))*xx€E L(k'ﬁ(p), 7). Hence L(k:ﬁ(p),w) is an ideal.
(<) Assume that for each p € Y and each = < [0, 1], the nonempty sets U(hﬁ(p), 7) and L(kf{(p), )
are ideals.

Letx € X. Take m = h»

) (x). Thenx € U(h

fip ™) 80 L€ U(hg ), m) and hence

Py (1) 2 Py (2)-
Letz,ye X. Takew = hy )( y). Theny e U(hg )y ™ ), SO

TxYE U(hg,(p)7 ),
and hence
Pty (% * ) 2 Pz (9):

Letz,y1,y2 € X. Take 7w = h~( )( Y1) N hﬁ(p)(yg). Then
(y1# (g2 *m))*x€ U(hﬁ(p)aﬂ)a

SO

it (W1 (Y2 % @) = 2) 2 hig, (1) O hig, (v2)-

Similarly, using L(k () ), we obtain

and
kﬁ(p)((yl # (Y2 *w))*x) S kﬁ[(p)(yl) Y kf{(p)(y2)~

Therefore, (fI ,Y') is a hesitant intuitionistic fuzzy soft ideal of X. O
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Definition 3.4. Let {(Hq, Y )}aena be a family of hesitant intuitionistic fuzzy soft sets over a reference set X.
The hesitant intuitionistic fuzzy soft intersection of this family is defined as the hesitant intuitionistic fuzzy soft

set

~ ~

(V) = () (FarY)
aeA

where H : Y — HIF(X) is given by, foreach p € Y and z € X,

= () by (@) gy (@) =

aeA

U Fa, (@)

aeA

Proposition 3.4. Let {(H,,Y)}aea be a family of hesitant intuitionistic fuzzy soft ideals of a Hilbert algebra
X. Then
N (HaY)

aeA
is a hesitant intuitionistic fuzzy soft ideal of X.

Proof. Let (H,Y) = ﬂaeA(}NIa, Y'), where foreachpe Yand z € X,

) = () b (@), U ki ) (

aeA
We verify conditions (3.4)—(3.6).

H(p

(1) Letz € X and p € Y. Then, for each « € A,

hﬁa(p)(l) QhHa(JD)("T)7 kflu(p)(l) ki (p)( )
Hence,
D= () iz 2 [ Para @) = Pargy (@),
[Y=FAN acA
and
- U kNa(p)(l) = U kHa(p)( ) kH(p)(x)
aEA aEA

(2) Letx,ye X and pe Y. For each a € A,

M) (@ *9) 2 b )W)y k(@ Y) S kg ) (0)-

Thus,
hﬁ(p) (zxy) = (1 Mt ) (® *Y) ﬂ hHa(p) H(p) (¥),
e
and
i x*y U k~ x*y)g U k~a(p)(y)=kﬁ(p)(y).

aceA

aceA

(3) Letx,y1,y2€ X and pe Y. Foreach a € A,

hig, (W1 * (y2 5 ) * )

= hﬁa(p) (yl) N hﬁa(p)(y2)>
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kﬁa(p)((yl #(ya*rx))*x) S kﬁa(p)(yl) v kﬁa(p)(QQ)'

Hence,
hﬁ(p)((yl * (Y2 * 1)) *x) = ﬂ hﬁa(p)((yl # (yg x 1)) * )
= ﬂ (hﬁa(p) (yl) N hﬁa(p)(yQ))

= hﬁ(p) (y1) N hﬁ(p) (y2),

and

Bipp (1 (g2 % 2)) 5 2) = LEJAkﬁa@)((yl * (y2 @) * 2)

= LJA(kﬁa(p)(yl) Y kﬁa(p)(lﬂ))
ae

= kﬁ(p) (yl) U kﬁ(p) (?/2)
Therefore, (ﬁ ,Y') is a hesitant intuitionistic fuzzy soft ideal of X. O

Proposition 3.5. Let {(Hq, Y )}aea be a family of hesitant intuitionistic fuzzy soft subalgebras of a Hilbert
algebra X. Then

() (Ha,Y)

aeA
is a hesitant intuitionistic fuzzy soft subalgebra of X.

Proof. Let (H,Y) = ﬂaeA(fIa, Y'), where foreachpe Y and z € X,

hirp (@) = qhwa(m(“')’ ki) (@) = UA’fﬁa(p)(f”)'
e Qe

Letx,y € X and p € Y. Since each (ff «, Y') is a hesitant intuitionistic fuzzy soft subalgebra, we have

M) *9) 2 by (@) 0 g ) (9);

for all a € A.

Hence,
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and

ki) (@ *y) = UA K, (@ %)
ae

< UA(kﬁla@) (@) v kg, ) ®)

= Fiip) () © B (¥)-

Therefore, (H,Y) is a hesitant intuitionistic fuzzy soft subalgebra of X. O

4. Hesitant INTUITIONISTIC FUZZY SOFT DEDUCTIVE SYSTEMS

In this section, we extend the study to hesitant intuitionistic fuzzy soft deductive systems in Hilbert
algebras. We define the notion of hesitant intuitionistic fuzzy soft deductive systems and examine
their fundamental properties. We also establish connections between hesitant intuitionistic fuzzy soft
ideals and deductive systems. In addition, we provide characterizations of hesitant intuitionistic fuzzy
soft deductive systems by means of their level subsets and investigate the behavior of these structures

under intersection.

Definition 4.1. Let (H,Y') be a hesitant intuitionistic fuzzy soft set on a Hilbert algebra X. Then (H,Y) is
called a hesitant intuitionistic fuzzy soft deductive system of X if, for all x,y € X and p € Y, the following

conditions hold:

(4.1) (Ve e X)(VpeY)

(4.2) (Vz,ye X)(VpeY)

Example 4.1. Let X = {1,z,y, 2,0} be a Hilbert algebra with the binary operation = given in Table 4. Let
Y = {p1, p2, ps}. Define a hesitant intuitionistic fuzzy soft set (H,Y') on X as follows.

TasLE 8. Values of h ()

B(p) 1 T Y z 0

p1 | {0.6,0.7} {0.6} {0.5} {0.5} {0.4}
D2 {0.6} {0.5} {0.5} {0.4} {0.4}
D3 {0.4} {0.4} {0.4} {0.4} {0.4}
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TaBLE 9. Values of k Hp)

1 x Y z 0

p1 | {0.2} {0.3} {0.4} {0.4} {0.5}
p2 | {0.3} {0.4} {0.4} {0.5} {0.5}
ps | {0.4} {0.4} {0.4} {0.4} {0.4}

1t is straightforward to verify that for each x € X andpeY,

sup fjr (x) + sup k) (x) < 1.

Moreover, for all x,y € X and p € Y, the conditions (4.1) and (4.2) are satisfied. Hence, (H,Y) is a hesitant

intuitionistic fuzzy soft deductive system of X.

Proposition 4.1. Every hesitant intuitionistic fuzzy soft ideal of a Hilbert algebra X is a hesitant intuitionistic

fuzzy soft deductive system of X.

Proof. Let (H,Y') be a hesitant intuitionistic fuzzy soft ideal of X. We verify conditions (4.1) and (4.2).
Condition (4.1) follows directly from (3.4).
Next, letz,y € X and p € Y. Since 1 = y = y, we have

y=1lxy=((xxy)*(x*y))=*y,

by Lemma 2.1.
By (3.6), taking y; = « * y and y» = x, we obtain

Bt ) = hig) (@ % 9) % (@) 2 9) 2 hig ) (2 % y) o By (@),
and
Firpy W) = kg (@ 5 y) * (25 y)) # y) S kg, (@2 y) Uk, (2).
Thus, condition (4.2) holds. Therefore, (H,Y') is a hesitant intuitionistic fuzzy soft deductive system

of X. O

Lemma 4.1. If (H,Y') is a hesitant intuitionistic fuzzy soft deductive system of a Hilbert algebra X, then for all
r,yeXandpey,

(43) pey = 4w 2N )

Fiip )

N

Proof. Let z,y € X and p € Y be such thatz < y. Thenz *y = 1.
By (4.2), we have
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Since hﬁ(p)(l) ) hﬁ(p) (x) by (4.1), it follows that
Piin) W) 2 P (@):
Similarly, by (4.2),
Fii W) S Firg (@ % ¥) © Ky () = Ky (1D © Ky (),

Since kﬁ(p)(l) C k. (x) by (4.1), we obtain

H(p)

0

Theorem 4.1. Let (H,Y') be a hesitant intuitionistic fuzzy soft deductive system of a Hilbert algebra X. Then
the following hold.

(1) Forall z,ye X andpeY,
hﬁ(p)<x *y) = hﬁ(p)(l) = hfl(p)(x) < hﬁ(p)(y)’
ki) (@ = y) = ki) (1) = kg, (@) 2 kg, (y).

(2) Forall z,y,z€ XandpeY,

palyxz)=1 =

(3) Forall z,y,z€ XandpeY,
Py (2% 2) O By (25 Y) S hiy (),
Bt (@ % 2) O gy (24 4) 2 Ky (2 5).

Proof. (1) Letz,y € X and p € Y such that hﬁ(p) (x*y) = hﬁ(p)(l). By (4.2), we have

hﬁ(p) (y) = hff(p) (z) N hff(p) (zxy) = hfl(p) (z) N hﬁ(p)(l)'

Since h (1)2h () (x), it follows that

Similarly, if kﬁl(p) (x=y) = kﬁ(p)(l), then

Fii) W) S Fii (@) © Ky (2 9) = K () © gy (1),

Since kﬁ(p)(l) < ki) (x), we obtain
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(2) Letz,y,z€ X and pe Y such that z = (y * z) = 1. Then x < y * 2. By Lemma 4.1,

i) (@) S higy (Y% 2)s - ki (@) 2 kg, (Y *2)
Hence,
M) (@) 0 Py (W) S gy (U % 2) O Rz (0) € hg (2),
ki) (@) O ki) () 2 gy (5 + 2) © Ky (0) 2 gy (2),
by (4.2).

(3) Letz,y,ze X and pe Y. By Lemma 2.1,

(% 2) % ((z%y) * (xxy)) = L.

Applying part (2), we obtain

Py (2 2) 0 By (2% 9) S hi (@),
Bii) (@ % 2) O gy (24 4) 2 kg (2 59).

O
Theorem 4.2. Let (H,Y) be a hesitant intuitionistic fuzzy soft deductive system of a Hilbert algebra X. Then
foreach p € Y, the sets

Xh,p = {.T eX: hﬁ(p)(x) = hﬁ(p)(l)}
and
ch,p = {x eX: kﬁ(p)(l‘) = kﬁ(p)(l)}

are deductive systems of X.

Proof. FixpeY.
Clearly, 1 € X, and 1 € X}, ..

First, we show that X, , is a deductive system. Let z,y € X such that z € X}, , and z * y € X}, ,,. Then
Pii (©) = Rizgp (D Py (@ y) = Rz (1):

By (4.2), we have

Hence,
P ) (¥) = Py (1)

which implies that y € X}, ,,. Therefore, X, , is a deductive system of X.

Next, we show that X}, ,, is a deductive system. Let z,y € X such that x € X}, , and z * y € X}, ,,. Then

ki) (@) = kg (1) kg (@ *y) = kg, D).
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By (4.2), we have
Fitp) W) S Kir) () Ry (5 9) = Ky (1)-
Hence,
kﬁ[(p)(y) = kﬁ(p)(1)>
which implies that y € X, ,. Therefore, X, is a deductive system of X. O

Theorem 4.3. Let (H,Y') be a hesitant intuitionistic fuzzy soft set on a Hilbert algebra X. Then (H,Y ) is a
hesitant intuitionistic fuzzy soft deductive system of X if and only if, for each p € Y and for all m < [0, 1], the
nonempty sets U (h i(p) m) and L(k (p) ) are deductive systems of X.

Proof. (=) Assume that (H,Y) is a hesitant intuitionistic fuzzy soft deductive system of X, and fix
peY.
Let m < [0, 1] be such that U(h

,m) # &, and letx € U(h ). Then

(») apy ™
ity (x) 2.
By (4.1),

sole U(hﬁ(p),ﬂ).

Letxz,y € X suchthatz,x +y € U(hﬁ(p), 7). Then

By (4.2),
Ry W) 2 Py (@) 0 By (@2 y) 27,
SOy € U(hﬁ](p), 7). Hence U(hﬁ(p), ) is a deductive system.

Similarly, let 7 < [0, 1] be such that L(k‘ﬁ(p), m) # &, and letz € L(kﬁ(p), 7). Then

By (4.1),

sole L(kﬁ(p),w).
Ifz,xxye L(kﬁ(p), ), then

kﬁ(p)(:c) cm, kﬁ(p)(x *Y) S .

By (4.2),
kﬁ(p)(y) c kﬁ(p)(l’) U kfl(p)<$ * y) c o,

soy € L(/-cﬁ(p), 7). Hence L(kﬁ(p), 7) is a deductive system.
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(<) Assume that for each p € Y and each 7 < [0, 1], the nonempty sets U (h F(p) m) and L(k:ﬁ(p), ) are
deductive systems.

Letze X andpe Y. Take 7 = hﬁ(p)(:v). Then z € U(hﬁ(p),w), SO
le U(hﬁ(p),ﬂ'),

which implies

Letz,y € X. Take

which implies

Similarly, using L(k Hp) 7), we obtain

kff(p)(l) s kﬁ(p) (@),
and
kﬁ(p) (W) = kﬁ(p) (@) v kﬁ(p) (@ y).
Therefore, (H,Y) is a hesitant intuitionistic fuzzy soft deductive system of X. O

Proposition 4.2. Let {(Hy,,Y )}aca be a family of hesitant intuitionistic fuzzy soft deductive systems of a
Hilbert algebra X. Then

() (Ha,Y)

aeA
is a hesitant intuitionistic fuzzy soft deductive system of X.

Proof. Let (H,Y) = (oen (Ha, Y), where for each pe Y and z € X,

hiin(@) = [ hatyn @) i@ = U ki @)
aeA aceA
We verify conditions (4.1) and (4.2).
(1) Letze X andpe Y. Foreach a € A,
P (D) 2 Pia ) () Ky ) (1) < Pty ) (2):

Hence,

acA aEA
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and

ki) (1) = UAkix(p)(l) < UA’“ﬁzaoo) (@) = k) (@)-
e e

(2) Letxz,ye X andpe Y. Foreach a € A,

Thus,
i) (W) = ﬂAhHa(p) )
ae
> () (hy (@ *Y) Ahip o (@)
aeA
= hﬁ( )(ac *Y) N hﬁ( )(x)a
and
Fir W) = LJAkﬁa(p) )
[e%S]
c U (kﬁa(p)(x %) U kﬁa(p)(a:))
aeA
- kﬁ(p)(x Y)Y kﬁ(p)(x)'
Therefore, (H,Y) is a hesitant intuitionistic fuzzy soft deductive system of X. O

5. ConcLusioN

In this paper, we introduced the concept of hesitant intuitionistic fuzzy soft sets over Hilbert algebras
and developed the notions of hesitant intuitionistic fuzzy soft subalgebras, ideals, and deductive
systems. We investigated their fundamental properties and established important relationships among
these structures. In particular, it was shown that every hesitant intuitionistic fuzzy soft ideal induces
both a hesitant intuitionistic fuzzy soft subalgebra and a deductive system, while the converses do not
necessarily hold.

Furthermore, we introduced upper and lower hesitant level subsets and used them to characterize
hesitant intuitionistic fuzzy soft subalgebras, ideals, and deductive systems in terms of their corre-
sponding crisp structures. We also studied structural properties such as closure under intersection and
provided constructions of associated subalgebras and ideals derived from hesitant intuitionistic fuzzy

soft sets.
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The results obtained in this paper extend existing studies on hesitant fuzzy structures and provide a
new framework for analyzing uncertainty in Hilbert algebras. Future research may focus on investigat-
ing other algebraic systems under this framework and exploring potential applications in logic and

decision-making models.
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