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Abstract. In this paper, we investigate constacyclic codes over the ring R := Z4[w]/ < w2 − 2w >.
Minimal spanning sets are provided for cyclic codes over R and extended to constacyclic codes using a
ring isomorphism. We introduce a new Gray map and show that Z4-images of constacyclic codes over R
are permutation equivalent to quasi-cyclic codes.
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1. Introduction

Constacyclic codes over rings have attracted significant attention in recent years [6,9–11,16]. Beyond
finite fields, the ring of integers modulo 4, denoted by Z4, is the first ring that has received particular
interest in the study of codes. This is due to the observation that certain nonlinear binary codes can
be obtained as Gray images of codes defined over Z4 [7]. Later, cyclic codes and their Gray images
have been extensively explored [1,18,20]. This ring belongs to the class of Frobenius rings, which is
considered the broadest class of rings suitable for coding theory, as it provides an optimal framework
for the study of codes [21].

Local Frobenius rings of order 16 have been classified, and various Gray maps have been provided by
Martinez-Moro et al. in [13]. Many studies on linear codes, constacyclic codes, and related structures
have been conducted over these rings. Cyclic and constacyclic codes over Z4 + uZ4, where u2 = 0

have been studied in [5, 8, 22] and Gray images of these codes have been explored using various
Gray maps. In [17], Ozen et al. determine the structure of cyclic codes and explore Gray images
of (1 + 2u)-constacyclic codes over Z4[v]/ < v2 − 1 >. Later, in [19], Shi et al. extend the study of
(1 + 2u)-constacyclic codes over Z4[v]/ < v2 − 1 > introducing a new Gray map. In all these works,
some new optimal codes have been computed. Recently Aydin et al. investigated cyclic and constacyclic
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codes over Z4 + wZ4, where w2 = 2 [2]. Using new introduced Gray maps, these authors constructed
new linear codes over Z4. In this work, we consider the local Frobenius ring Z4 + wZ4, where w2 = 2w.
This ring is used in [4, 14] for study of linear codes. Self-duality properties and MacWilliams identities
have been investigated.

This paper is structured as follows. In Section 2, we recall some basic properties about the ring
Z4 +wZ4, where w2 = 2w, constacyclic codes and introduce a new Gray map. In Section 3, we describe
generators and provide minimal spanning sets of cyclic codes of odd length over this ring. In Section 4,
we explore constacyclic codes using a ring isomorphism. The Gray images of all constacyclic codes are
also investigated.

2. Preliminaries

Throughout this paper,R denotes the ring Z4[w]/ < w2−2w >:= {a+wb | a, b ∈ Z4}, where Z4 is the
ring of integersmodulo 4. The ringR has 5 nontrivial ideals which are< 2w >,< 2 >,< w >,< 2+w >

and the maximal ideal < 2, w >. The set of units of R is given by:

U(R) = {a+ wb | a is a unit in Z4} = {1, 3, 1 + w, 1 + 2w, 1 + 3w, 3 + w, 3 + 2w, 3 + 3w}.

A code C of length n over R is a nonempty subset of Rn. If, in addition, the code is a R-submodule of
Rn, it is called linear code.

For a given unit Λ ∈ R, we define the Λ-constacyclic shift τΛ on Rn by:

τΛ(r0, ..., rn−1) = (Λrn−1, r0, ..., rn−2).

A linear code which is invariant under the Λ-constacyclic shift τΛ is said to be Λ-constacyclic code. For
Λ = 1, Λ-constacyclic codes are called cyclic codes. A Λ-constacyclic code of length n over R can be
identified with ideals of R[x]/ < xn − Λ > by the identification:

(r0, r1, ..., rn−1) 7−→ r0 + r1x+ ...rn−1x
n−1.

We define the Gray map on R by:

ψ : R −→ Z2
4

a+ bw 7−→ (a+ 2b, 3a+ 2b)

and extend it on Rn as follows:

Ψ : Rn −→ Z2n
4

(r0, r1, · · · , rn−1) 7−→ (a0 + 2b0, 3a0 + 2b0, · · · , an−1 + 2bn−1, 3an−1 + 2bn−1)

where ri = ai + biw, for all i ∈ {0, · · · , n− 1}. It is clear that Ψ is Z4-linear.
The Hamming distance between two vectors a = (a0, · · · , an−1), b = (b0, · · · , bn−1) ∈ Zn4 is defined
as dH(a,b) = wH(a − b) where wH(a) := |{i | ai 6= 0}|. In the same way, the Lee weight of a ∈ Z4 is
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defined aswL(a) := max {|a|, |4−a|} and the Lee distance between two vectors a = (a0, · · · , an−1), b =

(b0, · · · , bn−1) ∈ Zn4 is defined as dL(a,b) = wL(a− b) where wL(a) =
∑n−1

i=0 wL(ai). Now we endowR

with weights and distances as follows.

Definition 2.1. The Hamming Gray weight of any element r ∈ Rn is defined as: HwG(r) = wH(Ψ(r)), and

the Hamming Gray distance between two elements r, s ∈ Rn is given by: HdG(r, s) = HwG(r− s).

The Lee Gray weight of any element r ∈ Rn is defined as: LwG(r) = wL(Ψ(r)), and the Lee Gray distance

between two elements r, s ∈ Rn is given by: LdG(r, s) = LwG(r− s).

Since HdG(r, s) = HwG(r − s) = wH(Ψ(r − s)) = wH(Ψ(r) − Ψ(s)) = dH(Ψ(r),Ψ(s)), it is obvious
that Ψ is a linear distance preserving map from (Rn, HdG) to (Z2n

4 , dH). Similarly, Ψ is a linear distance
preserving map from (Rn, LdG) to (Z2n

4 , dL).
The structure of cyclic codes of any length over Z4 is well-known [1], and can be summarized as follows.

Proposition 1. Let C be a cyclic code of length n over Z4.

(1) If n is odd, then C =< g(x) + 2(x) >, where g(x), (x) are monic polynomials over Z4 such that

(x) | g(x) | xn − 1.

(2) If n is even, then either

(a) C =< g(x) + 2p(x) >, where g(x) | xn − 1 mod 2 and g(x) + 2p(x) | xn − 1 mod 4 or

(b) C =< g(x) + 2p(x), 2(x) >, where g(x), (x), and p(x) are polynomials with g(x) | xn − 1

mod 2, (x) | p(x)(x
n−1
g(x) ) mod 2 and deg (x) > deg p(x).

3. Structure of cyclic codes over R

Let φ : R→ Z4 be the map defined by φ(a+wb) = a+ 2b. It is straightforward to see that φ is a ring
morphism and can be extended to a morphism of polynomial rings ϕ : R[x]/ < xn − 1 >−→ Z4[x]/ <

xn − 1 > such that

ϕ(r0 + r1x+ · · ·+ rn−1x
n−1) = φ(r0) + φ(r1)x+ · · ·+ φ(rn−1)xn−1.

Let C be a cyclic code of odd length n over R. Then ϕ(C) is an ideal of Z4[x]/ < xn − 1 > and
from Proposition 1, we get ϕ(C) =< h1(x) >, where h1 = g1(x) + 21(x); and g1(x), 1(x) are monic
polynomials over Z4 such that 1(x) | g1(x) | xn − 1.
It is clear that

kerϕ = {(2 + w)k(x) ∈ C | k(x) ∈ Z4[x]}.

Let

κ := {k(x) ∈ Z4[x]/ < xn − 1 > | (2 + w)k(x) ∈ kerϕ}.
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It is obvious that κ is an ideal of Z4[x]/ < xn − 1 >, then κ =< h2 >, where h2 = g2(x) + 22(x); and
g2(x), 2(x) are monic polynomials over Z4 such that 2(x) | g2(x) | xn − 1. From the above discussion,
we deduce the following result.

Theorem 1. Let C be a cyclic code of odd length n over R, then

C =< h1(x) + (2 + w)~(x), (2 + w)h2(x) >,

where h1 = g1(x) + 21(x), h2 = g2(x) + 22(x);and ~1(x) ∈ Z4[x], g1, g2, 1, 2 are monic polynomials over

Z4 such that 1(x) | g1(x) | xn − 1 and 2(x) | g2(x) |xn − 1.

When the generator of cyclic codes over Z4[x] is regular, we will see that some additional conditions
can be added on the structure of cyclic codes over R.
We recall that two polynomials g(x), h(x) ∈ Z4[x] are said to be associated if g(x) = ε(x)h(x), where
ε(x) is a unit in Z4[x]. It is well-known that a regular polynomial over Z4[x] can be associated to a monic
polynomial ( see [15], Theorem XIII.6), so it is sufficient to work with monic polynomials rather than
with regular polynomials. In the sequel, we suppose that generator polynomials of cyclic codes over
Z4[x], h1(x) and h2(x) are monic.

Lemma 1. Let C =< h1(x) + (2 + w)~(x), (2 + w)h2(x) > be a cyclic code of length n over R, then we can

assume that h2 | 2h1 and deg ~ < deg h2 ≤ deg h1.

Proof. Since C is cyclic, then 2w(h1(x) + (2 + w)~(x)) = 2wh1 = (2 + w)(2h1) ∈ kerϕ. Then 2h1 ∈ κ

and h2 | 2h1. Since h1 and h2 are monic, then deg h2 ≤ deg h1.
Suppose that deg ~ ≥ deg h2. By the algorithm division, there exist q, r ∈ Z4[x] such that ~(x) =

q(x)h2(x) + r(x), where deg r < deg h2. Then

C =< h1(x) + (2 + w)~(x), (2 + w)h2(x) >

=< h1(x) + (2 + w)q(x)h2(x) + (2 + w)r(x), (2 + w)h2(x) >

=< h1(x) + (2 + w)r(x), (2 + w)h2(x) >,

hence we can assume that deg ~ < deg h2. �

Lemma 2. If deg h1 = deg h2, then C =< h1(x) + (2 + w)~(x) >, where deg ~(x) < deg h1(x) and

h1(x) + (2 + w)~(x) | xn − 1.

Proof. Suppose that deg h1 = deg h2. Since h2 | 2h1, we get 2h1 = βh2, where β ∈ Z4. Since h1 and h2

are monic, we get β = 2 and h1 = εh2 + 2q, where ε is a unit in Z4 and deg q ≤ deg h2. Since C is cyclic,

(2 + w)(h1 + (2 + w)~(x)) = (2 + w)h1 + 2w~(x)

= (2 + w)h2 + 2w(q(x) + ~(x)) ∈ C.
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This implies that 2w(q(x) + ~(x)) ∈ C with deg(q(x) + ~(x)) < deg h2. Then q(x) + ~(x) = 0 and
(2 + w)(h1 + (2 + w)~(x)) = (2 + w)h2. Hence C =< h1(x) + (2 + w)~(x) >.
Using the division algorithm, we get

xn − 1 = (h1(x) + (2 + w)~(x))q(x) + r(x),

where deg r ≤ deg h1. Then r(x) ∈ C, hence r(x) = 0 and h1(x) + (2 + w)~(x) | xn − 1. �

Lemma 3. If h1 and h2 are associated polynomials in Z4[x], then C =< h1(x) + 2wl(x) >, where l is a binary

polynomial and h1(x) + 2wl(x) | xn − 1.

Proof. Suppose that h1(x) = ε(x)h2(x), where ε(x) is a unit in Z4[x]. Since C is cyclic, then

(2 + w)(h1(x) + (2 + w)~(x)) = (2 + w)h1(x) + 2w~(x)

= ε(x)(2 + w)h2(x) + 2w~(x) ∈ C.

This implies that 2w~(x) = 2(2 +w)~(x) ∈ C and 2~(x) ∈ κ. Therefore h2(x) | 2~(x) hence h1(x) | 2~(x).
Since deg 2~(x) ≤ deg ~(x) < deg h1, then 2~(x) = 0 and ~(x) = 2l(x), where l(x) is a binary polynomial.
We get h1+(2+w)~(x) = h1+2wl(x). Moreover (2+w)(h1+2wl(x)) = (2+w)h1(x) = ε(x)(2+w)h2(x),
then (2 + w)h2(x) ∈< h1(x) + 2wl(x) > and C =< h1(x) + 2wl(x) >.
Using reasoning similar to that of the proof of the Lemma 2, we obtain that h1(x) + 2wl(x) | xn− 1. �

Theorem 2. Let C =< g(x) > be a cyclic code of odd length n, where g | xn − 1. Then C is a free, where its

rank is n− deg g and its basis is B = {g, xg, · · · , xn−deg g−1g}.

Proof. Let deg g = t, since g(x) | xn − 1, there exists ĝ(x) ∈ R[x] where deg ĝ(x) = n − t such that
xn − 1 = g(x)ĝ(x). Let c(x) = k(x)g(x) ∈ C. Suppose that deg k(x) ≥ n − t, then by the division
algorithm, there exist polynomials q(x), r(x) such that k(x) = ĝ(x)q(x)+r(x), where deg r(x) ≤ n−t−1.
This implies that

c(x) = k(x)g(x) = (ĝ(x)q(x) + r(x))g(x) = r(x)g(x),

then B spans C. Now, we check that B is linearly independant.
Let λ0, λ1, · · · , λn−t−1 ∈ R such that

λ0g(x) + λ1xg(x) + · · ·+ λn−t−1x
n−t−1g(x) = 0.

Since g(x) | xn − 1, then the constant term of g(x) denoted by g0 is a unit. By comparing coefficients of
the above equation, we get: g0λ0 = 0, thus λ0 = 0 and

λ1xg(x) + · · ·+ λn−t−1x
n−t−1g(x) = x(λ1g(x) + · · ·+ λn−t−1x

n−t−2g(x)) = 0.

This implies that λ1g(x)+ · · ·+λn−t−1x
n−t−2g(x) = 0 Similarly, we get λi = 0, ∀ i ∈ {0, 1, · · · , n−t−1}.

Therefore B is linearly independant, hence it forms a basis of C. �
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Theorem 3. Let C =< h1(x) + (2 + w)~(x), (2 + w)h2(x) > be a cyclic code of length n over R, where

t1 = deg h1 > t2 = deg h2. Then the rank of C is n− t2 and a minimal spanning set of C is given by

B = {h1(x) + (2 + w)~(x), x(h1(x) + (2 + w)~(x)), · · · , xn−t1−1(h1(x) + (2 + w)~(x)),

(2 + w)h2(x), x(2 + w)h2(x), · · · , xt1−t2−1(2 + w)h2(x)}.

Proof. It is obvious that

{h1(x) + (2 + w)~(x), x(h1(x) + (2 + w)~(x)), · · · , xn−t1−1(h1(x) + (2 + w)~(x)),

(2 + w)h2(x), x(2 + w)h2(x), · · · , xn−t2−1(2 + w)h2(x)}

is a generating set for C. Using the division algorithm, we get ∀i ≥ 0,

xt1−t2+i(2 + w)h2 = (h1 + (2 + w)~(x))q(x) + r(x),

where deg r < t1. Since C is cyclic, then r ∈ C and can be represented as

r(x) = l1(x)(h1(x) + (2 + w)~(x)) + l2(x)(2 + w)h2(x).

Then l1 = 0 and r(x) = l2(2+w)h2. Since h2 is monic, we get deg r = deg l2 +deg h2 and deg l2 < t1− t2.
Therefore xt1−t2+i(2 + w)h2 ∈ span(B).

Now we show that B is modular independant and independant.
Let λ0, λ1, · · · , λn−t1−1, γ0, γ1, · · · , γt1−t2−1 ∈ R such that

n−t1−1∑
i=0

λix
i(h1 + (2 + w)~(x)) +

t1−t2−1∑
i=0

γix
i(2 + w)h2 = 0.

Let h1 + (2 + w)~ = xt1 + at1−1x
t1−1 + · · · + a0 and h2 = xt2 + bt2−1x

t2−1 + · · · + b0. Comparing the
coefficients of xn−1, we get λn−t1−1 = 0. Comparing the coefficients of xn−2, we get λn−t1−1at1−2 +

λn−t1−2 = 0, then λn−t1−2 = 0. By continuing this process with the coefficients of xn−3, · · · , xt1 , we get
λj = 0, ∀ j ∈ {0, · · · , n− t1 − 1}. Then, we obtain

t1−t2−1∑
i=0

γix
i(2 + w)h2 = 0.

Comparing the coefficients of xt1−1, we get (2+w)γt1−t2−1 = 0, this implies that γt1−t2−1 ∈ {0, w, 2w, 2+

2w} ⊂ m, where m is the maximal ideal of R. Comparing the coefficients of xt1−2, we get γt1−t2−1(2 +

w)bt2−1 +γt1−t2−2(2+w) = 0. This implies that γt1−t2−2(2+w) = 0, hence γt1−t2−2 ∈ {0, w, 2w, 2+2w}.
By continuing this process with the coefficients of xt1−3, · · · , x, x0, we get γj ∈ {0, w, 2w, 2 + 2w}, ∀ j ∈

{0, · · · , t1 − t2 − 1}. Then B is modular independant. Moreover, since γi ∈ {0, w, 2w, 2 + 2w}, ∀ i ∈

{0, · · · , t1 − t2 − 1}, λi = 0, ∀ i ∈ {0, · · · , n− t1 − 1}, and
n−t1−1∑
i=0

λix
i(h1 + (2 + w)~(x)) +

t1−t2−1∑
i=0

γix
i(2 + w)h2 = 0,
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we deduce that λixi(h1 + (2 + w)~(x)) = 0 and γjxj(2 + w)h2 = 0, for all i ∈ {0, · · · , n− t1 − 1}, and
j ∈ {0, · · · , t1 − t2 − 1}; then B is independant. �

4. Constacyclic codes and gray images

Let L be the ring homomorphism defined by

L : R[x]
<xn−1> −→ R[x]

<xn−Λ>

r(x) 7−→ r(Λx).

Let r1(x), r2(x) ∈ R[x]/ < xn − 1 > such that r1(x) = r2(x)+ < xn − 1 > . Since λ2 = 1 and n is odd,
we have

L(r1(x)) = r1(Λx) = r2(Λx)+ < (Λx)n − 1 >

= r2(Λx)+ < (Λx)n − 1 >

= r2(Λx)+ < Λxn − 1 >

= r2(Λx)+ < Λ−1(xn − Λ) >

= r2(Λx)+ < xn − Λ > .

Consequently, we deduce the following result.

Lemma 4. Any constacyclic code of odd length n over R is equivalent to a cyclic code of length n over R.

With vector representation, the ring isomorphism L is equivalent to

L : Rn −→ Rn

(r0, · · · , rn−1) 7−→ (r0, λr1, · · · , λrn−2, rn1).

By the above lemma, the following result is obvious.

Theorem 4. Let C be a Λ-constacyclic code of odd length n over R, then

C =< h1(Λx) + (2 + w)~(Λx), (2 + w)h2(Λx) >,

where h1 = g1(x) + 21(x), h2 = g2(x) + 22(x); and ~1(x) ∈ Z4[x], g1, 1, g2, 2 are monic polynomials

over Z4 such that 1(x) | g1(x) | xn − 1 and 2(x) | g2(x) |xn − 1.

A code C of length 2n over Z4 is called a 2-quasi-cyclic code if

τ2(c) = (an−1, bn−1, a0, b0, · · · , an−2, bn−2) ∈ C

whenever
c = (a0, b0, a1, b1, · · · , an−1, bn−1) ∈ C, ∀ c ∈ C.

The following results characterize Gray images of constacyclic codes over R.

Theorem 5. Let C be a Λ-constacyclic code of length n over R. Then Ψ(C) is

• a 2-quasi-cyclic code of length 2n over Z4 if Λ ∈ {1, 1 + 2w, 3 + w, 3 + 3w} or



Asia Pac. J. Math. 2026 13:106 8 of 10

• a permutation equilavent to a 2-quasi-cyclic code of length 2n if Λ ∈ {3, 3 + 2w, 1 + w, 1 + 3w}.

Proof. Let C be a Λ- constacyclic code of length n overR and c = (c0, · · · , cn−1) ∈ C, where ci = ai+ biw

for all i ∈ {0, · · · , n− 1}.
It is easy to check that Ψ(Λ(ai + biw)) = (ai + 2bi, 3ai + 2bi) if Λ ∈ {1, 1 + 2w, 3 + w, 3 + 3w} and
Ψ(Λ(ai + biw)) = (3ai + 2bi, ai + 2bi) if Λ ∈ {3, 3 + 2w, 1 + w, 1 + 3w}. We first consider Λ ∈ {1, 1 +

2w, 3 + w, 3 + 3w}. We have

Ψ(τΛ(c)) = Ψ(λcn−1, c0, · · · , cn−2)

= (an−1 + 2bn−1, 3an−1 + 2bn−1, a0 + 2b0, 3a0 + 2b0,

· · · , an−2 + 2bn−2, 3an−2 + 2bn−2)

and
τ2(Ψ(c)) = τ2(a0 + 2b0, 3a0 + 2b0, · · · , an−1 + 2bn−1, 3an−1 + 2bn−1)

= (an−1 + 2bn−1, 3an−1 + 2bn−1, a0 + 2b0, 3a0 + 2b0,

· · · , an−2 + 2bn−2, 3an−2 + 2bn−2).

Hence Ψ(τΛ(c)) = τ2(Ψ(c)). Since C is a Λ-constacyclic code, then Ψ(τΛ(C)) = Ψ(C) = τ2(Ψ(C)).
Similarly, we get Ψ(τΛ(c)) = σn(τ2(Ψ(c))) if Λ ∈ {3, 3 + 2w, 1 + w, 1 + 3w}, where σn is the permu-

tation on Z2n
4 defined by σn(υ0, · · · , υ2n−1) = (υσ(0), · · · , υσ(2n−1)),with the permutation σ = (0 1) of

{0, 1, · · · , 2n− 1}. �

Theorem 6. Let C be a cyclic code of length n and L(C) be the corresponding Λ-constacyclic code using the ring

isomorphism L.

(1) If Λ ∈ {1, 1 + 2w, 3 + w, 3 + 3w}, then Ψ(L(C)) = Ψ(C).

(2) If Λ ∈ {3, 3 + 2w, 1 + w, 1 + 3w}, then Ψ(L(C)) = πn(Ψ(C)), where πn is the permutation on Z2n
4

defined by πn(υ0, · · · , υ2n−1) = (υπ(0), · · · , υπ(n−1)), with the permutation π = (2 3)(6 7) · · · (4n+

2 4n+ 3) · · · (2n− 4 2n− 3) of {0, 1, · · · , 2n− 1}.

Proof. Let c ∈ C and Λ ∈ {1, 1 + 2w, 3 + w, 3 + 3w}. We have

Ψ(L(c)) = Ψ(c0,Λc1, · · · ,Λcn−2, cn1)

= (a0 + 2b0, 3a0 + 2b0, · · · , an−1 + 2bn−1, 3an−1 + 2bn−1)

= Ψ(c);

where ci = ai + biw for all i ∈ {0, 1, · · · , n− 1}.
If Λ ∈ {3, 3 + 2w, 1 + w, 1 + 3w}, we have

Ψ(L(c)) = Ψ(c0,Λc1, · · · ,Λcn−2, cn−1)

= (a0 + 2b0, 3a0 + 2b0, 3a1 + 2b1, a1 + 2b1,

· · · , an−1 + 2bn−1, 3an−1 + 2bn−1)

= πn(Ψ(c)),
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where ci = ai + biw for all i ∈ {0, 1, · · · , n− 1}.
�

5. Conclusion

This paper has explored the structure of constacyclic codes over the ring R := Z4[w]/ < w2 − 2w >.
We have determined generators and minimal spanning sets for cyclic codes and have deduced the
structure of constacyclic codes using a ring isomorphism. We have defined a new Gray map and have
shown that the Gray images of constacyclic codes of length n over R are permutation equivalent to
2-quasi-cyclic codes of length 2n over Z4.

Conflicts of Interest. The authors declare that there are no conflicts of interest regarding the publication
of this paper.
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