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AsstrACT. This paper introduced a new fractional derivative defined by the Mittag-Leffler function to over-
come the limitations of classical operators . The proposed operator provided a flexible memory structure
while preserving consistency with the classical integer-order derivative. The main analytical properties of
the operator were established, including its corresponding fractional integral and Laplace transform. The
Banach fixed-point theorem proved The existence and uniqueness of solutions for the associated Cauchy-
type problems. Furthermore, approximate solutions were constructed using the Adomian decomposition
method. Numerical simulations showed that the proposed operator exhibited more stable dynamic behav-
ior, reduced oscillatory effects, and faster convergence compared to classical fractional derivatives such
as the Riemann-Liouville, Caputo—Fabrizio, and Atangana—Baleanu operators. These results indicated
that the proposed fractional derivative provided an effective and mathematically consistent framework for
modeling nonlocal systems with memory effects, offering improved analytical tractability and enhanced
modeling performance.
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1. INTRODUCTION

Fractional calculus is now an important mathematical tool for modeling systems that have memory,
hereditary properties, and interactions that aren’t local. In many areas, including diffusion processes,
viscoelasticity, control theory, and heat transfer, fractional differential equations have been used success-
fully. The Riemann-Liouville and Caputo operators are two of the most well-known classical definitions
of fractional derivatives. This is because they have strong analytical foundations. But these operators

have singular kernels, which can make some applications hard to analyze and calculate [1], [2], [3].
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To address these constraints, numerous fractional derivatives featuring non-singular kernels have
been introduced in recent years. The Caputo-Fabrizio derivative, which is based on an exponential
kernel, and the Atangana-Baleanu derivative, which uses the Mittag-Leffler function, are two well-
known examples [4], [5], [6], [7], [8]. While these operators enhance the modeling of memory effects
and circumvent kernel singularities, challenges persist concerning analytical tractability, mathematical
structure, and the development of cohesive frameworks for fractional operators [9], [10],[11], [12], [13].

Motivated by these observations, this paper introduces a new fractional derivative defined through
the generalized exponential function associated with the Mittag—Leffler function. The proposed
operator is constructed to provide an alternative framework for describing memory effects while
preserving consistency with the classical derivative as the fractional order approaches an integer value.
Several fundamental analytical properties of the new operator are investigated, including its associated
fractional integral and Laplace transform. Furthermore, the existence and uniqueness of solutions for
the corresponding Cauchy-type problems are established by means of the Banach fixed-point theorem.

The rest of this document is structured as follows: The required mathematical preliminary is pre-
sented in Section 2; the proposed derivative is formulated and its analytical properties are investigated
in Section 3; the existence and uniqueness results for the associated fractional differential equations are
established in Section 4; the analytical and numerical solutions, along with comparative simulations,
are provided in Section 5; and the paper is concluded and potential future research directions are

outlined in Section 6.

2. PRELIMINARIES

Definition 1. [14], [15] The Mittag-Leffler function, which is written as E.(z), is a function that generalizes
the exponential function. It is very important in fractional calculus and solving fractional differential equations.

1t is defined by the following power series for complex number z:

Zr CE Re(v) > 0). (2.1)
k=0
A more general two-parameter form is:
>0,8eC). 2.2
=3 i Ty (el > 0.8 €0 (22)

The ~-Exponential function is defined as follows:

OO 9k 5 (k+1)y—1

632 = expv(ﬁz) = z'y_lE%AY (927) = kz_o W, (2.3)

this results in exp?? = €%, where z € C/{0},Re(y) > 0, and ¥ € C.
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Definition 2. [16] The Laplace transform of f(x) is defined by
() = £{7(a)) = [ e e, 24)
0

where = > 0 and f(z) is an integrable function. We say that §(x) = L~ '{f(s)} is the unique inverse Laplace

transform of (s).
The following is a Laplace transform of some functions, where ) is a constant [17]

L{o(t —7)} = exp(—7$), (2.5)

1
sT—19

L {expy(ex)} = (2.6)

Definition 3. [18] Let f € £4[a,b],g € AC"[a,b] and a < b, the Riemann-Liouville fractional integral and
derivative of order v > 0 are defined by

S0 =10 = 777 | g (> w7 > 0) 28)
00.0() = ai,(0) = o g | (€= 7" a(r)a, (29)

respectively.

Definition 4. [19], [20] Let 0 < v < 1, a < b, and §(t) € H'[a, b], then the Atangana-Baleanu fractional

derivative and the Atangana-Baleanu fractional integral of order y are given by

B(y) d [ Y
ABryY — - _ — )Y
00 = P2 [ B (—12= =) ftrar, (210)
1
ABRY 5(1) = —— (1 — v +~%0,) §(0), 2.11
1) = By (1= %) i) (211)
respectively, the fractional derivative and integral of Caputo-Fabrizio with order y are given by
B(y) d / ' g
CFryv — el _ _
Qa,tf(t) - 1— ")/dt . eXp 1— ’Y(t 7—) f(T)dTv (212)
1
CFTz,tf(t) = B(’)/) (1 -7+ ’Y‘th) f(t)? (213)

where B(v) is a function that satisfies the condition B(0) = B(1) = 1.

Lemmal. [?1]Ify>0(n—-1<~v<n),8>0(m—-1<p < m),andf,g € £1(a,b) such that
On—~y € AC"[a, b] then
T3 Tadf(t) = TOH), (2.14)

D, Tasf(t) = 8(t), (2.15)

T Da8(t) = a(t) — z_: 9"1:77(15 —a)r it (2.16)
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3. THE NEW FRACTIONAL DERIVATIVE

Definition 5. (the new fractional derivative) Assume that t € (a,b],a < b,y > 0,and n — 1 <y < n, the left

and right proposed fractional derivative is defined respectively as follows:

1 ar t _

"Dapf(t) = S ntiam ). P <—7in11(t - 7')) f(r)dr, (3.1)
1" qr b o

*@Zb_f(t) = ’)/(—’[’L)—Fldtn/t expnf,y (—’yinj_l(T — t)) f(T)dT, (32)

where § € AC"[a, b] (see Theorem 1).

Theorem 1. Let a < b,n € N, and n — 1 < v < n. Then the two statements are equivalent:

i. The left and right sides of proposed fractional derivative in (3.1) and (3.2) respectively exists and is finite for
every t € (a, b].

ii. f € AC™[a, b].

Proof. Sufficiency. Assume that f € AC™(a,b). This means that " ¢ £!(a,b), since {1V is

absolutely continuous.By fulfilling the conditions v > 0 and ¢ > a, the kernel exp,, ., <_wﬁ;11t) is

continuous on ( 0, co ) and belongs to Locally Integrable Functions £ _ (0, 00). For every t € (a, b], the

function exp,, ., ( ——"=2-t) is integrable on [a, ¢], and since f) € £!(a, t), the two integrals *D7, (¢
n—y y—n+1 g g a+,t

and *®],_f(¢) is finite. Hence the left and right sides proposed fractional derivative exists.

Necessity. Let *©, ,f(t) be finite and exists for all ¢ € (a,b]. Using (2.5) and (2.6), we have

lim, ., exp,,_, (‘ﬂﬁrﬂf) = 4(t), Consequently, lim, ,, "D, ,f(t) = §")(t). Since each Do, ()

is locally integrable (because the defining integral is finite by assumption); hence ™ € £l _(a,b).
Integrating f() shows that ("1 is absolutely continuous on every compact subinterval, and iterating
this argument yields f € AC"[a, b].

It should be noted that this study will only focus on the left-hand fractional derivative of order
0 < v < 1, and researchers can address the other cases of the new fractional derivative.

Using (2.6) and Laplace transform of nth -derivative, the Laplace transform of the proposed fractional
derivative with order 0 < v < 1 can be easily found.

1 .
T s+ (1—7~)st Fs)- (3.3)

e {050}

It is very important to define the fractional integral corresponding to the proposed derivative, and

for that purpose we will begin with a simple assumption,

D7 ,5(t) = g(t), (3.4)
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By (3.3), we get the following result

1 A N
75_7 4 (1 _ ’y)S_lf(S) - 9(5) (35)
By performing simple algebraic operations,
VR S R St AW
)= (2 + 57 ato) (36)
Taking the inverse of the Laplace transform to both sides,
f(t) = 7% ,0(t) + (1 —7)Tug(t). (37)

Therefore, the fractional integral of order y corresponding to the proposed fractional derivative with

order 0 < v < 1 can be written as follows:

T30 = (75 + (1= )T D). (38)

The Laplace transform of the fractional integral of order - corresponding to the proposed fractional

derivative is given by

{0} = (2557 i, (3.9)

S
Theorem 2. Suppose that f,g € AC[a,b],a < b,0 < v < 1,m is a non-negative integer number and 1 is a
constant, then

i

"D, (9F(t) + a(t)) = 07D §(t) + DG ,a(t), (3.10)

ii.
T3, (9F(1) + (1)) = 07T (1) + 53 ,8(0), (3.11)

iii.
D0, TG 51 = f(2), (3.12)

iv.
T Do, f(t) = f(t), (3.13)

0.
j%*%f(t) =90, i), (3.14)

4. THE EXISTENCE AND UNIQUENESS

In this section, we will use Banach fixed-point theorem to prove the existence and uniqueness of the
solution to Cauchy’s problems involving the new derivative.

Consider the following Cauchy-type problem of order 0 < v < 1.
"D, T(t) =§(t,L(t),a <t <b, (4.1)

with initial conditions
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T(a) =b;b cC. (4.2)
We will study conditions for a unique solution to (4.1)-(4.2) in £[a, b] defined for 0 < v <1, where

£(a, b) is the set of measurable functions f on [a, b] for which ||| < co, where

b
lillses = [ IOt (43)
and
£7(a,b) = {f € £(a,b) : "D} f € £(a,b)} . (4.4)
We prove that the following Volterra integral equation and the Cauchy problem (4.1)-(4.2)
t
Tt:/ £t <7t—771+1— >dr, 45
(t) af( (®)) F(,y)( ) g (4.5)

are equivalent.

Lemma 2. [27]. The fractional integral of Riemann-Liouville T , with 0 < v < 1 is bounded in £[a, b],

1F27 | o) < Kl e (4.6)

b* vy
where K = %

Theorem 3. The new fractional integral T , with 0 < v < 1 is bounded in £[a, b],

H*E’J,tﬂ’/g(ayb) < CHfHE(a,b)a (47)

where C = 'Véb(;i)lw) (I =7)(b—a).

Proof. This theorem can be easily proven through the Lemma 2.

Theorem 4. Let 0 < v < 1,§(t,Y) € £[a, b] forany T € G and G be an open set in R where f : (a,b] x G — R.
If Y(t) € £a, b], then Y (t) satisfies (4.1) and (4.2) if and only if Y (t) satisfies (4.5).

Proof. Let Y(t) € £[a, b] be a solution to the Cauchy problem (4.1)-(4.2). Applying the operator
*T, . on (4.1), and talking (3.13) and (4.2), we get (4.5).

If Y(t) € £[a, b] satisfies (4.5), by taking *D] , to both sides of (4.5) and by using (3.12), we get the
Cauchy problem (4.1)-(4.2), the proof is complete.

The Lipschitzian condition on f(z, T) with respect to Y forall ¢ € (a,b] and forall 1, Ty € G C R,

[F (8, 1) —§ (£, To)| = ATy — Tof, (4.8)
where A > 0.
Theorem 5. [22] Let (X, d) be a complete metric space, and let T : X — X be the map such that, for every

x1,x2 € X, the relation d (T'z1, Tx2) < wd (x1,x2) holds, where 0 < w < 1. Then the operator T' has a unique

fixed point x € X and the sequence {Tkxo}];“;l converges to the above fixed point x for any xo € X.
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Theorem 6. Suppose that the conditions of Theorem 4 and the Lipschitz condition (4.8) hold. Then there exists
a unique solution Y (t) to (4.1)-(4.2) in £7[a, b].

Proof. By Theorem 4, it suffices to prove the existence of a unique solution Y(¢) € £]a, b] to (4.5). In

any interval [a, #;] C [a, b] where ¢; € (a,b), (4.5) makes sense, choose t; such that the inequality

gl Y
A<w(t1—a) 1+1—7) <1, (4.9)

holds, and establish that T'(z) € £[a, t;] is exist to (4.5) on the closed interval [a, ¢;], so we use the
Banach fixed point for C"~![a, b], which is the complete metric space, and the distance between points

is given by
4(T1,T5) = [ X1 — Lo = /:1 (1) — ()] d. (4.10)

We rewrite (4.5) by using the operator T as follows

/ftT ( )(t—7)71+1 )d’l’. (4.11)
To apply Theorem 5, we must prove that (1) if Y(¢) € £[a, t1], then (TY)(¢) € £[a,1]; and (2) for

any Y1, Ty € £1a,t1],

[TY1 =TTl g(qu) S wlT1 = Yollgau) (4.12)
with
Y -1
w=A(-1(t; —a) +1—7> 413

since f(t,Y(t)) € £(a,b) and by Lemma 2, (T'Y)(t) € £(a,t1). By (4.11), £7(a,b) and (4.8) and
applying (4.6),

I7s = T g,y < [[7T0 I (5 Ta(0) — § (¢ Yol (4.14)

H2 Cltl)

<AH LT1(t) — Yot Hsatl)

<A <I‘Zy)<tl —a) 1 7) [T1(t) = Lot)l g(au)

which yields (4.12). According to Theorem 5 and (4.13), 0 < w < 1, there exists a unique solution
Y(t) =7T*(t) € £(a,t1) to (4.5) on [a, 1]
By Theorem 5, T*(¢) is a limit of the convergent sequence Y, (t) = (TY*) (¢):

Tim [T = T gq,) = 0 (4.15)

where Yj(t) is any function in .Z[a, b]. If b # 0 in (4.2), we can take Y§(t) = Yo(t) with To(t) defined
in (4.11). Using the same method as above, we conclude that there is a unique solution Y*(t) € £ (1, t2)
to (4.5) on [t1,t2], where ty = t1 + hy and h; > 0 are such that t2 < b, and repeating this process, we
conclude that there exists a unique solution Y*(¢) € £(a, b) for (4.5) on [a, b].

Thus T, () = (T™Y*) (¢)
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Hm || Yp — Y

m—r0o0

2(ap) = 0

Using this formula and taking (4.1) and (4.8) into account, we have

H*Qz,tTm - *QZ,tTHS(mb) § Hf [77 Tm(T)] - f[Tv T(T)]H,Q(a,b)

S ATm = Tlge S A =) [T = Tlgqpy S Al Tm — Tllgp
From this and (4.15), we obtain

lim H*@lt’rm - *gz,tTHCW[a,b} =0

m—r0o0

Thus *©,,T(t) € £[a, b], and hence, in accordance with (4.3), T € £7a, b].

5. APPROXIMATION SOLUTIONS OF FracTiONAL EQUATIONS

This section will include approximate solutions to Cauchy-type problems with RL-fractional deriva-

tive, AB -fractional derivative, CF -fractional derivative, and the proposed fractional derivative using

the Adomian decomposition method, and then discuss the efficiency of the solutions through graphs

and value tables. This section will start by presenting the algorithm for the Adomian decomposition

method applied to Cauchy-type problems; the algorithms for other fractional derivatives can be found

in the referenced studies [23], [24], [25], [26].

We consider the differential equation of fractional order 0 < v < 1.
D0, T(t) + RY(t) + NY(t) = g(t)

and
T(0)="b
where R, N and g are linear operator, nonlinear operator and known function respectively.

Applying (3.8) on (5.1) and by using (5.2), (3.13), we obtain
Y(t) =", 4 (a(t) — RY(t) — NY(t))

Now, we write

T(t) = i Y (t) and NY(t) = i An(t)
m=0

m=0

where A,,(t) are the Adomian polynomials (see [27]).

Putting (5.4) in (5.3)
Z Tm(t) = *S’(;Jr,t (g(t) - Z RTm(t) - Z Am(t)>
m=0 m=0 m=0

Assuming &(t) = b+ *T, ,(g(t)), we have

> Ta(t) =6(t) - T, (Z RYm(t)+ ) Am(t)>
m=0

m=0

(5.1)

(5.2)

(5.3)

(5.4)

(5.5)

(5.6)
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Therefore, we have

Yo(t) = &(t) (5.7)

Y1 (t) = =T, (RY () + A (t) ;m = 0,1,2,... (5.8)

Itis clear that when some of the components Y, (¢) are known, the solution Y(¢) can be approximated

as a series.

Y(t) = lim an L) (5.9)
n—r00 0

Example 1. Consider the below differential equations with order 0 < v < 1

*DJ,Y(t) +te™™ =0 (5.10)
DY) +te" =0 (5.11)
ABDI () +teT =0 (5.12)
PRy, Yt +teX =0 (5.13)

with initial conditions equal to 1 .
Using the algorithm of the Adomian decomposition method, the approximation solutions of equations (5.10),
(5.11), (5.12), and (5.13) respectively are given by

e 1, 1,9 o PTey(v+5)(-1+7) | 224 7)
T.(t)=1- + Zt%e(—1+7) + stle (—14+7)? -
®) Tasy ot N +gte=1+7) T(4+1) T'(3+27)
1t27442(—1 CE | 18277492 (3 + 1592 + 58y + 76) (=1 + 7)e®
1274 %( +7)f; Ll e 1T (v 0 7 +76) (=1 +7)e
4 2+)I2+9) 24 2 r(5+27)
B 1t7+5’y(—1 + )2 (73 +119% + 44y + 124) €3
2 r'6+7)
1P (T2 +4) + 202 +9)*(2+7) (3 +27)) €2
2 [(2+7)%T(3y +4)
ettt e2(2 + ~)t2r+2
Yro(t)=1- Chalidiathg
T(2+7) T(3+27)
Yt e 2 2 2 e+ y)(=147)
Tap(t)=1- +te(—1+7) + 123 (=1 4 7) -
2142926224 4) | 131 49) 3923 (-1 4 9) (497 + 197 + 24)
I'3+2v) 2 (2 + )2 r'2y+4)
N §t363(71 JSC 1755743 T2y +4)+2I2+7)22+7)(B3+27)) €
2 2 T(2+7)2T(3y +4)
V33 (292 + 12y + 27) (=1 + )2
T4 +7)

1 1
Yorp(t)=1- 5et(mf —2v+2)+ ﬂthQ (37°t% — 207%t + 249° + 207t — 48y + 24)

1
- ﬁe%?’ (59t — 629342 + 2057% + 627%t% — 1807® —4107t + 540~ + 205t — 5407 + 180) -
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Thus, the approximate solution of (5.10), (5.11), (5.12), and (5.13) at v = 1 is given by

To1(t) =1 oL O Sy (5.18)
L Y '
and the exact solution is
Yp=e 3" (5.19)
1
0.8
0.6
Y(t)
0.4
0.2
0 T T 1
0.2 0.4 0.6 0.8 1
-0.2 t
-0.4
-0.6
-0.8
[==—— Y(y=0.8) === Y(y=0.9) == Y(y=1) == Y'(exact)]

Ficure 1. The approximate and exact solutions for equation (5.10) at different values of

order 7.
1
0 T
0.2
o |
X(t)
-2
-3
[=—— Y[AE|(y=0.8) === Y[RL](y=0.8) ——— Y[AB](y=0.8) === Y[CF](y=0.8) Y(y=1) Y(exact)]

Ficure 2. The approximate solutions for equations (5.10)—(5.13) aty =0.8and vy =1

and the exact solution.
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Y(t)

Ficure 3. The approximate solutions for equations (5.10)-(5.13) aty =0.9and v =1,

1

0.5

[=—— Y[AE]|(y=0.9) == Y[RL](y=0.9)

Y[AB](y=0.9) === Y[CF](y=0.9)

Y(y=1)

Y(exact)]

together with the exact solution.

TasLE 1. Numerical values of the solution Y'(¢) in equation (5.10) for different fractional

orders .

t | Ty—os Ty—0.9 T—1 Te ITe —Yos| | [Te— Yool | |Ye — Yi|
0.1 |0.977031 | 0.981963 | 0.986500 | 0.986501 | 0.009469 0.004537 4.2E-07

0.2 | 0.921210 | 0.934056 | 0.947059 | 0.947086 | 0.025876 0.013030 2.71E-05
0.3 | 0.841932 | 0.862430 | 0.884549 | 0.884863 | 0.042931 0.022432 0.000314
0.4 | 0.745354 | 0.772403 | 0.802755 | 0.804558 | 0.059204 0.032155 0.001803
0.5 | 0.633041 | 0.666879 | 0.704865 | 0.711923 | 0.078883 0.045044 0.007058
0.6 | 0.498879 | 0.543661 | 0.591366 | 0.613061 | 0.114182 0.069400 0.021695
0.7 | 0.325384 | 0.392117 | 0.457325 | 0.513770 | 0.188386 0.121653 0.056445
0.8 | 0.079559 | 0.189323 | 0.289082 | 0.419014 | 0.339456 0.229691 0.129932
0.9 | -0.291620 | -0.104300 | 0.060329 | 0.332570 | 0.624195 0.436874 0.272241
1.0 | -0.866090 | -0.549850 | -0.272410 | 0.256881 | 1.122969 0.806729 0.529288

TaBLE 2. Comparison of numerical solutions of equations (5.10)—(5.13) at v = 0.8.

t | |Ye—=".||Te—Tc|||Ye—Dan| | |Te—Ycr| | |Te - Ty=1]
0.1 | 0.009469 0.011818 0.056821 0.048104 4.2E-07
0.2 | 0.025876 0.032195 0.105678 0.082797 2.71E-05
0.3 | 0.042931 0.053232 0.146145 0.10677 0.000314
0.4 | 0.059204 0.073163 0.191677 0.129406 0.001803
0.5 | 0.078883 0.097111 0.270174 0.168552 0.007058
0.6 | 0.114182 0.139733 0.42601 0.252516 0.021695
0.7 | 0.188386 0.228468 0.72242 0.422399 0.056445
0.8 | 0.339456 0.407288 1.244184 0.734851 0.129932
0.9 | 0.624195 0.740926 2.100593 1.265318 0.272241
1 1.122969 1.319593 3.428739 2.111807 0.529288
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TabLE 3. Comparison of numerical solutions of equations (5.10)—(5.13) aty = 0.9.
t | |Ye=". ||Te—=Tc|||Ye—Dap| | |Te—Tcr| | |Te - Ty=1]
0.1 | 0.004537 | 0.005040 0.028963 0.024618 4.2E-07

0.2 | 0.013030 | 0.014461 0.054939 0.042838 2.71E-05

0.3 | 0.022432 | 0.024851 0.075227 0.054631 0.000314

0.4 | 0.032155 | 0.035472 0.093246 0.063503 0.001803

0.5 | 0.045044 | 0.049250 0.119919 0.078008 0.007058

0.6 | 0.069400 | 0.074867 0.175917 0.113616 0.021695

0.7 | 0.121653 | 0.129495 0.294382 0.195047 0.056445

0.8 | 0.229691 0.242185 0.524126 0.359164 0.129932

0.9 | 0436874 | 0.457924 0.933341 0.658488 0.272241

1.0 | 0.806729 | 0.842352 1.613840 1.165346 0.529288

Figures 1-3 and Tables 1-3 provide a comprehensive assessment of the performance of the pro-
posed fractional derivative in comparison with the Riemann-Liouville, Atangana—Baleanu, and Ca-
puto-Fabrizio derivatives. Figure 2 illustrates the behavior of the approximate solution of Equation
(5.10) for different fractional orders, showing that the numerical solution approaches the exact solution
as the fractional order tends to one. Figures 1 and 2 further compare the numerical solutions obtained
by the four fractional operators for (w = 0.8) and (w = 0.9), respectively. The results indicate that
the proposed derivative consistently produces solutions closer to the exact solution over the entire
computational interval.

Moreover, the numerical data reported in Tables 1-3 support the graphical observations. Table 1
demonstrates the convergence of the proposed model toward the classical solution as the fractional
order increases. Tables 2 and 3 present the absolute errors associated with the different fractional
derivatives for (w = 0.8) and (w = 0.9). It can be observed that the proposed derivative yields the
smallest absolute errors among the considered fractional operators, particularly when compared with
the Atangana—Baleanu and Caputo—Fabrizio derivatives. These results suggest that the proposed
operator provides a more accurate approximation for the considered test problem while preserving the

expected convergence toward the classical integer-order solution.
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