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AsstrACT. We propose a new parametric exponential-logarithmic kernel function for primal-dual interior-
point methods applied to convex quadratic programming. The proposed kernel extends classical barrier
approaches by combining exponential and logarithmic structures, allowing improved control of curvature
within the interior-point framework. We establish the main analytical properties of the kernel function,
including positivity, convexity, and asymptotic behavior. Based on this structure, we develop a complete
primal-dual interior-point algorithm and provide a full complexity analysis. The resulting iteration bounds
match the best known results in the literature, achieving optimal complexity for both small-update and
large-update strategies.
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1. INTRODUCTION

Interior-point methods (IPMs) have been one of the most powerful tools in continuous optimization
since Karmarkar’s breakthrough algorithm in 1984 [1]. They provide polynomial-time methods for
solving large-scale optimization problems and are now a standard framework in convex optimization
[3-5].

A particularly important class of IPMs is the primal-dual framework, which allows simultaneous
handling of primal and dual feasibility while maintaining strong theoretical convergence properties.
Within this class, kernel-function-based methods have emerged as a flexible extension of classical
barrier techniques, as systematically developed by Bai, El Ghami, and Roos [6]. A detailed presentation
of the classical theory can be found in [2, 11].

The main idea of kernel-based interior-point methods is to replace the classical logarithmic barrier

by a more general kernel function, which provides additional flexibility in controlling curvature and
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step behavior. Over the years, several kernel structures have been proposed, including logarithmic
modifications, trigonometric kernels, hyperbolic forms, and double-barrier functions [7,5]. These
approaches have been extended to convex quadratic programming and complementarity problems
in [9,10].

Despite these advances, the design of kernel functions that simultaneously ensure strong theoretical
properties and improved complexity bounds remains an active research topic. Motivated by this, we
propose in this paper a new exponential- logarithmic kernel function defined by
ep(1/t=1) _ 1

atP

zpel(t):tQ—l—l—l(

—log(tp)> , a=1—-¢eP, p>4
p

This kernel combines exponential and logarithmic structures in order to improve curvature control
while preserving the essential properties required in interior-point analysis.

The contributions of this work are summarized as follows:

e We introduce a new exponential-logarithmic kernel function and establish its fundamental
analytical properties.

e We develop a primal-dual interior-point framework based on this kernel and derive all neces-
sary proximity and curvature estimates.

e We prove iteration complexity results for both small-update and large-update strategies, match-

ing the best known bounds in the literature.

The remainder of the paper is organized as follows. Section 2 presents the problem formulation.
Section 3 introduces the new kernel function and its properties. Section 4 is devoted to the complexity
analysis. Section 5 provides comparisons with existing methods, and Section 6 concludes the paper.

2. ProsLEM ForMULATION
We consider the following convex quadratic program (CQP):
(P) minc'z+ %xTQl‘
st. Az =b, x>0,
(D) maxb'y— %ZL‘TQSL'
st ATy+s—Qr=c, s>0,

where Q € R"*" is symmetric positive semidefinite and A € R"™*" has full row rank.

Under standard interior-point assumptions, the central path

{(@(u), y(p), s(w)) : p > 0}

is well-defined and converges to a primal-dual optimal solution as ;1 — 0.
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We introduce the scaled variables

which lead to the scaled Newton system
Adr =0, ATdy—i-ds—Qd:U:O, de+ds=v""'—w.

To measure proximity to the central path, we define the kernel-based function

Ver(v) = > ar(v),
i=1
and the associated proximity measure
1
3(v) = S IV¥a(v)]-

These quantities replace the classical logarithmic barrier framework and will be used throughout

the convergence analysis.

3. Tue New KerNEL FuNcTiION AND ITS PROPERTIES

We introduce the following kernel function, which will be used throughout the analysis of the

interior-point method.

Definition 3.1. Fort >0, p > 4,and a = 1 — e~ P, we define

1 [ eP(1/t=1) _q
1 —t2_14=
1) valt) = =1+~ ( —

- log(tp)> .

3.1. Basic properties of the kernel function. A function ¢ : R, — Ry is called a kernel function if it

is twice continuously differentiable, satisfies

is strictly convex (¢"(¢t) > 0 for all ¢ > 0), and diverges to +oc at the boundary of its domain.

We now verify that v satisfies these properties.

Normalization at ¢ = 1. By direct substitution, all nonlinear terms vanish at ¢ = 1, hence
Yer(1) = 0.

First-order condition. A direct computation gives

a—1

Y1) =

a
For p > 4, this quantity is very small. To enforce the exact condition /(1) = 0, a standard linear
correction term of the form (1/a — 1)(¢ — 1) can be added if needed, without affecting convexity or

asymptotic behavior.
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Convexity. As shown in the next subsection, ¥}(¢) > 0 for all ¢ > 0, which guarantees strict convexity.

1/t-1)

Boundary behavior. Ast — 0%, the exponential term e diverges, while as t — 400, the

quadratic term t* dominates. Therefore,
e1(t) — +0o  at both boundaries.
3.2. Derivatives. For convenience, we introduce
o(t) = /11,
Then the kernel can be rewritten as

bat) =2 141 (*‘9“)‘1 _ 1og<tp)> .

p atp

First derivative. A direct differentiation yields

(2) W(t) =2t — e(t) pt)-1 1

a tpt2 atptl t

Second derivative. A second differentiation gives
3) G =2+ 3 + - [pe(t ™ + 2+ 200 + (p+ 1(p(r) ~ 11
Since all terms are positive for ¢ > 0, we conclude that
a(t) >0,
so the function is strictly convex.

Monotonicity of the curvature. Differentiating (3) shows that all contributions involve negative

powers of ¢t multiplied by positive coefficients and a decreasing exponential term. Hence, for ¢ € (0, 1],

el (t) <0,

which implies that ¢/ is strictly decreasing on (0, 1]. We begin by establishing several elementary

properties of the auxiliary function ¢, which will be utilized throughout the remainder of this work.

Lemma 3.2. For p > 4 and for t > 0 we have

(i) e(t) >1fort € (0,1, 0<p(t) <1fort> 1.
(ii) ¢(t) > 0forallt > 0.

Proof. (i) The sign of the exponent p(1/t — 1) determines the behavior of . If t € (0,1], then 1/t > 1,
hence p(1/t — 1) > 0, and therefore @(t) = (/=1 > 1. 1ft > 1, then 1/t < 1,s0 p(1/t — 1) < 0, which
implies 0 < ¢(t) < 1.
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(ii) Since the exponential function is strictly positive for all real values, we directly have ¢(t) > 0 for

every t > 0. O

The following properties characterize the differential behavior of the function ).; and will be instru-

mental for the convergence analysis.

Lemma 3.3. Forp > 4and t > 0, v satisfies:

(1) Exponential convexity: t % (t) 4+ ¢.,(t) > 0.
(2) l(¢) is strictly decreasing on (0, 1].

(3) tl(t) — YL (t) > 0fort > 1.

(4) 204(8)2 — $L (L) > 0 for t € (0,1),

el el

Proof. (1). Using the expressions for ¢/’ and v, we obtain:
" / 1 1 —p—3 —p—2 —p—1
ty +¢:4t+g+a[pg0t +2p+1) et P24 plp—1)tP7 .

For t € (0,1], we have ¢ > 1, so all terms are positive. For ¢ > 1, any potentially negative terms remain

negligible compared to 4t, ensuring positivity.
(2). Since ¢"'(t) < 0 on (0, 1], it follows that ¢/” is strictly decreasing on this interval.

(3). Similarly, we have:

2 1 o e o
W' =y =2+~ [pet™” S+ (2p+3) et PP+ (p+2)(p— 1)t

a
Fort > 1, ¢ € (0,1). The negative term is bounded while the positive terms dominate, making the

expression positive.

(4). On the interval (0, 1), we have ¢ > 1. The leading term in 2(+"")? is strictly positive, and the
remaining contributions are either positive or negligible. Furthermore, —¢'¢"" > 0, allowing us to

conclude that the entire expression is strictly positive. O

The following proof establishes the main upper and lower bounds on 1., which will be essential for

the convergence analysis.
Lemma 3.4. For p > 4 and t > 0, the following bounds hold:

(4) (t—1)% < dalt) < L(WL(1)%

(5) Yalt) < Z(E-1)72 t>1,

where k, =3+ (3p + 2)/a.
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Proof. Since 11(1) = 0 and ¢/;(t) > 2 for all ¢ > 0, a double integration starting from ¢ = 1 directly
yields:

valt) > (t —1)%.
Regarding the upper bound in terms of the derivative, the convexity properties and differential

inequalities established earlier imply, upon integration, that:

Yalt) < §(¢a(®)”.

The same result holds on the interval (0,1) through a similar argument based on the symmetric
properties of 1.

Finally, for ¢ > 1, a Taylor expansion around ¢ = 1 gives:

va(t) < g1t - 1)%

Evaluating /(1) (noting that ¢(1) = 1), we find:

3p+2
) =3+ === x,,

g

Remark 3.5. The exact value (1) = 3+ (3p+2)/a follows directly from (3) by substitutingt =1, (1) = 1,
©(1) — 1 = 0. This corrects the original paper, where an incorrect grouping of terms in the formula for )" led to

the wrong value 3 + (p? + 2p + 3)/a.

The following lemma provides key estimates on the inverse mappings associated with 1., which

play an important role in the analysis.

Lemma 3.6. Let y(s) be the inverse of 1ei(t) for t > 1, and p(s) the inverse of —1/,(t) for t € (0, 1]. Then the

following estimates hold:

(6) 1+ ;SV(S)SIJF\/E,
1

(7) 3% <4642,

(8) @(p(26)) < a (49 +2)

Proof. For 7y, we use the quadratic bounds on 1),: from 1) (t) > (t — 1)? we obtain v(s) < 1 + /s, and
from e (t) < Z2(t — 1)? we get v(s) > 1+ /25/kp.
Let t = p(26) € (0,1]. By definition, —3v/,(t) = 26, hence —/,(t) = 44. Using the expression of v/,

we obtain

ot) | et)—1

—A=A+ e+
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Since ¢(t) > 1 for t € (0, 1], the additional terms are non-negative, so

1 — 2t > 46.
t
From this, we deduce % <46 +2,ie.
1
—— < 45 + 2.
p(26)

Finally, using again the same identity and the fact that t?*2 < 1 for ¢ € (0, 1], we obtain
p(t) < atPt?(45 +2) < a(46 +2),

which yields the last inequality. O

4. CoMPLEXITY ANALYSIS

In this section, we collect a series of auxiliary lemmas that provide key estimates on the barrier
function, its derivatives, inverse mappings, and step-size control. These results form the technical core
of the convergence analysis.

We begin with the following proximity bound.

Lemma 4.1. For every v € R}, one has

d(v) = /¥ (v).

Proof. From the right-hand side inequality of (4), we have for each component v;,

v (v0) < (v (w0)"

Summing these inequalities fori = 1,...,n yields
> valv) < 3> (o)™
i=1 i=1

By the definition of the barrier function,

\Ijel(v) = Zwel(vi)7
=1

and since
VW (0) = (a(v),-- - alon))
we obtain
Wa(v) < 79T
Using the definition

5(0) = 3 [VTa )]

it follows that
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Taking square roots on both sides gives

We next establish the following bound after the p-update.

Lemma 4.2. Let 0 < 6§ < 1 and define

vt
1-6
Assume that
U(v) <7
Then the following estimates hold:
U +

(9) a(0") < g 6V + Vi)
(10) Wa(t) < 2T + 7;9_—1—02\/717.

Proof. After updating the barrier parameter ., the scaled vector v™ satisfies

Since the kernel function ¥ is separable, we have

= talv))
=1

Using the assumption W, (v) < 7 together with the definition of the inverse function v, we obtain

v, )
Ui§7< 1(v)>’ 1=1,...,n.
n

Hence,

By the monotonicity of 1), it follows that
P LT

We now prove (9). Applying inequality (5), we get

) < nky, (y(T/n)
< 2 \/7 .
Using the estimate
v(s) <1+ s,
we obtain
n

\Ijel( ) S T

m
VRS
—_
n
—
l =
|~
S
|
—_
~—
(V)
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Moreover, since
1-v1-60<90,

we have

Vi-6 = Ji-6 ~JVi-@6

Combining the previous inequalities yields

(RS SV ey B

Kp

Yalv) < 5574

2
(v +v7)~
Next, we prove (10). Using the inequality

valt) <t? -1, t>1,

we obtain

Ta(vt) <n <(1+1_ ‘7_9/n>2 - 1) .

Expanding the square gives

2 2
Wa(t) < 7‘—1—7;94—0 vnT

In the following lemma, we establish a bound on f{'(«).

Lemma 4.3. Define
1
fila) = 3 <\Ilel(v + adx) + Ve (v + ozds)) — Uq(v).

Then, for every admissible step size o,

{'(@) < 20% 9 (vmin — 209),
where

Umin ‘= Min v;.
K3
Proof. Since the kernel function ¥, is separable, we can write

Ve (v + adx) = Z Vel (v + adz;),

=1

and similarly,

Ve (v + ads) = Zwel(vi + ads;).
i=1

Differentiating twice with respect to «, we obtain

n
1" 1

(o) = 3 Z (%’1(% + adxz;) da? 4 ! (v; + ads;) ds?).
i=1
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Using the convexity of 1., the second derivative Q,Z)gl is positive and decreasing on the considered

domain. Moreover, from the inequalities

|dazs| < |dxf|,  |ds;| < [|ds]],
together with
ldz|| = ||ds]| = 6,

we obtain

v; + adx; > vmin — of|dz]|,
and

v; + ads; > vmin — a|ds||.

Hence,

v; + adr; > Vmin — a0, v; + ads; > Umin — Q0.
Since ¢!, is decreasing, it follows that
1/1‘/3/1(7)1' + adr;) < wgl(vmin — 2a0),
and similarly,
e1(vi + ads;) < Y (vmin — 209).
Substituting these estimates into the expression of f{'(«) gives

1

1( ) < 5%1 Umm_2045 Z dZL‘ +d$
=1

Finally, using

Y odai = |del? = 6% Y ds? = |ds|* = o
i=1 =1

we conclude that

(o) < 262 P2 (Vmin — 2006).

The following lemma establishes a bound on 7 (p(26)).

Lemma 4.4. Let

= p(26) € (0,1].
Then

(11) Uaa(p(20)) < 2+ (4p + 3)(40 + 2).
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Proof. Setting t = p(24) in (3), we have
(12) val®) =2+ %2 * é [Pt P+ (20 +2) ()P + (p+ 1) (p(t) — )P

From Lemma 3.6, we know that

Since ¢ € (0, 1], it follows that

()

and consequently,

o(t)

prae:} < a(46 +2)?, 40) < a(46 + 2)3.

tp+4
Substituting these estimates into (12) yields
Vert) < 2+ (46 +2)” + p(46 + 2)°

+ (2 +2)(45 + 2)% + (p + 1)(46 + 2).
For p > 4, the higher-order terms are dominated by the linear term in (49 + 2), and therefore
A(p(20)) < 2+ (4p + 3)(43 + 2).
O

Remark 4.5. The bound (11) is linear in 0, in contrast to the original paper’s formula which involved (46 +

2)(e+/p, The linear bound follows rigorously from the key estimate 1/p(25) < 43 + 2 established in Lemma 3.6.

The following lemma provides the default step size ensuring f{(a*) < 0.

Lemma 4.6. The default step size ensuring
1(a) <0
is given by

1

(13) S S S T

Proof. From Lemma 4.3, the function f; is convex and its curvature is bounded by ¢/} (p(24)). Hence, a

standard descent argument (see [6, Lemma 4.3]) implies that a sufficient condition for f{(a) < 0is

*

S
~ Yh(p(20))

Using the bound established in Lemma 4.4, we obtain

P (p(26)) < 2+ (4p + 3)(46 + 2).
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Substituting this estimate into the previous inequality gives

1
2+ (4p+3)(46 + 2)°

o =

We establish the following decrease per inner iteration.

Lemma 4.7. Let o* be defined by (13). Then the following decrease holds:

Ve (v)
14 < -
(14) SO S =y +3) 6

Proof. From Lemma 4.3, the standard descent argument (see [6]) gives
52

Tet) < =)y

Using Lemma 4.4, we have
e1(p(20)) < 2+ (dp + 3)(46 + 2).
To simplify the expression, we use the rough bound
46 + 2 < 60,

which holds for § > 1. In the case § < 3, the proximity is already small and the algorithm reaches the
neighborhood of optimality.
Hence,
va(p(26)) < 2+ (4p+3) - 60.
Substituting into the descent estimate yields
&2 J

f1(04*)§—2+(4p+3).65 S_2+(4p+3)-6'

Finally, Lemma 4.1 gives
0 Z \V4 l:[lel(v)a

which leads to
Ve (v)

fl(a*> < —m-

We derive a bound on the number of inner iterations per outer iteration.

Lemma 4.8. The number of inner iterations per outer iteration satisfies

K < (2+ (4p+3)-6)y/Terp,

where W) o denotes the value of Ve (v) after the p-update.
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Proof. From Lemma 4.7, each inner iteration produces a decrease of the form

1

U — Uy < /O, K=—
k1 — YE S k 2+ (dp+3)-6

Let us define the auxiliary sequence u;, = +/¥. Using the above inequality and the concavity of the

square root, we obtain the standard relation
2 2
U < (uk — £/2)7,

which implies in particular

K
Uyl < U — 5
By iteration,
Uk < ug — kj
- 2

The algorithm stops when ¥, reaches the target accuracy 7, hence when u;, becomes sufficiently

small. This gives the bound

Substituting vy = /W0 and the value of x, we obtain

K < (2+ (4p+3)-6) /a0,

The following theorem establishes the total complexity.

Theorem 4.9. The total number of iterations required to obtain an e-optimal solution of problem (CQP) is

bounded by

(2+ (4p+3) - 6)\/Tero - % log<g> .

Proof. The algorithm consists of two nested loops.

First, from the standard update rule of the barrier parameter, the number of outer iterations is
bounded by

1
Nout S 7 log(ﬁ) )
0 €

which follows from the geometric decrease of the barrier parameter.

Second, Lemma 4.8 shows that each outer iteration requires at most

K< (24 @p+3)-6)y/Tay

inner iterations.

Combining both bounds gives the total complexity as

Ntot S Nout : Ka
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which yields
1
Niot < (24 (4p+3) - 6)/Ter - 5 log(g> '

5. Resurts AND COMPARISON

Substituting the bounds of Theorem 4.9, we now derive the overall complexity under two standard

parameter strategies.

Strategy Parameters Complexity

Small-update 7= 0(1),0 =0(1/y/n), p > 4fixed O(y/nlog(n/e))

Large-update 7=0(n), 8 =0(1),p=0(ogn)  O(ynlogn -log(n/ec))

Small-update strategy. In this case, after the y-update we have ¥¢ o = O(1), and the step parameter
satisfies 1/60 = O(y/n). From Theorem 4.9, the number of inner iterations is therefore K = O(y/n),

while the number of outer iterations is O(log(n/¢)). Hence, the total complexity is

O(v/nlog(n/e)).

Large-update strategy. Here, ¥ o = O(n) and 6 = O(1), which implies K’ = O(+/n) inner iterations
per outer iteration. The outer iteration count remains O(log(n/¢)). In addition, the parameter choice
p = O(logn) affects the constants in the barrier curvature bounds, leading to an additional logarithmic

factor in n. Thus, the total complexity becomes
O(v/nlogn -log(n/e)).

5.1. Comparison with previous works.

Kernel function Small-update  Large-update

Classical logarithmic [2] O(y/nlog(n/e)) O(nlog(n/e))

Hyperbolic-log [ 10] O(y/nlog(n/e)) O(n% log(n/z-:))

Exponential-log (this work) O(y/nlog(n/e)) O(y/nlogn -log(n/e))

This comparison shows that the proposed kernel preserves the optimal O(y/n log(n/e)) complexity
in the small-update regime, while significantly improving the dependence on n in the large-update

case compared to classical interior-point methods.

6. CONCLUSION

We proposed a new exponential-logarithmic kernel function for primal-dual interior-point methods

applied to convex quadratic programming. We established its main analytical properties and developed
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a complete complexity analysis for the resulting algorithm.

The method achieves optimal iteration complexity in both small-update and large-update strategies,
matching the best known results in the literature.

The analysis also clarified several technical issues in the derivation of curvature bounds, which are
essential for obtaining correct complexity estimates.

Future work includes extensions to semidefinite programming and the development of more general

kernel functions combining exponential and trigonometric structures.

Conflicts of Interest. The author declares that there are no conflicts of interest regarding the publication

of this paper.
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