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Asstract. In this study, a recurrence relation of the sequence generated by the Hadamard product of the
generating functions of second and third-order Horadam numbers is constructed. Furthermore, we show

that the finite sum of the generating function of the mentioned sequence leads to various summation

formulas.
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1. INTRODUCTION

Horadam numbers {W,, (a, b; p, q) }, or shortly {W,,}, are defined by the recurrence relation
Wo=a, Wi=0b, W,=pW, 1+qW,2 forn=>2, (1)

where a,b,p, q € Z. Equation (1) is the general form of linear recurrence relations of second order with
integer coefficients and integer initial conditions. Horadam numbers are reputed to be a generalization
of Fibonacci numbers {F,,} = {W,,(0,1;1,1)}, Lucas numbers {L,,} = {W,,(2,1;1,1)}, Pell numbers
{P,} = {W,(0,1;2,1)}, Jacobsthal numbers {J,} = {W,(0,1;1,2)}, and many other well-known
sequences.

Fundamental properties of Horadam Numbers were first studied by Horadam [1-3], hence the
numbers are named after him. There are various ways of discovering new identities for these numbers,
some of which can be found in [4-7]. Articles involving element-wise multiplication between two

Horadam numbers or between Horadam numbers and other sequences include but are not limited

to [8-10].
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The recurrence relation (1) can be extended to higher order. Third-order Horadam numbers { H,,} =

{Hy(c,d,e;r, s,t)} are similarly defined as
Hy=¢, Hi=d, Hy=e, H,=rH, 1+sH, o+tH, 3 forn>3, (2)

where c,d, e, r, s,t € Z. Some special case of third order Horadam numbers are tribonacci numbers
{T,} = {H,(0,0,1;1,1,1)}, Padovan numbers {P,} = {H,(1,1,1;0,1, 1)}, Perrin numbers {Q,} =
{H,(3,0,2;0,1,1)}, etc. Basic properties and some identities of third order Horadam numbers were
investigated in [11-14].

This article focuses on the Hadamard product of generating functions of second- and third-order
Horadam numbers. We use the connection between eigenvalues of the companion matrix and roots
of the characteristic equation to construct the recurrence relation of the coefficients of the Hadamard
product. Considered as a generating function, this product can be rearranged in closed form, leading

to a wealth of summation formulas.

2. MATERIALS AND METHODS

Consider Horadam numbers satisfying (1). We can write the current vector [W,, W,,11]7 as a linear

transformation of the previous one, i.e.,

- : (3)

In this context, we call the matrix i
0 1

W = (4)

q p

as the companion matrix of Horadam numbers. We can iterate the transformation to trace back to the

initial values:

Wn WO a
—wWn —wn ||, (5)
Wit Wi b

Similarly, the companion matrix of third-order Horadam number (2) is simply constructed as

01 0
H=10 o 1|. (6)

t s r

In general, the characteristic polynomial corresponding to a linear homogeneous recurrence relation
can be computed by det(A — zI), where A is the companion matrix of the relation and I is the identity
matrix of the same size. Hence, the roots of the characteristic polynomial are, in fact, the eigenvalues of
the companion matrix. If the roots are all distinct, they form the basis of the solutions of the recurrence

relation.
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Let Cw(z) and Cpg(x) be the characteristic polynomials of Horadam numbers and third-order

Horadam nembers, respectively. Then
Cw(2) = 2* —pr —q (7)

and
Cy(z) =2 —ra? — sz —t. (8)

The generating functions of Horadam numbers and third-order Horadam numbers denoted by

Gw(z) and G (x) are defined as follows:

Gw(z) =Y Wjal,  Gpulz)=> Hjal. (9)
j=0 j=0
By a traditional approach, we easily obtain the closed forms of the power series as
Gw(w) = $ 020 (10)
and
GH(x):c+(d—rc)m+(e—rd—sc)a:2’ (11)

1—rz— sz? —ta?
for any x in the intervals of convergence. Note here that the radius of convergence is the reciprocal of
the absolute maximum root of the characteristic equation in each case. Now the partial sum of each
generating function can be calculated by the difference of the generating function and its remainder.

The whole procedure leads to the results expressed in the following theorems.

Theorem 1. For n € Ny, the sum of the first n + 1 terms of Gy (x) is

i ) b— - W, n+l _ ; n+2
Zij] _a+( pa)xl Wi i qWhx . (12)
= —pr —qu
Theorem 2. For n € Ny, the sum of the first n + 1 terms of Gy (x) is
- . Aq(n, )
Hjx) = i 13
]Z; U G —————ch (13)

where
Ai(n,z) =c+ (d—rc)x + (e — rd — sc)z?

1 +2 +3
— Hy12™ — (Hpyo — rHpy1)2"™ ™2 — tH2™ s,

Since the sums are finite, the formulas (12) and (13) are true for any complex number z, as long as
the denominators are not zero, without having to worry about convergence. The following Corollaries

are then immediate consequences.

Corollary 1. For n € Ny, the following formulas hold:
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(1) Forp+q#1,

= a+(b—pa) — Wy — qW,
=0 l-p—gq
(2) Forp—q# —1,
Y (—1)jw. _a + (pa—b) + (=1)" W1 + (_1)n+1an (15)
j=0 ’ L+p—q '
(8) Forp+q#1,
- As(n)
2= = g (16

where
Az(n) =1 =p—q)[(b—pa) = (n+ 1)W1 — (n+ 2)gWy]
—la+ (b—pa) = Wyy1 — ¢Wy](—p — 2q)

Proof. Substituting x = 1 and z = —1 in (12) simply results in formulas 1 and 2. Differentiate (12) and

evaluate at x = 1 to obtain formula 3 for j = 1 to n which is also true for j = 0. O

In Corollary 1, formulas (14), (15), and (16) coincide with the equations (3.5) and (3.7) in [1] and

Theorem 2.1 (a) in [5], respectively, but in different approaches.

Corollary 2. For n € Ny, the following formulas hold:
(1) Forp+q#landp —q # —1,

- 1—q)a+p(b—pa) — pWapi1 — q(1 — q)Way,
ZW%:( g)a+p(b—pa) = pWons1 = (1 = )Wan (17)
7=0

(1—q)* —p?

(2) Forp+q# 1,p—q+# —landn > 1,

Dty = PR _ga)_;le__ pqz)WQ"“ —PaWan, (18)
7j=1
(3) Forp# 0and q # —1,
= o (1+qga—pb—pa)+p(=1)"Wani1 4 q(1+ q)(=1)"Wa,
;(—UJW% = 0t 92112 : (19)
(4) Forp#0,9g# —landn > 1,
- o —pa—(1+¢q)(b—pa)+ (1 +q)(=1)"Want1 — pg(—1)"Wa,
;(—1)”/‘%1 = (T : (20)

Proof. From formulas (14) and (15) of Corollary 1, perform the summations of the first 2n + 1 terms,

and then split into sums of even and odd terms:

- & a+ (b—pa) — Wopi1 — qWap,
ZW2j+ZW2j—1= ( pl) il =9 , (21)
=0 i=1 BE
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= . a—(b—pa) +Wai1 —qgWa,
D> Wa— > Whig = 1)+ = . (22)
= = p—q

The addition and subtraction of (21) and (22) conclude (17) and (18). For the later 2 formulas, we

return to Theorem 1. Perform the summation of the first 2n + 1 terms of (1) and evaluate at = = i:

a4+ (b—pa)i — (—1)"Wopi17 + q(—1)"Wo,
SoW; = (b — pa) 214-)(])_2;@'1 q(=1)"Wan (23)

Split the left hand side into sums of even and odd terms, and then equate the real part and imaginary

part to obtain (19) and (20). O

It is worth noting that all formulas in Corollary 1 and 2 can be derived almost directly from Theorem
1. The proofs require neither a repetition of the relation nor a mathematical induction argument. Using

the same approach, we also prove the following consequences of Theorem 2.

Corollary 3. For n € Ny, the following formulas hold:

(1) Forr+s+t#1,

ZHJZ c+(d—rc)+(e—rd—sc) — Hpio+ (r — 1)Hpy1 — tH, (24)
l—-r—s—t
7=0
(2) Forr —s+t# —1,
- , c—(d—-re)+(e—rd—sc)+ (-1)"|—-Hpio+ (r+1)H, 1 +tH,
§=0
(3) Forr+s+t#1,
. As(n)
> jH; = (26)
= (1—r—s—1)?
where
Ag(n):(l—r—s—t)(Mgg’l)—Al(n,l)(r+28—|—3t),

— (R4 2)Hpys — (n+ 3)tH,,

Ai(n,1)=c+ (d—rc)+ (e—rd—sc) — Hpya+ (r — 1)Hpi1 — tH,.

Corollary 4. For n € Ny, the following formulas hold:

(1) Forr+s+t#landr —s+1t# —1,

- Ay(n
]Z;)H” T (- 5)24—( ()r +1)2 (27)
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where
Ag(n) = (r+t)(d—rc)+ (1 —s)(c+e—rd—sc)
— (1 — S)H2n+2 — (7"8 + t)H2n+1 — t(?“ + t)Hgn.

(2) Forr+s+t#1,r—s+t#—landn > 1,

zn:fqu - As(n) (28)
=1

where
As(n) =1 —s)(d—rc)+ (r+t)(c+e—rd—sc)
— (T‘ + t)H2n+2 + (7”2 +rt+s— 1)H2n+1 — t(l — S)Hgn.

(3) Forr+s+t#landr —s+t# —1,

- , Ag(n
j;(_l)]ﬂﬁ = (1 T+ 8)264(- ()T‘ — t)Q? (29)

where
Ag(n) = —(r—t)(d—rc)+ (1 +s)(c—e+rd+ sc)
+ (—1)”[(1 + 8)H2n+2 — (7"8 + t)H2n+1 — t(?“ — t)HQn].

(4) Forr+s+t#1,r—s+t#—landn>1,

S (Wt = (30)

J=1

where
Az7(n) =1+ s)(d—rc)+ (r—t)(c—e+rd+ sc)
+ (=1)"[(r — t)Hany2 — (r* = vt + s + 1) Hopyq + t(1 + 5) Hay).
3. Resutrs

3.1. Hadamard Product of Gy (z) and Gy (z). Let F(z) := Y %, fiz" and G(z) := 2, giz' be two

power series with integer coefficients. Hadamard product of F(x) and G(x) is defined by
=Y figia' (31)
i=0

Some applications of the Hadamard product in combinatorial aspects can be observed in [15-17].

Consider Hadamard product of the generating functions Gy (z) and Gy (x):

Gw (2) * G (x ZWHx (32)
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At this point, we set {#,,} = {W, H,} as a sequence of element-wise multiplication of second and
third-order Horadam numbers. Obviously, (32) is the generating function of the sequence. In this
section, we use the same approach as in [ 17] to construct a recurrence relation for this sequence.

We first calculate the Kronecker product of the companion matrix of second and third-order Horadam

numbers:

O 0 0 0 1 o0
O 0 0 o0 o0 1

010
1 O 0 0 ¢t s r

H=Wx®H= 0 0 1| = (33)

q p 0 g 0 0 p O

t s r
0O 0 g 0 0 »p
qt gs qr pt ps pr

Let A1, A2 be the eigenvalues of W and 1, 2, i3 be the eigenvalues of H. Since any eigenvalue of W ® H
is a product of eigenvalues of W and H [18], we immediately obtain a monic polynomial such that

A1, A1z, A1p3, Aafia, Agpiz, A2 i3 are its roots. Let

Cy(x) = det(W @ H — 2I)
= 2% — pra® — (p®s + qr? 4+ 2¢s)x* — (3pgt + pqrs + pt)a® (34)
— (2¢%rt + p*qrt — ¢*sH)a® — (—pgPst)x — ¢Pt? (35)
This characteristic polynomial corresponds to our desired recurrence relation which needed to be

confirmed in the next theorem.

Theorem 3. The sequence {H,,} = {W,, H,} satisfies the following recurrence relation for all natural number

n > 6:
Hp =a1Hp—1 +oHp—2+azHn—3+ asHp—a+ asHy—5 + acHn—s, (36)

where

Q1 = pr,

az = p’s + qr’ + 2¢s,

a3 = 3pqt + pgrs + p’t,
oy = 2¢%rt + pPgrt — ¢*s?,
a5 = —pq’st,

g = q3t2a

with the initial conditions H; = W;H, fori =0,1,2,3,4,5.
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Proof. Let’s start with H,, = W,,H,,. Use the recurrence relations of W,, and H,, to expand the product
repeatedly, and collect terms step by step from the newest to the oldest term:
Hy, = (0Wh-1 + qWy—2)(rHy—1+ sHy—o + tH,_3)
=prWn—1Hp—1 + psWy_1Hy,—2 + ptWy_1Hy_3
+ qrWon—oHn—1 + qsWy—oHp—o + qtWy_oH),,—3
= [a1Hn-1 + 2qsWy_oHy, o] + psWy_1Hy—o + ptW,,_1H,,—3
+ qrWy—oHy—1 — qsWyn_oHp_o + qtWy_oHy—3
= [a1Hn—1 + aaHpn—2 + 3pgtW,,_3H,_3]
— qsWy_oH,_o + (p*t + qrs + qt)Wy_oHy_3 + qrtWy_oH,,_4
4+ qrsWy_sH,_o — 2pqtW,,_sH, 3
= [o1Hn1+ oMy o+ asHp 3 — ¢** W4 H, 4]
— pqtWy_3Hpn_3 + pqrtWyn_3Hy, 4
+ (PPqt + POWy_sHyy 3 — ¢rtWy_ sy Hy g — ¢*stW_4H,_5
= [oa1Hn-1+ oHp—2 + a3Hp-3 + asHn—sa + asHn_s]
+ PP WyaHy—6 — pg*t* Wy 5 Hp—g

=M1+ arHn 2+ st 3+ asHn g+ asHn s+ acHns.
This completes the proof. 0

The simplest special case of the theorem 3 is that of the Hadamard product of Fibonacci numbers
({F.} = {W,(0,1;1,1)}) and Tribonacci numbers ({7,,} = {H,(0,0,1;1,1,1)}). The recurrence

relation in this case becomes
ap = ap—1 +4an_2 +5an_3 + 20,4 — apn_5 + an_s,
which gives the sequence 0,0, 1, 2, 6, 20, 56, 169, 504, . . ..

3.2. Summation Formulas for #,,. Recall the generating function of the sequence of element-wise
multiplication of second and third-order Horadam numbers, and rename as Gy (z). Let Ry (n, x) be

the remainder of order n for this infinite power series. We can write (32) as

Gyu(z) = Ho + Hix + Hox? + - + Hpz™ + Ry(n, z). (37)

3

Multiply (37) by —anz, —aaz?, —azz®, —auz?t, —asz®, —as2®, and add them all together. For any x in

the interval of convergence, only the six leftmost terms have nonzero sums. As a result, the closed form
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of the power series is acquired:
(1 — arr — ax? — azz® — ayz? — asz® — ag2®) Gy (2) (38)
=Ho+ (H1 —aaHo)x + (Ha — arH1 — aﬂ'[o)xZ
+ (H3 —o1Ho — asHi — 013’7"[0):E3
+ (7‘[4 —a1Hg — agHo — azgH1 — O£4'H0)l'4
+ (7‘[5 —a1Hg — aoHs — agHo — agHi — oz5H0)x5.
Likewise, the remainder terms can be rearranged into an explicit form:
(1 — a1z — aox?® — azz® — ayz? — asz® — ag2®) Ry(n, ) (39)

= 2" [ Hop1 + Hoge — arHns 1) + Hings — arHpyo — agHp 1)z

+ (Hnsa — a1Mpng3 — 0oHngo — asHps1)a®

+ (Mnss — 1 Hnta — aaHngs — asHpys — agHpg)a

+ (Hnyo — 1Hngs — 0oMpya — asHprs — aqMpio — asHpr1)zd |
= 2" [ Hpp1 + Hingo — arHps 1) + Hipgs — arHnyo — agHp 1) a?

+ (Hpta — a1 Hpys — agHpro — aan+1)a:3

+ (Mnis — arHnra — aaHngs — agHpyo — My i)z

+ agHpz® ]

We then obtain the sum of the first n terms of our generating function by performing G (z) — Ry(n, z).

Now we can substitute any complex number z into the partial sum to derive any number of formulas.

Here we show the results from setting + = 1 and z = —1.
Theorem 4. For n € Ng and oy + ag + a3 + aa + as + ag # 1, the following formula holds:
(1—a1—a2—a3—a4—a5—a6)z7{j (40)
§=0
:(1—&1—a2—043—a4—055)7‘[0—0467'ln
+(1—ar—as—a3—og)(H1 — Hny1)
+(1—a1 —ag — a3)(Ha — Hnt2)
+ (1 — a1 —a2)(Hz — Hnts)
+ (1= a1)(Ha — Hnga)

+ (HE) - Hn+5)'
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Proof. The summation formula is derived by simply putting « = 1 into (38) and (39) manipulating
terms in the subtraction Gy(1) — Ry(n, 1). O

Corollary 5. For Fibonacci numbers ({F,} = {Wy(0,1;1,1)}) and tribonacci numbers ({I,} =
{H,(0,0,1;1,1,1)}), the following formula holds for all n € Ny:

. Fri5Tnis — 4F13Tnis — 9Fni2Thio — 11E, 1 Tyiq + Fu T, —
Z Fy1; = Lntadnis +3Tn+3 — 9 +121 +2 +1lny1 + 3 (41)
7=0
Proof. Use p =g =r = s =t =1 to find the values of all coefficients «; in Theorem 3:
041:1,062:4,@3:5,044:2,(15:—1,046:1. (42)
We calculate the initial terms as the followings:
Ho=0,H1=0,Ho=1,Hz =2,Hs =6,Hs5 = 20. (43)
We substitute all of these values into (40) to complete the proof. O
Theorem 5. For n € Ng and oy — ag + oz — s + a5 — ag # —1, the following formula holds:
(1+Ct1 —ao+as—ay+ as —0[6) Z(—l)jHj (44)
j=0
= (1 +a)] —ag +a3 —ag + 045)7'[0 — Oz6(—1)n7'[n
—(14+a1 —ag+a3—asg)(H1 — (=1)"Hnt1)
+(1+ a1 —ag+a3)(Ha — (=1)"Hn+2)
— (1 +a1—az)(Hs — (=1)"Hn+s3)
+ (L4 a1)(Ha — (=1)"Hn+a)
= (M5 = (=1)"Hnys).
Proof. Similar to the proof of Theorem 4 but put + = —1 instead. O

Corollary 6. For Fibonacci numbers ({F,} = {W,(0,1;1,1)}) and tribonacci numbers ({1} =
{H,(0,0,1;1,1,1)}), the following formula holds for all n € Ny:

n

> (1Y FT,

J=0

=(=1)"[EFnT — Fag1Tng1 + 3Fnq2Tnq2 + 2F0 3T 3 + 2F 4T s — FrysThoys) + 1

Proof. We substitute all values in (42) and (43) into (44) to complete the proof. O
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4. DiscussioN

During our efforts, we have found some beautiful pattern which can be applied to any other sequences
from linear recurrence relations of finite order. In particular, Theorem 4 and Theorem 5 also work with
other sequences of linear recurrence relations of order six with arbitrary coefficients «; that fulfill the

assumption of the theorem. In general, we can derive nice formulas for the sequence of order k:
Sn = 15,1 + @252 + a3Sp—3 + -+ + axSpk, (45)

in the same manner. So let us end with the formulas below without proof.
Define ag = 0. For n € Ny and Zf_l a; # 1, the following formula holds:

n

k—1 k—2 l
(1 - Z O[Z') Z Sj = (1 - ZO@)S{) - OékSn + Z(l - Zai)(Sk_l_l - Sn+k—l—1)~ (46)

i=1 =0

And forn € Ngand 32F | (—~1)"*1a; # —1, the following formula holds:

k n
(1= (=D'a) > (-1)'S; (47)
i=1 =0
k-1
= (1=) (=1'a;)So — (=1)"" a8,

=1

k-2 I '

Y DAY (-1 00) (Sheim1 = (1) Spgh—i—1)-
=0 1=0

5. CoNcLUSIONS

This article dealt with the summation formulas of integer sequences from a class of linear recurrence
relations of order six, which can be derived from the Hadamard product of Horadam numbers of order
two and three. Our approach was primarily concerned with the calculation of generating functions in
closed form and the extraction of their finite terms. The main results is comprehensive to the product
of any sequences of our types including the square of a sequence. Further investigation may involve

the formulas of finite power of a sequence or the formulas with subscripts in arithmetic progression.
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