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Asstract. This paper establishes convergence theorems for the Henstock-Kurzweil-Dunford-Stieltjes
(HKDS) and Henstock-Kurzweil-Pettis-Stieltjes (HKPS) integrals of Banach-valued functions with respect
to a function of bounded variation. Equiintegrability for these integrals is introduced, and generalizations
of the Dominated Convergence Theorem and the Bounded Convergence Theorem for the HKDS and HKPS
integrals are obtained. Moreover, a convergence result is presented by applying the Uniform Boundedness
Theorem to sequences of HKDS and HKPS integral operators, circumventing the need for equiintegrability
while ensuring convergence under the uniform boundedness of the associated operators.

2020 Mathematics Subject Classification. 26A39; 46G10; 46B20.

Key words and phrases. Banach space; dual space; HKDS integral; HKPS integral; bounded variation;

equiintegrability; uniform boundedness; convergence theorems.

1. INTRODUCTION

Integration theory is a fundamental concept in mathematics with a long history and remains central
in modern analysis due to its wide applications in physics, engineering, economics, and other applied
sciences [1]. Although the classical Riemann integral is widely used in practice, it has structural
limitations, particularly in handling highly oscillatory functions and irregular local behavior, which has
motivated the development of more general, in particular non-absolute, integration theories [1,9,10].

The Henstock-Kurzweil (HK) integral, independently developed by Jaroslav Kurzweil and Ralph
Henstock in the late 1950s, generalizes the Riemann integral by allowing the integration of highly
oscillatory functions through a system of é-fine gauge partitions, where ¢ is a positive-valued function
called a gauge [5]. Unlike the Riemann integral, the HK integral can handle functions that are not

Riemann integrable and possesses strong convergence properties [1].
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Further extensions to Banach-valued functions were developed through the Dunford and Pettis
integrals, which extend the classical Lebesgue integral to functions taking values in a Banach space by
utilizing the concept of dual spaces. [10]. In addition, Sergio S. Cao [2] in 1992 generalized the HK
integral from real-valued functions to functions taking values in Banach spaces. These ideas inspired
modern generalizations of the HK integral, leading to the Henstock-Kurzweil-Dunford (HKD) integral
and Henstock-Kurzweil-Pettis (HKP) integral, which combine HK integration with the Dunford and
Pettis frameworks, respectively [ 10].

In 1998, Jong Sul Lim, Ju Han Yoon, and Gwang Sik Eun [6] extended the HK integral in the
Stieltjes sense for real-valued functions with increasing integrators. Subsequently, in 2010, Sanket A.
Tikare and M. S. Chaudhary [11] defined the Henstock-Kurzweil-Stieltjes (HKS) integral for Banach-
valued functions with respect to integrator functions of bounded variation. More recently, in 2024,
Mangubat [7] introduced the Henstock-Kurzweil-Dunford-Stieltjes (HKDS) integral and the Henstock-
Kurzweil-Pettis-Stieltjes (HKPS) integral, which combine HKD and HKP integration with Stieltjes-type
integrators. These integrals further extend the scope of generalized integration theory. Mangubat and
Flores [8] provided convergence theorems for these integrals via uniform convergence with respect
to the integrand and integrator. However, convergence results based on pointwise convergence and
equiintegrability for HKDS and HKPS integrals have not yet been formulated.

In this paper, we establish convergence theorems, namely the Equiintegrability Theorem, the Dom-
inated Convergence Theorem, and the Bounded Convergence Theorem. Moreover, we present a
convergence result via the Uniform Boundedness Theorem applied to sequences of HKDS and HKPS
integral operators. This operator-theoretic approach yields convergence under uniform boundedness,
providing an alternative perspective to classical equiintegrability-based techniques. These results pro-
vide tools for analyzing sequences of Banach-valued functions within the framework of non-absolute

HKDS and HKPS integration.

2. PRELIMINARIES

This section presents the fundamental definitions and structural properties that serve as the basis

for the development of the main results.

Definition 2.1. [3] Let (f,,)7; be a sequence of functions with a common domain D, f is a function on
D, and let A be a subset of D. We say that the sequence (f,,)7; converges pointwise to f on A provided
that for every € > 0 and for every = € A, there exists N € N such that |f,(z) — f(z)| < e foralln > N.

Definition 2.2. [3] A sequence (f,) of real-valued functions on D is said to be uniformly bounded on D

provided there exists M > 0 for which |f,| < M on D foralln € N.
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Definition 2.3. [4] A normed space (X, || - | x) is said to be complete if every Cauchy sequence in X is

convergent. In this Case, X is a Banach space.

Definition 2.4. [5] A compact interval in R is a closed and bounded interval of the form [a, b] where

a,b € R. This interval is said to be nondegenerate if a < b.
Definition 2.5. [5] Two intervals [u, v] and [s, ¢] in R are said to be non-overlapping if (u,v) N (s,t) = 0.

Definition 2.6. [5] If {[u1,v1],...,[up,vp]} is a finite collection of pairwise non-overlapping subintervals

of [a, b] such that [a, b] = [ J}_; [ux, vi], then we say that {[u1,v1],..., [up, vp)} is a division of [a, b).

Definition 2.7. [5] A point-interval pair (t, [u,v]) consists of a point ¢ € R and an interval [u, v] C R.

Here, t is called the tag of [u, v].

Definition 2.8. [5] A Perron partition of [a, b] is a finite collection {(¢1, [u1, v1]), ..., (tp, [up, vp]) } of point-

interval pairs, where {[u1,v1],..., [up, vp]} is a division of [a, b], and t;, € [uk, vg] foreach k =1,...,p.
Definition 2.9. [5] A function ¢ : [a,b] — R is called a gauge on [a, b].

Definition 2.10. [5] Let 6 be a gauge on [a, b]. A Perron partition {(t1, [u1,v1]),. .., (tp, [up, vp])} of [a, ]
is said to be d-fine if [ug, vg] C (tx — 0(tx), tx + 0(t)) foreach k =1,...,p.

Lemma 2.11. [5] (Cousin’s Lemma) If ¢ is a gauge on [a, b], then there exists a J-fine Perron partition of

[a, b].

Definition 2.12. [11] A function g : [a,b] — R is said to be of bounded variation on [a,b] if
sup {Z[uwk]e b lg(ok) — g(uk)‘} is finite, where the supremum is taken over all divisions D = {[ug, vi] }

of [a, b].

Definition 2.13. [11] Let X be a Banach space and g : [a, b] — R be a function of bounded variation.
A function f : [a, b] — X is Henstock-Kurzweil-Stieltjes integrable or HKS-integrable with respect to g on
[a, b] if there exists a vector A € X with the following property: for all ¢ > 0, there exists a gauge J on
[a, b] such that

S fto)lg(vr) —glw)] — A <e

(t,|uk,vk])EP x
for each J-fine Perron partition P of [a,b]. If such A exists, then A = (HKS) f; f dg is called the
Henstock-Kurzweil-Stieltjes integral of f with respect to g over [a, b]. For brevity, we represent the sum
>t fupe)ep S (Ee)lg(vk) — g(ur)] by S(f; g; P). Moreover, the collection of all functions f that are
Henstock-Kurzweil-Stieltjes integrable with respect to g on [a, b] is denoted by HKS[a,b].



Asia Pac. J. Math. 2026 13:113 4 of 20

Definition 2.14. [11] (HKS-Equiintegrability) Let X be a Banach space and let g : [a,b] — R be a
function of bounded variation. A collection F of functions f : [a,b] — X is called HKS-equiintegrable
with respect to g on [a, b] if every f € F is HKS-integrable and, for any € > 0, there exists a gauge ¢ on

[a, b] such that, for any f € F, we have

b
HS(f;g;P) - (HKS)/ fdgHX <e

whenever P is a J-fine Perron partition of [a, b].

Definition 2.15. [4] An operator T : V' — W between vector spaces V and W is a linear operator if for

all z,y € V and scalars q,
T(x+y)=Tz+Ty and T(ax)=aTxz.

Definition 2.16. [4] A linear functional is any linear operator f : X — K, where X is a normed space

over the field K = Ror K =C.

Definition 2.17. [4] Let X and Y be normed spaces and 7' : D(7') — Y a linear operator, where
D(T) C X. The operator 7' is said to be bounded if there exists a real number ¢ such that for all x € D(T),

|Tx| < c||z|. Here, the smallest possible value that ¢ can take is given by

<c¢ forallz € D(T),

where ¢ must be at least as big as the supremum of

{ IT] D(T)} .

Il

This ||T|| is called the norm of the operator T'. If ¢ = ||T||, then || Tz| < ||T|| ||=|. In the case of linear

functionals, we have |f(z)| < || f|| l=||-

Definition 2.18. [4] Let X be a vector space over a field K. Define

X*={f:X — K| fisalinear functional} and the following operations in X*,

(fi+ f2)(@) = fi(x) + fa(x) and  (af)(z) = af(2).

Then (X*, +, ) is a vector space, called the algebraic dual space of X.

Definition 2.19. [4] Let X be a vector space over field K. Define
X" ={9: X*—= K| g(f) = f(x) forall f € X" where g is a linear functional}

and the following operations in X**,

(91 +92)(f) = 91(f) + g2(f) and (ag)(f) = ag(f).

Then (X**, 4+, ) is a vector space, called the second algebraic dual space of X.
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Definition 2.20. [7,5] Let (X, || - || x) be a Banach space, f : [a,b] - X, and g : [a,b] — R a function of
bounded variation. The function f is said to be Henstock-Kurzweil-Dunford-Stieltjes integrable (or simply
HKDS-integrable) with respect to g on [a, b] if the following are satisfied:
(7) For all z* € X*, the function z*(f) : [a, b] — R is HKS-integrable with respect to g on [a, b].
(i1) For each compact subinterval £ C [a, b], there exists an element 2} € X** such that
s @) = (FKS) [ a*(7)dg

for all z* € X*.

For a compact subinterval E C [a,b], (HKDS) [, f dg = x7}} is called the HKDS integral of f over E. The
set of all Henstock-Kurzweil-Dunford-Stieltjes integrable functions f is denoted by HKDS[a,b].

Definition 2.21. [7,8]If f : [a,b] — X is HKDS-integrable such that (HKDS) [, f dg € X, particularly
(HKDS) [, f dg € e(X), for every compact subinterval E C [a, b], where e is the canonical embedding
of X into X**, then f is called Henstock-Kurzweil-Pettis-Stieltjes integrable (or simply HKPS-integrable)

with respect to g and
(HKPS)/ fdg = (HKDS)/ fdg
E E

is called the HKPS integral of f over the compact subinterval E C [a, b] with respect to g. The set of all
Henstock-Kurzweil-Pettis-Stieltjes integrable functions f is denoted by HKPS[a,b].

3. MaiN Resutts
3.1. Convergence via Equiintegrability of Sequences of HKDS and HKPS Integrable Functions.

We begin by recalling the characterization of HKDS and HKPS integrals on X*. Let X be a Banach
space and [a, b] C R. By Theorem 3.1.5in [7], a function f : [a, b] — X is HKDS-integrable with respect
to a function g : [a, b] — R of bounded variation if and only if *(f) : [a, b] — R is HKS-integrable with
respect to g for all z* € X*. By Definition 2.21, the same characterization with respect to X* applies
to the HKPS integral [7]. This motivates the notion of HKDS- and HKPS-equiintegrability, which
provides uniform control over a sequence of integrals and is essential for establishing convergence

results.

Definition 3.1. Let X be a Banach space and g : [a,b] — R be a function of bounded variation. A
collection F = { f,, : [a,b] = X | n € N} of HKDS-integrable functions is said to be HKDS-equiintegrable
with respect to g on [a, b] if for every ¢ > 0, there exists a gauge J on [a, b] such that for all z* € X* \ {0},

for each f,, € F, and for every d-fine Perron partition P = { (t, [ug, vk]) }1_; of [a,b], we have

b
SG ()i P) — (HKS) [ :c*(fnmg] <. (1)
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Remark 3.2. In view of the definition above, and by linearity of 2* € X* ~\ {0} over the finite sum of
the J-fine Perron partition P and its continuity over the integral as established in Theorem 3.1.1 in [7],

we can write (1) as

S(* (f)ig: P) ~ (HEKS) | " (£ dg] =" (Shuig ) o (11k) [ i dg)]

z" | S(fn; g5 P) — (HKS) bfn dg
( [, o)

<e.

Furthermore, since z* is a bounded linear functional, we have

o (St - h1xs) [ s, da) | < 1a°1 (s P) — 1K) | ', al

Since the quantity on the right serves as an upper bound for the absolute value, applying (1) yields

[El

b
\sm;g; P)- (HES) [ fu dgH <,

a

which directly gives

HS(fn;g; P) — (HKS) /b fndgH < (2)

£
a =]
Remark 3.3. A sequence (f, ), of HKDS-integrable functions with respect to g on [a, b] is said to be
HKDS-equiintegrable with respect to g on [a, b] if the collection F is HKDS-equiintegrable. Moreover,
if F is a collection of HKPS-integrable functions, the same definition applies, since HKPS integrability
is simply the special case of HKDS integrability in which, for all compact subintervals E C [a,b],
(HKDS) [ f dg € X and, more precisely, (HKDS) [, f dg € e(X), where e : X — X** is the canonical

embedding of X into X**.
We present convergence theorems based on equiintegrability, preceded by the following lemmas.

Lemma 3.4. Let X be a Banach space and z* € X* \ {0}. If (f,,)22, is a sequence of HKDS-integrable
functions with respect to g on [a, b] and converges pointwise to f on [a, b], then (z*(f,))5°; converges

to 2*(f) pointwise on E for every compact subinterval E C [a, b].

Proof. Fix z* € X* \ {0} and ¢ > 0. Let E C [a, b] be a compact subinterval. Since (f,,)°° ; converges

pointwise to f on [a, b], for every € > 0 and for every ¢ € E, there exist N € N such that

1£a(t) — F@B)| < ——, foralln > N.

E
Now, forany ¢t € F,
2" (£ (8) = 2" (F(O)] = [&" (Fu) = F(D))]
< ™[ 1fn(t) = £



Asia Pac. J. Math. 2026 13:113 7 of 20

O

Lemma 3.5. Let X be a Banach space and g : [a, b] — R be of bounded variation. Suppose (f,,)>>; is a
sequence of HKDS-integrable functions with respect to g on [a, b]. If (f,,)7; is HKDS-equiintegrable
with respect to g on [a, b] and converges pointwise to f on [a, b], then for every z* € X* \ {0}, the
sequence <(HKS) fab x*(fn) dg>zo:1 is Cauchy.

Proof. Let ¢ > 0. By the HKDS-equiintegrability of (f,)22, with respect to g on [a, b] and by (2), there
is a gauge ¢ on [a, b] such that for any é-fine Perron partition P = { (t, [ug, vk]) },_; of [a,b], for all

n € N, and for all z* € X* < {0},

b
HS(fn;g;P) - (HKS)/ fndgH < 3Hi*ll'

Since ¢ is of bounded variation, let M = sup {Z[uwk]e pla(vr) — g(ug) \} < 00. Now, fix a 6-fine Perron
partition P = { (t, [ux, vg]) }o_; of [a,b]. Since (f,)52, converges pointwise to f on [a, b], for each tag
tr in P, there exists N;, € N such that

3
— - - > .

Set N = max{Ny, : t;is a tagin P}. Let m,n > N. Then
[ fa(tr) = fn(t)ll = [ fu(te) — f(t) + f (k) — fn(ti) |
< | fu(tk) = FEON+ 1 k) — frn (o)l

< 9 n 9
Gllz*[| M 6]jz*|[M
. g
3l M

for each tag t;, in P. Thus, for all m,n > N.
1S (fns 95 P) — S(fm; g5 P) | = [1S(fn — fimi g5 P)|

S (falte) = fn(te)(g(vr) — g(ur))

(tw,[ur,vi])EP

< D ) = () (gor) = g(ur))]

(tk,[uk,vk])EP

< D falte) = Fn()] g (or) — g(ur)]

(tk,[uk,vk])EP

l

9
< ol s 19\Vk) — glug
X e st
kv[ukvvk’])ep
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€
= W Z l9(vk) — g(uy)|

(tk,[uk,vk})EP

9
S -
3| M
- g
Bl

Hence, for all m,n > N,

b b
H(HKS) / fudg — (HKS) / Fondg

b
= H(HKS)/ fndg = S(fn, 9, P) + S(fn,9,P) = S(fm, 9, P)

b
4 S(fum. 9, P) — (HKS) / Fdg

b
< ||(HKS) / fudg — S(furg. P)|| + [|S(fr 0. P) = S(fm. 9. P)
b
1S (fmr 9. P) — (HKS) / fn dg
< E + g + & . &
R R
Consequently,
b b
‘(HKS) / 2*(f,) dg — (HKS) / 2" (f) dg
b b
= o (s [ gt 116) [ )
b b
< 1ol (HKs) / fu dg — (HKS) / f dg
<Jatf—r =
I
Since ¢ > 0 is arbitrary, <(HKS) ff x*(fn) dg> is Cauchy for all z* € X* \ 0. O

Theorem 3.6. (HKDS-Equiintegrability Theorem) Let f,, : [a,b] — X and g : [a,b] — R be a function
of bounded variation. Suppose (f,,)5>; is a sequence of HKDS-integrable functions with respect to
gon [a,b]. If (f,)52; is HKDS-equiintegrable with respect to ¢ on [a, b] and converges pointwise to

f :]a,b] = X, then f is HKDS-integrable with respect to g on [a, b] and

n—o0

lim (HKDS) /E fndg = (HKDS) /E fdg

for all compact subinterval E C [a, b].
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Proof. Let2* € X*~\{0}. By Lemma 3.5, the sequence ( f,,);2, is HKDS-equiintegrable with respect to g
on [a, b] and (f,,)>2, converges pointwise to f on [a, b]. Moreover, Lemma 3.5 implies that the sequence
<(HKS) f; z*(fn) dg>:;1 is Cauchy, and hence convergent. Let lim,,_, (HKS) f; z*(fn)dg = L. We
claim that L = (HKS) ff x*(f) dg. Lete > 0. Choose N € N such that foralln > N,
b €
‘(HKS)/G z*(fn) dg — L‘ <3 (3)

By continuity of z*,

b
L = lim (HKS)/ x*(fn)dg

n—o0

b
= nh_{go x* <(HKS)/ I dg>
— * (HILIEO(HKS)/IJ fn dg>

= x*<(HKS)/abfdg> .

Note that (f,)5°; is HKDS-equiintegrable with respect to g on [a,b]. Thus, (z*(f,))522, is HKS-

equiintegrable with respect to g on [a, b]. Hence, we choose a gauge ¢ on [a, b] such that

b
S(fn; 9; P) — (HKS) / fndg

9
< (4)
3|l

for any d-fine Perron partition P of [a, b]. Observe that (f,,)7° ; converges pointwise to f on [a, b]. Hence,

for each tag t;, € [a, b], there exists N € N such that

| fr(ti) — f(t)] < foralln > N, (5)

_c
3l M’
where M = sup {Z[uk,vk]ED lg(vg) — g(uk)\} < oo. Furthermore, applying (5), for eachn > N,

1S (fn; 9; P) — S(f59; P)I| = [1S(fa — f59; Pl

o (Falte) = £ (g(vr) — g(uk))H

(tw,luk,vp]) EP

< S Ualte) — Pt (glor) — glu))]

(tr,luk,vk])EP

<Y Malte) = ) g (or) — g(u)] (6)

(th,luk,vp])EP

S
< S 9Wk) — glug
ky|Uk,Vk

£
(tk,[uk,vk])ep
£

S -
3|+l M
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. 9
Bl

From (3), for eachn > N,

b b b
‘(HKS) / w*(fu)dg — L :‘<HKS> / 2*(f,) dg — (HKS) / 2 (f) dg

b b
= |z* ((HKS) fndg — (HKS) / f dg)‘

< [l=7|

b b
‘(HKS) fudg ~ (HKS) [ fdg
Thus, for eachn > N,

b b
H(HKS) fu dg — (HKS) / fdg 7)

<&
3l

Using (4), (6), and (7), we have

b
S(f;9;P) — (HKS)/ fdg

b
S(f;9:P) — S(fn;9;P) + S(fn;9; P) — (HKS)/ frndg

b b
+ (HKS)/ fndg — (HKS) / fdg

b
< 18(f:9: P) — S(furg: P)|| + |S(fu:g: P) — (HKS) / fudg

b b
(HKS) [ f,dg — (HKS) / 1 dg

< 9 4 3 i 9
Bl 3fla  3[la*|
9

NS

Hence, L = (HKS) fab x*(f) dg, which shows that 2*(f) is HKS-integrable with respect to g on [a, b].
Consequently, by Theorem 3.1.5 in [7], f is HKDS-integrable with respect to g on [a,b]. Now, let

E C [a,b] be a compact subinterval. For each n € N, define
() = (HKS) [ a*(f)dg and o (a) = (HKS) [ a*(7)do
This implies that for all z* € X* \ {0} and n € N, 2}, converges to 23 in X** and

lim ;" = hm HKDS/fndg— (HKDS) /fdg—x

n—o0
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Remark 3.7. Let f, : [a,b] = X and ¢ : [a,b] — R be a function of bounded variation. Suppose (fy)5>;
is a sequence of HKPS-integrable functions with respect to g on [a, b]. If (f,,)52; is HKPS-equiintegrable
with respect to g on [a, b] and converges pointwise to f : [a,b] — X, then f is HKPS-integrable with
respect to g on [a, b] and

n—o0

lim (HKPS) /E fndg = (HKPS) [E fdg

for all compact subinterval E C [a, b].

The following Dominated Convergence Theorem (DCT) for the HKDS and HKPS integrals relies
on three main concepts, specifically, pointwise convergence of the integrands, equiintegrability of the

sequence of HKDS- and HKPS-integrable functions, and domination in the scalar field.

Theorem 3.8. (Dominated Convergence Theorem) Let X be a Banach space, f,, : [a,b] = X, and
g : [a,b] — R be a function of bounded variation. Suppose (f,,)5; is a sequence of HKDS-integrable
functions with respect to g on [a, b] satisfying the following conditions:
(1) (fn)o, converges pointwise to f : [a,b] — X on [a, b];
(i7) there exist HKDS-integrable functions hy, hs : [a, b] — X with respect to g on [a, b] such that
z*(h1(t)) < x*(fn(t)) < x*(he(t)) for every n € N, for every z* € X* \ {0}, and for every
t € la,b].

Then (f,)2; is HKDS-equiintegrable with respect to g on [a, ], the integral (HKDS) [, f dg exists, and

n—o0

lim (HKDS) /; fndg = (HKDS) /E fdg

for all compact subintervals E C [a, b].

Proof. Let (f,)o2, be a sequence in HKDS|a, b]. By Theorem 3.1.5 in [7], for each n € N, the function
z*(fn) : la,b] — R is HKS-integrable with respect to g on [a,b]. Using Lemma 3.4, the sequence
(fn)o; converges pointwise to f on [a, b] implies that (z*(f,))°2; converges pointwise to z*(f) on
la, b]. Fix ¢ > 0. Since h; and hy are HKDS-integrable with respect to g on [a, b], *(h;) and z*(h2) are
HKS-integrable with respect to g on [a, b]. Hence, there exist gauges J; and d2 on [a, b] such that

‘5($*(h1);9; Py) — (HKS) /abl‘*(hﬁ dg‘ <

for each ¢;-fine Perron partition P, of [a, b], and

Wl m

‘S(w*(hz);g; P,) — (HKS) /:w*(fw) dg‘ <

for each do-fine Perron partition P, of [a, b]. Define a gauge 6 on [a, b] by §(t) = min{d,(t), d2(t)}. Let
z* € X* A0}, fr € (fu)p2y, and P = { (tg, [ug, vi]) }%_, be a é-fine Perron partition of [a,b]. Then P is
both d;-fine and d2-fine. For each tag ¢ in P,

o (h(te)) < 27 (fa(tr)) < 27 (ha(tr)),
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and hence,
0 < 2" (fu(te)) — 2% (ha(tr)) < 2™ (ho(tr)) — 2" (ha(tr)),
which implies
0 < 2™ (fulte) = ha(tr)) < 2" (ha(te) — ha(tr)).
By linearity of the HKDS integral, the functions f,, — h; and hy — hq are HKDS-integrable with respect
to g on [a, b, and therefore z*(f,, — h1) and z*(hy — h;) are HKS-integrable with respect to g on [a, b].
Consequently,
0 < S(z"(fn —h1);g; P) < S(a"(he — h1); g; P).

By the triangle inequality and linearity of 2*, we have

b
‘S(x*<fn);g;P) - (HKS)/ z*(fn) dg

S(x*(fn); 9 P) — S(x*(h1): g; P) + S(2* (h1); g; P)

b b b
~ (HKS) / +*(hy) dg + (HKS) / +*(hy) dg — (HKS) / () dg

b
S(@*(fo — hn); g: P) — (HIKS) / 2 (fa — 1) dg

b
4 S(a*(h): g; P) — (HKS) / 2 () dg

b
S(&" (fu = h)igs P) = (HKS) [ (£, — hn) dg

a

<

b
S (h); g; P) — (HKS) / 2 () dg

b
< |S(e* (hy — h1); g; P) — (HKS) / 2 (hy — 1) dg

b
S(a*(h): g: P) — (HKS) / 2 (hn) dg

a

—+

b b
S(a" (ha)sgi P) = S(a” (10); g5 P) — (HKS) [ " (ha) dg + (HKS) [ ") dg

b
+ |8 ()i g P) — (HKS) [ a*(hn) dg
b b
< S(x*(hg);g;P)—(HKS)/ xz*(h2) dg| + [S(z*(h1);9; P) — (HKS)/ x*(h1)dg
b
+ |G () g: P) — (HKS) [ a*(hn) dg
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<t4t4i-=c
3 3 3 7

This shows that (f,,)22 ; is HKDS-equiintegrable with respect to ¢g on [a, b]. Finally, by Theorem 3.6,
pointwise convergence plus HKDS-equiintegrability of (f,)°2; implies the existence of the HKDS
integral of f and

n—o0

lim (HKDS) /E fndg = (HKDS) /E fdg

for all compact subintervals £ C [a, b]. O

Remark 3.9. Let X be a Banach space, f, : [a,b] — X, and g : [a,b] — R be a function of bounded
variation. Suppose (f,)5>; is a sequence of HKPS-integrable functions with respect to g on [a, b]
satisfying the following conditions:
(1) (fn)o2, converges pointwise to f : [a,b] — X on [a, b];
(i7) there exist HKPS-integrable functions hy, he : [a,b] — X with respect to g on [a, b] such that
z*(h1(t)) < x*(fn(t)) < a*(ha(t)) for every n € N, for every z* € X* \ {0}, and for every
t € la,b].

Then (f,)52, is HKPS-equiintegrable with respect to g on [a, b], the integral (HKPS) [, f dg exists, and

n—o0

lim (HKPS) /E fndg = (HKPS) /E fdg

for all compact subintervals E C [a, b].

The following Bounded Convergence Theorem via equiintegrability is an immediate consequence of

the Dominated Convergence Theorem.

Corollary 3.10. (Bounded Convergence Theorem) Let X be a Banach space, f, : [a,b] — X, and
g : [a,b] — R be a function of bounded variation. Suppose (f,,)° ; is a sequence of HKDS-integrable
functions with respect to g on [a, b] satisfying the following conditions:
(1) (fn)o>, converges pointwise to f : [a,b] — X on [a, b];
(77) there exists a constant M > 0 such that |[z*(f,(t))] < M foralln € N, z* € X* \ {0}, and
t € la,b].

Then (f,)5; is HKDS-equiintegrable with respect to g on [a, b], the integral (HKDS) [}, fdg exists, and

lim (HKDS) [E fndg = (HKDS) /E Fdg

n—o0

for all compact subintervals £ C [a, b].

Proof. The statement is a consequence of Theorem 3.8. To see this, for every z* € X* ~\ {0} we take
z*(h1(t)) = —M and z*(ha(t)) = M > O for all ¢t € [a, b]. We know that |x*(f,,(t))| < M, which implies
—M < z*(fn(t)) < M foralln € Nand t € [a,b]. Thus, the hypothesis of Theorem 3.8 is satisfied.

Hence, conclusion follows. O
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Remark 3.11. Let X be a Banach space, f, : [a,b] = X, and g : [a,b] — R be a function of bounded
variation. Suppose (fy)5>; is a sequence of HKPS-integrable functions with respect to g on [a, b]

satisfying the following conditions:

(1) (fn)o>, converges pointwise to f : [a,b] — X on [a, b];
(7i) there exists a constant M > 0 such that |z*(f,(t))| < M foralln € N, z* € X* \ {0}, and
t € la,b].

Then (f,,)52, is HKPS-equiintegrable with respect to g on [a, b], the integral (HKPS) [ f dg exists, and

lim (HKPS) /E fndg = (HKPS) [E fdg

n—oo

for all compact subinterval E C [a, b].

3.2. Convergence via Uniform Boundedness of Sequences of HKDS and HKPS Integral Operators.

In this section, we introduce the notion of uniform boundedness for sequences of HKDS and HKPS
integrals via the Uniform Boundedness Theorem (see Kreyszig [4]). We then derive a convergence
theorem based on this principle. Unlike the approach via equiintegrability, this result does not require
uniform boundedness of the functions themselves. Instead, we impose a uniform bound on the
norms of the corresponding HKDS and HKPS integral operators, from which convergence follows as a

consequence of the Uniform Boundedness Theorem.

Definition 3.12. Let X be a Banach space, f, : [a,b] = X, and g : [a,b] — R be a function of bounded
variation. Suppose (f,) is a sequence of HKDS-integrable functions with respect to g on [a, b]. For each
compact subinterval E C [a, b], define the HKDS integral operators T, g : X* — R by

T, p(x*) = (HKS) / 2 (f) dg

E

for alln € Nand all z* € X*. By definition of the HKDS integral, each T}, g € X** is a bounded linear

operator. Define the norm of T, g by

T, p(x* .
(T = sup { BB oy 21,

neN H.’L'* ”
We say that

(1) the sequence (|T,, g(x*)|) is pointwise bounded if for each z* € X*, there exists a constant
Cy+ g > O0such that |T;, g(2*)| < Cy« g for all n € N and all compact subintervals E C [a, b];
(1) the sequence of the norms (|7}, g||) is uniformly bounded if there exists a constant C' > 0 such

that ||T;, g|| < C for all n € N and all compact subintervals E C [a, b)].

Moreover, the same definition applies to the uniform boundedness of the HKPS integral.
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Theorem 3.13. Let X be a Banach space, f, : [a,b] = X, and g : [a,b] — R be a function of bounded
variation. Suppose (f,)o2; is a sequence of HKDS-integrable functions with respect to g on [a, b]
satisfying the following conditions:
(1) (fn)o2, converges pointwise to f : [a,b] — X on [a, b];
(i) For every compact subinterval E C [a, b, the sequence (||T}, g|]), -, is uniformly bounded in
X,

Then f is HKDS-integrable with respect to g over [a, b] and

lim T, 5 = Tg
n—oo

for all compact subintervals E C [a, b].

Proof. Let ¢ > 0 be given and fix z* € X*. Suppose (f,)5; is a sequence in HKDSJa, b]. By Theorem
3.15in [7], foralln € N and for all z* € X*, 2*(f,) : [a,b] — R is HKS-integrable with respect to g
on [a,b]. Thus, for every ¢ > 0 and for each n € N, there exists a gauge d,, on [a, b] such that for every

dp-fine Perron partition P of [a, b],

b
S (Figi P) = (KS) [ o100 < 5.

Define a decreasing sequence of gauges recursively by

71 = 517 Y2 = min{’y1752}7 Y3 = min{f}/?)(si%}a DRI Tn = min{’)/n—lv 571}7 cee

By the Completeness Axiom, inf{v,} € R. Fix v = inf{~,,} > 0. Then, for any ~-fine Perron partition
P = { (tg, [ug, vi]) }o_; of [a,b] and for each n € N,

]s<x*<fn>;g;P> - (1K) | (1) dg' <3

Let M = sup {Z[uwk}eD lg(vg) — g(uk)|} < o0o. By assumption, (f,)22, converges pointwise to f on
la, b]. Therefore, for every € > 0 and for every tag t;, € [a, ], there exists N; € N such that

forall n > Nj.

€
| fu(te) — f(e)] < 6z + )M

Let m,n > Nj. Then for each tag ¢ in P,

[ fn(te) = fin ()l = 1 fu(tr) — f(te) + f(te) — fn(te)]|
< |[fulte) = fEI + [1f (k) — frmn ()l

9 9
< +
6([l*[] + )M 6(f|*|| + 1) M
. 9
3(lla*|l + )M
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Consequently, for all m,n > Ny,
|S(x*(fn); 9: P) — S(@ (fm); 9 P)| = 1S(x*(fn — fm); 9; P)|

= 3 [#(faltr) — 2 (fm ()] (9(vr) — g(u))

(th,luk,vp]))EP

< Y | () — 2 G te)] (9(00) — glun)|

(tk,[uk,vk])eP

< > e Uat) = 2 (Fut)] o (k) — g(ur))|

(tk,[uk,’l}k])EP

< D ) = Fn ()l g (or) — g(u)]

(tw,luk,vp]) EP

=l D> falte) = (o)l |g(or) — glur)]

(tw,luk,vk]))EP

* & _
(tgs[ur,vk])EP

g
e S |9(vr) — g(u)]
* M
Sl + )M =

s M

Then, for each m,n > Ny,
b b
\(HKS) [ o~ ) [ $*(fm)dg‘
b
= |KS) [ () dg — S (s g5 P) + S ()i P) = S (g P
b
+S(a (f)igi P) = (HKS) [ o (1) do|
b
< ‘(HKS) [ et Gndg - st (i P)\ 1S ()i 05 P) — S ()i g5 P)]
b
n 'S(w*(fm);g; P) =~ (HKS) [a*(f) dg]

<tti4s=¢

373 3 7

b« o0

Thus, ((HKS) [} 2" (f,)dg)

» is Cauchy and hence convergent. Suppose

J = lim ((HKS) / " () dg>

n—o0
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. Then, for any € > 0, there exists N2 € N such that for all n > N,
b €
as) o (g < ®
Set N = max{Ny, Na}. Note that 2*( fy) is HKS-integrable with respect to g on [a, b], and we can choose
a gauge 0y on [a, b] such that for every 0 y-fine Perron partition P of [a, b],
b
* * 9
S (i)~ (HKS) [ () do] < 5. ©
Furthermore, by pointwise convergence of (f,,)°2, for every € > 0 and for every tag ¢ € [a,b], there

exists N € N such that

forall n > N.

[ fut) — fF(R)I < (e[ + DM

Thus, for each n > N,

1S(x*(f); 9: P) — S(z*(fn); 9 P)| = [S(z*(f — fn); 95 P)|

=| Y [ ) — U t)] (9(on) — glur)

(tk,[uk,vk})EP

< D ) = e Unt)] (9(or) — g(ur))|

(tr,luk,vx])EP

< Y ) = 2 v )] g o) — glur)]

(tr,luk,vk])€EP

< D eI = Al g (or) — glur))]

(th,luk,vp]))EP

=2 > k) = Fn)ll |g(vr) — glux)]

(th,luk, o)) EP

T E 9
N4+ 1M
(tk,[uk,vk])ep (H:’U ” )

(10)

3]
S R S |9(vr) — g(u)]
S+ M
3(ll=*[l + 1) (th,[uk,vr])€P
9

< Ne—
< I gt oar

g
< (el + Ve M
3(0e* + DM

M

€

g.
From (8), for n > N, we also have

’(HKS)/abx*(fN)dg—J‘ < g (11)

Hence, using (9) - (11), we obtain

S@*(£)ig: P) = J| = |S(@*(£)ig: P) = S(a*(f)ig: P) + S (f)i g: P)
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~ (HKS) / "o () dg + (HKS) / o () dg - J]

<|S(@*(f);9; P) — S(z*(fn); g; P)|
b

+ |8 ()i P) — (HKS) [ () dg

+ ‘(HKS) /abx*(fN)dg _ J)

<sHoti=c
3 3 3 7

Thus, 2*(f) is HKS integrable with respect to g on [a,b] and by Theorem 3.1.5 in [7], f is HKDS

integrable with respect to g on [a, b]. Therefore,

b
lim (HKS)/ x*(fn) dg = (HKS) /Ex*(f) dg=1J

n—oo

for all z* € X* and n € N. Now fix a compact subinterval £ C [a,b]. For each n € N, define
Tn’ E X*—>R by

T,.z(z*) = (HKS) / o*(f,) dg, forallz* € X*,
E

so that T, g € X™**. Define

Tsla)]
17561l = sup  FHEEEL o 20}

neN

By linearity and continuity of z*,

T, p(2*) = x*((HKS) /E I dg> .

For each fixed z* € X*, choose a constant C« g > 0 such that

T p(a)] = |a° ((HKS) / fndg)] < "] \(HKS) / fndgH
FE E
< ll2* || sup \(HKS) [ dgH <Cop
neN E

for all n € N. Such constant exists because each f,, is HKDS-integrable over the compact in-
terval E, so the integrals are finite. In particular, sup,cy|Ty g(z*)] < Cy g. This shows that
the sequence (|1, g(z*)[)72, is pointwise bounded for each fixed z* € X*. Now, observe that

n=1

T, * %
1Tl = supyer { D25 - Jlo#)| 0} So,

| Top (@) _ 2" ((HKS) [, fodg)| _ ||| [|(HKS) [}, fu dg|

= < < sup
[l* | [Ead [Ead neN

S [ dgH

for all z* € X* \ {0}. By the Uniform Boundedness Theorem, pointwise boundedness implies operator

norms are uniformly bounded. That is,

[Tn.ell < sup [Thell = C < oo.
neN
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Hence, the sequence (||75, g||)5; is uniformly bounded. This ensures that the limit operator is bounded

in X**. Since

lim T p(a") = Te(a") = (HKS) [ *(f)dg = lim (FKS) [ a*(£,) do

n—oo E
we have

lim Tn,E = TE
n—00

for all compact subinterval E C [a, b]. O

In the following remark, we consider (||}, /)72, as the sequence of norms of HKPS-integral opera-

tors.

Remark 3.14. Let X be a Banach space, f, : [a,b] = X, and g : [a,b] — R be a function of bounded
variation. Suppose (fy)5>; is a sequence of HKPS-integrable functions with respect to g on [a, b]
satisfying the following conditions:

(1) (fn)o, converges pointwise to f : [a,b] — X on [a, b];

(i7) For every compact subinterval E C [a, b], the sequence (|7}, /)52, is uniformly bounded in X.

Then f is HKPS-integrable with respect to g over [a, b] and

lim Tn,E = TE
n—00

for all compact subintervals E C [a, b].
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