
Asia Pac. J. Math. 2026 13:115

WEAKLY CONNECTED GEODETIC DOMINATION IN GRAPHS UNDER SOME BINARY
OPERATIONS

MARRYL C. LAPUT1,∗, IMELDA S. ANIVERSARIO1,2, SERGIO R. CANOY, JR.1,2

1Department of Mathematics and Statistics, College of Science and Mathematics, MSU-Iligan Institute of Technology, Iligan
City, Philippines

2Center for Mathematical and Theoretical Physical Sciences, Premier Research Institute of Science and Mathematics,
MSU-Iligan Institute of Technology, Iligan City, Philippines
∗Corresponding author: marryl.laput@g.msuiit.edu.ph

Received May 25, 2026

Abstract. Let G be a simple connected graph. For S ⊆ V (G), if IG[S] = V (G), where IG[S] =

∪u,v∈SIG[u, v], then S is a geodetic set. It is a dominating set if for each u ∈ V (G) \ S, there exists
v ∈ S such that uv ∈ E(G), i.e., NG[S] = V (G). A set S is a weakly connected geodetic dominating
set in G if S is both a geodetic set and a dominating set, and the subgraph 〈S〉w = 〈NG[S], Ew〉 weakly
induced by S is connected, where Ew = {uv ∈ E(G) : u ∈ S or v ∈ S}. The minimum cardinality of a
weakly connected geodetic dominating set in G is denoted by γwg(G). In this paper, weakly connected
geodetic dominating sets in graphs obtained from some graph operations are characterized, and their
corresponding weakly connected geodetic domination numbers are determined. Moreover, the weakly
connected geodetic domination numbers of some common graphs are determined.
2020 Mathematics Subject Classification. 05C12; 05C40; 05C69; 05C76.
Key words and phrases. domination; geodetic; geodetic domination; weakly connected domination; weakly
connected geodetic domination.

1. Introduction

In a road network, the concept of domination focuses on monitoring all intersections using a strategi-
cally chosen set of cameras. However, it does not consider the overall structure of movement along
routes. Geodetic domination addresses this by incorporating shortest-path considerations to ensure
coverage along shortest routes. Additionally, weak connectivity further ensures that these monitored
intersections are interconnected, forming a single, cohesive monitoring structure.

Motivated by these considerations, in this paper, we study the concept of weakly connected geodetic
domination in graphs. This variantmay be viewed as a combination of domination concept and geodetic
properties, together with the additional requirement of weak connectivity.
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A geodetic dominating set S ⊆ V (G) is said to be weakly connected if the weakly induced subgraph
〈S〉w is connected. The corresponding parameter, called the weakly connected geodetic domination
number of a graph G, is denoted by γwg(G), and defined as the minimum cardinality of a weakly
connected geodetic dominating set in G.

In particular, we provide some characterizations of the weakly connected geodetic dominating sets
in the join, corona, and edge corona of two graphs, and determine the weakly connected geodetic
domination numbers of these graph operations. Several related concepts and parameters have been
studied, for example, by Dunbar et al. [5], Hansberg and Volkmann [8], Patangan et al. [11], and
Hamja et al. [7].

2. Terminology and Notation

Let G be a simple connected graph and S ⊆ V (G). The set of neighbors of a vertex v in G, denoted
by NG(v), is called the open neighborhood of v in G. The open neighborhood of S in G is the set
NG(S) = ∪v∈SNG(v). The closed neighborhood of S in G is the setNG[S] = NG(S)∪ S. IfNG[S] = V (G),
i.e., for every u ∈ V (G) \ S, there exists v ∈ S such that uv ∈ E(G), then S is a dominating set of G [3].
The graph whose vertex set isNG[S] and whose edge set isEw = {uv ∈ E(G) : u ∈ S or v ∈ S} is called
a weakly induced subgraph of G and is denoted by 〈S〉w [11]. The graph whose vertex set is S and whose
edge set comprises exactly the edges in Gwhich join vertices in S is termed an induced subgraph of G
and is denoted by 〈S〉 [3]. A graph is said to be connected if there is at least one path that connects every
two of its vertices [3]. A dominating set S is a weakly connected dominating set if 〈S〉w is connected. The
minimum cardinality among the weakly connected dominating sets in G is called the weakly connected

domination number of G and is denoted by γw(G). If |S| = γw(G), we say that S is a γw-set of G [12].
For two vertices u, v ∈ V (G), the closed interval IG[u, v] is the set consisting of u, v, and all vertices

lying in some u-v geodesic (shortest u-v path) [2]. If S ⊆ V (G), then IG[S] =
⋃

u,v∈S IG[u, v] is called
the geodetic closure of S in G [11]. If IG[S] = V (G), then S is a geodetic set of G. If a dominating set S of
G is a geodetic set of G, then S is a geodetic dominating set of G [12]. If S is a geodetic dominating set of
G and 〈S〉w is connected, then S is a connected geodetic dominating set of G.

A vertex v in a graph G is an extreme vertex if 〈NG(v)〉 is complete [4]. The 2-path closure P2[S]G of
S ⊆ V (G) is the set P2[S]G = S ∪ {x ∈ V (G) : x ∈ IG(u, v) with dG(u, v) = 2 for some u, v ∈ S}. If
P2[S]G = V (G), then S is called a 2-path closure absorbing set of G [1]. The minimum cardinality of a
2-path closure absorbing set in G is called the 2-path closure absorbing number of G and is denoted by
η2(G). If |S| = η2(G), we say that S is an η2-set of G.
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3. Results

Definition 1. A set S ⊆ V (G) is a weakly connected geodetic dominating set of G if S is a geodetic dominating

set of G and 〈S〉w is connected. The minimum cardinality among the weakly connected geodetic dominating sets

inG is called the weakly connected geodetic domination number ofG and is denoted by γwg(G). If |S| = γwg(G),

we say that S is a γwg-set of G.

Example 1. Consider the graphG in Figure 1. The set S = {v4, v5, v6, v7} is a weakly connected geodetic
dominating set in G. Indeed, NG[S] = V (G) = IG[S] and 〈S〉w is connected. On the other hand, the set
T = {v1, v4, v7} is not weakly connected geodetic dominating set in G because 〈T 〉w is disconnected. It
can easily be verified that there is no weakly connected geodetic dominating set in G of cardinality
strictly less than 4. Therefore, S is a γwg-set of G and γwg(G) = 4.

.......................................................................................................................................................................................................

....................................

..............................
.............................

.............................
.............................

.............................
.............................

........................

....................................

.........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
.......
....................................

..........................
.........................

.........................
.........................

.........................
.........................

....................
............................................................................................................................................................................................................... ....................................

........................................................................................................................................ ....................................

....................................

.........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

. ..
..................................

.........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

....
....................................

....................................

v1

v2

v3

v4

v5

v6

v7

•

•

•

•

................................

................................

................................

................................

................................

................................

................................

............................................................................................................................................................................................................................................................................................................................
..............................................

..............................................
.................
...............
...............
...............
...............
...............
...............
...............
........

................

...............

...............

...............

...............

...............

...............

...............

...............

......

................

...............

...............

...............

...............

...............

...............

...........

〈S〉w :

.......................................................................................................................................................................................................

....................................

..............................
.............................

.............................
.............................

.............................
.............................

........................

....................................

.........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
.......
....................................

..........................
.........................

.........................
.........................

.........................
.........................

....................
............................................................................................................................................................................................................... ....................................

........................................................................................................................................ ....................................

....................................

.........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

. ..
..................................

.........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

....
....................................

....................................

v1

v2

v3

v4

v5

v6

v7

•

•

•

................

...............

...............

...............

...............

...............

...............

...............

...............

............

..........................

.............................................................................................................................................................................. ................................

.......................................................................................................................

................................

................................ ................
...............
...............
...............
...............
...............
...............
.............
................................

...............................................
..............................................

..............................................
...........................................

................................

〈T 〉w :

Figure 1. A connected graph Gwith γwg(G) = 4

Theorem 1. Every connected geodetic dominating set of a graph G is a weakly connected geodetic dominating

set of G.

Proof. Assume that 〈S〉 is connected. Let x, y ∈ NG[S] such that x 6= y. If x, y ∈ S, then [x, y] is an x-y
path in 〈S〉w. Suppose that x ∈ S and y /∈ S. Then y ∈ NG(S). Hence, there exists z ∈ S ∩NG(y). Since
〈S〉 is connected, there exists an x-z path P (x, z) = [x1, x2, ..., xk], where x1 = x and xk = z, in 〈S〉. It
follows that P (x, y) = [x1, x2, ..., xk, y] is an x-y path in 〈S〉w. Finally, suppose that x, y ∈ NG(S). Then
there exist s, t ∈ S such that xs, yt ∈ E(G). Let P (s, t) = [s1, s2, ..., sm], where s1 = s and sm = t, be an
s-t path in 〈S〉. Then P (x, y) = [x, s1, s2, ..., sm, y] is an x-y path in 〈S〉w. �

The next result is a consequence of Theorem 1.

Corollary 1. For any connected graph G, γwg(G) ≤ γcg(G).

Theorem 2. For any connected graph G,
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max{γw(G), γg(G)} ≤ γwg(G) ≤ γcg(G).

Proof. Let S be a weakly connected geodetic dominating set of G. Then S is both weakly connected
dominating and a geodetic dominating set. Hence,

max{γw(G), γg(G)} ≤ γwg(G).

Moreover, by Corollary 1,
γwg(G) ≤ γcg(G).

This proves the assertion. �

Remark 1. Let G be a connected graph and let S be a weakly connected geodetic dominating set of G. Then

Ext(G) ⊆ S, where Ext(G) is the set containing all the extreme vertices of G.

Theorem 3. Let G be a connected graph of order n. Then each of the following holds:

(i) γwg(G) = 1 if and only if G = K1.

(ii) γwg(G) = 2 if and only if G = K2 or G = K2 +H for some graph H of order n− 2,where n ≥ 3.

(iii) γwg(G) = n if and only if G = Kn.

Proof. (i) Suppose γwg(G) = 1, say S = {v} is a γwg-set of G. Since S is a geodetic set of G, we must
have G = K1.

Conversely, if G = K1, then γwg(G) = 1.

(ii) Suppose that γwg(G) = 2. Then there exists a γwg-set S = {u, v}. Since S is a geodetic set of
G, IG[S] = V (G). If uv ∈ E(G), then IG[S] = {u, v} = V (G). Hence, G = K2. Now, suppose that
uv /∈ E(G) and let w ∈ V (G) \ {u, v}. Since S is weakly connected, it follows that |V (G)| = n ≥ 3. Also,
since S is a geodetic dominating set ofG, it follows that w ∈ NG(u)∩NG(v). Thus,G = K2+H , where
H = 〈V (G) \ {u, v}〉.

Conversely, suppose G = K2. Then V (G) is a weakly connected geodetic dominating set of G, and
so γwg(G) = 2. Let G = K2 +H for some graph H of order n − 2, where n ≥ 3 and let S = V (K2).
Then S is a weakly connected geodetic dominating set of G. Therefore, γwg(G) = 2.

(iii) Suppose that γwg(G) = n and assume that G 6= Kn. Then there exist u, v ∈ V (G) such that
dG(u, v) = 2. Let x ∈ NG(u) ∩ NG(v). Then S = V (G) \ {x} is clearly a weakly connected geodetic
dominating set in G. Hence, γwg(G) ≤ |S| = n− 1, a contradiction. Thus, G = Kn.

Conversely, let G = Kn and let S be a γwg-set of G. If n = 1, then γwg(G) = 1 by part (i). Let
n ≥ 2. Since V (G) = Ext(G), it follows from Remark 1 that V (G) ⊆ S. Therefore, S = V (G) and
γwg(G) = n. �



Asia Pac. J. Math. 2026 13:115 5 of 12

Observation 1. Each of the following holds:

(i) γwg(Pn) = bn2 c+ 1 = dn+1
2 e for all n ≥ 1.

(ii) γwg(Cn) = bn2 c for all n ≥ 6.

The joinG+H of two graphsG andH is the graph with V (G+H) = V (G) ∪̇ V (H) andE(G+H) =

E(G) ∪̇ E(H) ∪̇ {uv : u ∈ V (G) and v ∈ V (H)} [9].

Theorem 4. Let G and H be non-complete graphs, and let S ⊆ V (G + H). Then S is a weakly connected

geodetic dominating set of G+H if and only if S = SG ∪ SH , where SG ⊆ V (G) and SH ⊆ V (H) and one of

the following holds:

(i) SG is a 2-path closure absorbing set in G and SH = ∅ or 〈SH〉 is complete in H ;

(ii) SH is a 2-path closure absorbing set in H and SG = ∅ or 〈SG〉 is complete in G; or

(iii) 〈SG〉 and 〈SH〉 are non-complete subgraphs of G and H , respectively.

Proof. Assume that S is a weakly connected geodetic dominating set of G+H . Let SG = S ∩ V (G) and
SH = S ∩ V (H). Then S = SG ∪ SH . Suppose that 〈SG〉 and 〈SH〉 are non-complete. Then (iii) holds.
Next, assume that (iii) does not hold. Suppose that SH = ∅ or 〈SH〉 is complete. Let x ∈ V (G) \ SG.
Since S is a geodetic set in G+H and SH = ∅ or 〈SH〉 is complete, there exists p, q ∈ SG ⊆ S such that
x ∈ IG+H(p, q) where dG+H(p, q) = 2. It follows that p, q ∈ SG, dG(p, q) = 2 and x ∈ IG(p, q). Hence,
SG is a 2-path closure absorbing set in G and (i) holds. Similarly, if SG = ∅ or 〈SG〉 is complete, then
SH is a 2-path closure absorbing set in H and (ii) holds.

For the converse, suppose first that (i) holds, i.e., suppose that SG is a 2-path closure absorbing set
in G and SH = ∅ or 〈SH〉 is complete. Then clearly, S is a weakly connected dominating set in G+H .
Note that since SG is a 2-path closure absorbing set in G and G is non-complete, 〈SG〉 is not complete.
Let a, b ∈ SG such that dG(a, b) 6= 1. Then dG+H(a, b) = 2 and q ∈ IG+H(a, b) for all q ∈ V (H) \ SH .
Now, let p ∈ V (G) \ SG. Since SG is 2-path closure absorbing set in G, it follows that there exist
v, w ∈ SG such that dG(v, w) = 2 and q ∈ IG(v, w). Thus, S is a geodetic set in G+H . Similarly, S is a
weakly connected geodetic dominating set ofG+H if (ii) holds. Finally, suppose that (iii) holds. Then
S = SG ∪ SH is a weakly connected dominating set of G +H . Let c, d ∈ SG and s, t ∈ SH such that
dG(c, d) 6= 1 and dH(s, t) 6= 1. Then dG+H(c, d) = 2, dG+H(s, t) = 2, g ∈ IG+H(s, t), and h ∈ IG+H(c, d)

for all g ∈ V (G) \ SG and for all h ∈ V (H) \ SH . This shows that S is a geodetic set in G+H . �

Corollary 2. Let G and H be non-complete graphs. Then

γwg(G+H) = min{η2(G), η2(H), 4}.

Proof. Let SG be an η2-set ofG and let SH = ∅. Then S = SG is a weakly connected geodetic dominating
set of G+H by Theorem 4 (i). Thus, γwg(G+H) ≤ |S| = |SG| = η2(G). Similarly, if SH is an η2-set of
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H and SG = ∅, then γwg(G+H) ≤ |S| = |SH | = η2(H). Since G and H are non-complete, there exist
two nonadjacent vertices u, v ∈ V (G) and x, y ∈ V (H). Let SG = {u, v} and SH = {x, y}. Then 〈SG〉
and 〈SH〉 are non-complete subgraphs of G and H , respectively. By Theorem 4 (iii), S = SG ∪ SH is a
weakly connected geodetic dominating set of G+H . Thus, γwg(G+H) ≤ |S| = 4. Hence,

(1) γwg(G+H) ≤ min{η2(G), η2(H), 4}.

Now, let S be a γwg-set of G +H , so that |S| = γwg(G +H). By Theorem 4, S = SG ∪ SH , where
SG ⊆ V (G), SH ⊆ V (H), and satisfy (i), (ii), or (iii). If (i) is satisfied, then η2(G) ≤ |SG| ≤ |S| =
γwg(G + H). If (ii) is satisfied, then η2(H) ≤ |SH | ≤ |S| = γwg(G + H). If (iii) is satisfied, then
4 ≤ |SG|+ |SH | = |S| = γwg(G+H). Therefore,

(2) min{η2(G), η2(H), 4} ≤ γwg(G+H).

Combining the inequalities in (1) and (2), we obtain the desired equality. �

The next result follows from Theorem 4.

Corollary 3. Let G and H be non-complete graphs. Then each of the following statements holds:

(i) γwg(G+H) = 2 if and only if η2(G) = 2 or η2(H) = 2.

(ii) γwg(G+H) = 3 if and only if η2(G) = 3 and η2(H) ≥ 3 or η2(H) = 3 and η2(G) ≥ 3.

Example 2. Consider the join C5 + P4 in Figure 2. Let SC5 = {a, c, e} and SP4 = {v, y}. Clearly,
S = SC5 ∪ SP4 = {a, c, e, v, y} is a weakly connected geodetic dominating set of C5 + P4. However,
since η2(C5) = η2(P4) = 3, it follows from Corollary 3 that γwg(C5 + P4) = 3.
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Figure 2. The join C5 + P4 with γwg(C5 + P4) = 3
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Theorem 5. Let G = Kn andH be a non-complete graph. Then S ⊆ V (G+H) is a weakly connected geodetic

dominating set of G+H if and only if S = SG ∪ SH , where SG ⊆ V (G) and SH is a 2-path closure absorbing

set of H .

Proof. Let S be a weakly connected geodetic dominating set of G + H . Let SG = S ∩ V (G) and
SH = S ∩ V (H). Then S = SG ∪ SH . Let x ∈ V (H) \ SH . Since S is a geodetic set of G+H , it follows
that there exist u, v ∈ S such that x ∈ IG+H(u, v). Since SG induces a complete graph or SG = ∅, we
must have u, v ∈ SH . Also, since dG+H(u, v) = 2 and x ∈ IG+H(u, v), it follows that dH(u, v) = 2 and
x ∈ IH(u, v). Hence, SH is a 2-path closure absorbing set in H .

Conversely, suppose S = SG ∪ SH , where SG ⊆ V (G) and SH is a 2-path closure absorbing set of
H . Suppose SH induces a complete graph. Since H is non-complete, choose a, b ∈ V (H) such that
dH(a, b) 6= 1. Then at least one of a and b, say a, is not in SH . This implies that a /∈ IH(x, y) for all
x, y ∈ SH . This shows that SH is not 2-path closure absorbing, a contradiction. Thus, SH induces a
non-complete graph. Let s, t ∈ SH such that dH(s, t) 6= 1. Then p ∈ IG+H(s, t) for all p ∈ V (G) \ SG.
Since SH is also 2-path closure absorbing in H , it follows that S is a geodetic set of G+H . Moreover,
since every 2-path closure absorbing set is a dominating set, it follows that S is a dominating set of
G+H . Now, let c, d ∈ NG+H [S] = V (G+H) such that c 6= d. Suppose c, d ∈ V (G). If c ∈ SG or d ∈ SG,
then [c, d] is a c-d geodesic in 〈S〉w. Suppose c, d /∈ SG. Let q ∈ SH . Then [c, q, d] is a c-d geodesic in 〈S〉w.
Suppose now that c, d ∈ V (H). If c ∈ SH or d ∈ SH , then [c, d] is a c-d geodesic in 〈S〉w if cd ∈ E(H).
Suppose cd /∈ E(H). If c, d ∈ SH , then [c, q, d] is a c-d geodesic in 〈S〉w for q ∈ V (G). Suppose c ∈ SH
and d /∈ SH . If SG 6= ∅, then [c, u, d] is a c-d geodesic in 〈S〉w for u ∈ SG. Suppose SG = ∅. Since SH
is dominating in H , there exists w ∈ SH ∩NH(d). Hence, [c, t, w, d] is a c-d path in 〈S〉w for t ∈ V (G).
Suppose now that c, d /∈ SH (c and d are not necessarily adjacent). If SG 6= ∅, then we may choose any
s ∈ SG. Clearly, [c, s, d] is a c-d geodesic in 〈S〉w. So suppose SG = ∅. If there exists p ∈ SH such that
p ∈ NH(c) ∩NH(d), then [c, p, d] is a c-d geodesic in 〈S〉w. Suppose [NH(c) ∩NH(d)] ∩ SH = ∅. Since
SH is a dominating set in H , choose r, q ∈ SH such that r ∈ NG(c) and q ∈ NG(d). Then [c, r, g, q, d],
where g ∈ V (G), is a c-d path in 〈S〉w. Therefore, 〈S〉w is connected. �

The next result is a consequence of Theorem 5.

Corollary 4. γwg(Kn +H) = η2(H) for any non-complete graph H . In particular, each of the following holds:

(i) γwg(Sn) = γwg(K1,n−1) = n− 1 for all n ≥ 3.

(ii) γwg(Wn) = γwg(K1 + Cn−1) = bn2 c for all n ≥ 5.

(iii) γwg(Fn) = γwg(K1 + Pn−1) = dn2 e for all n ≥ 4.

Let G and H be graphs of ordersm and n, respectively. The corona G ◦H of two graphs G and H is
the graph obtained by taking one copy of G of order m and m copies of H , and then joining the ith
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vertex ofG to every vertex in the ith copy ofH . For every v ∈ V (G), denote byHv the copy ofH whose
vertices are attached one by one to the vertex v. Subsequently, denote by v +Hv the subgraph of the
corona G ◦H corresponding to the join 〈{v}〉+Hv, v ∈ V (G) [9].

Theorem 6. Let G be a connected graph of order m ≥ 2 and let H be any graph. Then S ⊆ V (G ◦H) is a

weakly connected geodetic dominating set of G ◦H if and only if

(3) S = S∗ ∪
⋃

v∈V (G)

Sv,

where S∗ ⊆ V (G) and Sv ⊆ V (Hv) for each v ∈ V (G) such that the following conditions hold:

(i) S∗ is a weakly connected dominating set of G; and

(ii) for every v ∈ V (G), Sv is a 2-path closure absorbing set of Hv.

Proof. Assume that S ⊆ V (G ◦ H) is a weakly connected geodetic dominating set of G ◦ H . Let
S∗ = S ∩V (G) and Sv = S ∩V (Hv) for each v ∈ V (G). Then S = S∗∪

⋃
v∈V (G) S

v. Note that since S is
a geodetic set, it follows that Sv 6= ∅ for every v ∈ V (G). Suppose there exists v ∈ V (G) \NG[S

∗]. Let
u ∈ V (G) \ {v}. Then 〈Sv〉w and 〈Su〉w are in distinct components of 〈S〉w. Thus, 〈S〉w is not connected,
a contradiction. Hence, S∗ is a dominating set of G ◦H . Next, suppose that 〈S∗〉w is not connected.
Then there exist distinct vertices x and y of G such that there exists no x-y path in 〈S∗〉w. Choose any
p ∈ Sx and q ∈ Sy. Then there is no p-q path in 〈S〉w, contrary to the assumption that S is weakly
connected. Therefore, S∗ is weakly connected dominating inG, showing that (i) holds. Moreover, since
S is a geodetic set of G ◦H , it follows that Sv is a 2-path closure absorbing set ofHv for each v ∈ V (G).
This shows that (ii) also holds.

For the converse, suppose that S has the form (3) satisfying (i) and (ii). Let x ∈ V (G ◦ H) \ S

and let v ∈ V (G) such that x ∈ V (v + Hv). Suppose x ∈ V (Hv) \ Sv. Since Sv is 2-path closure
absorbing by (ii), there exists p, q ∈ Sx such that dHv(p, q) = dG◦H(p, q) = 2 and x ∈ IHv(p, q), where
IHv(p, q) = IG◦H(p, q). Suppose x = v. By (i), choose any z ∈ S∗ ∩NG(x). Also, pick any t ∈ Sv. Then
t, z ∈ S and x ∈ IG◦H(z, t). Therefore, S is a geodetic dominating set of G ◦ H . Finally, since S∗ is
weakly connected, it is routine to show that S is also weakly connected. �

Corollary 5. Let G be a connected graph of orderm ≥ 2, and let H be any graph of order n. Then

γwg(G ◦H) = γw(G) +m · η2(H).

Proof. Let S be a γwg-set ofG ◦H . By Theorem 6, S = S∗ ∪
⋃

v∈V (G) S
v, where S∗ is a weakly connected

dominating set of G, and each Sv is a 2-path closure absorbing set of Hv ∼= H . Thus,

(4) γwg(G ◦H) = |S| = |S∗|+
∑

v∈V (G)

|Sv| ≥ γw(G) +m · η2(H).
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Now, letD∗ be a γw-set ofG, and letDv be an η2-set ofHv for each v ∈ V (G). ThenD = D∗∪
⋃

v∈V (G)D
v

is a weakly connected geodetic dominating set of G ◦H by Theorem 6 This implies that

(5) γwg(G ◦H) ≤ |D| = γw(G) +m · η2(H).

Combining (4) and (5), we obtain

γwg(G ◦H) = γw(G) + (m · η2(H)).

This proves the assertion. �

The next result directly follows from Corollary 5 because γw(Km) = 1 and η2(Kn) = n for all positive
integersm and n.

Corollary 6. Let G and H be complete graphs of ordersm and n, respectively. Then

γwg(G ◦H) = 1 +mn.

Example 3. Consider the corona P4 ◦ C4 in Figure 3. The set S = {u, x, au, cu, av, cv, ax, cx, ay, cy} is a
weakly connected geodetic dominating set in the corona P4 ◦C4. Since S∗ = {u, x} is a γw-set of P4 and
the sets Su = {au, cu}, Sv = {av, cv}, Sx = {ax, cx}, and Sy = {ay, cy} are η2-sets of Cu

4 , C
v
4 , C

x
4 , and

Cy
4 , respectively, it follows that S is a γwg-set of P4 ◦ C4. Hence, γwg(P4 ◦ C4) = γw(P4) + 4 · η2(C4) =

2 + 4(2) = 10.
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Figure 3. The corona P4 ◦ C4 with γwg(P4 ◦ C4) = 10

Let G and H be two graphs on disjoint sets of p1 and p2 vertices, q1 and q2 edges, respectively. The
edge corona G �H of G andH is defined as the graph obtained by taking one copy of G and q1 = |E(G)|

copies ofH , and then joining the two end-vertices of the ith edge of G to every vertex in the ith copy
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of H [10]. If uv ∈ E(G), then the copy H whose vertices are connected one by one to both u and v
in G �H is called the uv-copy of H and is denoted by Huv. Moreover, if V (H) = {v1, v2, ..., vp2}, then
the vertices of Huv may be denoted by vuv1 , vuv2 , ..., vuvp2 . Note that 〈{u, v}〉 +Huv ∼= P2 +H for every
uv ∈ E(G).

Theorem 7. LetG be a connected graph of size p1 ≥ 1, and letH be any non-complete graph. ThenS ⊆ V (G�H)

is a weakly connected geodetic dominating set of G �H if and only if, S = A ∪
⋃

v∈V (G)D
uv, where A ⊆ V (G)

and Duv is a 2-path closure absorbing set of Huv for every uv ∈ E(G).

Proof. Suppose that S ⊆ V (G � H) is a weakly connected geodetic dominating set in G � H . Let
A = S ∩ V (G) and let Duv = S ∩ V (Huv) for every uv ∈ E(G). Then S = A ∪

⋃
v∈V (G)D

uv. Let
uv ∈ E(G) and let auv ∈ V (Huv) \Duv. Since S is a geodetic set in G �H , there exist x, y ∈ S such that
auv ∈ IG�H(x, y). This implies that x, y ∈ Duv, dHuv+uv(x, y) = 2, and auv ∈ IHuv(x, y). Hence, Duv is
a 2-path closure absorbing set in Huv.

For the converse, suppose that S is as described and that Duv is a 2-path closure absorbing set in
Huv for every uv ∈ E(G). Let x ∈ V (G �H) \ S and let ab ∈ E(G) such that x ∈ V (〈{u, v}〉 +Huv).
Consider the following cases:

Case 1. x ∈ V (Huv) \Duv.

Since Duv is a 2-path closure absorbing set in Huv, there exist auv, buv ∈ Duv ⊆ S such that
x ∈ IG�H(auv, buv) with dG�H(auv, buv) = 2.

Case 2. x ∈ V (G) \A, say x = u.

SinceDuv is a 2-path closure absorbing set inHuv andH is non-complete,Duv induces a non-complete
graph. Let p, q ∈ Duv such that dHuv(p, q) 6= 1. Then x ∈ IG�H(p, q). Clearly, x ∈ NG�H(p) ∩NG�H(q).

Therefore, S is a geodetic dominating set of G �H . Moreover, since G is connected, the definition of
G �H would imply that 〈S〉w is connected. Therefore, S is weakly connected geodetic dominating set
in G �H . �

Corollary 7. Let G be a non-trivial graph of size p1 ≥ 1, and let H be a non-complete graph. Then

γwg(G �H) = p1η2(H).
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Proof. Suppose that S is a γwg-set of G �H . By Theorem 7, S = A ∪ (
⋃

uv∈E(G)D
uv), where A ⊆ V (G)

and Duv is 2-path closure absorbing set of Huv for every uv ∈ E(G). Hence,

γwg(G �H) = |S| ≥ p1η2(H).

Next, let Suv be an η2-set of Huv for each uv ∈ E(G). Then C =
⋃

uv∈E(G) S
uv is a weakly connected

geodetic dominating set in G �H by Theorem 7. This implies that

γwg(G �H) ≥ |C| = p1η2(H).

This establishes the desired equality. �

Example 4. Consider the edge corona P4 � C4 in Figure 4. The set S = {auv, cuv, avx, cvx, axy, cxy} is a
weakly connected geodetic dominating set in P4 � C4. Since Suv = {auv, cuv}, Svx = {avx, cvx}, and
Sxy = {axy, cxy} are η2-sets of Cuv

4 , Cvx
4 , and Cxy

4 , respectively, it follows that γwg(P4 � C4) = 3 · 2 = 6.
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Figure 4. The edge corona P4 � C4 with γwg(P4 � C4) = 6

Theorem 8. Let G be a connected graph of size q1 with δ(G) ≥ 2 and let H be a complete graph of order n ≥ 2.

Then γwg(G �H) = nq1.

Proof. Consider the set S =
⋃

uv∈E(G) V (Huv). Clearly, S is a weakly connected dominating set ofG�H .
Let v ∈ V (G). Since δ(G) ≥ 2, there exist distinct vertices y, z ∈ NG(v). Pick any p ∈ V (Hvy) and
q ∈ V (Hvy). Then p, q ∈ S, dG�H(p, q) = 2, and v ∈ IG�H(p, q). Thus, S is a geodetic set in G �H . It
follows that

γwg(G �H) ≤ nq1.

Next, suppose that C is be a γwg-set of G �H . Let A = V (G) ∩ C and let Ruv = C ∩ V (Huv) for each
uv ∈ E(G). Since C is a geodetic set in G �H , we must have Suv = V (Huv) for every uv ∈ E(G). Thus,

γwg(G �H) = |C| ≥ nq1.
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Therefore, γwg(G �H) = nq1. �
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