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AsstracT. Uncertainty in algebraic systems has been widely studied via fuzzy, intuitionistic fuzzy, and
neutrosophic frameworks. In this paper, we introduce interval-valued intuitionistic neutrosophic (IVIN)
Z-ideals in Z-algebras, extending the classical notion of Z-ideals by using interval-valued membership
and non-membership functions together with the neutrosophic components of truth, indeterminacy, and
falsity. We develop basic properties of IVIN Z-ideals, including closure under intersection, and investigate
their behavior under homomorphisms (images and inverse images). Moreover, we study Cartesian
products of IVIN Z-ideals within the product Z-algebra. These results enrich the ideal theory of Z-algebras
in an interval-valued intuitionistic neutrosophic setting and provide a foundation for further work on
uncertainty-aware algebraic structures.
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1. INTRODUCTION

Mathematical models of real-world phenomena frequently involve uncertainty, vagueness, and
incomplete information, which cannot be adequately described by classical (crisp) set theory. To
overcome this limitation, Zadeh [19,20] introduced fuzzy sets, allowing graded membership in [0, 1].
Extending this idea, Atanassov [ 1] proposed intuitionistic fuzzy sets (IFS), in which each element is
described by both a membership degree and a non-membership degree, leaving a margin of hesitation.
Later, Atanassov and Gargov [2] developed interval-valued intuitionistic fuzzy sets (IVIFS), replacing

these degrees with intervals to better reflect imprecise assessments.
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In parallel, Smarandache [ 13] introduced neutrosophic sets, characterized by three independent
components: truth, indeterminacy, and falsity. Interval-based extensions were subsequently studied
(e.g., [18]), and intuitionistic neutrosophic variants were introduced to combine intuitionistic and
neutrosophic viewpoints (e.g., [3]). These generalizations provide richer tools for representing higher-
order uncertainty.

Alongside set-theoretic developments, fuzzy and neutrosophic concepts have been incorporated
into algebraic structures, in which ideals and subalgebras play central roles in structural analysis and
homomorphic constructions. For instance, fuzzy ideals and their variants have been investigated in
several algebraic systems, including BCK/BCl-algebras and their neutrosophic extensions [6,7,9,10]. In
arelated direction, Songsaeng and lampan [14] studied neutrosophic sets in UP-algebras by employing
interval-valued fuzzy sets, further illustrating how interval-based uncertainty models can be effectively
integrated into algebraic frameworks.

The notion of Z-algebra was introduced by Chandramouleeswaran et al. [4], and uncertainty-based
structures in this setting have been actively explored. Fuzzy and intuitionistic fuzzy structures in
Z-algebras were studied in [15,16], and fuzzy Z-ideals were introduced in [17]. Further developments
include interval-valued and neutrosophic-type subalgebras and related notions in Z-algebras (see, for
example, [5,8,11,12]).

Motivated by these works, we introduce the concept of an interval-valued intuitionistic neutrosophic
(IVIN) Z-ideal in a Z-algebra. This notion extends Z-ideals by incorporating interval-valued member-
ship and non-membership information together with neutrosophic truth, indeterminacy, and falsity
components. We investigate fundamental properties of IVIN Z-ideals, including closure under inter-
section, their behavior under homomorphisms (images and inverse images), and Cartesian products
within the product Z-algebra. These results enrich the ideal theory of Z-algebras in an interval-valued
intuitionistic neutrosophic setting and provide a basis for further developments in uncertainty-aware

algebraic systems.

2. PRELIMINARIES

In this section, we recall the basic definitions and notation used throughout the paper. Unless stated
otherwise, let (0, *,0) denote a Z -algebra, and let «,  represent arbitrary elements of 5. When needed,

we also consider a mapping h : 0 — § between two nonempty sets U and §.
Definition 2.1 ( [19]). Let U be a nonempty set. A fuzzy set v on U is a mapping
Wy 20 — [0, 1],

called the membership function of v. For each o € 0, the value 1, (o) represents the degree of membership of o

in v. Equivalently, one may write
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v={(a, () : « € V}.

Definition 2.2 ( [20]). Let U be a nonempty set and let D]0, 1] denote the family of all closed subintervals of
0, 1]. An interval-valued fuzzy set (IVFS) v on 0 is specified by two membership functions

pos gy 20— [0,1]

such that

pl(a) < ul(a), foralla e .
Equivalently, v can be described by the interval-valued mapping fi,, : 0 — D[0, 1] defined by
fu(a) = k@), p ()], forall o€,
and we may write
v={(a,iw(a)) : a € T}

If ut(a) = pY (o) = c for some c € [0,1], then fi,, () = [c, c.
For Dy = [y1, 61] and Dy = [ry2, 02] in D[0, 1], define

rmin(Dy,Dy) = [min{y1, 72}, min{éy, d2}].
Moreover, we use the componentwise order on D[0, 1] given as follows:
Dy > Dy if and only if v1 > 2 and &1 > d2,

and similarly,

Dy <Dy ifand only if y1 < 2 and §; < do.

Also, Dy = Dy holds if and only if y1 = 2 and 61 = da.

Definition 2.3 ( [1]). Let *0 be a nonempty set. An intuitionistic fuzzy set (IFS) v on U is characterized by

two functions
o, 9y + 0 — [0,1],
called the membership and non-membership functions of v, respectively, such that
0<py(a)+9,(x) <1, forallaecD.
Equivalently, v may be written as
v = {(a, (@), 9,(a)) : @ € T},

Definition 2.4 ( [2]). Let U be a nonempty set and let D0, 1] denote the family of all closed subintervals of
0, 1. An interval-valued intuitionistic fuzzy set (IVIFS) & on U is characterized by two mappings
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fig, V¢ + B — D0, 1],

called the interval-valued membership and interval-valued non-membership functions of £, respectively. For each

aey,

fig(a) = [ug (@), 1 ()], Je(a) = [9¢(a), ¢ ()],
where ;%L, ,ug7 19€L, 192] 0 — [0, 1] satisfy
0 < pf(a) +0¢(a) <1, 0< pd (o) +0¢ () <1, foralla €D.
Equivalently, one may write
€ = {(a, fig(a), V(@) - o € T}
The complement of £, denoted by &€, is defined by
fiee(@) = [1 = pf (@), 1= pf ()], Dee(@) = [1 = 9 (), 1 = 9 (a)],

forall o € 0.

Definition 2.5 ( [13]). Let 0 be a nonempty set. A neutrosophic set v on U is characterized by three functions

/’LVTHLLV]?/’LVF : % — [07 1]7

called the truth-membership, indeterminacy-membership, and falsity-membership functions of v, respectively.

For each o € 3, the triple
(bp (@), iy (@), prp ()

represents the degrees of truth, indeterminacy, and falsity of o in v. Equivalently, one may write

v= {(O‘7/1’VT(04)7/1’V1 (a)HU’VF (a)) o ;‘B}

Definition 2.6 ( [4]). Let U be a nonempty set equipped with a binary operation x : U x U — Vand a
distinguished element 0 € 0. The triple (U, %, 0) is called a Z-algebra if, for all o, B € B, the following axioms
hold:

(i) ax0=0,
(i) Oxa=q,
(iii) axa = q,

(iv) a* = [ * a whenever o # 0 and  # 0.

Example 2.1 ( [4]). Let U = {0, 61, 02, 03}. Define x on 3 by the following Cayley table:
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x [0]61]|62 |05
010[6,]|62|03
611016165 |6;
O | 0| 63|06 |0y
0510 |61|62 |03

Then (3, %,0) is a Z-algebra.

Definition 2.7 ([16]). Let (0, %,0) be a Z-algebra. A fuzzy set v on U with membership function i, : 0 —
[0, 1] is called a fuzzy Z-subalgebra of G if, for all o, 5 € T,

(% B) = min{u,(a), 1 (8)}.

Definition 2.8 ( [5]). Let (%, *,0) be a Z-algebra. An interval-valued fuzzy set v on 90 with membership
function

Ay 20 — D[0, 1]
is called an interval-valued fuzzy Z-subalgebra of 0 if, for all a, 3 € 9,

[ (o B) > rmin(ﬂ,,(oz), ﬂv(ﬁ))

Definition 2.9 ( [5]). Let (T, *,0) be a Z-algebra. An intuitionistic fuzzy set (IFS) v on 90, characterized by

the membership and non-membership functions
pu, 0y B — [0, 1],

is called an intuitionistic fuzzy Z-subalgebra of G if, for all o, f € T,

(1) (e B) = min{u,(a), 1 (8)},
(ii) Yy (a* B) < max{¥,(«a), 9,(5)}.

Definition 2.10 ( [12]). Let (3, *,0) be a Z-algebra. A neutrosophic set v on 0, characterized by the truth-,
indeterminacy-, and falsity-membership functions

:uVTnU’VJJ ,LL,,F : % — [07 ]-]7
is called a neutrosophic fuzzy Z-subalgebra of 3 if, for all o, 5 € 3,

(1) pwp(ax B) > min{py (@), pwr(8)},
(i), (ax B) > min{py, (@), o, (8)},
(i) pwp(a* B) < max{ i, (@), tup(B)}

Definition 2.11 ( [11]). Let (3, *,0) be a Z-algebra and let D[0, 1] denote the family of all closed subintervals
of [0, 1]. An interval-valued neutrosophic set (IVNS) v on 0 is characterized by three mappings

P fugs fwg © 0 — D0, 1],
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called the interval-valued truth-, indeterminacy-, and falsity-membership functions, respectively. It is called an

interval-valued neutrosophic fuzzy Z-subalgebra of 23 if, for all o, 5 € 9,

(1) fup(a* ) > rmm(,u,,T( )7 g (5))
(if) fiv, (@ * B) > rmin(fiy, (@), i, (3)),
(i) e (a* B) < rmax (i, (a), fivp (B)).

Definition 2.12. Let (0, ,0) bea Z—algebra. An intuitionistic neutrosophic set (INS) v on U is characterized

by six functions
NVTJ/’LV[7NVF719VT719V]719 m_> [071]7

where [y, [, , [, denote the degrees of truth-, indeterminacy-, and falsity-membership, respectively, and

Yoy, Oy, Uy, denote the corresponding degrees of non-membership. Equivalently, one may write

v = {(a g (@), (@) prop (@), Dup (@), 0y (@), D (@) = @ € T

The set v is called an intuitionistic neutrosophic Z-subalgebra of 2 if, for all o, 5 € 9,

(D) s (ex f) = min{p, (), iy (B)} and 9y, (o §) < max{dy, (@), Vo (8)},
(i) g, (ax B) = minfpu, (@), p, (B8)} and 9y, (o x B) < max{dy, (), 9y, (8)},
(iid) o (% B) < max{pyp (@), pop(B)} and 9y (ocx B) = min{dy,. (), Dy (8)}-

Definition 2.13 ( [17]). Let (%, x,0) be a Z-algebra and let I C 0. The subset I is called a Z-ideal of 20 if it
satisfies the following conditions:

(i) 0el,

(it) forall o, € UV, ifaxB € land €I, then o € 1.

Definition 2.14 ( [17]). Let (U, *,0) be a Z-algebra. A fuzzy set v on 90 with membership function y,, : 0 —
(0, 1] is called a fuzzy Z-ideal of %0 if, for all o, B € B, the following conditions hold:

(@) 1 (0) = pu(a),
(ii) p(a) = min{p, (a * B), p, (B)}.

3. INTERVAL-VALUED INTUITIONISTIC NEUTROSOPHIC Z-IDEALS

In this section, we introduce the notion of interval-valued intuitionistic neutrosophic (IVIN) Z-ideals
in Z -algebras. We first formalize IVIN Z-ideals by combining interval-valued membership and non-
membership information with the neutrosophic components of truth, indeterminacy, and falsity, and
then develop their basic ideal-theoretic properties. In particular, we establish useful characterizations
and investigate fundamental closure and construction results that will be used throughout the remainder

of the paper.
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Definition 3.1. Let (U, x,0) be a Z-algebra and let D[0, 1] denote the family of all closed subintervals of [0, 1].

An interval-valued intuitionistic neutrosophic set (IVINS) v on U is given by the six mappings
ﬁllf7ﬂllj7 /j'l/p:’lgllfaqgl/j: ’lgl/p : % - D[Oa 1]7

where iy, fly;, [l denote the interval-valued truth-, indeterminacy-, and falsity-membership functions, respec-

tively, and 9,,..,,9,,., 0, denote the corresponding interval-valued non-membership functions. Equivalently, one

Vs
may write

v = {(0, vy (), fir (@), v (@), O (), Dy (@), O (@) = x € T}
The IVINS v is called an interval-valued intuitionistic neutrosophic Z-ideal (briefly, an IVIN Z-ideal) of %3 i,
forall o, 3 € U, it satisfies:

(
(1) iy () > rmin (i, (o 8), i (8
(

=
=
=
L
v
=]
=)
B
—
=
S
)
*
=
=
>
=

Example 3.1. Consider the Z-algebra (0, *,0) given in Example 2.1, where 0 = {0, 61,605, 63}. Define an
IVIN set v on G by the following interval-valued functions.
Truth component:

0.4,0.5], o€ {0,0:},

ﬁl/T (a) = 1§1,T (04) =
[0.2,0.6], A {92,93}, [0.3,0.5], (RS {92,93}.

[0.1,0.4], a€{0,6},

Indeterminacy component:

0.4,0.5], o€ {0,0:}, 0.1,04], a€{0,6:},

[0.2,0.6], (NS {92,93}, [0.3,0.5], o € {92,93}.
0.1,0.3, a€ {0,601}, 0.3,0.6], a€{0,0:},

[0.3,0.4], (NS {92,93}, [0.2,0.4], o€ {92,93}.
Theorem 3.1. Let (U, x,0) be a Z-algebra and let
v= (ﬂVT,I',F71§VT,I',F)

be an IVIN set on 0, where for each s € {1, 1, F'} and each o € G,

fvs (@) = [y, (@), iy, ()], Fus(@) = [0 (a), 9} (a)].
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Define the lower and upper endpoint (crisp) intuitionistic neutrosophic sets

I/U_

L L L L L L L U U U U U
v = (/"LUT7MV]7ILLZIF71911’1"7"‘91/]7191/1?) - (/"LVT7HI/]’/"LVF7"‘911'1"7191/[7"‘91/}:')

Then v is an IVIN Z-ideal of %0 if and only if both v" and vV are (crisp) intuitionistic neutrosophic Z-ideals of
Z.

Proof. Assume first that v is an IVIN Z-ideal of 0. We use the componentwise order on D[0, 1]: for
(71,01, [v2, 02] € D[0, 1],

[v1,01] > [72,02] if and only if 71 > 42 and &; > b2,

(and similarly for <). Also,
Tmin([’)’ly 61]1 [727 52]) = [min{’h, 72}7 min{517 52}] )

rmax ([v1,61], [y2,02]) = [max{v1,72}, max{d1,d2}].
From the defining conditions of an IVIN Z-ideal (applied to s = T, T and to s = F), we have, for all
a,B €9,

(a) 71.(0) = fivy(a) and ,,(0) < B, (a) for s € {T, 1},
(b) i (0) < fivz(a) and () ﬁp()
() [ivg(a) > rmin(fiy, (o * B), fiv,(B)) and U, (@) < rmax(J,, (a * B), ¥ (5)) fors e {T,1},

(d) fivy(a) < rmax(fiy (o 5)7 Fiv (B)) and 791/ ( ) = rmin(Jy; (o x B), o5 (8)).
Writing each interval in terms of its endpoints and using the componentwise order, (a) implies that

foreach s € {T, I},

tl

7; I

i, (0) > (@), iy, (0) > gy (@), 9y (0) <05 (o), 9,,(0) < 9y (a).
Similarly, (b) yields
e (0) < s (@), iy (0) < gy (@), 97,(0) 2 97 (), 9y, (0) = 9y (a).
Next, using the explicit forms of rmin and rmax, (c) implies that for each s € {T', I},
o, (@) > min{p (% B), i, (B)}, gy, (@) = min{pay, (o % B), oy, (B)},
9y, (@) < max{iy (o ), 95, (8)}, 9y, () < max{y (o ), V7, ()}
Likewise, (d) implies
o (@) < max{pg, (o B), py (B)}, hyy () < max{py, (a* B), p, (B)},

Ur (@) 2 min{dy, (ax B), 97, (B)}, 0y, (a) = min{dy, (axB), 9, (8)}.

Hence v* and vV satisfy the defining conditions of an intuitionistic neutrosophic Z-ideal of 0.
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Conversely, assume that both v* and vV are intuitionistic neutrosophic Z-ideals of 0. Then, for

each s € {T, I, F'}, the endpoint inequalities above hold for pl , uJ and 9% , 9] . Combining the two

Vs? Y Vs

endpoint inequalities yields the corresponding interval inequalities. For example, for s € {T', I},

oy, (@) = min{pry (o B), o7 (8)} and puy, (@) > min{py, (o * B), ()}
imply
fivs () > rmin (fiy, (0 % B), fins(B)),
and similarly for the remaining conditions (including the F-part with rmax and rmin). Therefore, v

satisfies all the axioms of an IVIN Z-ideal of . O

Theorem 3.2. Let
v = (ﬂVTﬂﬂVjaﬂVFarﬂl/Tvﬁl/Iaﬁ )
be an IVIN set on a Z-algebra (%, %,0). Then v is an IVIN Z-ideal of %0 if and only if

(g g g ) and - ((907)° (90)%, (90)°)

are IVIN Z-ideals of 0.

Proof. Assume that v is an IVIN Z-ideal of 0. Then, by definition, for all o, 8 € 5,
(1) vy (0) > iy (@), fin (0) > fin; (), and [, (0) < fin (@),
(ﬁ) ﬂuT( ) rmln(ﬂuf(a * 6) ,E‘I/T(B))/ ﬁuj(a) > rmin(ﬂuj(a * 6)7 ,azlj(/B))/ and ﬁup(a) <

rmax ([iy - (o *

), fivg
(i) D,y (0) < 0 <>@<
(iv) dup(a) < rmax(d,.(a

rmin (J, . (o x 8), 9. (8 ))

Hence (fiy,, fiv, , fiv, ) Satisfies the defining conditions of an IVIN Z-ideal of 0.
It remains to show that ((9,,.)°, (9,,)¢, (9,,)¢) is an IVIN Z-ideal of 0. Recall that for any v € D[0, 1],
the complement is defined by ¢ = [1, 1] — v, and for all 71,72 € D|0, 1],

(rmax(71,72))® = rmin(7f,75) and  (rmin(y1,72)) = rmax(77,73).

From (iii) and the order-reversing property of the complement, for all o € 3,

(00)°(0) > (D) (), (9,,)°(0) = (9,)%(a),  (90)°(0) < (D) ().
Also, applying the complement to (iv) and using the identities above, we obtain for all a, 3 € %,
(Pyp)*(a) = rmin((y,) (e % B), (9,,)°(8)),
(9y;)¢(a) > rmin((9,,;)(a * ), (9,,)°(B)),
(D)% () < rmax((Fy,) (e B), (V) (8))-
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Therefore ((7,.,)¢, (9,,)°, (U,,)°) is an IVIN Z-ideal of 0.
Conversely, assume that (fi,.., fiv,, fiv, ) and ((9,.,)¢, ()¢, (9,,)¢) are IVIN Z-ideals of 0. Then the

7

defining conditions (i) and (ii) hold for .. Moreover, since (9,..)¢ and ()¢ are ideals of the “T-type’
and (1§Z,F)C is an ideal of the “F-type”, we have for all a, 3 € T,

(007)°(0) = (D7) (), (00;)%(0) = () (), (D0)°(0) < (D) (),

which implies (by taking complements) that

Dy (0) < Ty (@), Ty (0) < D), Doy (0) > Dy (1)

vt

Similarly, from the ideal conditions on (9,..)¢, (ﬁyf)c, and (¥,.)¢, and the complement identities for

rmin/rmax, we recover

Oy () < tmax (9, (a * B), 0,,.(8)), Yy, () < rmax (0, (a * B), U,,(8)),

Uy (@) = rmin(dy . (a * B), U, (8)).

Thus, v = (fiv., fw;, fws, Vv, ur, Uy ) satisfies all defining conditions of an IVIN Z-ideal, completing

I

the proof. 0
Theorem 3.3. Let v and e be two IVIN Z-ideals of 0. Then v N e is also an IVIN Z-ideal of .

Proof. Let

v= (ﬂVT’ﬂ”ﬂﬂ’jﬁ’ﬁ’/i"ﬁ’/l”ﬁ’/ﬁ) and ¢ = (ﬂff’ﬂff’ﬂaﬁ’ﬂﬁf’ggﬂﬁfﬁ)

be IVIN Z-ideals of 9. Define v N ¢ by, for all « € 9,

ﬂ(uﬂe)f (a) = rmin(ﬂllj« (a)v ﬂET (a))’ ﬁ(vﬁe):,: (a) = rmax(ﬁuf(a)a 1§ET (a))v
/j(uﬂa)f(a) = rmin(,allj(a)v ,az-:j(a))’ 'g(uﬁa)f(a) = rmax('guf(a)a ﬁsj(a))>
ﬂ(uﬂa)p(a) = rmax(ﬂup (04)7 He (a))v 19(lzﬁa)p(O‘) = rmin(ﬁl/p (O‘)’ 19613 (a))

We verify that v N ¢ satisfies the axioms of an IVIN Z-ideal. Let o, 3 € .

(i) Since v and ¢ are IVIN Z-ideals, we have vz (0) > [y (o) and fic - (0) > fic (). Thus,

ﬂ(VﬁE)T (0) = rmin (ﬂVT (0)7 ﬂaf (0)) > rmin (/11/7: (a)v Hep (a)) = ﬂ(uﬂs)j« (a)

The same argument gives

p’(vﬂs)j(o) > ﬂ(uﬁs)f(a)v ﬂ(uﬁa)p(o) < ﬂ(uﬂs)p(a)'
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(ii) Using 9,..(0) < 3, () and 9..(0) < I (), we obtain

Dney, (0) = rmax (9, (0), Jc,.(0)) < rmax (9, (), Dep(@)) = Ipaey, ().
Similarly,
Fwre); (0) < Doy (@), Dpne,(0) = Dney ().
(iii) Since v and ¢ are IVIN Z-ideals,
fivg (@) = rmin (fi (0% B), fivg (B)),  fieg () 2 rmin(ficy (a  B), iy (8))-

Taking rmin of both sides and using the monotonicity of rmin on D0, 1], we get

fi(vre)p (@) = 1min(fine). (@ % B), e, (B8))-

The same argument yields

ﬂ(uﬂs)f(a) > rmin(/‘ VNe) g (a * /8) H(vne) (/8))7

and, using the F-conditions for v and ¢ together with the monotonicity of rmax,

:a(l/ﬂa) ( ) < rmaX(:uJ(Vﬂa ((X * 6) Hwne) z (ﬂ))

(iv) The verification for ¥ is analogous. Using the ideal conditions for 9 in v and € and the mono-

tonicity of rmax and rmin, we obtain

19(1/05)7: (a) < Hnax(l§ vNe) (a * 5) (vNe) (5))7

Dney,; (@) < tmax (9 (e, (% B), Ve, (B)),
and
ey (@) = rmin(Fney (o B), e (B))-
Thus v N ¢ satisfies all defining conditions of an IVIN Z-ideal of 2. O

Theorem 3.4. Let (%, %,0) be a Z-algebra and let

= (ﬂl/jwa ﬁl/f’ [Ll/pa 19117’17 ,gl/ja ﬁl/p)
be an IVIN set on *8. Define the IVIN sets
v = (,D'VT7 ﬂufa ,D'Vﬁa (ﬂVT)Ca (:an)Ca (ﬂllﬁ)c)a
Qv = ((ﬁVT)C7 (51/

where the complement on D|0, 1] is given by ¢ = [1,1] — ~. Then v is an IVIN Z-ideal of %5 if and only if both
@v and ©v are IVIN Z-ideals of .

), (D) D Doz Do),

T vy

Proof. Assume that v is an IVIN Z-ideal of 0. Then, for all a, 8 € Y, we have

(i) Hug (0) > Hug (a), ﬂVf(O) > ﬂVf(a)’ and Hup (0) < Hup (a),



Asia Pac. J. Math. 2026 13:118 12 of 21

(ii) fivp (@) > rmin(f, (o * B), fiv,(8)), fuy(@) > min(, (@ B), f,(8)), and fi,(a) <

rmax (fiy (o * B), fw(B)),
(m)ﬁﬁms&%w»ﬁ<mgﬁ
(iv) dup(a) < rmax(d,.(a = B),

rmin(ﬁyﬁ (ax ), ﬁyﬁ (6))
We show that ®v is an IVIN Z-ideal. Its “membership part” (/ny,ﬁy,—,ﬁuﬁ) already satis-

(@), and 9,,.(0) > D, (),
Uy-(8)), Vv;(a) < rmax(d,(a * B), 9,,(8)), and . (a) >

fies the required conditions by (i) and (ii). It remains to check the “non-membership part”
((ﬂl/f)cv (ﬂl/j)c7 (EVF)C)'

Recall that the complement reverses the order on D[0, 1], and for all 71, v2 € D0, 1],

(rmin(y1,72))¢ = rmax(y7,75) and (rmax(y1,72))¢ = rmin(y7],75)-

Applying the complement to (i), for all & € U we obtain

Similarly, applying the complement to (ii) yields, for all o, 5 € G,

(fi) () < rmax((fvg ) (e % B), (fir)“(8)),

(fi;) () < rmax((fi;) (e * B), (fv;)“(B)),

(fip)(er) = rmin ((fi ) (e % B), (i )(8))-

Thus ®v is an IVIN Z-ideal of .

Next, we show that ©v is an IVIN Z-ideal. Its “non-membership part” (79VT, 19VI, I, ) satisfies the
required conditions by (iii) and (iv). Applying the same complement rules to (iii) and (iv), we conclude
that ((9,,.)¢, (0,,)¢, (U,,)°) satisfies the corresponding conditions required for the “membership part”
of an IVIN Z-ideal. Hence ®v is an IVIN Z-ideal of 2.

Conversely, assume that both ®v and @v are IVIN Z-ideals of 0. From ®v being an ideal, we obtain
the defining conditions (i) and (ii) for fi,, fi,;, fi, . From @v being an ideal, we obtain the defining
conditions for (9,..)¢, (J,,)¢, (U,), and by taking complements (using the same identities) we recover

(iii) and (iv) for 9., 9,,, U,,. Hence v satisfies all the axioms of an IVIN Z-ideal of . O

4. HoMoMORPHISM OF INTERVAL-VALUED INTUITIONISTIC NEUTROSOPHIC Z-IDEALS

In this section, we study how IVIN Z-ideals behave under Z -homomorphisms. To this end, we
define the image and inverse image of an IVIN set with respect to a mapping, and then investigate the
preservation of the IVIN Z-ideal structure through these transformations. In particular, we establish
conditions under which homomorphic images of IVIN Z-ideals remain IVIN Z-ideals (including a

suitable attainment property for interval-valued operators), and we show that inverse images preserve



Asia Pac. J. Math. 2026 13:118 13 of 21

IVIN Z-ideals without additional assumptions. These results connect IVIN Z-ideals to standard homo-
morphism techniques and provide tools for constructing new examples and transferring properties

between Z-algebras.

Definition 4.1. Let U and § be nonempty sets and let h : B — § be a mapping. Let D[0, 1] denote the family of

all closed subintervals of [0, 1], and let

v= (ﬂVT7 ﬂl/fa ﬂupa '191/7—17 19”[” ﬁyi)

be an IVIN set on G, where each component maps 0 into D[0, 1]. The image of v under h, denoted by h(v), is
the IVIN set on § defined by

h(V) = (hrsupﬁl/jwa hI‘Supﬂl/f7 hrinfﬁl/pv hrinfﬁufa hrinf'§1/p hrsupqgup)a

where, for each € §,

sup i, (a), iFRTNB) £ 2,
(hesupfivg ) (B) = { @€h™'(®)

[0, 0], otherwise,

rsup i, (), ifh1(B) # @,
(Arsupiiv; ) (8) = { @€h~1(®)

[0, 0], otherwise,

inf i, (a), ifh-! |
(hrinf,ayp)(g): aelgllfll(ﬁ)# s(a), if (B) # 2

[1,1], otherwise,

(oo, )(8) = A s (@ TRZ ) %2
rinf Yy =

[1,1], otherwise,

inf 0, i e} ’
(hrinfgyf)(ﬁ) — aell;lfll(ﬁ) I(CV) Zf (6) 7& o

[1,1], otherwise,
rsup Jy.(a), ifh7N(B) # 2,
(hesupUup ) (B) = { ach™1(B)
0, 0], otherwise.
[0,0]

Definition 4.2. Let h: (0, ,0) — (§, «',0') be a surjective mapping and let

V= (ﬂVTa ﬂufv ﬂl/pa 291/7’17791/]’5 791/15)
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be an IVIN set on 0. We say that v has the sup—sup—inf property with respect to h if, for every 3 € §, there exist

elements
ar,ar,ap, &p, oy, dp € hH(B)
such that
fivg (o) = i N fivg(x), g (ar) = o g (2), g lap) = inf i (@),
and

(o) = rinf ﬁyf(x), ﬁyﬁ(a’F): rsup ﬁyﬁ(x).

Uy (adp) = rinf 9, (z), O,
( T) ( ) zeh—1(B) zeh—1(8)

veh-1(8) T

Theorem 4.1. Let h : (U, ,0) — (5, +,0) be a surjective homomorphism of Z-algebras, and let

be an IVIN Z-ideal of 90 having the sup—sup—inf property. Then the image h(v) (defined as in Definition 4.1) is
an IVIN Z-ideal of 5.

Proof. Since h is surjective, for every 3 € § the set h~!(f3) is nonempty. By Definition 4.1, for each 3 € §,

ﬁh(l/)ff(ﬂ): rsup ﬁl/j«(x)7 ﬂh(l/)f(ﬂ): rsup ﬂvf(x)v ﬁh(u)p(ﬂ): rinf ﬂVﬁ(x)7

zeh—1(B) z€h—1(B) z€h=1(B)
0 V) = inf gu* ) 0 V)1 = inf 191/* ’ J V) = @V, :
()7 (B) ot (@), ), (B) ot (@), Dny,(B) zer:ylrzﬁ) ()

We verify that h(v) satisfies the defining conditions of an IVIN Z-ideal of 3. Let a,b € § and choose

agp € h™(a) and by € h~1(b). Since h is a homomorphism, h(0) = 0’ and
h(ag * by) = h(ag) *" h(bg) = a ' b,
hence ag * by € h™1(a ¥’ b).

(i) Conditions at (/. Because 0 € h~!(0’) and v is an IVIN Z-ideal of 7, for all = € 7,

Jyr(0) < Dy (2), D (0) < Dy(x), Dy (0) > Dy ().

and similarly,

Likewise,
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(ii) The Z-ideal inequalities. We prove the inequality for fin(v),; the proofs for I, F' and for J are

analogous. Since ag * by € h™!(a +' b) and by € h~1(b), we have

Fh(v); (a %' b) = }fsll(p b)/juf (x) > Hug (ao * bo), Hh(v) 5 (b) > Hug (bo)-
x€h=1(ax’

Hence, by monotonicity of rmin,
rmin(ﬁh(u)f (a * b)a ﬂh(u)f(b)) > rmin(ﬁvf (ao * bo), :U‘l/'f (bo)) > lal/f (ao),

because v is an IVIN Z-ideal in 0. Now, by the sup-sup—-inf property, the element ag € h~!(a) can be

chosen so that

/j’h(l/)jv (CL) = I'Sllp ﬂI/T (J:) = :H’VT ((10),
z€h~1(a)

K@)y (b) = Huy (bO)v

fin(w) (@ %" b) = [z (ao * bo).
Therefore,
fin(w)z (@) = rmin(ﬁh(l,)f(a * b), fin(v)y (b)).

The same argument applies to jiy,(,),. For the F-part, using rinf in the definition of /i) and the

F -inequality for v, we similarly obtain

finw) (@) < tmax(fine) (@ * D), finw) (b))

The verification for ﬁh(y)f, 5h(y)l_ and ﬁh(l,)i is analogous, using the defining inequalities for ) in v and
the monotonicity of rmax and rmin.

Hence h(v) satisfies all axioms of an IVIN Z-ideal of §. O

Theorem 4.2. Let h: (0, %,0) — (§,,0) be a homomorphism of Z-algebras, and let

forall a € . Then h='(¢) is an IVIN Z-ideal of 0.

Proof. Let o, 5 € V. Since h is a homomorphism, 2(0) = 0/ and h(a * ) = h(a) *’ h(5).
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(i) Since € is an IVIN Z-ideal of T, for all y € § we have

fie; (v),  Jiep(0) < fiep(y),

v

Heg (0/) > QET(y)» He; (0,)

Ver(0) S Vep(y),  92,(07) <02y (y), Dep(0) 2 Depp ()

Taking y = h(«) and using the definition of h~!(¢) (together with h(0) = 0) yields

i (0) > fp-10, (@) fin-1(6);(0) = fip-1(0),(@),  fin-1(e),(0) < fin-1e) (@),

Dn-10)p(@)y Ip1(0),(0) < Dpre) (@) Fp1()5(0) = Dpr o) ().

IN

ghfl(a) ( )
(ii) Again, since ¢ is an IVIN Z-ideal of §, we have

fie (h(a)) > rmin (fie, (h(c) ¥ h(B)), fiez (h(B))),

fi; (h(c)) > rmin(fic, (h(er) ¥ h(B)), fie; (R(8B))),

fiz s (h(a)) < rmax(fic . (h(er) # h(B)), fie s (h(B))),

Uep (h(0)) < rmax (Ve (h(a) * h(B)), Ve, (h(B))),

Dep(h(a)) < rmax(de;(h(a) # b(B)), D=7 (h(B))),

Jep (h(@)) = rmin (Ve (h(a) ¥ 1(B)), Je; (h(8))).

Using h(a * ) = h(a) ¥’ h(B) and the definition of h~! (), we obtain
fin-1(e) (@) = rmin (fip-1(0), (o % B), fin-1(0),(8)),
fin-1(e); (@) > rmin (fip-1(c) (o * B), fin-1(e);(8)),
fin-1(e)p (@) < tmax(fip-1(o) . (a * B), fin-1() - (B)),
Un=1(0)p (@) < 1tmax(Jp,-1()7 (@ x B), V116 (8)),
Un=1(0); (@) < max (-1 (a * B), Fp-1(0),(8)),
On=1(0)p (@) = rmin(Jp-10) (@ % B), Ip-1(0).(B))-

1(¢) satisfies all defining conditions of an IVIN Z-ideal of 0.

Therefore h—

Theorem 4.3. Let h : (%, %,0) — (3, +',0') be a surjective homomorphism of Z-algebras, and let

V= (la’l/'f7 ,auja /al/p; gyT, 1§y1—, gyp)

be an IVIN set on §. If h="(v) is an IVIN Z-ideal of 90, then v is an IVIN Z-ideal of 3.
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Proof. Since h is surjective, for every € § there exists @ € U such that h(«) = 5. Also, h(0) = 0’ and
h(z xy) = h(x) «" h(y) for all z,y € V.

(i) Conditions at (/. Let 3 € § and choose a € U with h(«) = 3. Since h ' (v) is an IVIN Z-ideal of 7,

we have

v

Bn=1)7(0) = Bp-10). (@), Ba-1);(0) = fp-10) (@), fp-10),(0) < fip-1() (@),

IN

Un-1)7(0) < Ip10.(@),  Fp-1(),(0)

By the definition of inverse image,

IN

Dn-10); @)y In-10)p(0) = Dy ().

Fin-1()7 (@) = fug (h() = [z (B): By, (@) = By (B) Fin-1(0) 2 (@) = i ()
and similarly for JJ. Using h(0) = 0, the inequalities above become
P (0) 2 P (B)s - [ (0) 2 i (B), - i (07) < s (B),
Dy (0) €00 (B), 0, (07) <D0 (B), D (07) > 00, (B).
Thus the 0’-conditions hold for v in §.

(ii) The Z-ideal inequalities. Let a,b € §. Choose x,y € U such that h(z) = a and h(y) = b. Since
h=1(v) is an IVIN Z-ideal of U, we have

Using the definition of inverse image and h(z * y) = h(z) " h(y) = a " b, these inequalities become

Hence the Z-ideal inequalities hold for v in §.

Therefore, v satisfies all defining conditions of an IVIN Z-ideal of 5. O
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5. CArtESIAN ProbpucTt OF INTERVAL-VALUED INTUITIONISTIC NEUTROSOPHIC Z-IDEALS

In this section, we develop the Cartesian product construction for IVIN Z-ideals and show how
it generates new IVIN Z-ideals from given ones. After defining the product Z-algebra on U x F,
we introduce the Cartesian product of IVIN sets by combining the truth, indeterminacy, and falsity
components through the interval operators rmin and rmax. We then prove that the product of two
IVIN Z-ideals is again an IVIN Z-ideal in the product algebra, providing a systematic method for
constructing examples and extending the ideal theory in the interval-valued intuitionistic neutrosophic

setting.

Definition 5.1. Let (U, *,0) and (§, ¥, 0) be two Z-algebras. Let

V= (ﬂl’f)ﬂl/[’?/:[’VFWﬁVT)ﬁVI_719VFv) lli’ld &= (ﬂajﬂﬂafyﬂﬁpvﬁafvﬁéfvﬁap)

be IVIN sets on U and §, respectively. The Cartesian product v x ¢ is the IVIN set on U x § defined for each
(o, B) € U x F by

Theorem 5.1. Let (U, *,0) and (F,+',0') be Z-algebras. Let v and ¢ be IVIN Z-ideals of 0 and §, respectively.
Define the Z-algebra structure on G x F by

(o1, a2) © (B1, B2) = (a1 % B, aa %' B2), (0,0) € T x F.
Then v x ¢ is an IVIN Z-ideal of U x §.

Proof. Let (a1, a2) € U x §. By the definition of the Cartesian product IVIN set,

fi(yxe); (0,0) = rmin (i, (0), fic,(0")) > rmin (g, (0n), fieg(a2)) = Bxe), (01, a2),
ﬂ(VXE)j(O70/) = I‘min(ﬂyl-(()), ﬂaf(ol)) 2 rmin(ﬂuf(al)a ﬂEf(OQ)) = la(uxs)j(alv a2)7

ﬂ(uxs)p(070/) = rmaX(ﬂVF(O)7 NEF(O/)) < rmax(ﬂvﬁ(a1)7 ﬂ&‘ﬁ(aQ)) - ﬂ(yxs)p(alaOQ)v

and similarly
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=

19(u><s) (0, 0) = rmin(ﬁup(o)v anp(ol)) > (VXE)F(a17a2)'

Now let (a1, a2), (B1, 52) € B x §. Since v and ¢ are IVIN Z-ideals in U and g, respectively, we have
fivg (1) > rmin(fiy, (o1 * 1), fins (B1)),  fiep(a2) > rmin(fic, (a2 % B2), fieq(B2)),

and analogous inequalities for I, F, and for 9.

Using the definition of v x ¢ and the monotonicity of rmin, we obtain

B(wxe)y (o, o2)

= rmin(ﬂu— (a1), fiep(02))
(@15 B1), g (81)) rmin (e, (a2 ' Bo). fier (82)) )
oo % B1), fiey (o2 ¥ B2)), rmin(fi,. (B1), fi (/32)))
ey, (a1, 02) © (B1, B2)), figuxe)y (B, B2)).-

||
/\/;\/—\

E.

5

The same argument gives
fi(uxe), (01, ag) = rmin (i, 0y, (1, a2) © (B1, B2)); fiquxe); (B1, B2)),
fi(uxe)p (1, 2) < tmax (i xe) (a1, 02) © (B1, 82)), Biwxe) (81, 52)),

and similarly for 9., U xe),, and 9, e .-

Therefore v x ¢ satisfies all defining conditions of an IVIN Z-ideal of U x §. O

Theorem 5.2. Let (0, *,0) be a Z-algebra and let v and  be two IVIN Z-ideals of . Consider the product
Z—algebra (U xV,,(0,0)) where

(a1, a2) © (B1, B2) = (aq * Br, az * B2).
Then v x ¢ is an IVIN Z-ideal of 0 x 0. In particular, for all § € 0, the following inequalities hold:

(Z) IEL(VXE)T(O75) < ﬂ(VXE)T(()?O)? ﬂ(VXE)f(O 5) < (VXE)I(O 0)

A%

(ii) ﬁ(VX&)F(()?B) ﬂ(uxa)p(ovo)y

vV
|

(iii) ?'g(VXE)T (0, ﬁ) (vxe)p (0, 0)7 'g(uxa)f(oa ﬁ) = 2§(V><5)I*(07 0)7

(iv) g(VXE)F( B) ﬁ(l/XE)F(O 0)
Proof. Step 1: Inequalities at (0, 0). Let § € 0. Since v and ¢ are IVIN Z-ideals of 2, we have
[LI/T (O) Z ,D‘IIT (5)7 ﬁ&f (O) 2 ,D‘ET (5)7

and similarly for I, while for F the inequality is reversed:

g (0) < flyp(B),  fiep(0) < fiey (B).
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Using the definitions above and the monotonicity of rmin and rmax gives

ﬂ(qu)T (07 B) = rmin(ﬂuf (0)7 IEL€T(/B)) < rmin(ﬂllf (0)7 ﬂ&f (0)) = IEL(VXE)T (07 0)7
and similarly,
ﬂ(yxs)f(oa B) < ﬂ(VXE)f(O7 0)7 /:L(ZIXE)F(O75) = ﬂ(uxs)p (07 0)‘

The corresponding relations for o follow from

D0 (0) < Dpp(B),  Dep(0) < Dep(B),

(and similarly for I'), and

Hence (i)—(iv) hold.

Step 2: Z-ideal inequalities. Let (a1, a2), (81, f2) € ¥ x V. Since v and ¢ are IVIN Z-ideals in U, we

have (for example)

fivy (1) > rmin(fiy, (1 * B1), fivy (B1)),  fiep(02) > rmin(fic, (o2 * B2), fiey (B2)),

and analogous inequalities for I, F’ and for J. Combining these with the definition of v x ¢ and the
monotonicity of rmin and rmax yields the required ideal inequalities for v x ¢ on ¥ x . Therefore

v % ¢ is an IVIN Z-ideal of 0 x 0. O

6. CoONCLUSION

In this paper, we introduced the notion of interval-valued intuitionistic neutrosophic (IVIN) Z-ideals
in Z-algebras, extending the classical theory of Z-ideals by incorporating interval-valued membership
and non-membership functions together with neutrosophic truth, indeterminacy, and falsity compo-
nents. We established fundamental properties of IVIN Z-ideals, including closure under intersection,
preservation under homomorphisms (images and inverse images), and construction via Cartesian
products in the product Z-algebra. These results enrich the ideal theory of Z-algebras in an interval-
valued intuitionistic neutrosophic setting and provide a foundation for uncertainty-aware algebraic
modeling. Future work may include developing homomorphism and isomorphism theorems and
quotient-type constructions for IVIN Z-ideals, studying further ideal-theoretic notions such as prime
and maximal IVIN Z-ideals and the lattice structure they form, extending the framework to related
algebraic systems (e.g., semigroups, rings, and lattices), and designing computational procedures for

constructing and verifying IVIN Z-ideals on finite Z-algebras.
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