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AsstrACT. This paper deals with a class of quasilinear elliptic equations of the form:

—div (a(z, u1, Vui)) = f(z) + % in Q1,
—~div (a(, us, Vuz)) = f(x) + l2lt Fe2 in Q,
u; =0 on 012,
a(z,u1, Vui) - v1 = a(x, uz2, Vusz) - 11 onT,
a(z,u1,Vur) - v1 = —g(z)|ur — uz|p72(u1 — ug) onT,

where 2 is an open bounded and connected subset of RN (N > 2), with a Lipschitz boundary 992, such
that Q is decomposed as Q1 U Q2 UT', where 25 is an open subset of 2 such that QCcQand Q= Q\ Q2
and I' = 0. We prove the existence of a renormalized solution for our quasilinear elliptic equation.
Moreover, we conclude some regularity results.
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Key words and phrases. elliptic equations; Hardy potential; two-component domain; renormalized
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1. INTRODUCTION

Let 2 be a bounded open domain in R (N > 2) with a smooth boundary 9. in [14] Boccardo and
Gallouét have investigated the elliptic problem:
—div a(z,u, Vu) = f in Q,
u=0 on OS2

(1)

where a(x, u, Vu) is a Carathéodory function, and f(z) is a bounded Radon measure. They have proved

the existence and regularity of solutions. In recent years, there has been a notable concentration of

MulP~2u
|z[P

research on elliptic equations incorporating the Hardy singular potential |§‘C—|“2 or, more generally,

Several authors have explored the implications of this potential on the existence and non-existence of
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a solution, see for instance [2, 3, 8]. In particular, the authors of [1] have investigated the nonlinear
elliptic problem

~Aut|Du2=A—+f inQ,
(2) |z

u=20 on 0,
with A > 0. They have studied the existence of positive solutions in the absorption case (+|Du|?) for
f € LY(Q), and they have proved the non-existence of a solution in the diffusion case (—|Du|?) even in

a very weak sense, we refer the reader also to [4, 10]. Porzio has studied in [26] the quasilinear elliptic

problem
—div(M (z,u)Du) + v|ul*"tu = A % +f inQ,
(3) ]
u=0 on 0,
N
with s > N 3 They have established the existence of solution u € W,*(f) for every 1 < ¢ <

2s/(s+1),forall f € L'(Q), v > 0,and A > 0, we refer the reader also to [3].

Note that, the notion of renormalized solutions was first introduced by DiPerna and Lions [19] for
the Boltzmann equation, and later adapted to elliptic problems with L!—data or measure data [13,18].
For the parabolic equations with L! data, the theory was developed by Blanchard and Murat [12].
However, the notion of entropy solutions was independently proposed by Bénilan et al. for nonlinear
elliptic equations. Further developments and various applications can be found in [5,6,15,17].

Donato and Raimondi have studied in [20] the following class of quasilinear elliptic problems
(

—div(A(z,u)Vu) + Au = f(x)((u) in Q/T,

u=20 on 011,
(4)
(A(z,u1)Vuy) -1 = (A(x,u2)Vusg) - 11 onT,

(A(z,u1)Vur) - v1 = —h(x)(u; — u2) onT,

where A(z, s) is a bounded Carathéodory matrix field, and ) is a non-negative real number, ((s) is a
non-negative real function with singularity at s = 0, such that the data f(z) depends on the growth of
((s) near the singularity, with h(z) € L>(T"). They have proved the existence and uniqueness of the
solution, also some regularity results for the solution of the problem (4) are concluded.

In [23], Guibé and Oropeza have studied a class of nonlinear elliptic equations of the type:
—div(A(z,u)Vu) = f in Q,
(5) u=0 on 0%,

B(z,u)Vu-i+y(z)h(u) =g ondQy,
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where (2 is a perforated domain in RY (N > 2), and the matrix field A(z, s) is coercive but lacks any
growth condition concerning the second variable. The source term f belongs to L!(£2) with Dirichlet
boundary conditions on 92y, while nonlinear and nonhomogeneous Robin conditions are assumed
on 99, with g belongs to L!(91), and v is a nonnegative function in L> (99 ), the function h(-) is a
nondecreasing and continuous such that ~2(0) = 0, and 7 denotes the outer unit normal to 0€;.

In this work, we study the following degenerated quasilinear elliptic problem:

;

—div (a(z, u1, Vuy)) = f(z) + ‘ulii‘_jul in Qy,
—div (a(x, ua, Vuz)) = f(x) + % in Qo,
(6) u; =0 on 01},
a(z,uy, Vuy) - vy = a(z, ug, Vug) - 11 onT,
a(x,u1, Vur) - vy = —g(z)|ug — uz[P~2(us — us) onl,

where v is the unit outward normal on T, and a(z, 5,£) : Q@ x Rx RN — RV isa Carathéodory function
(i.e. measurable with respect to z in () for every (s,&) € R x R, and continuous with respect to

(5,€) € R x RY for almost every z in ) and verifying the following assumptions
(7) la(@,5,6)] < B(d(x) + |sP~H + [€[P7),
fora.e. z € Qandall (s,£) € R x RV, with 8 > 0.

(8) (a(z,5,6) —a(z,5,¢))(§~¢) >0 forany & #¢,

9) a(x, s,8) - & = b(|s])[¢]",

such that b(| - |) : Rt — IR™ is a decreasing positive function such that

bo
(10) m S b(]s]) for any s S R,
. N(p—2) 1
with 0 < A\ < p — 1. Moreover, we assume that 1 < ¢ < Nip a1 and f(z) € L' (Q\T) and

g(:) € L*(T") with 0 < g9 < g(x) a.e. onT.

This paper aims to investigate the existence and regularity of renormalized solutions for the non-
coercive quasilinear elliptic equation (6). The combination of these features gives rise to several substan-
tial analytical challenges. First, the absence of coercivity makes standard energy estimates inapplicable.
Second, the low integrability of the data, namely f(x) € L*(Q \ T'), forces us to adopt the framework of
renormalized solutions.

This paper is organized as follows: In section 2, we recall some definitions and results concerning the
framework of Sobolev spaces V. In section 3, we introduce the definition of a renormalized solution for

the problem (6) and we present our main result. The last section 4 is dedicated to proving the existence
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of renormalized solutions for our degenerated quasilinear elliptic equation (6), and we conclude some

regularity results.

2. SoME PRELIMINARY RESuULTS

This section recalls a few definitions and basic facts about the functional space V.

Let1 < p < N,weset Q2 = Q; UQyUT, where 5 is an open subset of 2 such that Qs C 9, and

0 =Q\ Q2 and I’ = 9. We consider the Sobolev spaces

Vi={veW(Q): v=00n0Q} with ||y, := VUl ey

and

V= {v=(v1,v2) :v1 € Vs and vy € WHP(Qy)},
equipped with the norm
(11) [l = V0111, g0, + V020 + 01 = 2l

Remark 2.1. There exist two positive constants c; and co such that:
(12) alvlipa, < [ollwirgy) < c2lvhpo,  forany ve WHP(Qy),
where [v]1 p,0, = ||UHLP(F) + HVUHLP(QQ)-
Proposition 2.1. There exist two positive constants ¢y and co such that

crlloly < olviwroi < eallely — forany veV,
where || - ||y, xwi.p(q,) denotes the norm of Vi x WhP(Qy).

The proof of Proposition 2.1 is based on Remark 2.1 and the trace theorem.

Remark 2.2. The space V allows searching for a solution that is defined separately on Q1 and Qo but a connection

condition (continuity or controlled jump) will be imposed via the norm (11). The space V' is tailored for interface

problems on Q = Q; UT' U Qy. Its natural norm includes the jump term ||v; — va| LP(1)/ which measures the

difference of traces on I" and allows imposing transmission or Robin conditions.
Remark 2.3. In view of the Proposition 2.1, There exists a constant C' > 0 such that:
(13) [orllze(@y) + [[v2llLe(ey) < Clivllv - forany v = (v1,v2) € V.

Definition 2.1. Let k > 0, we consider the truncation function Tj(-) : R — R, given by

s i sl <k,

s
k— if |s| > k.
5] 4

Ti(s) =
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Proposition 2.2. (see[11,22,23]) Let u := (u1, uz) : Q\I' — R be a measurable function such that Tj,(u) € V

for every k > 1, we have

(1) There exists a unique measurable function v; : Q; — RY such that
VTk(ui) = UiX{|u¢\<k} ae. in Qz fOT’ all &k > 1,

where X {|u,|<k) denotes the characteristic function of {x € Q; : |u;(x)| < k}. We define v; as the

gradient of u; and we write v; = Vu,; for i = 1,2.

1
(2) Let 0 < A < p—1,ifsup W\]Tk(u)ﬂ’{/ < o0, then there exists a unique measurable function
k>1

w;i : I'— R, for i = 1,2 such that
Yi(Ti(uwi)) = Tip(w;) ae. inl' forany k>1,

where ~; : WIP(Q;) — LP(T) is the trace operator, we define the function w; as the trace of u; on T
and we set
Yi(wi) = w;.
Now, we will recall some lemma essential to establish the existence of renormalized solutions for

our degenerated quasilinear elliptic equation (6).

Lemma 2.1. (see. Lemma 4.4, [7]) Let h > 0, assuming that conditions (7) — (9) hold true, and (v, =

(V1n,v2,n))n C V be a sequence that satisfies the following convergence:
(i) vy — v weakly in 'V,
2
(ii) Z/ (a(x,Th(vim), Vi) —a(z, Th(vin), Vvi)> (Vv — V) dz — 0 as n — oo.
i=1 Sk

Then vy, — v strongly in V for a subsequence.

3. MaIN Resurr

Now, we present the definition of renormalized solutions for our degenerated quasilinear elliptic

problem.

Definition 3.1. A measurable function u = (uy,ug) : Q\I' — Ris a renormalized solution for the non-coercive

19=2y,.

quasilinear elliptic problem (6) if T,(u) € V for any k > 0, with |uz|| 7 Y LY(y) fori=1,2, and
x

(14) |ur — ualP* (w1 — ug) - (Ti(ur) — Ty (uz)) € L'(T)

and

(15) Tim 1 /F 9(@)ur — ualP > (ur — wa)(Tn(wr) — T (uz)) do = 0,
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with

2
1
(16 lim — / a(x,u;, Vu;) - Vu;dx = 0,
: h g {lus|<h} )

h—o00

such that v verifies the following equality
2
Z/ a(z, u;, V) - (8" (us) s Vui + S(u;) V) dz
17) + [ gt =l - (St~ eyl d
r

2
|u1
;/Q,.” Z st

for any ¢ = (p1,p2) € VN (L®(Q1) x L®(Qy)), and any S(-) € WL (R) with compact support.

Lemma 3.1.

Let S(-) € WH°(R) with a compact support. In view of (15) we have
(18) g(x)ug — ug|P~2(uy — u2)S(u;) € LYT)  fori=1,2.

Proof of Lemma 3.1.  (We use some similar arguments as in [24])
Let S(-) € WH*(R) such that supp(S(+)) C [-M, M] for M > 0.
Taking h > M, we set
|Ton(r) — Th(r)|

h
It’s clear that S(r) = S(r)Yn(r)en(r) for any r € IR, then

Yp(r) =1~ forany reR.
g x)|uy — ug\p S(uy) do
/ x) g — uglP 1S (ur ) on (ur ) (u1) do
(@)l — ol S 12) (1) = ) o
4 / g()ur — wal? 1 1y )b (o (2) do
< U [ g0y — o) ~ Ton)] o

ISl oo () /Fg(x)T4h(u1) — Top(ug) P~ do.

—

(19)

In view of (15), there exists h > 0 large enough such that

20) ORI [ gtaun — el i) - Ton(ua) dor < 1.

On the other hand, we have g(z)|Ty; (u1) — Ton(u2)[P~! € L°(T), then there exists a positive constant

C > 0 such that

(21) 1SC) e (m) / 9()|Tun (1) = Ton(u)|P~" dor < Co.
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By combining (19) and (20) — (21), we conclude that

(22) /Fg(m)|u1 — P18 (uy) do < C.

Similarly, we can show that

(23) /g(x)|u1 — ug|P1S(ug) do < Co,
r
which conclude the proof of Lemma 3.1.

Theorem 3.1. Assuming that (7) — (9) hold true. Then, there exists at least one renormalized solution

u = (u1, ug) for the degenerated quasilinear elliptic problem (6).
4. PROOF OF THEOREM 3.1.
The proof of Theorem 3.1 relies on approximate methods combined with a priori estimation tech-

niques, then we pass to the limit.

Step 1: Approximate problems.
For n € IN*, we set f,(z) = T,,(f(z)) and we consider the approximate problem of the degenerated
quasilinear elliptic problem (3.1), giving by

q

—div(a(z, Tn(u1,n), Vur,n)) = fn(z) + |Tn(u1(,’n)||+ ) n(t1.0) in
T
f

q—

—div(a(z, Tp(usn), Vusn)) = fu(z) + 1T (t2.0) "7 T (u20) in
(lz| + )¢
(24)

Uy, =0 on 0,
a(z, Ty (u1p), Vuryg) - v1 = a(z, Tp(uzy), Vua ) - 11 on T,
CL(.%’, Tn(ul,n)a Vul,n) V= _g(x)|ul,n - u2,n|p_2(u1,n - u2,n) on I

We define the operator A,, acting from V into its dual V" as follows:

NE ‘
Apu,v) Z/ a(z, Ty(u;), Vu;) - Vo doe — Z/ ulr‘_}_ )n(uz’n)vi dx
(|x

+ [ g9(@)|ur — u2|P*(ug — u2) (v1 — v2) do,
T

(25)

for any u,v € V.

Lemma 4.1. The operator A,, acting from 'V into its dual V' is bounded and pseudo-monotone, Moreover, the
operator Ay, is coercive in the following sense:

(Apv,v)

(26)
[vlly

— 00 as ||v|ly — oo forany wveV.
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Proof of Lemma 4.1.

In view of Holder’s inequality and the growth condition (7), we have : for any u,v € V'

\T Uin)|
Apu,v) <Z/ la(x, T (u;i), Vu;)| ]Vdex%—Z/ ’xH‘ ]’Uz\d:c

4 / g(@)|ur — uslP oy — v] do
I

2 2
<aZ/Q (R(z) + |Ta(u) P + [V P Vo) dx+n2q_12/ﬂ (03] d
=1 i =1 i

(27) Hlg@)llery o~ w7 ey o1 = vall o)

SaZ(HR D)l )+ 7 meas() + [ Vil o, ) I V0iloco

+nCoZ loill o) + (@)l ooy (ull 7 + Doy

i=1
-1
<G+ lully ) vllv

Thus, the operator A,, is bounded.

Concerning the coercivity, thanks to (9) and Young’s inequality we have: for any v = (u1,u2) € V

2
T Zn N
(Anu, u) 22/ (z, T (ui), V) - Vuldx—Z/ [T (win) | ‘uz|dx
i=1 Q; |$| +
+ [ gl - wl do
r 2
bo )
W\Z/ﬂ Vuil? da + || g(@)l| ooy lur — w2l — Con® " ullv
=1 @

> Cyllullf; — Con®~ully.

(28)

v

with C5 = min 5707 g(x)|| oo 7, it follows that
(14 n)> )

(Anu,u) _ Cllullf, — Con?*Hlully
(29) H::H;/ > v Tall — o0 as |lu|ly = oo.

It remains to show that A,, is pseudo-monotone. Let (uy ) be a sequence in V' such that

Up — U weakly in 'V,
(30) Apug = Xn weakly in  V/,
lim sup (A ug, ug) < (Xn,u).
k—o0
We will prove that
Xn=Apu and  (Apug,ur) = (Xn,u) as k — oc.

We have u;, — u weakly in V, in view of the compact embedding V' << L(£;) we obtain u; j — u;

strongly in L'(£);) for a subsequence still denoted (u; ;)i fori = 1,2.



Asia Pac. J. Math. 2026 13:119 9 of 25

We have (uj)y is a bounded sequence in V, then the sequence (a(x, T}, (u; k), Vu; k), is uniformly

bounded in (L (©;))", therefore there exists a measurable function ¢; ,, € (L” (2;))" such that

(31) a(@, Tn(uik), Vi g) — pin  weakly in (Lp/(Qi))N as k — oo.
a— . q- q-
Moreover, we have | T (wi )| fj;n(uz,k) < n2q—1/ and since ‘T (Uz k)‘ (uz k) N ’T (uz)’ (UZ)
(lel+=) (] + n) (x| + g)

a.e. in €);, in view of Lebesgue’s dominated convergence theorem, we obtain

|Tn(“i,k)‘q_2Tn(ui,k) N ‘Tn(ui)’q_QTn(ui)
(| + )9 (| + 5)e

Also, we have u; ;, — u; weakly in LP(T") for i = 1, 2, then

(32)

strongly in  L” (Q;) as k — oo.

(33) g(z)|uy g — ug,k\p_Q(ul,k —ug) = g(z)|ug — ug\p_Q(ul — ug) weakly in )i (I).
On the one hand, for all v € V we have

(Xn,v) = lim (A,ug,v)
k—o0

2
7, T %
= klinio;/m a(z, Tn(uik), Vuig) - Vo de — lim Z/ (uik) (u ’k)vi dx

k—o00 )
(34) + 1im 9(x)|urk — ug k’p_2(ul k — u2)(v1 — ve) dx
I
| T3, (ug) |7 2T (uk)
= im - VU dr — / v; dx
-y [+ z Es

+/g(m)\u1 —ug|P™ (u1 — ug)(v] — vg) dx.
r

By using (30) and (34), we obtain

(35)

lim sup (A, ug, ux) = limsup Z/ x, Tn(uik), Vi) - Vug g, da

k—o00 k—o00

T (s,
Z/ Poluse) P |Uzk!dﬂf+/9(£)|ﬂ1,k—u2,k|p dﬂ?)
(=] + 5 r
|Tn (wi) | »
<Z <Pzn Vuzda:—z \ il de + [ g(x)|ur — ugl? dx.
r

(Jel + &

Thanks to (32), and the fact that u; , — w; strongly in LP(£2;) then

(36) lim 3 / 'T(éff)' il d Z / nlult |uz|da:

i—1 7 (|| +

It follows that
2
lim sup (Z/ a(z, Tn(uik), Vuig) - Vi de + / g(z)|ug k — ugil? dm)
i=1 /8% r
< Z/ Pin - Vi dm+/9(9€)\u1 — ual? dz.
=17 r

(37)
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On the other hand, in view of (8) we have

2
Z/ (a(x, Tr(uig), Vu i) — alx, Tnp(ui k), Vug)) - (Vu, p — Vu;) de
i=1 7

38 _ _
(38) +/g(iﬁ)(\ul,k — ug [P (U g — ugg) — Jur — uglP " (ur — ug))
r
X ((u1,k — uzk) — (w1 — ug)) dz > 0,
it follows that
2
Z/ a(x, Ty (uik), Vi) - Vg de + / g(x)|ur g — ug k|’ dz
— Jo, r
% 12
> Z/ a(x, Ty (uik), Vug)) - (Vup — Vu,) do
(39) i=1 /8%

+ | g(@)lur —ualP " (ur — ug)((urk — ugp) — (w1 — ug)) da
r
2
+ E / a(z, Tp(uik), Vuik) - Vuide + / g(x)|uy g — u2,k]p*2(u1,k —ug ) (u1 — ug)dx.
i=1 /S r

In view of Lebesgue’s dominated convergence theorem we have 7T}, (u; ) — 75 (u;) strongly in L?(2),

then
a(x, Tn(uik), Vui) = a(z, T (u;), Vu,) strongly in (Lpl (Qi))N,

and since |u1j, — ug kP2 (w1 gk — uap) — |[ur — ug|P~%(u; — uz) weakly in L (T), we conclude that

—00

2
lim inf (Z/ a(x, Ty (uik), Vi) - Vg de + / g(x)|uy g — ugk|” dﬂf)
(40) e g

2
> Z/Q Yin - Vu; dr + /Fg(a:)]ul — u|? dz.
i=1 7%

Using (37), we conclude that

k—oo

2
= Z/ Yin - Vu; dr + / g(x)|ur — ual? dx.
i=1 7 r

By combining (34), (36) and (41), we deduce that

2
lim (Z/ a(z, Tp(uik), Vui k) - Vi de + / g(x)|ur p — ug i l? da:)
(41) i=1 S :

(Apug, ur) = (Xn,u) as k — oo.

Moreover, in view of (41) we have

2
Z/ (a(x, Tn(uik), Vu; i) — a(z, Tn(uik), Vug)) - (Vup — V) do
i=1 7Sk
(42) + [ o)~ e

X((urk —ugp) — (u1 —ug))de — 0 as &k — oo,

P72 (uy gy — ugg) — uy — uglP " (ur — ug))
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it follows that
2
(43) Z/ (a(z, Thn(uik), Vuig) — a(x, Tn(uik), Vug)) - (Vuip — Vu) de — 0 as k — oo,
Using Lemma 2.1, we get u, — u strongly in V' and Vu, ;, — Vu; almost everywhere in ;, then
a(z, Ty (uik), Vuig) = alz, Tn(ui), Vug) weakly in (L ()N for i=1,2.

Thanks to (32) and (33), we deduce that x,, = A, u which conclude the proof of Lemma 4.1.
In view of Lemma 4.1, there exists at least one weak solution u,, = (u1 »,u2,,) in V for the approximate

problem (24). i.e.
2
Z/ a(x, Ty (uip), Vi) - Vo, de + / g(x)|uy, — ugyn\p_Q(uLn —ugy) (v1 —v2) do
| T (i n) |9 2T, (win)
= fnxuzn Jvi dx + / v; dx,
Z/ Z (] + 5)

for any v = (v1,v2) € V.

(44)

Step 2: Weak convergence of truncations.
Np—0—-X+1)
N+p—-X—10

Taking # > 1 small enough such that < p—A—¢+1,and g <

/S dr
o (L+][r)?

By taking B(u,) = (B(u1s), B(u2,)) € V as a test function for the approximate problem (44), we

. We set B(s) =

obtain

/ a(x, Ty (win), Vin) - Vi,
> 2
(1+ ‘uz n‘)
+ [ g(@)|urn — ug [P (U1 n—U2n) (B(uin) — B(uzn)) do
r

2
= |T Uzn ‘q 2T (ul n) '

(45)

1
We have B(s) is an increasing function and |B(s)| < -1 In view of (9) and Young's inequality, we

conclude that

‘Vuzn‘ _
Wy, 1+hhﬁxwdw+Fgmwmn—mmwamm»—BWMMda

(|70 (win)| p _
<Z/ ( 1+\u k dx+/g(x)|U1,n—u2,n|p VB n) — Blus,)| do
]T Uipn) |1
< Z |fn )| 1B (uin |dm—|—z T |B(ui,n)|d:13
s_ﬁmmmw%4gé ﬂJZA o

|;L=|p A—0—qg+1

(46)
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ds
A40

L+ s]) »

,
with € > 0 is a positive constant. We set G(r) = / On the one hand we have
0 (

]Vum] |V | P

i (LA Juinl)

Yin ds P
(47) :boz / v / — 5w
i=1 7% SO (1+]s|) 7
2
s / VG (us)|
i=1 /<%

dz.

In view of Holder’s inequality we have

“2,n ds
[ 16t = Gurds = [ | [ o
: e, (4 )
U2,n
< 10 ) /
u2n
(48) :/|U2nu1n|p 1/ +9>p
U1,n 1+\s
Uu2,n
/’u2n_u1n’ 1—|—‘S‘

( NuQn—-u1nW "B(ug,n) — B(u)| do.

p

90

By combining (47) — (48), and using Remark 2.3 we conclude that

Vu; 7 B
%EZ/‘ S ot [ g~ uzal 1 Bun) - Bluzy)| do
T

1 + |uzn’ )\+0
> bOZ / VG )|
i~ i

- boz VG + 901G 20) — Gl [

dx + go/ |G(ugn) — G(ur,)|P do
r

AT
2

(49)
> (O, Z HG(Ui,n)HiP(Q )
=1
5 _

Uin ds p

—C / P
2;2;)‘ 0 (1+]s)» "EE)

>C 2 / o ‘
> 3;@; o, (L Juin] 20

Np—0—-X+1) then qglp—A—0)

Having in mind (46), and since 1 < ¢ < Nip_r—0 PR S B—

< N, we conclude

that
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2
04 Z/ |ui,n|p_’\_9 d:E — 05
[Vuin|P p—1
< by Z dx + g(m)|u17n —ug |’ |B(ur,n) — B(uzy)| do

1+ |Ul n| /\+9
(50) 2

Co 1
gjuﬂ o + RPN ==l
i— x|P q

2
g
p=A=0 g
9_1;/§2¢|UML| €z

By choosing ¢ > 0 small enough (for example ¢ < ), we conclude that

Cs
200 -1)
2
(51) > / i P~ dz < Cy,

with C7 is a positive constant that does not depend on » and k. Moreover, thanks to (50) we conclude

that
(52) Z Vuinl’ g0t [ g (1.0) = Blua)| do < C
1+\u n‘ >\+9 x Fg T)|Uln Ul,n U2,n)| @0 = Csg.
Having in mind that |B(r) — B(s)| > M for any r, s € IR, we obtain
_ P
(53) / un — tpnlP Y B(urn) — Blug,y)| do > / [0 = U ~ do.
r r( nl)
It follows that
|vuzn| / ‘Uln — U2 n’p
4 dx . . do < (Cy.
o Z/ Wt a0 e T Tl a7 =

On the other hand, by taking B(Tj(uy)) = (B(Tk(u1,n)), B(Tk(u2,))) € V as a test function for the

approximate problem (44), we obtain

/ (x, Tn(uwin), Vi) - VI(uip)
Z 7 dx
(14 |Th(uin)])

(55) +/FQIU1,n — uzn’p (ul n — U2 n) (B(Tk(ul n)) _ B(Tk(UQ,n))) do
2
_ |T Uln 2T (ul,n) ' .
_Z;/Q fn(2) B(Ty (i) dx—i—Z/ (12 + D B(Ty(ui)) de.

1
Thanks to (9) and Young’s inequality, and since | B(T(ui )| < g1 We obtain

Wﬂ n)l? 1
boz / T e de+ [ gl a7 B(Tn) = BlTk(ua,))| do

T Ujn
<3 [ 1ol it + 3 [ B )
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(56) < 7||f||L O\ +Z/ S 9dx+z/ de.

Q; |x’p A—0—q+1

According to (51), we obtain

|V Tk (win)P
b d
0 Z/ (1+ |Tx(u |)/\+9 r

+/M@Wm—wﬂpWMHWM»—BUMMMWMSCM
1N

(57)

Having in mind |B(Ty(r)) — B(Tx(s))| > (‘lr—i—_l:)le for any r, s € IR, we conclude that

2

bo
75 T (w;n) P d
(1+k)/\+9 < /QlIV k(i) [P dx

390
(14 k)¢

(58)
+

/ ut = ol Ti(t1.0) — To(ug)| do < Cho.
T

Thus, we conclude that
2

59 Y / VT ()P d + / Te(urn) — Tk (usn)|P do < Ck™?  forany k> 1.
— . r

Hence, we get

1

N

240

(60) I Tk(uin)lv = ( 0 IVTklwin) gy + 1 Tk(1,0) = Thltzn) ) * < Crok™
i=1

with C13 is a positive constant that does not depend on n and k. Therefore, the sequence (T (uy,) :=
(Tk(u1,n), Tk (u2,n)))n is uniformly bounded in V' for every k& > 1. Then there exists a subsequence still

denoted (7} (un))» and a measurable function vy, := (vi,1, vk 2) € V such that

(61) Ty(un) — v weaklyin V.

Recalling that the embedding V' << LP(€;) x LP(€3) is compact, and the trace operator ~; :

WhP(Q;) — LP(T) is continuous, then

(62)

T (win) = Uk strongly in LP(;) and a.ein £,
Yi(Tk(uin)) = vi(vk;)  weaklyin LP(I') and aeon T.

Thanks to Remark 2.3 and (60) we have

kmeas{|u,| > k} = / k dx —I—/ k dx
{lut,nl>k} {lug,n|>k}

Ty (w1 )| dz + / Ty (u2,pn)| da
Ql Q2

< Cis(ITk(wa )l zr(or) + 1Tk (u2m)l Lr(0y))
< Cual| Ty (un) v

A+0

< Cl5k77

(63)
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where (5 is a positive constant that does not depend on £ and n, we deduce that

A+6

(64) meas{|u,| > k} < 015# —0 as k — oo.
Moreover, for the term 1 (u1 ), in view of the trace theorem we obtain
k measc{ |71 (w1 )| > k) = / kdo
{v1(u1,n) >k}

< / 71 (Th(ur,)| do
I

< Cr6llm(Ti(u1,n)) |l oy
< Crr| T (un) Iy

A+0
<Cigk » .
Hence
Cigh' >
p
(65) measr{|yi(uin)| >k} < BT 50 as k— oo

k

Similarly for y2(usg,,), it’s clear that

kmeasr {2 (uzn)| > k} = / kdo
{Iv2(uz,n)|>k}

< [y (T (u2,n))ll Lo (1)
< Cho| T (un) v

At
< Cypk 7.
Consequently
A0
Cgok P
(66) measr{|y2(uzn)| > k} < Y 0 as k — oo.

Now, we will show that (u; )y is Cauchy sequence in measure.

For every 6 > 0,

meas {|uin — uim| >0} < meas {|u;n| >k} + meas {|u;m| > k}

+meas {|Ti(win) — Tr(uwim)| > 0}.

(67)

Lete > 0, in view of (64) there exists k = k(¢) large enough such that

(68) meas {|u;n| > k} < g and meas {|u;m| > k} < forany k> k(e).

Wl ™

Moreover, in view of (62) we have (T (u;n))n is a Cauchy sequence in measure in €;, then for all £ > 0

and d, e > 0 there exists ng = ng(k, £, ) such that
(69) meas{|Tj (win) — T (tsm)| > 8} < % for all m,n > no(k, 8, £).
Thanks to (67) and (68) — (69), we deduce that: for any d,¢ > 0, there exists ng = ng(d, ¢) such that

meas {|Uin — Wim| >0} < ¢ VYn,m > ngy(d,¢),
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Thus, the sequence (u; ), is a Cauchy sequence in measure, then converges almost everywhere, for a

subsequence, to some measurable function u;. Therefore
(70) Ti(up) — Tp(u) weaklyin V.

Using similar arguments, we can deduce that 7;(u; ,) converges almost everywhere on I', for a subse-

quence, to some measurable function w;, i.e.
(71) vi(uin) > w; ae.on T for i=1,2.
Now, we will show that y(u;) = w;, in view of (60) we have
A+0
(72) |Tk(uw)|lv < Cigk »  forany k> 1.

Thanks to the Proposition 2.2, we have ~;(u;) is well defined. By combining (62), (71) — (72), we obtain
that

forany k>1 we have T (wi) = vi(vk,i) = vi(Ti(w;)) = T (vi(u;)) a.e. onT.

Thus, we have w; = 7;(u;).

Consequently, we conclude that

Ui — Uj a.e.in €,
T (upn) — Tk (u) weakly in V,
(73) Ti(win) — Tr(u;) strongly in  LP();) and ae.in €,
Yi(win) = viu;) ae.on I,
Yi(Ti(wim)) = vi(Tr(ws)) stronglyin LP(I') and ae.on T.

\

Moreover, in view of Fatou’s Lemma and (58), we conclude that

/F g()lur — sl Ta(uuy) — Ti(ua)| do

(74) < linginf/ 9(2)urn — usn [P Tk (wr,n) — Th(us,n)| do
n o0 F
< Cgk? forany k> 1.

T3 (win) |q_2Tn (Uin) )

Step 3: Equi-integrability of the sequence ( (J] + 1o
€ n

In this part, we will show that:

T (w; NI2T (u; |q—2,.
(75) | n(uz’rz)‘+ 1)7;(“1’”) - W stronglyin L'(Q;) for i=1,2.
x|+ = x
n
T (w: MNE2T (w; 19—2,,.
We have | n(uz(’r )|’ L1 )T;wz’n) converges to W almost everywhere in ); for i = 1,2. By using
x|+ = x
n

’Tn(“i,n)|q72Tn(ui,n)
1
(|| + )9

the Vitali’s theorem, it is sufficient to prove that the sequence ( ) is uniformly
n
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equi-integrable for i = 1, 2.
Let h > 0, for any measurable subset E; C €2;, we have

’T Uzn|71 ‘Thum B w
7o) Z/ CEE —Z/ CES: d“Z/ (al + 7

{h<|uinl|}

[T (win )|~
(=] + l)

such that: for any subset E; C Q; with meas(E;) < (e, h), we have

On the one hand, we have e Lt (€2;). Then, for any € > 0 there exists (¢, h) small enough

|Th Ui,n ‘q € .
< — i) < .
(77) E / (o] + L dr < 5 with meas(E;) < (e, h)

On the other hand, then there exists a positive constant o > 0 suchthat0 <o <p—-A -6 —¢+1,and

in view of (51) we obtain

|T uln - /
he /
Z {h<uin|} |f6|+ Z {(h<ui,nl} |f6|+ +)a
(78) <Z/ i P~ 9dx+2/ —— 5 dx

Q ‘:L-|p)\9q+lcr

< (9.

It follows that
-1

|T Uj n)| Cy
(79) / dr < — —0 as h — oc.
Z th<tuinly (|2 + 7)1 h

Thus, we conclude that: for all € > 0, there exists a positive constant 2 (g) > 0 such that

1T, ( um)]q*1 €
80 de < = for an h>h .
(50 Z/h<|um|} (lz] + +)9 T~ 2 y o Rz h(E)

By combining (76), (77) and (80), we conclude that: for any ¢ > 0, there exists 3(¢) > 0 such that

(81) Z/ T|xT2—|—n _ de <e with meas(E;) < 5(¢).
|Tn(ui,n)|q_2Tn(ui,n)

I
(Jz] + )9
and in view of Vitali’s theorem we deduce that

Consequently, the sequence is uniformly equi-integrable in ; fori = 1,2,
q Y, q . yeq &

[T (i) 1" Tttin) sl

(82) (la] + Dys ]

strongly in L*(€;) for i=1,2.

Step 4: Some regularity results.
Th(un) _ (Th(ul,n) Th(UZ,n)
h h 7 h

Let h > 1, by taking ) € V as a test function for the approximate problem

(44), we obtain
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2
1
53 /Q o, Th (s ), VTh(tin) - VT (i) da

(83) +}1L/ 9(@)[u1,n — ug n’p_ (u1n — ugn) (Th(urn) — Thiuzn)) do
T (i |q T (win) ' "
/ fu(@) T (uipn) do + — Z/ (7] 5 D Ty (ui ) da.

In view of (9) and Young’s inequality, we get

VT Ujn
o7 Z/ a(x, Tp( uzn VTh(Uzn)) VITi( ul” ) dz + Z/ 1’+ |;h U |)’))\ &

(84) +E / (@)t — PV Th (1 ) — Ti(u.n)| doo

T (uin)|T
n T Zn d T ,n d
_hZ/rf | T x+h2/ e )

For the first term on the right-hand side of (84), in view of (82) we have |f,,(z)| tends to | f(z)| strongly

[T (un)|
h

in L' (Q\I') as n tends to infinity, and since — 0 weak—x in L*°(Q\I') as h — oo, we obtain

(85) hmZ/ | fo( ||Thu,nda:_h2/ |f(@)] |Th(ui)| de — 0 as h — oc.

T (w; )2T (u; |a=2,
| "(ulﬂn )|’+ 1)7;(“”") converges to sl s strongly in L'($;) for
ol L
n

||

Similarly, thanks to (82) we have

1 =1,2, then

|T U'Ln / ’ul‘
li - T 1,M 1) ?
(86) lim h§:/ \x!+ ()| di = h§: )| de — 0 as h— oo,

It follows that

(87) lim limsup — o Z/ a(z, Tp(win), VIn(uip)) - VIL(wiy) de =0 for i=1,2.

h—00 n—oo

1 ]VTh(uz- n)’p .
88 lim li : dr =0 for i=1,2,
(88) hovoe mamel B / 1+ | Th(uin) > !
and
N 1 1
(89) lim limsup — [ g(@)|u1,n — u2pnP™ " |Th(u1,n) — Tk(u2,n)| do = 0.
h—0c0 n—oco h T

Step 5: Convergence of the gradient.

In the sequel, we denote by ¢;(n) for i = 1,2, ... some various functions of real variables that converges
to 0 as n tends to infinity, respectively, we define ¢;(h) and ¢;(n, h).

Leth > k > 0, and we set Sy (r) = 1 — 11221 = Ta(r)] By taking v = (T (un) — Tk(u))Sh(un) € V as

h
a test function for the approximate problem (44), we have
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2
3 / e, Ta(ui), Vo) - (VTi(uen) — VTk(e)) S (1) d

2
1
-y / a2, To(us ), Vti n) - Vi n(Ti(tti ) — Te(us) da
; Qin{h<un, |<2h}

+ / 9@ [t — w2t — tnn) (T (n.n) — T (1)) S (1) dov

(90)
- 9(@)u1n — uz P2 (w1, — u2.n) (Th(u2,n) — Th(u2))Sh(usyn) do
2
¥ / Fol@) (T (t3.0) = T(:)) S (i) d
+ Z/ & “Z|7;| + 31 ) (T (win) = Te(wi))Sh(uin) dr.
It follows that
2
Z / a(z, Tn(tin), Vitin) - (VT (tin) — VT (ui))Sh(tin) dz
< Z/ ’fn x uzn ]Tk(uz n) Tk U | d.?? + Z/ ’T|$rr ‘Tk(uz,n) — Tk(uz)\ dx
(91)

2k
/ a(x, Top(win), VIon(win)) - VI (uiy) dx
{(h<|ua, |<2h}
+ / 9(0) | — P [Ti(tts ) — To(osr)| S () do

+f9($)!u1,n — ugn P | Th(ugm) — Tho(u2)| Spluzn)| do.
I

It is clear that Ty (u;,,) — Tk (u;) weak—x* in L>(€);), and since | f,(7)| — | f(z)| strongly in L1(Q\I'), it
follows that

2

(92) ex(n) = Z/ @) [Te(tin) — Th(us) dz — 0 as n — oo,

Tn 7,M q_QTn 2,1 iqiz i
Similarly, thanks to (82) we have | (u(| )’L T )q(u ) tends to W strongly in L!(€2;) fori = 1,2,

LT 5
we obtain
\T um

(93) (] + | T (i) — Ti(u;)| de — 0 as n — oo.

x

Concerning the third term on the right-hand side of (91), in view of (87) we have

2

2

(04) ey =3 2 / (2, Ton (), VT (i) - Vo (sn) dz — 0 as b — oc.
i {h<|uw; ,|<2h}

By combining (91) and (92) — (94), we deduce that
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2
S / a(, T (tin), Vtin) - (VT () — VT (1)) S (i) d
(95) < / 9(2) 1 — P | T (t01,0) — Ti ()] S (1) do
T
+ / 9(2) 1.0 — [P |Ti(tiz,n) — Ti(uz)| Sh(uzn)] do + a(n, ).
r

It follows that

Z/ (a(x, Tk (win), VIk(uin)) — a(z, Te(win), VIe(w))) - (VI(win) — VIg(u;)) do

Z/ a\x Tk(uz n) VTk(uz)) (VTk(uz n) VTk(uz)) dx

(96)
Z / a(x, Ton(win), VTan(win)) - V(i) Sp(uin) do
{k<|ui,n|<2h}

+ / 9@t

+ g(m)\ulyn — ’LL27n‘p_1 ‘Tk(uln) — Tk(u2)| Sh(u2,n) do + 64(71, h)
T

T (ur ) — Te(ur)| Sh(urn) do

For the first term on the right-hand side of (96), we have T} (u;,) — Ti(u;) strongly in LPO)(Q;),
in view of Lebesgue dominated convergence theorem and (7) we have a(z, Ty (uiyn), VIi(u;)) —
a(z, T (u;), VTk(u;)) strongly in (L' (Q;))N, and since VT (uin) — VTi(u;) weakly in (LP(Q;))V,
it follows that

2
(97) es(n) = Z / | a(x, Ti(win), VIg(ui)) - (VT (uin) — VI(ui)) de — 0 as n — oo.

Concerning the second term on the right-hand side of (96), since the sequence (a(z,Ton(uin),
VTon(uin)))n is uniformly bounded in (L (Q;))V, then, there exists a measurable function ¢; ), €
(L' (9))™ such that a(z, Tap (uwin), VTon(uin)) — ©; », weakly in (LY ()Y, and since VTy (u;) Sp (i)
tends to VT (u;) Sp(u;) strongly in (LP(€2;))", we obtain

Z / (@, Ton (i), VTon(t,0)) - V(1) S (ti)
(98) {k<|uin|<2h}

— Z /k<u1|<2h} ©ih - VI (u;)Sh(u;) dr =0 as n — oo.
For the third term on the right-hand side of (96), it’s clear that Sy, (u1,,) = Sh(u1,n)S21(u1,,), then
[ ot = vl Tin,) = Tiwn)| Sh(a,.) do
= /Fg(a?)!m,n — u2,n[P 1 |Tho(1n) — Tho(wr)| Son(u1,0) (Sh(urn) — Sh(uza)) do
(99) +

2k
< —

g(x)|urp — uon P [ Th(urn) — Ti(ur)| Son(u1n)Sh(uan) do

\ﬂ\

(:J:)Ium — ugn P | Ton(u1,n) — Ton(uzn)| do

h
+ ( )T (u1,n) — Ton(tig,n) [P~ [Ti(urn) — Ti(ur)| do-

—
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In view of (89) we have

2k

(100) w -

g(x)|ut, — u2,n|p_1 |Ton(u1n) — Top(uzy)|do — 0 as  h — oo.

Concerning the second term on the right-hand side of (99), we have |Ty,(u1.,) — Ton(ugn)[P~* —

Ty, (u1) — Top(ug) P~ strongly in L' (T"), and since T} (u1,) — Th(u1) — 0 weakly in LP(I"), then
(101) /Fg(x)\ﬂh(ul,n) — Ton(ugn) [P | Th(urpn) — Te(ur)|do — 0 as n — oo.
Thus, according to (99) and (100) — (101), we deduce that

(102) er(n,h) = /Fg($)|u1m —u P [ Th(urn) — T(u1)| Sp(urn) do — 0 as n,h — co.
Similarly, we can show that

(103) eg(n,h) = /Fg(x)\uln — ugvn\pfl | Tk (u2.n) — Ti(u2)| Sp(ugyn) do — 0 as n,h — oco.

By combining (96) — (98) and (102) — (103), we conclude that

2
(104) > /Q (a(z, Ty (win), VIk(uin)) — a(@, Te(uin), V() - (VTe(uin) — VT (w;)) dz
=1 i

< 89(71, h)

By passing to the limit as » and h tend to infinity, we conclude that

2
(105) Z/Q (a(x, Tk(um), VTk(um)) — a(x,Tk(ui,n), VT]C(UZ))) . (VTk(uw) — VTk(uZ)) dr — 0,
i=1 ¢

as n — oo. In view of Lemma 2.1, we deduce that

(106) { Tio(un) — Ti(u) strongly in V,

Vu;n — Vu; almost everywherin €; for i=1,2.

Moreover, we obtain a(z, Ty, (win), Viiy) - Vuin — a(x, u;, Vu,) - Vu, ae. in €;, and in view of Fatou's

Lemma and (87) we conclude that

lim ~ / a(, Th(us), VTh(ws)) - VT(ws) da
h Jjuil <y

h—o00
(]()7) < lim liminf — a(x, Th(ui,n), VTh(um)) : VTh(um) dx
hvo0 mmr00 il <h)
S lim lim sup — a(x, Th(um), VTh(u,;,n)) . VTh(um) dzr = 0.

h=00 n—oo {luin|<h}
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Step 6: Passage to limit.

Let ¢ = (1, p2) € VN (L®(2) x L>®(Q2)), and let S(-) be a smooth function in C{ (IR) such that supp
(S(+)) € [-M, M] for some M > 0.

By taking v = (S(u1,n)@1,S(u2,n)p2) € V as a test function for the approximate problem (44), we have

2
Z a(@, T (win), Vin) - (8" (win)eiVuin + S(uin)De;) de

i=1 /%
(108) / ) |ur,n — vz |P 7 (U1 n — tgn) (S(u, n)901 — S(ugn)p2) do
2
‘T uzn (Uz n)
= fn uz n (Pz dzr + S(uivn)cpz- dx.
2/ Z |$! + )

Having in mind that supp (S(-)) C [-M, M] for some M > 0, it follows that

2
Z/va(x’TM(ui,n)’VTM(Ui,n)) (S (Tar(win)) iV Tar(uin) + S(Tar(uin)) Vi) da
(109) + /F 9(@)[ur,n — uonlP " (w1 — ug0) (S(Thr(ur0)) o1 — S(Tar (uz,n))p2) do

2
T3 ( Ui,n |q_ (Uz n)
= fn(2)S(win)pi de + S(win)pi dr.
>/, S

We have a(x, T (win), VI (wipn)) = a(z, Tar(ui), VI (u;)) a.e. in Q;. In view of (7), the sequence
(a(z, Tar(win), VIar(tin)))n is uniformly bounded in (LP'(€2;))", it follows that

(110) a(@, Tar(in), VI (Uin)) = a(z, Tar(ui), VTar(ug))  weaklyin  (LP ()N,
On the other hand, thanks to (106), we have

S (i )iV Tag (i) + S(win) Vo — S (ui) i VTar(u;) + S(u;) Vi strongly in (LP(Q;))N.
We conclude that

2
lim Z / | a(x, Tar(Win), VI (win)) - (S (win)eiVTa (uin) + S(win) Vi) dz

n—00 4

a(z, T (ui), VT (u)) - (S"(wi) i Vg (wi) + S(ui) Vi) d

I
[
o
2

I
Mw
S— 5— °

(111)

i

1

.
I

alz, ui, Vug) - (8 (us) Vuip + S(us) Vips) da.

i

1

.
I

Concerning the second term on the left-hand side of (109). Let h > M, we set

| Son(r) —Sh(T)’.
h

Yp(r) =1~
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We have S(-) C [-M, M], it follows that S(u1,n) = S(w1n)¥n(uin)Yan(u1,y) a.e. in Q. It follows that

/Fg(a:)m,n — U [P (Un1 — u2,)S (U n) 1 do

~ [ 9@l
(112)

= frg(x)\uln — U2 [P (Un.1 — u2.0)S (1) Yon (w1 n) (Wn(urn) — Yn(uzn))er do

—i—/Fg(aJ)\Tz;h(uLn) — Top(un) [P~ 2(Tan (u1,n) — Ton(u2,n))S (w1,0)on (u1,n) 0 (uz,) erdo.

P72 (w1 — u2,n) S (w10 )on (u1,0)tn (u1,0) 1 do

For the first term on the right-hand side of (112), thanks to (89) we have

| [ @t = 22 1 = 2S00 10) (1) (2. do

SO = mllerlzey
- h

(113)

/ 9(2) [t — g nP | T (ti1.0) — Th(unn)| do — 0 as n,h — oo,
T

Concerning the second term on the right-hand side of (112), thanks to Lebesgue dominated convergence
theorem and according to remark 3.1, we conclude that
(114)
)| Tap (tn1) — Ton(u2n) [P~ (Tan (un1) — Ton(u2.n))S (w1 p)on (u1.n)n (uz.y) prdo
— / |T4h U1 TQh(U2)|p72(T4h(U1) — Tgh(UQ))S(ul)1/)2h(ul)1/1h(UQ)901dU as mn — oQ.
= [ st = ol = ) S () )i do

— / ) [uy — ua|P2(uy — u2)S(u1)e1 do as h — oo.
By combining (112) and (113) — (114), we obtain
[ o = a2 s = 2) (s do

— / x)|ur — uglP™ (u1 —uz)S(u1)p1 do as n,h — oo.

(115)

Similarly, we show that

/ ) |1 — Uz P2 (U1 — Ugn)S (ugn)pa do

(116)
— / z)|up — P~ (uy — u2)S(uz)po do as n,h — oo.

Concerning the term on the right-hand side of (109), thanks to (82) we have f,(z) — f(x) strongly in
L'(€2;), and since S(win)pi = S(u;)p; weak—sx in L*°(€);) for i = 1, 2, it follows that

2

(117) nh_)r]gOZ/ (@) S (win)pi dZC—Z/ f(@)S(u;)p; de.

i=1 7%
T (w927 a=2y,

Moreover, we have | ”(uz(n )|‘+ 1)7;(um) ends to [u Z’x| * strongly in L!(€2;) for i = 1,2, then

ol L

n
2

’T uzn (uz n) ’ui‘q_zui
118 lim S (u; i dr = ———S(u;)p; dx.
(118) i OOZ W Ty, Sleide =3 | e S da
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By passing to the limit as n tends to infinity in (109), and using the results established in (111), and
(115) — (118), we deduce that

2
37 [t Vi) (8w + S Vi) d
i=1 Q;

(119) + / 9(2) s — ufP 2 (ur — u2)(S(u)pr — S(ua)pa) do

2 2 ;|92
;/m()()so >, s

which complete the proof of the Theorem 3.1.
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