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Abstract. In this paper, the one-dimensional modified offset fractional Stockwell transform (MOFST)
is introduced and investigated. Several fundamental properties of the proposed transform, including
orthogonality relations and inversion formulas, are established. Furthermore, the relationship between the
one-dimensional MOFST and the Fourier transform is derived. Based on these results, various uncertainty
inequalities associated with the proposed transform are obtained, including Heisenberg-type uncertainty
inequalities and logarithmic uncertainty inequalities. Finally, an application of the proposed transform
to linear frequency modulated (LFM) signals is presented to illustrate its time-frequency localization
capability.
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1. Introduction

Time-frequency analysis plays an important role in the study of non-stationary signals. Among
various techniques, the Stockwell transform, introduced in [1], combines features of the windowed
Fourier transform and the wavelet transform, providing frequency-dependent resolution while preserv-
ing phase information. Its mathematical properties, including spectral characterization and inversion
formulas, have been extensively studied [2–5].

Due to its effectiveness in signal representation, the Stockwell transform has found applications in
signal processing, power quality analysis, biomedical signal analysis, and ground penetrating radar
(GPR) data interpretation [6–10]. Several variants have also been developed, including the β-Stockwell
transform, modified Stockwell transform, fractional Stockwell transform, and generalized Stockwell
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transforms [11–17], extending its applicability in time-frequency analysis. In addition, the offset
fractional Fourier transform (OFrFT) has attracted increasing attention due to its rich mathematical
structure and uncertainty properties [18, 19].

Uncertainty principles are fundamental tools in harmonic analysis and signal processing, describing
the limitations of simultaneous localization in the time and frequency domains. In recent years,
uncertainty principles associated with Stockwell-type transforms have attracted considerable attention.
For example, uncertainty inequalities for the non-isotropic angular Stockwell transformwere established
in [20, 21]. More recently, uncertainty principles for a generalized Stockwell transform in the offset
fractional Fourier transform setting were investigated in [22]. Although several theoretical properties
of the modified Stockwell transform have been studied [12–14], uncertainty principles associated with
modified offset fractional Stockwell-type transforms remain relatively unexplored.

Motivated by these observations, this paper introduces the one-dimensionalmodified offset fractional
Stockwell transform (MOFST) and investigates its fundamental properties. In particular, orthogonality
relations, inversion formulas, and several uncertainty inequalities, including Heisenberg-type and
logarithmic uncertainty principles, are established. An application to linear frequency modulated
(LFM) signals is also presented to illustrate the localization capability of the proposed transform.

The remainder of this paper is organized as follows. Section 2 presents the basic definitions and
preliminary results. Section 3 introduces the one-dimensional modified offset fractional Stockwell
transform (MOFST). The fundamental properties of the proposed transform are established in Section
4. Section 5 is devoted to uncertainty principles associated with the one-dimensional modified offset
fractional Stockwell transform. An application of the proposed transform to linear frequencymodulated
(LFM) signals is presented in Section 6. Finally, concluding remarks are given in Section 7.

2. Preliminaries

This part introduces the fractional Fourier transform (FrFT), a generalization of the classical Fourier
transform, together with some of its fundamental properties [23–25]. We also establish a direct
connection between the FrFT and the classical Fourier transform.

Definition 1. The FT for the signal f ∈ L2(R) is given by

F{f}(ϕ) =

∫
R
f(z)e−iϕt dz. (1)

Definition 2. The FrFT for the function f ∈ L2(R) with the order β is defined by

Fβ{f}(ϕ) =

∫
R
f(z)Cβ(z, ϕ) dz, (2)

where

Cβ(z, ϕ) = Aβe
i
(z2+ϕ2)

2
cotβ−izϕ cscβ, β 6= nπ,
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Aβ =
e i(

π
4
−β

2 )
√

2π sinβ
=

√
1− i cotβ

2π
.

Remark 1. By selecting β = π
2 , equation (2) reduces to equation (1).

Definition 3. The inverse transform of the FrFT is computed by the formula

f(z) =

∫
R
Fβ{f}(ϕ)Cβ(z, ϕ) dϕ. (3)

where “overline” denotes the conjugation.

In what follows, we introduce the definition of the OFrFT. We recall its useful properties that will be
needed in the later parts of this paper.

Definition 4. For f in L1(R). The OFrFT of function f is defined as

F (β,a,b){f}{ϕ} =

∫
R
f(z)C(β,a,b)(z, ϕ) dz, (4)

where C(β,a,b)(z, ϕ) is

C(β,a,b)(z, ϕ) = Aβe
i
2((ϕ2+z2+a2) cotβ+2z(a−ϕ) cscβ+2ϕ(b−a cotβ)). (5)

Here, (β, a, b) are real numbers and β 6= nπ, n ∈ Z.

It is easy to verify the basic relation between the FT and the OFrFT for f ∈ L2(R) is

F{f̂β}(ϕ cscβ) =
1

Aβ
F (β,a,b){f}(ϕ)e

i
2((ϕ2+a2)β+2ϕ(b−a cotβ)). (6)

where

fβ(z) = f(z)e
i
2(z2 cotβ+2za cscβ). (7)

The f(z) can obtained using the inverse of the OFrFT as follows

Theorem 2.1. For every f , F (β,a,b){f} belong to L2(R) the inverse of the OFrFT is described through

f(z) =

∫
R
F (β,a,b){f}(ϕ)C(β,a,b)(z, ϕ) dϕ. (8)

Lemma 2.2. For every g, h ∈ L2(R), then

〈g, h〉 = 〈F (β,a,b){g},F (β,a,b){h}〉. (9)

3. One-Dimensional Modified offset fractional Stockwell Transform and Properties

In this section, we initiate by giving the definition of the one-dimensional modified offset fractional
Stockwell transform and provide the essential properties.We also make a basic relation between the
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one-dimensional modified Stockwell transform and the Fourier transform.

Definition 5. Let f be a signal in L2(R) and let ψ be a non-zero window function in L2(R). For s ∈ [1,∞),

the modified offset fractional Stockwell transform Gβ,a,bψ of the signal f with respect to the window ψ is given by

Gβ,a,bψ {h}(ϑ, µ) =
1√
2π
µ

1
s

∫
R
f(z)ψ(µ(z − ϑ))e

i
2
(z2−µ2−a2−b2) cotβ dz. (10)

for all ϑ ∈ R and s ∈ R− {0}.

Definition 6. [26] The function f is l-Hölder continuous at t0 ∈ R and denoted by f ∈ C l(t0). If there exists

a constant C such that

|f(z)− f(t0)| ≤ C|z − t0|l, l ∈ (0, 1) (11)

for all z in a neighborhood of t0.

Based on Definition 5, we get the following result.

Theorem 3.1. Assume that ∫
R
|ψ(z)| dz = 0, (12)

and ∫
R
|ψ(z)|(1 + |z|) dz <∞. (13)

For any f ∈ C l(t0) with l ∈ (0, 1), it holds∣∣∣Gβ,a,bψ {h}(ϑ, µ)
∣∣∣ ≤ sinβ

2π
C1|µ|

1
s
−l−1. (14)

With

C1 = C

∫
R
|z|l|ψ(z)|dz. (15)

Proof. A direct calculation yields∣∣∣Gβ,a,bψ {h}(ϕ, µ)
∣∣∣ ≤ ∣∣∣∣ Aβ√2π

|µ|
1
s

∫
R
f(z)ψ(µ(z − t0))e

i
2
(z2−µ2−a2−b2) cotβ dz

∣∣∣∣
=

sinβ

2π
|µ|

1
s

∣∣∣∣∫
R

(f(z)− f(t0) + f(t0))ψ(µ(z − t0))e
i
2
(z2−µ2−a2−b2) cotβ dz

∣∣∣∣
≤ sinβ

2π
|µ|

1
s

∣∣∣∣∫
R

(f(z)− f(t0))ψ(µ(z − t0))e
i
2
(z2−µ2−a2−b2) cotβ dz

∣∣∣∣
+

sinβ

2π
|µ|

1
s

∣∣∣∣∫
R
f(t0)ψ(µ(z − t0))e

i
2
(z2−µ2−a2−b2) cotβ dz

∣∣∣∣ . (16)

On the other hand, we have∣∣∣∣∫
R
f(t0)ψ(µ(z − t0))e

i
2
(z2−µ2−a2−b2) cotβ dz

∣∣∣∣ ≤ |f(t0)|
µ

∫
R
|ψ(u)| du = 0. (17)

Now equation (17) will lead to
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∣∣∣Gβ,a,bψ {h}(ϑ, µ)
∣∣∣ ≤ C1

2π
|µ|

1
s

∫
R

∣∣∣f(z)− f(t0)ψ(µ(z − t0))e
i
2
(z2−µ2−a2−b2) cotβ

∣∣∣ dz
=
C1

2π
|µ|

1
s

∫
R
|(f(z)− f(t0))|

∣∣∣ψ(µ(z − t0))
∣∣∣ dz (18)

Hence, ∣∣∣Gβ,a,bψ {h}(ϑ, µ)
∣∣∣ ≤ C1

2π
|µ|

1
sC

∫
R
|z − t0|l

∣∣∣ψ(µ(z − t0))
∣∣∣ dz

≤ C1

2π
|µ|

1
s
C

|µ|l

∫
R
|µ(z − t0)|l|ψ(µ(z − t0))|dz. (19)

Choosing
C1 = C

∫
R
|z|l|ψ(z)|dz,

the above equation becomes

∣∣∣Gβ,a,bψ {h}(ϑ, µ)
∣∣∣ ≤ C1

2π
|µ|

1
s
−l−1, (20)

which completes the proof. �

4. Main Properties

The next results are helpful in deriving the inversion formula associated with the onedimensional
modified offset fractional Stockwell transform.

From (10) we find that

Gβ,a,bψ {h}(ϑ, µ) =
1√
2π
µ

1
s

∫
R
f(z)ψ(µ(z − ϑ))e

i
2
(z2−µ2−a2−b2) cotβ dz

=

∫
R
f(z)ψs,ϑ,µβ,a,bdz

= 〈f, ψs,ϑ,µβ,a,b 〉. (21)

Where
ψs,ϑ,µβ,a,b =

µ
1
s

√
2π
ψ(µ(z − ϑ))e−

i
2
(z2−µ2−a2−b2) cotβ. (22)

Lemma 4.1. For all ϕ ∈ R and ψ ∈ L1(R), one has

Fβ,a,b{ψs,ϑ,µβ,a,b }(ϕ) =
Aβµ

1
s
−1

√
2π

eiϑ(a−ϕ) cscβe
i
2
(µ2+a2+b2) cotβ

× e
i
2

(
(µ2+a2−( aµ )

2−(ϕµ )2) cotβ+2ϕ(b−a cotβ)−2ϕ
µ (b−a cotβ)

)

×Fβ,
a
µ
,b
{
ψ(u)e−

i
2
u2 cotβ

}(ϕ
µ

)
. (23)
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Proof. Due to equation (10), we have

Fβ,a,b{ψs,ϑ,µβ,a,b }(ϕ) =

∫
R
ψs,ϑ,µβ,a,b (z)K(β,a,b)(z, ϕ) dz

= Aβ

∫
R

µ
1
s

√
2π
ψ(µ(z − ϑ))e−

i
2
(z2−µ2−a2−b2) cotβ

× e
i
2
(a2+ϕ2+z2) cotβ+2z(a−ϕ) cscβ+2ϕ(b−a cotβ) dz. (24)

Substituting u = µ(z − ϑ), u
µ

+ ϑ = z into equation (24) yields

Fβ,a,b{ψs,ϑ,µβ,a,b }(ϕ) = Aβ

∫
R

µ
1
s
−1

√
2π

ψ(u)e
i
2
(u2+a2+b2) cotβ

× e
i
2

(
(a2+ϕ2) cotβ+2

(
u
µ
+ϑ
)
(a−ϕ) cscβ+2ϕ(b−a cotβ)

)
du

= Aβe
iϑ(a−ϕ) cscβe

i
2
(µ2+a2+b2) cotβ

×
∫
R

µ
1
s
−1

√
2π

ψ(u)e
i
2

(
(a2+ϕ2) cotβ+2u

(
a
µ
−ϕ
µ

)
cscβ+2ϕ(b−a cotβ)

)
du

= Aβe
iϑ(a−ϕ) cscβe

i
2
(µ2+a2+b2) cotβe

i
2

(
µ2+a2−

(
a
µ

)2
−
(
ϕ
µ

)2)
cotβ+2ϕ(b−a cotβ)− 2ϕ

µ
(b−a cotβ)

×
∫
R

µ
1
s
−1

√
2π

ψ(u)e−
i
2
u2 cotβe

i
2

((
u2+

(
a
µ

)2
+
(
ϕ
µ

)2)
cotβ+2u

(
a
µ
−ϕ
µ

)
cscβ+ 2ϕ

µ
(b−a cotβ)

)
du.

(25)

Hence,

Fβ,a,b{ψs,ϑ,µβ,a,b }(ϕ) =
Aβµ

1
s
−1

√
2π

eiϑ(a−ϕ) cscβe
i
2
(µ2+a2+b2) cotβ

× e
i
2

((
µ2+a2−

(
a
µ

)2
−
(
ϕ
µ

)2)
cotβ+2ϕ(b−a cotβ)− 2ϕ

µ
(b−a cotβ)

)

×Fβ,
a
µ
,b
{
ψ(u)e−

i
2
u2 cotβ

}(ϕ
µ

)
. (26)

Which finishes the proof. �

Proposition 1. For any f, ψ ∈ L2(R), we have

Gβ,a,bψ {h}(ϑ, µ) =
(
Fβ,a,b

)−1{
Fβ,a,b{h}(ϕ)e

− i
2

(
(µ2+a2−

(
a
µ

)2
−
(
ϕ
µ

)2
) cotβ− 2ϕ

µ
(b−a cotβ)

)

× 1

µ
1
s
−1
Fβ,

a
µ
,b
{
ψ(u)e−

i
2
u2 cotβ

}(ϕ
µ

)}
(b). (27)

Proof. Applying equation (9) and equation (10) yields

Gβ,a,bψ {h}(ϑ, µ) = 〈h, ψs,ϑ,µβ,a,b 〉

=
〈
Fβ,a,b{h},Fβ,a,b{ψs,ϑ,µβ,a,b }

〉
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=

∫
R
Fβ,a,b{h}(ϕ)Fβ,a,b{ψs,ϑ,µβ,a,b }(ϕ) dϕ. (28)

Based on equation (23), the above equation (28) can be rewritten as

Gβ,a,bψ {h}(ϑ, µ) =
Aβ√
2π

∫
R
Fβ,a,b{h}(ϕ)e−iϑ(a−ϕ) cscβe−

i
2
(µ2+a2+b2) cotβ

× e
− i

2

((
µ2+a2−

(
a
µ

)2
−
(
ϕ
µ

)2)
cotβ+2ϕ(b−a cotβ)− 2ϕ

µ
(b−a cotβ)

)

× 1

µ
1
s
−1
Fβ,

a
µ
,b
{
ψ(u)e−

i
2
u2 cotβ

}(ϕ
µ

)
dϕ. (29)

Therefore,

Gβ,a,bψ {h}(ϑ, µ) = Aβ

∫
R

(
Fβ,a,b{h}(ϕ)e

− i
2

((
µ2+a2−

(
a
µ

)2
−
(
ϕ
µ

)2)
cotβ− 2ϕ

µ
(b−a cotβ)

)

× 1

µ
1
s
−1
Fβ,

a
µ
,b
{
ψ(u)e−

i
2
u2 cotβ

}(ϕ
µ

))
× e−

i
2
(a2+ϕ2+b2) cotβ+2b(a−ϕ) cscβ+2ϕ(b−a cotβ) dϕ

= (Fβ,a,b)−1
{
Fβ,a,b{h}(ϕ)e

− i
2

(
µ2+a2−

(
a
µ

)2
−
(
ϕ
µ

)2)
cotβ− 2ϕ

µ
(b−a cotβ)

× 1

µ
1
s
−1
Fβ,

a
µ
,b
{
ψ(u)e−

i
2
u2 cotβ

}(ϕ
µ

)}
(b). (30)

Which finishes the proof. �

Definition 7. The function f ∈ L2(R) is called an offset fractional wavelet if it satisfies

0 < Cβ,a,bψ =

∫
R−{0}

∣∣∣∣Fβ, aµ ,b {ψ(u)e−
i
2
u2 cotβ

}(ϕ
µ

)∣∣∣∣2 dµµ <∞, (31)

for almost every ϕ ∈ R. Cβ,a,bψ is called the admissibility condition.

Lemma 4.2. Suppose that Cψ is the admissibility condition of the classical mother wavelet

Cψ =

∫
R−{0}

∣∣∣∣F{ψ}(ϕµ cscβ

)∣∣∣∣2 dµµ . (32)

The relationship between (10) and (31) is given by

Cψ = 2π sinβ Cβ,a,bψ <∞. (33)

Proof. From Definition 6, we have

Cβ,a,bψ =

∫
R−{0}

∣∣∣∣∣
∫
R
Aβψ(u)e−

i
2
u2 cotβe

i
2

((
u2+

(
a
µ

)2
+
(
ϕ
µ

)2)
cotβ+2u

(
a
µ
−ϕ
µ

)
cscβ+ 2ϕ

µ
(b−a cotβ)

)
du

∣∣∣∣∣
2
dµ

µ

=

∫
R−{0}

∣∣∣∣∫
R
Aβψ(u)e

−iϕ
µ
u cscβ

∣∣∣∣2
∣∣∣∣∣e i2

((
u2+

(
a
µ

)2
+
(
ϕ
µ

)2)
cotβ+ 2ua

µ
cscβ+ 2ϕ

µ
(b−a cotβ)

)
du

∣∣∣∣∣
2
dµ

µ
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= |Aβ|2
∫
R−{0}

∣∣∣∣∫
R
ψ(u)e

−iϕ
µ
u cscβ

du

∣∣∣∣2 dµµ
=

1

2π sinβ

∫
R−{0}

∣∣∣∣F{ψ}(ϕµ cscβ

)∣∣∣∣2 dµµ
=

1

2π sinβ
Cψ. (34)

This is the desired result. �

Note that the FT of equation (1) has the form

F{ψa,b}
(
ϕ

µ

)
=
√
a e−ibη F{ψ}

(
ϕ

µ

)
. (35)

The next theorems are focused on the derivation of inversion theorem and orthogonality formula for
modified offset fractional Stockwell transform. These results are proved by applying relation between
the modified offset fractional Stockwell transform and the WT.

Theorem 4.3. Assume that ψ ∈ L2(R) related the OFrFT satisfies equation (10). Then, for every h ∈ L2(R)

we have ∫
R−{0}

∫
R
Gβ,a,bψ {h1}(ϑ, µ)Gβ,a,bψ {h2}(ϑ, µ)

dϑ dµ

µ
2
s
−1

=
1

2π sinβ
Cψ〈h1, h2〉. (36)

Proof. Using Parseval’s formula for the Fourier transform in equation (9), we find that∫
R−{0}

∫
R
Gβ,a,bψ {h1}(ϑ, µ)Gβ,a,bψ {h2}(ϑ, µ)

dϑdµ

µ
2
s
−1

=

∫
R−{0}

∫
R
Fβ,a,b{Gβ,a,bψ {h1}}(ϕ)Fβ,a,b{Gβ,a,bψ {h2}}(ϕ)

dϕdµ

µ
2
s
−1

=

∫
R−{0}

∫
R
Fβ,a,b{h1}(ϕ)e

− i
2

(
(µ2+a2−( a

µ
)2−(ϕ

µ
)2) cotβ− 2ϕ

µ
(b−a cotβ)

)

× µ
1
s
−1Fβ,

a
µ
,b
{
ψ(u)e−

i
2
u2 cotβ

}(ϕ
µ

)
×Fβ,a,b{h2}(ϕ)e

− i
2

(
(µ2+a2−( a

µ
)2−(ϕ

µ
)2) cotβ− 2ϕ

µ
(b−a cotβ)

)

× µ
1
s
−1Fβ,

a
µ
,b
{
ψ(u)e−

i
2
u2 cotβ

}(ϕ
µ

)
dϕdµ

µ
2
s
−1
. (37)

Above equation (37) can be rewritten as∫
R−{0}

∫
R
Gβ,a,bψ {h1}(ϑ, µ)Gβ,a,bψ {h2}(ϑ, µ)

dϑdµ

µ
2
s
−1

=

∫
R−{0}

∫
R
µ

2
s
−2Fβ,a,b{h1}(ϕ)Fβ,a,b{h2}(ϕ)

×Fβ,
a
µ
,b
{
ψ(u)e−

i
2
u2 cotβ

}(ϕ
µ

)
Fβ,

a
µ
,b
{
ψ(u)e−

i
2
u2 cotβ

}(ϕ
µ

)
dϕdµ

µ
2
s
−1
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=

∫
R−{0}

∫
R
Fβ,a,b{h1}(ϕ)Fβ,a,b{h2}(ϕ)

∣∣∣∣Fβ, aµ ,b {ψ(u)e−
i
2
u2 cotβ

}(ϕ
µ

)∣∣∣∣2 dϕdµµ
=

∫
R
Fβ,a,b{h1}(ϕ)Fβ,a,b{h2}(ϕ)

(∫
R−{0}

∣∣∣∣Fβ, aµ ,b {ψ(u)e−
i
2
u2 cotβ

}(ϕ
µ

)∣∣∣∣2 dµµ
)
dϕ

= Cβ,a,bψ

∫
R
Fβ,a,b{h1}(ϕ)Fβ,a,b{h2}(ϕ) dϕ

=
1

2π sinβ
Cψ

∫
R
Fβ,a,b{h1}(ψ)Fβ,a,b{h2}(ψ)dψ. (38)

By virtue of equation (9) we have∫
R−{0}

∫
R
Gβ,a,bψ {h1}(ϑ, µ)Gβ,a,bψ {h2}(ϑ, µ)

dϑdµ

µ
2
s
−1

=
1

2π sinβ
Cψ〈h1, h2〉. (39)

�

Remark 2. If h1 = h2, equation (36) above changes to∫
R−{0}

∫
R

∣∣∣Gβ,a,bψ {h1}(ϑ, µ)
∣∣∣2 dϑdµ
µ

2
s
−1

=
1

2π sinβ
Cψ ‖h1‖L2(R). (40)

The reconstruction of the function from the appropriate modified Stockwell transform is given by
the following result.

Theorem 4.4 (Inversion formula). Let ψ ∈ L2(R) be a non-zero window function. Then for every h ∈ L2(R)

we have

h1(z) =
1

Cβ,a,bψ

∫
R−{0}

∫
R
Gβ,a,bψ {h1}(ϑ, µ)ψs,ϑ,µβ,a,bh2(z)

dϑdµ

µ
2
s
−1
. (41)

Proof. Applying Theorem 4.3 yields

Cβ,a,bψ 〈h1, h2〉 =

∫
R−{0}

∫
R
Gβ,a,bψ {h1}(ϑ, µ)Gβ,a,bψ {h2}(ϑ, µ)

dϑdµ

µ
2
s
−1

=

∫
R−{0}

∫
R
Gβ,a,bψ {h1}(ϑ, µ)

∫
R
h2(z)ψ

s,ϑ,µ
β,a,b (z) dz

dϑdµ

µ
2
s
−1

=

∫
R

∫
R−{0}

∫
R
Gβ,a,bψ {h1}(ϑ, µ)ψs,ϑ,µβ,a,bh2(z)

dϑdµ

µ
2
s
−1

dz

=

〈∫
R−{0}

∫
R
Gβ,a,bψ {h1}(ϑ, µ)ψs,ϑ,µβ,a,bh2(z)

dϑdµ

µ
2
s
−1
, h2(z)

〉
. (42)

Since h ∈ L2(R) is arbitrary, it follows that

Cβ,a,bψ h1(z) =

∫
R−{0}

∫
R
Gβ,a,bψ {h1}(ϑ, µ)ψs,ϑ,µβ,a,bh2(z)

dϑdµ

µ
2
s
−1
. (43)

Or, equivalently,

h1(z) =
1

Cβ,a,bψ

∫
R−{0}

∫
R
Gβ,a,bψ {h1}(ϑ, µ)ψs,ϑ,µβ,a,bh2(z)

dϑdµ

µ
2
s
−1
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=
2π sinβ

Cψ

∫
R−{0}

∫
R
Gβ,a,bψ {h1}(ϑ, µ)ψs,ϑ,µβ,a,bh2(z)

dϑdµ

µ
2
s
−1
. (44)

This is the required result. �

5. Uncertainty Principles for One-Dimensional Modified Stockwell Transform

In this section, we establish several uncertainty principles associated with the one-dimensional
modified offset fractional Stockwell transform. These results describe the limitations on the simul-
taneous localization of a signal in the transform domain and provide theoretical insight into the
time-frequency behavior of the proposed transform. In particular, we derive Heisenberg-type and
logarithmic uncertainty inequalities.

5.1. Heisenberg-Type Uncertainty Principle. In this part, we derive an analogue of Heisenberg-type
uncertainty principle for the one-dimensional modified offset fractional Stockwell transform. For this
purpose, we need to introduce the following lemma.

Lemma 5.1. For all h, ψ ∈ L2(R), one has∫
R−{0}

∫
R
ϕ2
∣∣∣Fβ,a,b{Gβ,a,bψ {h}}(ϕ)

∣∣∣2 dϕ dµ

µ
2
s
−1

=
1

2π sinβ
Cψ

∫
R
ϕ2
∣∣∣Fβ,a,b{h}(ϕ)

∣∣∣2 dϕ. (45)

Proof. In fact, we have∫
R−{0}

∫
R
ϕ2
∣∣∣Fβ,a,b{Gβ,a,bψ {h}}(ϕ)

∣∣∣2 dϕ dµ

µ
2
s
−1

=

∫
R−{0}

∫
R
ϕ2Fβ,a,b{Gβ,a,bψ {h}}(ϕ)

×Fβ,a,b{Gβ,a,bψ {h}}(ϕ) dϕ
dµ

µ
2
s
−1
. (46)

The use of equation (3.26) gives∫
R−{0}

∫
R
ϕ2
∣∣∣Fβ,a,b{Gβ,a,bψ {h}}(ϕ)

∣∣∣2 dϕ dµ

µ
2
s
−1

=

∫
R−{0}

∫
R
ϕ2Fβ,a,b{h}(ϕ)e

− i
2

((
µ2+a2−

(
a
µ

)2
−
(
ϕ
µ

)2)
cotβ− 2ϕ

µ
(b−a cotβ)

)

× µ
1
s
−1Fβ,

a
µ
,b
{
ψ(u)e−

i
2
u2 cotβ

}(ϕ
µ

)

×Fβ,a,b{h}(ϕ)e
− i

2

((
µ2+a2−

(
a
µ

)2
−
(
ϕ
µ

)2)
cotβ− 2ϕ

µ
(b−a cotβ)

)

× µ
1
s
−1Fβ,

a
µ
,b
{
ψ(u)e−

i
2
u2 cotβ

}(ϕ
µ

)
dϕ

dµ

µ
2
s
−1
. (47)

We arrive at∫
R−{0}

∫
R
ϕ2
∣∣∣Fβ,a,b{Gβ,a,bψ {h}}(ϕ)

∣∣∣2 dϕ dµ

µ
2
s
−1

=

∫
R−{0}

∫
R
ϕ2
∣∣∣Fβ,a,b{h}(ϕ)

∣∣∣2 ∣∣∣∣Fβ, aµ ,b {ψ(u)e−
i
2
u2 cotβ

}(ϕ
µ

)∣∣∣∣2 dϕdµµ
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=

∫
R
ϕ2
∣∣∣Fβ,a,b{h}(ϕ)

∣∣∣2(∫
R−{0}

∣∣∣∣Fβ, aµ ,b {ψ(u)e−
i
2
u2 cotβ

}(ϕ
µ

)∣∣∣∣2 dµµ
)
dϕ

= Cβ,a,bψ

∫
R
ϕ2
∣∣∣Fβ,a,b{h}(ϕ)

∣∣∣2 dϕ
=

1

2π sinβ
Cψ

∫
R
ϕ2
∣∣∣Fβ,a,b{h}(ϕ)

∣∣∣2 dϕ. (48)

This is the desired result. �

We are now in a position to derive the uncertainty principles for the one-dimensional modified
Stockwell transform.

Theorem 5.2. For any h ∈ L2(R), one has{∫
R−{0}

∫
R
ϑ2
∣∣∣Gβ,a,bψ {h1}(ϑ, µ)

∣∣∣2 dϑ dµ

µ
2
s
−1

} 1
2 {∫

R
ϕ2
∣∣∣Fβ,a,b{h}(ϕ)

∣∣∣2 dϕ} 1
2

≥ 1

2
√

2

√
π

sinβ

√
Cψ ‖h‖L2(R). (49)

Proof. With the aid of Heisenberg-type uncertainty principle for the Fourier transform, we infer that{∫
R
ϑ2
∣∣∣Gβ,a,bψ {h1}(ϑ, µ)

∣∣∣2 dϑ} 1
2
{∫

R
ϕ2
∣∣∣Fβ,a,b{Gβ,a,bψ {h1}}(ϕ)

∣∣∣2 dϕ} 1
2

≥ π

2

∫
R

∣∣∣Gβ,a,bψ {h1}(ϑ, µ)
∣∣∣2 dϑ. (50)

Integrating both sides of equation (50) with respect to the measure dµ

µ
2
s
−1

, we immediately obtain

{∫
R−{0}

∫
R
ϑ2
∣∣∣Gβ,a,bψ {h1}(ϑ, µ)

∣∣∣2 dϑ dµ

µ
2
s
−1

} 1
2

×

{∫
R−{0}

∫
R
ϕ2
∣∣∣Fβ,a,b{Gβ,a,bψ {h1}}(ϕ)

∣∣∣2 dϕ dµ

µ
2
s
−1

} 1
2

≥ π

2

∫
R−{0}

∫
R
ϑ2
∣∣∣Gβ,a,bψ {h1}(ϑ, µ)

∣∣∣2 dϑ dµ

µ
2
s
−1
. (51)

Applying Lemma 5.1 results in{∫
R−{0}

∫
R
ϑ2
∣∣∣Gβ,a,bψ {h}(ϑ, µ)

∣∣∣2 dϑ dµ

µ
2
s
−1

} 1
2

×
{
Cβ,a,bψ

∫
R
ϕ2
∣∣∣Fβ,a,b{h}(ϕ)

∣∣∣2 dϕ} 1
2

≥ π

2
Cβ,a,bψ ‖h‖2L2(R). (52)

By equation (33) we find that{∫
R−{0}

∫
R
ϑ2
∣∣∣Gβ,a,bψ {h1}(ϑ, µ)

∣∣∣2 dϑ dµ

µ
2
s
−1

} 1
2 {∫

R
ϕ2
∣∣∣Fβ,a,b{h}(ϕ)

∣∣∣2 dϕ} 1
2
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≥ 1

2
√

2

√
π

sinβ

√
Cψ ‖h‖L2(R). (53)

Thus, the proof is complete. �

5.2. Logarithmic Uncertainty Principle. In this part, we explore an analogue of the logarithmic
uncertainty principle for the one-dimensional modified offset fractional Stockwell transform. We obtain
the following result.

Theorem 5.3. For any h ∈ L2(R), it holds(
lnπ +

Γ′
(
1
4

)
Γ
(
1
4

) ) 1

2π sinβ
Cψ ‖h‖L2(R) ≤

1

2π sinβ
Cψ

∫
R

ln |ϕ|
∣∣∣F (β,m,n){h}(ϕ)

∣∣∣2 dϕ
+

1

2π

∫
R−{0}

∫
R

ln |ϑ|
∣∣∣Gβ,a,bψ {h}(ϑ, µ)

∣∣∣2 dϑ dµ

µ
2
s
−1
. (54)

Here, S(R) is the Schwartz space on R.

Proof. Based on the logarithmic uncertainty principle for the Fourier transform, we have(
lnπ +

Γ′
(
1
4

)
Γ
(
1
4

) )∫
R
|h(ϑ)|2 dϑ ≤

∫
R

ln |ϕ|
∣∣∣F (β,m,n){h}(ϕ)

∣∣∣2 dϕ
+

1

2π

∫
R

ln |ϑ| |h(ϑ)|2 dϑ. (55)

Replacing h(z) by Gβ,a,bψ {h}(ϑ, µ) into equation (55), we get(
lnπ +

Γ′
(
1
4

)
Γ
(
1
4

) )∫
R

∣∣∣Gβ,a,bψ {h}(ϑ, µ)
∣∣∣2 dϑ ≤ ∫

R
ln |ϕ|

∣∣∣F (β,m,n){Gβ,a,bψ {h}(ϑ, µ)}(ϕ)
∣∣∣2 dϕ

+
1

2π

∫
R

ln |ϑ|
∣∣∣Gβ,a,bψ {h}(ϑ, µ)

∣∣∣2 dϑ. (56)

Integrating both sides of equation (56) with respect to the measure dµ

µ
2
s
−1

results in

(
lnπ +

Γ′
(
1
4

)
Γ
(
1
4

) )∫
R−{0}

∫
R

∣∣∣Gβ,a,bψ {h1}(ϑ, µ)
∣∣∣2 dϑ dµ

µ
2
s
−1

≤
∫
R−{0}

{∫
R

ln |ϕ|
∣∣∣F (β,m,n){Gβ,a,bψ {h}(ϑ, µ)}(ϕ)

∣∣∣2 dϕ
+

1

2π

∫
R

ln |ϑ|
∣∣∣Gβ,a,bψ {h}(ϑ, µ)

∣∣∣2 dϑ} dµ

µ
2
s
−1
. (57)

Or, equivalently(
lnπ +

Γ′
(
1
4

)
Γ
(
1
4

) )∫
R−{0}

∫
R

∣∣∣Gβ,a,bψ {h1}(ϑ, µ)
∣∣∣2 dϑ dµ

µ
2
s
−1

≤
∫
R−{0}

∫
R

ln |ϕ|
∣∣∣F (β,m,n){Gβ,a,bψ {h}(ϑ, µ)}(ϕ)

∣∣∣2 dϕ dµ

µ
2
s
−1



Asia Pac. J. Math. 2026 13:122 13 of 20

+
1

2π

∫
R−{0}

∫
R

ln |ϑ|
∣∣∣Gβ,a,bψ {h}(ϑ, µ)

∣∣∣2 dϑ dµ

µ
2
s
−1
. (58)

Implementing Lemma 5.1 yields(
lnπ +

Γ′
(
1
4

)
Γ
(
1
4

) ) 1

2π sinβ
Cψ ‖h‖L2(R) ≤

1

2π sinβ
Cψ

∫
R

ln |ϕ|
∣∣∣F (β,m,n){h}(ϕ)

∣∣∣2 dϕ
+

1

2π

∫
R−{0}

∫
R

ln |ϑ|
∣∣∣Gβ,a,bψ {h}(ϑ, µ)

∣∣∣2 dϑ dµ

µ
2
s
−1
. (59)

which complete the proof. �

The non-trivial generalization of Theorem 5.2 above is demonstrated by the following result.

Theorem 5.4. Under the assumptions as in Theorem 5.2, one has{∫
R−{0}

∫
R
ϑp
∣∣∣Gβ,a,bψ {h1}(ϑ, µ)

∣∣∣p dϑ dµ

µ
2
s
−1

} 1
p {∫

R
ϕp
∣∣∣Fβ,a,b{h}(ϕ)

∣∣∣p dϕ} 1
p

≥ π

2

(
µ

2
s
−2+p− p

s

) 1
p

√
Cψ

2π sinβ
‖h‖L2(R). (60)

Proof. Based on the uncertainty principles for the Fourier transform we have{∫
R
ϑp
∣∣∣Gβ,a,bψ {h1}(ϑ, µ)

∣∣∣p dϑ} 1
p
{∫

R
ϕp
∣∣∣Fβ,a,b{Gβ,a,bψ {h1}}(ϕ)

∣∣∣p dϕ} 1
p

≥ π

2

∫
R

∣∣∣Gβ,a,bψ {h1}(ϑ, µ)
∣∣∣2 dϑ. (61)

Integrating both sides of equation (61) with respect to the measure dµ

µ
2
s
−1

, we immediately obtain

{∫
R−{0}

∫
R
ϑp
∣∣∣Gβ,a,bψ {h1}(ϑ, µ)

∣∣∣p dϑ dµ

µ
2
s
−1

} 1
p

×

{∫
R−{0}

∫
R
ϕp
∣∣∣Fβ,a,b{Gβ,a,bψ {h1}}(ϕ)

∣∣∣p dϕ dµ

µ
2
s
−1

} 1
p

≥ π

2

∫
R−{0}

∫
R

∣∣∣Gβ,a,bψ {h1}(ϑ, µ)
∣∣∣2 dϑ dµ

µ
2
s
−1
. (62)

By equation (27) we obtain∫
R−{0}

∫
R
ϕp
∣∣∣Fβ,a,b{Gβ,a,bψ {h1}}(ϕ)

∣∣∣p dϕ dµ

µ
2
s
−1

=

∫
R−{0}

∫
R
ϕp

∣∣∣∣∣Fβ,a,b{h}(ϕ)µ
1
s
−1Fβ,

a
µ
,b
{
ψ(u)e−

i
2
u2 cotβ

}(ϕ
µ

)∣∣∣∣∣
p

dϕ
dµ

µ
2
s
−1

=

∫
R−{0}

∫
R
ϕp
∣∣∣Fβ,a,b{h}(ϕ)

∣∣∣p(|µ|2( 1
s
−1)

∣∣∣∣Fβ, aµ ,b {ψ(u)e−
i
2
u2 cotβ

}(ϕ
µ

)∣∣∣∣2
) p

2

dϕ
dµ

µ
2
s
−1

=

∫
R
ϕp
∣∣∣Fβ,a,b{h}(ϕ)

∣∣∣p
∫

R−{0}

(
|µ|2(

1
s
−1)

∣∣∣∣Fβ, aµ ,b {ψ(u)e−
i
2
u2 cotβ

}(ϕ
µ

)∣∣∣∣2
) p

2 dµ

µ
2
s
−1

 dϕ
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=

∫
R
ϕp
∣∣∣Fβ,a,b{h}(ϕ)

∣∣∣p
∫

R−{0}

(∣∣∣∣Fβ, aµ ,b {ψ(u)e−
i
2
u2 cotβ

}(ϕ
µ

)∣∣∣∣2
) p

2 dµ

µ
2
s
+1+p− p

s

 dϕ. (63)

Further we get∫
R−{0}

∫
R
ϕp
∣∣∣Fβ,a,b{Gβ,a,bψ {h1}}(ϕ)

∣∣∣p dϕ dµ

µ
2
s
−1

≥
∫
R
ϕp
∣∣∣Fβ,a,b{h}(ϕ)

∣∣∣p(∫
R−{0}

∣∣∣∣Fβ, aµ ,b {ψ(u)e−
i
2
u2 cotβ

}(ϕ
µ

)∣∣∣∣2 dµµ
) p

2 1(
µ

2
s
−2+p− p

s

) p
2

dϕ

≥

(
Cβ,a,bψ

) p
2(

µ
2
s
−2+p− p

s

) p
2

∫
R
ϕp
∣∣∣Fβ,a,b{h}(ϕ)

∣∣∣p dϕ. (64)

Substituting equation (64) and equation (40) into equation (62) gives

{∫
R−{0}

∫
R
ϑp
∣∣∣Gβ,a,bψ {h1}(ϑ, µ)

∣∣∣p dϑ dµ

µ
2
s
−1

} 1
p

×


(
Cβ,a,bψ

) p
2(

µ
2
s
−2+p− p

s

) p
2

∫
R
ϕp
∣∣∣Fβ,a,b{h}(ϕ)

∣∣∣p dϕ


1
p

≥ π

2
Cβ,a,bψ ‖h‖L2(R). (65)

Hence,{∫
R−{0}

∫
R
ϑp
∣∣∣Gβ,a,bψ {h1}(ϑ, µ)

∣∣∣p dϑ dµ

µ
2
s
−1

} 1
p

×
{∫

R
ϕp
∣∣∣Fβ,a,b{h}(ϕ)

∣∣∣p dϕ} 1
p

≥ π

2

(
µ

2
s
−2+p− p

s

) 1
2

√
Cψ

2π sinβ
‖h‖L2(R). (66)

Thus, we obtained the desired result. �

6. Application of 1-D MOFST to linear Frequency Modulated (LFM) Signal

Motivated by the increasing interest in time-frequency analysis and the development of fractional
Stockwell-type transforms [12, 13, 15], as well as the widespread application of linear frequency modu-
lation (LFM) signals in radar and communication systems due to their low probability of interception,
high average power, and high range resolution capabilities [23,24], we investigate the application of
the modified offset fractional Stockwell transform to LFM signals. In particular, we establish a general-
ized uncertainty principle for the modified offset fractional Stockwell transform and demonstrate its
applicability in the analysis of LFM signals.

Suppose that a single-component LFM signal with amplitude A, initial frequency µ, and frequency
rate λ is given by

h(z) = Aei(µAz+λz
2), −T

2
≤ z ≤ T

2
,
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and
ψ(z) = e−

z2

4 ,

respectively.
Let us calculate the single-component LFM signal in the 1-D MOFST domain. Direct computation

yields

Gβ,a,bψ {h}(ϑ, µ) =
1√
2π
µ

1
s

∫
R
h(z)ψ

(
µ(z − ϑ)

)
e
i
2
(z2−µ2−a2−b2) cotβ dz

=
1√
2π
µ

1
s

∫ T
2

−T
2

Aei(µAz+λz
2)e−

µ2(z−ϑ)2
4 e

i
2
(z2−µ2−a2−b2) cotβ dz

=
A√
2π
µ

1
s e−

i
2
(µ2+a2+b2) cotβ

∫ T
2

−T
2

ei(µAz+λz
2)e−

µ2(z−ϑ)2
4 e

i
2
z2 cotβ dz. (67)

Above equation (67) can be rewritten as

Gβ,a,bψ {h}(ϑ, µ) =
A√
2π
µ

1
s e−

i
2
(µ2+a2+b2) cotβe−

µ2ϑ2

4

∫ T
2

−T
2

e
−
(
µ2

4
− i

2
cotβ−iλ

)
z2+

(
iµA+

µ2ϑ
2

)
z
dz

=
A√
2π
µ

1
s e−

i
2
(µ2+a2+b2) cotβe−

µ2ϑ2

4

∫ T
2

−T
2

e

−
(
µ2

4
− i

2
cotβ−iλ

)z2−
(
iµA+

µ2ϑ
2

)
(
µ2

4 − i
2 cot β−iλ

) z

dz

=
A√
2π
µ

1
s e−

i
2
(µ2+a2+b2) cotβe−

µ2ϑ2

4

∫ T
2

−T
2

e

−
(
µ2

4
− i

2
cotβ−iλ

)
z−

(
iµA+

µ2ϑ
2

)
2

(
µ2

4 − i
2 cot β−iλ

)
2

−

(
iµA+

µ2ϑ
2

)2
4

(
µ2

4 − i
2 cot β−iλ

)2

dz. (68)

Therefore,

Gβ,a,bψ {h}(ϑ, µ) =
A√
2π
µ

1
s e−

i
2
(µ2+a2+b2) cotβe

−µ
2ϑ2

4
+

(
iµA+

µ2ϑ
2

)2
4

(
µ2

4 − i
2 cot β−iλ

)

×
∫ T

2

−T
2

e

−
(
µ2

4
− i

2
cotβ−iλ

)z− iµA+
µ2ϑ
2

2

(
µ2

4 − i
2 cot β−iλ

)
2

dz.

By the change of variable

x =

z − iµA + µ2ϑ
2

2
(
µ2

4 −
i
2 cotβ − iλ

)
 ,

we get

Gβ,a,bψ {h}(ϑ, µ) =
A√
2π
µ

1
s e−

i
2
(µ2+a2+b2) cotβe

−µ
2ϑ2

4
+

(
iµA+

µ2ϑ
2

)2
4

(
µ2

4 − i
2 cot β−iλ

)
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×
∫ T

2
− iµA+

µ2ϑ
2

2

(
µ2

4 − i
2 cot β−iλ

)

−T
2
− iµA+

µ2ϑ
2

2

(
µ2

4 − i
2 cot β−iλ

) e
−
(√

µ2

4
− i

2
cotβ−iλ x

)2

dx.

Hence,

Gβ,a,bψ {h}(ϑ, µ)

=
A√(

µ2

4 −
i
2 cotβ − iλ

)√
2π

µ
1
s e−

i
2 (µ2+a2+b2) cot βe

−µ2ϑ2

4 +

(
iµA+

µ2ϑ
2

)2
4

(
µ2

4
− i

2
cot β−iλ

)

×

∫
√
µ2

4 − i
2 cot β−iλ

T
2 −

iµA+
µ2ϑ
2

2

(
µ2

4
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µ2
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). (69)

The magnitude distribution of the MOFST given by (69) is numerically evaluated and illustrated in
Figure 1.

Figure 1 illustrates the magnitude distribution of the proposed MOFST associated with the LFM
signal. The contour plot in Figure 1(a) and the corresponding surface plot in Figure 1(b) show that
the transform energy is concentrated in a localized region of the (ϑ, µ)-plane, with a dominant peak
occurring around ϑ ≈ −2. This behavior demonstrates the localization capability of the proposed
MOFST and indicates its effectiveness in providing a compact time-frequency representation of the
LFM signal.

In addition to the magnitude representation, the phase distribution corresponding to (69) is illus-
trated in Figure 2.

Figure 2 presents the phase distribution of the proposed MOFST associated with the LFM signal.
The phase exhibits structured variations across the (ϑ, µ)-plane, reflecting the complex-valued nature
of the transform. These phase characteristics provide complementary information to the magnitude
representation shown in Figure 1 and further describe the behavior of the LFM signal in the MOFST
domain.



Asia Pac. J. Math. 2026 13:122 17 of 20

(a) (b)

Figure 1. Magnitude representation of the MOFST associated with the LFM signal: (a)
contour plot and (b) three-dimensional surface plot.

Figure 2. Phase distribution of the MOFST associated with the LFM signal in the (ϑ, µ)-plane.

For completeness, the real and imaginary components of the proposedMOFST are depicted in Figure
3.

Figure 3 illustrates the real and imaginary components of the MOFST associated with the LFM
signal. Both components exhibit oscillatory behavior over the (ϑ, µ)-plane, reflecting the complex-
valued structure of the transform. Together, they provide additional insight into the transform-domain
representation beyond the magnitude and phase distributions.
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(a) (b)

Figure 3. Real and imaginary components of the proposed MOFST associated with the
LFM signal: (a) real part and (b) imaginary part.

The magnitude and phase representations presented in Figures 1 and 2 indicate that the proposed
MOFST provides a localized time-frequency representation of LFM signals. Since LFM signals are
widely used in radar and communication systems, the proposed transform may be useful for chirp
signal analysis and radar signal processing [23,24]. Moreover, Stockwell-type transforms have been
successfully applied in power quality analysis, ECG and EEG signal processing, and ground penetrating
radar data interpretation [7–10]. Therefore, the proposed MOFST may serve as an alternative tool for
analyzing non-stationary signals in these application areas.

7. Conclusion

In the current work, we have introduced one-dimensional modified Stockwell transform and investi-
gated its properties. We have made a relation between the one-dimensional modified offset fractional
Stockwell transform and Fourier transform. We developed the relation to obtain some inequalities
related to the one-dimensional modified offset fractional Stockwell transform.
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