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Asstract. In this paper, the one-dimensional modified offset fractional Stockwell transform (MOFST)
is introduced and investigated. Several fundamental properties of the proposed transform, including
orthogonality relations and inversion formulas, are established. Furthermore, the relationship between the
one-dimensional MOFST and the Fourier transform is derived. Based on these results, various uncertainty
inequalities associated with the proposed transform are obtained, including Heisenberg-type uncertainty
inequalities and logarithmic uncertainty inequalities. Finally, an application of the proposed transform
to linear frequency modulated (LFM) signals is presented to illustrate its time-frequency localization
capability.
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1. INTRODUCTION

Time-frequency analysis plays an important role in the study of non-stationary signals. Among
various techniques, the Stockwell transform, introduced in [1], combines features of the windowed
Fourier transform and the wavelet transform, providing frequency-dependent resolution while preserv-
ing phase information. Its mathematical properties, including spectral characterization and inversion
formulas, have been extensively studied [2-5].

Due to its effectiveness in signal representation, the Stockwell transform has found applications in
signal processing, power quality analysis, biomedical signal analysis, and ground penetrating radar
(GPR) data interpretation [6—10]. Several variants have also been developed, including the 3-Stockwell

transform, modified Stockwell transform, fractional Stockwell transform, and generalized Stockwell
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transforms [11-17], extending its applicability in time-frequency analysis. In addition, the offset
fractional Fourier transform (OFrFT) has attracted increasing attention due to its rich mathematical
structure and uncertainty properties [18,19].

Uncertainty principles are fundamental tools in harmonic analysis and signal processing, describing
the limitations of simultaneous localization in the time and frequency domains. In recent years,
uncertainty principles associated with Stockwell-type transforms have attracted considerable attention.
For example, uncertainty inequalities for the non-isotropic angular Stockwell transform were established
in [20,21]. More recently, uncertainty principles for a generalized Stockwell transform in the offset
fractional Fourier transform setting were investigated in [22]. Although several theoretical properties
of the modified Stockwell transform have been studied [ 12-14], uncertainty principles associated with
modified offset fractional Stockwell-type transforms remain relatively unexplored.

Motivated by these observations, this paper introduces the one-dimensional modified offset fractional
Stockwell transform (MOEFST) and investigates its fundamental properties. In particular, orthogonality
relations, inversion formulas, and several uncertainty inequalities, including Heisenberg-type and
logarithmic uncertainty principles, are established. An application to linear frequency modulated
(LEM) signals is also presented to illustrate the localization capability of the proposed transform.

The remainder of this paper is organized as follows. Section 2 presents the basic definitions and
preliminary results. Section 3 introduces the one-dimensional modified offset fractional Stockwell
transform (MOFST). The fundamental properties of the proposed transform are established in Section
4. Section 5 is devoted to uncertainty principles associated with the one-dimensional modified offset
fractional Stockwell transform. An application of the proposed transform to linear frequency modulated

(LEM) signals is presented in Section 6. Finally, concluding remarks are given in Section 7.

2. PRELIMINARIES

This part introduces the fractional Fourier transform (FrFT), a generalization of the classical Fourier
transform, together with some of its fundamental properties [23-25]. We also establish a direct

connection between the FrFT and the classical Fourier transform.

Definition 1. The FT for the signal f € L?(R) is given by

FUYe) = [ fe)e e 1)
Definition 2. The FrET for the function f € L?(R) with the order 3 is defined by
FUING) = [ 50 ) d @)
R
where
(2+%)

C’B(z,gp) — Aﬁei 5 cotﬁ—ichcscﬁ’ 6 ?é n,
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Remark 1. By selecting 3 = %, equation (2) reduces to equation (1).

Definition 3. The inverse transform of the FrFT is computed by the formula

f(2) = /R FOLF} (o) OBl ) do. 3)

where “overline” denotes the conjugation.

In what follows, we introduce the definition of the OFrFT. We recall its useful properties that will be

needed in the later parts of this paper.
Definition 4. For f in L*(R). The OFrFT of function f is defined as

FReO e} = /R F(@)Cpan (2 9) dz, (4)
where C(.4.)(2, ) is
Cs.ap) (2 9) = Aﬁeé((¢2+z2+a2)cot B+22(a—p) csc f+2p(b—acot B)) (5)
Here, (3, a,b) are real numbers and 3 # nw, n € Z.
It is easy to verify the basic relation between the FT and the OFrFT for f € L%(R) is

F{fs}(pescf) = jﬂf“’“’b){f}(@eé<<¢2+“2>5+2¢<b-“°t5>>. (6)

where

fﬁ(z) — f(Z)G%(Z2 cot,B-i—?zacscﬁ)‘ (7)

The f(z) can obtained using the inverse of the OFrFT as follows
Theorem 2.1. For every f, F(349{ f} belong to L*(R) the inverse of the OFrFT is described through
1) = | FOD Y0 T ®)
Lemma 2.2. For every g, h € L*(R), then
(g, h) = (FP g}, FEDnY). (9)

3. ONE-DIMENSIONAL MODIFIED OFFSET FRACTIONAL STOCKWELL TRANSFORM AND PROPERTIES

In this section, we initiate by giving the definition of the one-dimensional modified offset fractional

Stockwell transform and provide the essential properties.We also make a basic relation between the
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one-dimensional modified Stockwell transform and the Fourier transform.

Definition 5. Let f be a signal in L?(R) and let 1) be a non-zero window function in L?(R). For s € [1, 0),

the modified offset fractional Stockwell transform gﬁ ad of the signal f with respect to the window v is given by

G} {1y, )

forally € Rand s € R — {0}.

it [ ) B et g, (10)

Definition 6. [26] The function f is I-Holder continuous at ty € R and denoted by f € C(to). If there exists

a constant C such that
1f(2) = f(to)] < Clz —tol', 1€(0,1) (11)

for all z in a neighborhood of ty.
Based on Definition 5, we get the following result.

Theorem 3.1. Assume that

/R p(2)] dz = 0, (12)

and
/R|¢(z>|(1 +12]) dz < oo, (13)

Forany f € C'(to) with | € (0,1), it holds

G2y 0,m)] < Py gt (14)

With
Ci=C / 2 (=) . (15)

R

Proof. A direct calculation yields

G M Y )| < r’“’f / J (= = to))e e ot B g
= BB /R (F(2) = f(to) + F(t0))$lulz — to))er =" e ¥ eotd g
Smﬂ ¥ | [ (F(2) = Fta) DGz = ) et g
Smﬁ /f to) 0 (u(z — to))ez (Fm—a® b cot B g | (16)
On the other hand, we have
/fto P(u(z — tg))ezF#*a? =)ot g < |f(:;0)|/R|1/)(u) du = 0. (17)

Now equation (17) will lead to
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6" () (0. < GHlul* [ \f Tz~ e et Wt g
= Selul® [ 1072) = ftto)) \m - (18)
Hence,
g3 () (9, )| < Sl c/ 2~ tol'[9uC — o)) d-
< Shlul o [ It = o)t — )= (19)
Choosing

C =0 /R 121 (2)dz,

the above equation becomes

a Cy, 1,
95y, )| < Sl (20)

which completes the proof. O

4. MAaIN PROPERTIES

The next results are helpful in deriving the inversion formula associated with the onedimensional
modified offset fractional Stockwell transform.

From (10) we find that

Bab{h}(ﬁ W) = \ﬁ / f(z 7&))&(*’*# —a?—b?)cot B 1.,
F)wyohdz
= (£ v5ah)- 1)
Where 1
Uil = Tl — ) s, 22)

Lemma 4.1. Forall ¢ € Rand ) € L'(R), one has

1
Agus™
7_—,6’,a7b{w2,’12:z}((p) 5“271. u9(a ®) csc,B ( 24a?+b?) cot B

i a P2 2P
. 65((u2+a2—(u)2—(u) ) ot 8+2p(b—a ot 8)— 22 (b-acot )

< PO Lot o) (5) (23)
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Proof. Due to equation (10), we have

ﬂab{iﬁw“ /?/JZZZL 2)K(5.a) (2, ) dz

2

= 4g / e — e B e
R V2T

« 6%((12—&-4,024-22) cot B+2z(a—p) csc B+2p(b—a cot B) dz. (24)

Substituting u = u(z —v), % + ¥ = z into equation (24) yields

13
a, 5197 He L (u24-a?4b?) co
FRMUGEHe) = Ag | " luperretess

((a +p2) cot ,8+2<%+19) (a—p) csc B+2p(b—a cot ,8)) d

X e? U

_ Aﬁeiﬁ(a—g}) csc /Be%(p2+a2+b2) cot 8

g 1L et (@ cnsin(ig) seszotacn) g,
R

\/TT

2 2
_ Aﬁem(“*@) cscﬁe (12 402 +b2)cot6 (u +a —(%) —(}7) )cotB+2<p(b—acot,8)—2!—f(b—acot,8)

y / M%_lq/)(u)e—%qﬂ Cotﬁe%((u2+<%)2+(%>2) Cot6+2u< )cscﬁ—l- (b— aCOt,B)) d

o u.
(25)
Hence,
]_‘5,@717{1’&5’797#}(%0) — Aﬁué_leiﬂ(a—gp) cscﬂeé(u2+a2+b2)cotﬁ
B,a,b m
. 2 2
y 65((u2+a2,<;> 7(%> )cot,8+2(p(b7acotB)f%(bfacot,b’)>
x Fhit Lp(u)e= 2w coth <80> . 26
{vw) 1§ (26)
Which finishes the proof. O
Proposition 1. For any f,v € L?(R), we have
. 2
-1 - 24a?—(2 co b—aco
S R e R
fﬁ’u’ W (u)e 34 coLB <‘p> b). 27
= {v(w) o) (27)

Proof. Applying equation (9) and equation (10) yields

e 5,19,
G Y0, ) = (h, 5ot
a a 87197
= (FN Y PR s )
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= [ P DT 0 ) de, (28)
Based on equation (23), the above equation (28) can be rewritten as
B,a b (Y / }-,B ab h —id(a—y) csc,B (u2+a2+b2)cotﬂ
)
{hi( v {h}(p)e

f% ((,ueran (%)27 (%)2) cot S+2p(b—acot B 727“’(b7a cot ﬁ))

X e

]-"/3’7 b {w(u)e_%“2 Cow} <i> dep. (29)

M s
Therefore,

Bab{h}w 1) = Ag/ (Iﬁ,a,b{h}(@) 5(( 21 a2 ,<;>27(%)2) Cotﬁ,%’(bfacotﬁ))
R

1 a i
X 7l71]:5’u’b {d)(u)e‘é“zcotﬁ} (i))

ILL s
— % (a?+¢@2+b2) cot B+2b(a—¢) csc f+2p(b—a cot 5)

X € de

— (]:B,a,b)—l {]:ﬂ’a’b{h}(gp)e_; (u2+a2_<%)2_ <%>2> cot ,3_27%0(b—a cot )

1 B,%,b —iu2cot ¥
M%_lf b {¢(u)e : } ) o (30)

Which finishes the proof. O
Definition 7. The function f € L*(R) is called an offset fractional wavelet if it satisfies

0< it = /
v R—{0}

ﬁ7a7b
Cy

Fhub {@/}(u)e_*“ COtB < )‘ — < 00, (31)
for almost every ¢ € R. is called the admissibility condition.

Lemma 4.2. Suppose that Cy, is the admissibility condition of the classical mother wavelet

2
Cy = / ‘f{w} (*pcscﬂ) e (32)
R—{0} K
The relationship between (10) and (31) is given by
Cy = 2m Sinﬁcg’a’b < 0. (33)
Proof. From Definition 6, we have
2 2 2
Cﬁ,ab / /A w 77u 2 cot B %((u +(l) +(%) )cot,@—&-Qu(%—%) cscB—l—%"(b—acotﬁ)) du d7,u,
v R—{0} H
2 K2 a 2 2 ua 2
/ / Agp(uyeiEuee (0 () (2)7) covor e sepr 22 0macorn) | dp
R—{0} H
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2
_;e d
= |4/ / / Plu)e ’ﬁ“‘“ﬁdu\ e
R—{0} |/R

1

— 1 J—_'{w} <¢CSCB>‘2dﬂ
2rsin B Jr— {0y 1 p
1
T o sinBCw' (34)
This is the desired result. g
Note that the FT of equation (1) has the form
Fluns} (£) = vaemry (£), (35)

The next theorems are focused on the derivation of inversion theorem and orthogonality formula for
modified offset fractional Stockwell transform. These results are proved by applying relation between

the modified offset fractional Stockwell transform and the WT.

Theorem 4.3. Assume that 1) € L?(R) related the OFrFT satisfies equation (10). Then, for every h € L?(R)

we have

did 1
B,a,b B,a,b Ho
[ L9 000 G000 T = st (36)
Proof. Using Parseval’s formula for the Fourier transform in equation (9), we find that
a a, didp
[ R O R TR e
R—{0} ps

= [ LT G N @ G e )
R—{0}

/ /]:,B,ab{hl ( ) -<(u2+a2,(%)2,(ﬁ) ) cot B— (b acotﬁ))
R—{0}

118,20 —iy2cotp| [ P
s Fru w u)e 2 <>
I { (w) } p

x FBab{hy}(p)e” (( 2+a?—(£)2—(£)?) cot B— 22 (b— acotﬂ))

Above equation (37) can be rewritten as

a a did
N R O R T
R—{0} ps

/ / “2FPeb () FEab o} ()
R—{0}

5,2,b iuzeorp) [($) B —iuzeorg ) (©) dpdp
X Fm {w(u)e 2 }<M>]: z {w(u)e 2 }<M> -

MS
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B /R_{O} /HQF&“’I’{hl}(so)Jqu}(eo)‘fﬂyivb [(u)e s} (90) * dedp

I I
= [Rfﬁ’“’b{hl}(w)iwfmm </R—{0} Fout {p(upe it oot <i> ’2 d:) di
- 057“’*’ [ FP o P T

3,a,b Byab—
27rsmﬁ /}— {1} () F {ho}(¥)dy (38)
By virtue of equation (9) we have
B,a,b B.apb didp 1
[, Leiemme (ha} 0.0 5% = 5ot (39)
O

Remark 2. If hy = ha, equation (36) above changes to

B,a,b dﬂdu 1
I A T e e e LA (40)

The reconstruction of the function from the appropriate modified Stockwell transform is given by

the following result.

Theorem 4.4 (Inversion formula). Let 1» € L?(R) be a non-zero window function. Then for every h € L*(R)

we have
. . dod
M) = [ [ G )00 v ARG (41)
C ' R—{0} M -
Proof. Applying Theorem 4.3 yields
a, a, a, did
cptim) = [ [ G0, G b0,
E—{0} ws
. - 4d
= [ [ oty [ haowie) i
R—{0) "
w . 4d
// /gﬁ P} (¥ M)@%i 2(% )T/f dz
R—{0} e
. . dod
< N KR e _‘f,h2<z>>. (42)
R—{0) ps
Since h € L%(R) is arbitrary, it follows that
a a, s dvd
cpm) = [ [ Gl ). (43)
R—{0} ps

Or, equivalently,

h B,abh 9 sﬁ,u dﬁd,u
(2) = Cﬂab/R{O}/g (0 ) 2
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el A KR U T ha(2) Tk, (44)
R—{0} s

This is the required result. 0

27T sin 3

5. UNcerTAINTY PRINCIPLES FOR ONE-DIMENSIONAL MODIFIED STOCKWELL TRANSFORM

In this section, we establish several uncertainty principles associated with the one-dimensional
modified offset fractional Stockwell transform. These results describe the limitations on the simul-
taneous localization of a signal in the transform domain and provide theoretical insight into the
time-frequency behavior of the proposed transform. In particular, we derive Heisenberg-type and

logarithmic uncertainty inequalities.

5.1. Heisenberg-Type Uncertainty Principle. In this part, we derive an analogue of Heisenberg-type
uncertainty principle for the one-dimensional modified offset fractional Stockwell transform. For this

purpose, we need to introduce the following lemma.
Lemma 5.1. For all h, € L?(R), one has

2 d 1 2
2 B,a,b r ~B,a,b M _ 9 8.ab
/R{o}/R(p ‘.7: {9, {h}}@)’ dp M%_l 27rsin/6’C¢/R(p ’.7-" {h} ()| dep. (45)

Proof. In fact, we have

/R_{O}/R@2 ‘]_—B,a,b{gi,a,b{h}}(@)rd e /R {0}/ 2}—6,ab{g[3,ab{h}}( )

< PGt () dp 2 (46)

The use of equation (3.26) gives

. 2 4
L[l a5
R— {0} /_,Ls

:/ /C,O?}—B’a’b{h}((p) %(( 24q2 ,(;>27<%>2> COt,@L%(b—acO‘ﬂB))
R—{0} JR

x s LD fap(upeniteons ) (z)

% ]I'B,a,b{h}((p)e;((ﬂ%ra?(Z)2(i)2> Cotg,%v(bfacot,@))

a i d
X M%_l]:ﬂ’u’b {¢(u)e‘§“2 COtB} (;’j) dy fil. (47)
Ms

We arrive at

a a 2 d:u‘
[ [ |rergimrmye| do-2
R—{0} /R s

2| g0 % ded
_ 2 ]:ﬁ,zz,b h ‘J—;ﬁ,#,b u e—iuzcotﬂ (‘P)‘ pap
/R_{O}/Rso\ {h)(e) (o) b(E)| et
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B /R@z Foetnyp)| ( /R o7 {ipupei e} <s;) ‘2 Cif) i

2
=cjet [ ey de

Cy [ P erinye| de (48)

This is the desired result. O

~or sin 3

We are now in a position to derive the uncertainty principles for the one-dimensional modified

Stockwell transform.

Theorem 5.2. For any h € L*(R), one has

{/R{O}/Rﬂ? ot an 5 }% L )fﬁ’“’b{h}w!? dso}é

2\f S \/ w 1] L2 (w)- (49)

Proof. With the aid of Heisenberg-type uncertainty principle for the Fourier transform, we infer that

Ul dﬁ}é { [ #]Fesgimrpuno)f dso}é

>3 [ |ar iyl ao (50)

d
Integrating both sides of equation (50) with respect to the measure T’Ml, we immediately obtain

s~
{/ /ﬁQ‘QIBab{hl}(ﬁ,u)r 9 Cful}Q
R—{0} p
{ / / [ Fredglet )| dg d‘_‘l}
R—{0} i

>0 [ [orlormt iy ] a5 (51)
{0} s

Applying Lemma 5.1 results in

a d 2 a “ 2 %
{/ /Mgﬁ PRV, ) ( 0 Q’fl} x {057 ”’/902(.75’ *b{h}(so)] dso}
R—{0} ps R

,a,b
> 20l gy (52)

Nl

=

By equation (33) we find that

{/ /192]95’“% (¥ u)( -2
R—{0} et

=

}2 {/RsoQ ‘fﬁ’“’b{h}(@f ds&}%
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2\[ sin 3 \ﬁHhHL?(R (53)

Thus, the proof is complete. O

5.2. Logarithmic Uncertainty Principle. In this part, we explore an analogue of the logarithmic
uncertainty principle for the one-dimensional modified offset fractional Stockwell transform. We obtain

the following result.

Theorem 5.3. For any h € L?(R), it holds

(mﬂ—i_ F( )) 27 sin 3 Cy 1]l 2wy < 27751n50w/1n’90| ‘}— {r}(e )‘ de

. d
j/ L/‘hw0|’g§’b{h}(ﬂ,u)‘ a5 (54)
T JrR-{0} JR s

Here, S(R) is the Schwartz space on R.

Proof. Based on the logarithmic uncertainty principle for the Fourier transform, we have

(1) ma 2
( - f)>/Rrh<ﬁ>|2dﬁs/Rln\so! FEm ()| dy

+ 1/ In [9] |h(9)|? dV. (55)
2w R
Replacing h(z) by (]B @ b{h}(ﬁ?, ) into equation (55), we get

T/ a, 2 “ 2
(m+ F(< ) [lazs o] do < [ wiel [FOmn gl @) e
+1/mmmemﬁﬂ%ﬁ (56)
27T R P y .
Integrating both sides of equation (56) with respect to the measure Z’: results in
lus
(1) b dp
<1n7r+ f )/ /‘gﬁ’a {h1}(9, ,u)‘ 77
(1) ) Je—0) ps
2
< [ A [miel [pEmgier o, a
r—{0} L/R
i B,a,b 2 dﬂ
+ae [ wlol g7} 0. ) cw} pa (57)

Or, equivalently

l
<1n7r+ K >/ /‘Qﬁab{h O ,u)‘ dv d
R—{0} sl

a 2 d
. / / Injg| [ FEmD{GE 1} 9, 1)} )| do—5
R—{0} /R
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1 . 2
o [ [ wlal gl .| a0
R—{0} JR

(58)

Implementing Lemma 5.1 yields

(1) 1 (Bamm) 2
(ln“r())mg Cy Wllzzqe) < 3o [ el [FAm )| dp
d

., I
o [ [wlal gl o] a0 ()
™ JR—{0} JR s

which complete the proof. 0

The non-trivial generalization of Theorem 5.2 above is demonstrated by the following result.

Theorem 5.4. Under the assumptions as in Theorem 5.2, one has

. dp |’ @ g
{/ /1917 ‘gg ,b{hl}(ﬁ, u)‘p dg 261} {/ P ‘.7:6’ ’b{h}(‘ﬂ)‘p d‘P}
R-{0} JR H R

1
> T () LS . (60)
2 27 sin 3

Proof. Based on the uncertainty principles for the Fourier transform we have

{/ " ’gg’a’b{fn}(ﬁ,u)’p dﬁ}é {/Rsop )fﬁ’“’b{gfj’“”’{hl}}@))” dS"};
. [ o

d
Integrating both sides of equation (61) with respect to the measure T'u_l, we immediately obtain

IUS
UL Lo le ol o
R—{0} /R

an \’ . i )7
qul} x {/R_{O}/sop)fﬁ’“’b{gfj’ Mmhe)| dsoufl}

. d
/ /\gﬁ* b{hl}ﬁu)‘ -
R—{0} e

(62)

By equation (27) we obtain

a d
/ /Spp)fﬁ,a,b{gg, Vb{hl}}(g@)p d g'[il
R_{O} R s
p
1 a i 2 d
= [ Lo et 7 fpwe e} (2)) ap- g
R—{0} /R 2 s
2\ 5
- Foe o [ fuqe b} (2)) a2
/ . Lo P (Iul {ve H(% o5

- [ elFer ] ( i » (m E0{F25 {puyetoeots) @') /E”l) 4
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_ Awp‘;ﬁ,a,b{h}((pwp (/R{O} (‘}—B,Z,b{w(u)e;u%om} <i> 2)5/&) de.  (63)

Further we get

a a p dp
L Lo lPenaiet i) a2

Iu,s
> [ o]F )| < [ e ey (2) ‘2 Cif) ’ wdw
Iu,s s
B,a,b g
> —(C ) [elFrermpe) ap. (64)
R

Sy

Substituting equation (64) and equation (40) into equation (62) gives

FRY: (Cﬁ’a’b)g
{ L ferler e “1} L [ |Frerny) e
R—{0} <M —24p— 7)2 R

i a
> 505’ P1Ibl 2 ) - (65)
Hence,
d % P %
{/ || iyl - } x{/ @ [FP R} ()| dgo}
R—{0} R
1
I 2—24p-2 C
> 2 (it sraig Pl (66)
Thus, we obtained the desired result. O

6. ArpLICATION OF 1-D MOFST 10 LINEAR FREQUENCY MODULATED (LFM) SiGNAL

Motivated by the increasing interest in time-frequency analysis and the development of fractional
Stockwell-type transforms [12,13,15], as well as the widespread application of linear frequency modu-
lation (LFM) signals in radar and communication systems due to their low probability of interception,
high average power, and high range resolution capabilities [23,24], we investigate the application of
the modified offset fractional Stockwell transform to LFM signals. In particular, we establish a general-
ized uncertainty principle for the modified offset fractional Stockwell transform and demonstrate its
applicability in the analysis of LFM signals.

Suppose that a single-component LFM signal with amplitude A4, initial frequency p, and frequency
rate )\ is given by

h(z) = Aei(mszQ), _

v | N
IA
N
IN
N | N
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and

respectively.

Let us calculate the single-component LFM signal in the 1-D MOFST domain. Direct computation
yields

a, I 1 TN (2262 b?) co
G Y0 = e /Rh(zww(z —))es et o g
T
1 1 2 . 2 i G ) S 2
= — s Api(haztAz?) ~ 2 G (22— p?—a?—b?) cot B g,
\/27TM /_ZQF

T
_ 21 Mie—;(u2+a2+62)c0tﬁ/2 61‘(qu+)\22)€—7“2(1719) 622 2cot B dz. (67)
\V &T _

Above equation (67) can be rewritten as

T
a, A 1 i a2402) co 192 2
G h (9, ) = 7%;“6 L (12 +a®+b?) cot B, /

N

@

VRS
]

— %—%Cotﬂ zA)z +(z,uA+“ 19)
dz

T (”2 L cot B—id ) | 22— (Z”A+u 19) z
202 3\ 4 2Pt T2
A e~ (,u2-&-a2-i-b2)cotﬁe—"41 / (4 5 cot f— ”‘) dz

e
\/27TM z
= /21 M%@_%(#2+a2+b2)00t66— 24192
T

(68)
_T
2
Therefore,
2
a2, (satis?)
GO Y9, ) = — oyt b rat ey cots, (e
’ 2m
2
T —(“7‘2—%001;6—2‘/\) (Z—M)
e (Fosmi)) g,
T
—3
By the change of variable
2
L imavn?

we get

2
o, (waris?)
GEU R0, u) = — b Ut rat e, it gesn)
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T imAt Ty 2
2 (p2 < u2 i :
2<T7§60t572)\) - Er—5cot B—idz
X 9 e x

LT ittt
2 2(%2—%cotﬁ—z)\)

Hence,

B,a,b
Gy}, 1)
pon (nareit)
A %e—%(/iz+a2+b2) cot B, 4(“**% cot B—iX

— 4 cot /3—M>

2 g 2
p2 . T i“A*% u2 . T i“AJr%
T oot BN gy VT —gcotfid| gt
2( g u) 2 2(“T —u?
e e " du

0

¥

2. 2
2452 (iMAJrLzﬂ)
A gt
1
s

Lo 3 (WP Ha® %) cot B, * 4(%*%“”*“)
2\/(’ficotﬂi2/\)
2
2 ; T s+ LY
x(erf \/M—Zcotﬁ—i)\ - - QWAl 2
42 2 2(%—%cotﬂ—i)\)
2
2 i T 4+ B2
—erf —\/M—Zcotﬁ—i)\ -+ 2WA4 2 > (69)
4 2 2 2(%—%cotﬁ—i)\)

The magnitude distribution of the MOFST given by (69) is numerically evaluated and illustrated in

Figure 1.

Figure 1 illustrates the magnitude distribution of the proposed MOFST associated with the LFM
signal. The contour plot in Figure 1(a) and the corresponding surface plot in Figure 1(b) show that
the transform energy is concentrated in a localized region of the (¢, )-plane, with a dominant peak
occurring around ¥ ~ —2. This behavior demonstrates the localization capability of the proposed
MOFST and indicates its effectiveness in providing a compact time-frequency representation of the
LFM signal.

In addition to the magnitude representation, the phase distribution corresponding to (69) is illus-
trated in Figure 2.

Figure 2 presents the phase distribution of the proposed MOFST associated with the LFM signal.
The phase exhibits structured variations across the (¢, ;1)-plane, reflecting the complex-valued nature
of the transform. These phase characteristics provide complementary information to the magnitude
representation shown in Figure 1 and further describe the behavior of the LFM signal in the MOFST

domain.
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Ficure 1. Magnitude representation of the MOFST associated with the LFM signal: (a)

contour plot and (b) three-dimensional surface plot.
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FiGure 2. Phase distribution of the MOFST associated with the LEM signal in the (¢, 11)-plane.

-

Phase

For completeness, the real and imaginary components of the proposed MOFST are depicted in Figure

Figure 3 illustrates the real and imaginary components of the MOFST associated with the LFM
signal. Both components exhibit oscillatory behavior over the (¥, u)-plane, reflecting the complex-
valued structure of the transform. Together, they provide additional insight into the transform-domain

representation beyond the magnitude and phase distributions.
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(a) (b)

Ficure 3. Real and imaginary components of the proposed MOFST associated with the

LFM signal: (a) real part and (b) imaginary part.

The magnitude and phase representations presented in Figures 1 and 2 indicate that the proposed
MOFST provides a localized time-frequency representation of LFM signals. Since LFM signals are
widely used in radar and communication systems, the proposed transform may be useful for chirp
signal analysis and radar signal processing [23,24]. Moreover, Stockwell-type transforms have been
successfully applied in power quality analysis, ECG and EEG signal processing, and ground penetrating
radar data interpretation [7/—10]. Therefore, the proposed MOFST may serve as an alternative tool for

analyzing non-stationary signals in these application areas.

7. CONCLUSION

In the current work, we have introduced one-dimensional modified Stockwell transform and investi-
gated its properties. We have made a relation between the one-dimensional modified offset fractional
Stockwell transform and Fourier transform. We developed the relation to obtain some inequalities

related to the one-dimensional modified offset fractional Stockwell transform.
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