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1. INTRODUCTION

A complex n-dimensional Kdhler manifold with constant holomorphic sectional curvature c is
referred to as a complex space form, denoted as M,,(c). It is widely recognized that a complete and
simply connected complex space form is complex analytically isometric to either complex projective
space P,,C, a complex Euclidean space C" or a complex hyperbolic space H,,C, depending on whether

¢>0,c=0o0rc <0, respectively.

Takagi [10] completely classified all such hypersurfaces into six model spaces: Ay, A3, B, C, D and
E. On the other hand, real hypersurfaces in H,,C have been investigated by Berndt [1], Montiel and
Romero [5] and so on. Berndt [2] catagorized all homogeneous Hopf hypersurfaces in H,,C as four
model spaces which are said to be Ay, A1, A and B. If a real hypersurface M is of Ay or A in P,C or
of Ay, A1, Az in H,,C, then M is said to be type A for simplicity.

We denote the induced almost contact metric structure of the real hypersurface M in M, (c) by
(¢, g,€.m). The Ricci operator of M is denoted by S, and the shape operator (or second fundmental
tensor field) of M is denoted by A. The holomorphic distribution 7} of a real hypersurface M in M, (c)
is defined by

To(p) = {X € T,(M)|g(X,&)p = 0} (1)
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where T,,(M) is the tangent space of M atp € M. A (1,1) type tensor field S of M is said to be
n-parallel Ricci operator if g((VxS)Y, Z) = 0 for any vector fields X, Y and Z in T;. Many authors
have investigated the geometric properties of real hypersurfaces with n-parallel Ricci operators (see
[1],[5],[8],[9] and [11]). D. H. Lim, W. H. Sohn and H. J. Song ([6]) studied real hypersurfaces in
M,,(c) under certain conditions related to the n-parallel Ricci operator. Moreover, Kimura and Maeda
([5]) and Suh ([9]) established the following results concerning real hypersurfaces with n-parallel

Ricci operator.

Theorem B ([5], [9]) Let M be a Hopf hypersurface in a complex space form of My (c), ¢ # 0. Then the
Ricci operator of M is an n-parallel Ricci operator and structure tensor field € is a principal if and only if M is

locally congruent to one of the model space of type A and B.

Kim, Park and Sohn ([4]) provided a characterization of real hypersurfaces with a special Ricci
operator for n > 3, that is, they proved the corresponding classification result.
Theorem C ([4]) Let M be a real hypersurface in a complex space form of My(c), ¢ # 0, n > 3. If M

satisfies

(VxS)Y = ng(¢X,Y)E (3)

forany X and Y in Ty, where v is a scalar function on M, Then M is a locally congruent to one of the model

space of type A and B.

Theorem D ([4]) Let M be a real hypersurface in a complex space form of M,(c), ¢ # 0, n > 3. If M
satisfies (2) and

(VxS)Y = vg(0AX,Y)¢ (4)

forany X and Y in Ty, where v is a scalar function on M, Then M is a locally congruent to one of the model

space of type A and B.

The aim of this paper is to investigate, based on the results obtained by Kim([4]) et al., how the
conditions holding for n > 3 influence the differential geometric structure of real hypersurfaces in
complex two-dimensional space. Through this approach, we seek to gain a more precise understanding
of the resulting structural properties under these conditions. In addition, this study aims to systemati-
cally analyze the geometric structure of three-dimensional real hypersurfaces and to examine their
distinctive geometric properties in low-dimensional complex space forms. The main result of this study

is established as follows.

Theorem 1. Let M be a real hypersurface of Ms(c) with ¢ # 0. If M satisfies (2) and (3) forany X, Y, Z € Ty,
then M is a locally congurent to one of typ A or type B.
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Theorem 2. Let M be a real hypersurface of Ma(c), ¢ # 0. If M satisfies (2) and (4) forany X,Y, Z € Ty,
then M is a locally congruent to one of the model spaces of type A or type B.

All manifolds are assumed to be connected and of class C*°. And real hypersurfaces supposed to be
orientable.
2. PRELIMINARIES

Let M be a real hypersurface immersed in a complex space form M, (c), and N be a unit normal
vector field of M. By V, we denote the Levi-Civita connection with respect to the Fubini-Study metric

tensor g of M,,(c). Then the Gauss and Weingarten formulas are given by
VxY =VxY 4+ g(AX,Y)N, VxN=-AX

respectively, where X and Y are any vector fields tangent to M, g denotes the Riemannian metric tensor

of M induced from g, and A is the shape operator of M in M, (c). For any vector field X on M, we put
JX = ¢X +n(X)N, JN = —¢,

where J is the almost complex structure of M, (c). And we see that A/ induces an almost contact metric

structure (¢, g, &, n), that is,
P*X =X +n(X)§ #£=0, n(¢) =1,
9(9X,0Y) = g(X,Y) = n(X)n(Y), n(X)=g(X,§) (5)

for any vector fields X and Y on M. Since the almost complex structure J is parallel, we can verify the

followings from the Gauss and Weingarten formulas:
Vx€=¢AX,  (Vx9)V =n(Y)AX — g(AX,Y)S. (6)

As the ambient space has holomorphic sectional curvature ¢, the equations of Gauss and Codazzi

are given, respectively, by:

RX,Y)Z = {{9(Y,2)X —g(X,2)Y +g(9Y, Z)pX — g(¢X, Z)pY

—29(¢pX,Y)pZ} + g(AY, Z)AX — g(AX, Z)AY, (7)

(VxA)Y = (Vy A)X = ${n(X)sY —n(Y)eX - 29(6X,Y)&}, (®)

for any vector fields X, Y and Z on M, where R denotes the Riemannian curvature tensor of /M. We

shall denote the Ricci operator of M by S. Then it follows from (3) that

SX = Z{(zn +1)X — 3n(X)E} + mAX — A?X, (9)
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where m = traceA is the mean curvature of M, and the coveriant derivative of (9) is given by

(VaS)Y == 2 (g(0AX, V) +n(¥)6AX) + (Xm)AY
Fm(VyA)Y — (VxA)Y — (VxA)AY — A(VyxA)Y. (10)

Let U be a unit vector field on M with the same direction of the vector field —¢V¢¢, and let 3 be the
length of the vector field —¢V £ if it does not vanish. It is not possible to define U without specifying
that 8 # 0. Then it is easily seen from the first equation (6) that

AE = af + BU. (11)

where a = 1(A€). We notice that U is orthogonal to &.
We put

Q={peM]|B(p) #0}. (12)

Then 2 is an open subset of M.

3. 7)-PARALLEL Ricct oPERATORS

Let M be a real hypersurface in Ms(c), ¢ # 0, satisfying condition (2), and suppose that the Ricci
operator S is n-parallel, that is,

9((VxS)Y,2) =0 (13)

for any vector fields X, Y and Z in Tj. Assume further that €2 is not empty. Then there exist smooth

functions v, 6, € and a unit vector field U and ¢U orthogonal to £ such that
AU = BE+~U + 69U, ApU = 6U + epU. (14)
Moreover, the trace of the shape operator A is given by
m = traceA =a+y+e€ (15)
in Ms(c).
We shall prove the following lemmmas

Lemma 3.1 Let M be a real hypersurface in a complex space form Ma(c), ¢ # 0. If M satisfies (2), then we

have
m=a+~vy and g(AU,¢U) = 0. (16)
Proof. If differentiate (2) coveriantly and take account of (2), (5), (9) and (11), then we have
(m —a){g(U,Y)g(AX, Z) + g(U, Z)9(AX,Y)

+ 90U, Y)g(AX, 9Z) + g(oU, Z)g(AX, ¢Y )}
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—g(AU,Y)g(AX, Z) — g(AU, Z)g(AX,Y)

+ g(AU, Y )(AX, ¢Z) + (AU, 9Z)g(AX,¢Y) = 0 (17)
for any X, Y and Z in Tj, where we have used the equation

VxY =g(VxY, )+ (VxY)o

= —g(pAX,Y)E+ (VxY)o  (VxY)o € T. (18)
If we put Y = Z = U into equation (17), then we obtain
(m —a—=7)AU + g(AU, ¢U) ApU = B(m — o — 7) €. (19)
Next, letting Y = U and Z = ¢U in (17), we obtain
9(AU,¢U)AU — (m — o — 7) AU = Bg(AU, ¢U)E. (20)
Putting X = Y = U into (17), we have
(m —a){g(AU, Z) + g(U, Z)g(AU,U) + g(oU, Z)g(AU, ¢U) }
— 29(AU,U)g(AU, Z) + 2g(AU, ¢U ) g(AU, $Z) = 0. (21)
Finally, setting X = ¢U and Y = U in (17), we obtain
(m — a){g(AdU, Z) + g(U, Z)g(ApU,U) + g(¢U, Z)g(A¢U, ¢U) }
—9((AU,U)g(AoU, Z) — g(AU, Z)g(AgU, U)

+ 9(AU, ¢U)g(AQU, ¢Z) + (AU, 9 Z) (AU, ¢U) = 0. (22)
From equations (19) and (20), we obtain the following result.

{(m —a— %)%+ g(AU, oU)*H AU — B€) =0,

{(m — a =)+ g(AU, ¢U)*} ApU = 0.

Assume that there exists a point p of M such that (m — a — )% + g(AU, ¢U)? # 0 at p. Then, on an
open neighborhood of p, it follows that

AU = p¢, AU = 0. (23)
These relations imply that
v=g(AU,U) =0, e=g(AoU,9oU)=0 and m =a. (24)

by virtue of equation (15). However, substituting equation (23) and (24) into the given assumption

makes the resulting equation vanishes which is a contradiction. Therefore, Theorem 3.1 holds.[]
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Using relation (14) and (15) together with the result of Lemma 3.1, we can easily obtain the following

lemma.

Lemma 3.2 Under the assumptions as in Lemma 3.1, then we have
AU = B€ +~U. ApU =0 (25)

Lemma 3.3 Let M be a real hypersurface in a complex space form Ms(c), ¢ # 0. It M satisfies (2), then we

obtain
B2 = ay. (26)

Proof. The condition of the given assumption can be expressed in terms of the following relation by using equation
9),
(4% — pA") X — m(ApX — pAX)
= Bg((a=m)U + AU, 9X)¢. (27)
forany X in Ty. If we put X = U into (27) and using (25) in Lemma 3.2, Then we have
my = B2+ 42 (28)
If we substitute the first equation (16) into (28), we obtain the equation (26).0]
By use of (11), (25) and (26), the relation (9) gives rise to
Se=5 (29)
Differentiting (29) covariantly along X in Ty and using (6) and(9), we get
(VxS)¢ = —%ﬁAX — mAPAX + A*pAX (30)

for any X in Ty. On the other hand, we see from (5) and (29) that S¢ — ¢S = 0, which toghter with (2) implies
that S¢ — ¢S = 0 on M, or equivalently

(A%¢ — pA*) X — m(Ag — pA)X = 0. (31)
By substituting Equation (31) into Equation (30) and rearranging, equation (30) can be expressed as
(VxS)E = —%quX — (a4 7)pA%X + pA>X. (32)
If we take inner product of Y in Ty, equation (32) is rewritten to
(VxS)Y = —{g(A3X — (o +~)A2X — %AX, SY))E. (33)
From the given relation (11) and Lemma 3.2, it follows (26) that

A%E —mAE =0, AU — mAU = 0. (34)
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4. Proor oF THEOREMS

This section is devoted to proofs of Theorem 1 and 2. Let M be a real hpersurface in a complex space

form Ms(c), ¢ # 0.
Proof of Theorem 1 Assume that Q = {p € M | (p) # 0}. Since equation (3) shows that the Ricci
operator S is n-parallel, it follows from equation (3) and (33) that

3c

mﬁX—w+wNX—ZAX—m&mzo (35)

forany X and Y in Ty. Substituting X =Y = U into (35) and using the second equation (34), we have

3¢

Ifwe put X =Y = ¢U and using the second equation (25) in Lemma 3.2, then we have

1=0. (37)
Substituting equation (37) into equation (36) and applying equation (26) in Lemma 3.3, it follows that 8 = 0
on 2, which yields a contradiction.

Therefore 3 vanishes identically on M. By equation (11), Reeb vector field & is principal and the desired

conclusion follows directly from Theorem B. (]

Proof of Theorem 2 Assume that Assume that Q = {p € M | 5(p) # 0}. Comparing (4) and (33) and
using (34), we get

AX — (047X — (v 4 ) AX
= Bl + 29X, U (39)

for any X in Ty. If we put X = U into (38) and by use of (34) and Lemma 3.2, then we obtain

y(v+ %) =0. (39)

on Q. Assume that there is a point p in Q such that v + 3¢ # 0 at p. then, from equation (39), it follows that
v = 0. Futhermore, by equation (26) in Lemma 3.3, we obtain 3 = 0, which leads to a contradiction. Hence, we

conclude that v + 3¢ = 0 holds on 0. Consequently, the equation (38) reduces to
A3X — (a+7)A’X =0 (40)
on . Let X be any vector field on M such that AX = A\X. Then any principal curvature X of M is given by

A=0, A=a+1. (41)
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Since these vector fields ¢U is orthogonal to U, it lies in the eigenspace corresponding to A = 0. Accordingly, the

shape operator can be represented by

« 15} 0
0 a+vy 0],
0 0 0
which yields the mean curvature m = 2« + v. On the other hand, by Lemma 3.2, the shape operator takes the
form
a [ 0
gy 0fs
0 0 0

giving the mean curvature m = o + .

Comparing these expressions for the mean curvature, we obtain ov = 0. Substituting this into equation (26) of
Lemma 3.3 yields 3 = 0, which leads to a contradiction. Therefore, £ is principal, and Theorem 2 follows from

Theorem B. [
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