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Abstract. In this paper, we introduce pP, P _qkq-anti-intuitionistic fuzzy soft Boolean rings and pP, P _qkq-

anti-intuitionistic fuzzy soft ideals over Boolean rings. These structures are formulated by using generalized

anti-relations for the membership and non-membership components of intuitionistic fuzzy soft sets.

Equivalent characterizations in terms of threshold inequalities are established, and finite examples are

provided. We prove that the OR operation and the union preserve pP, P _qkq-anti-intuitionistic fuzzy soft

Boolean rings. A counterexample shows that the AND operation and the intersection do not preserve this

structure in general, while sufficient conditions based on comparability are obtained for these operations.

We also characterize ordinary ideals by means of their anti-characteristic intuitionistic fuzzy soft sets and

prove that every pP, P _qkq-anti-intuitionistic fuzzy soft ideal is an pP, P _qkq-anti-intuitionistic fuzzy soft

Boolean ring. The converse implication is shown not to hold in general. Finally, closure properties of these

ideals under soft set operations are investigated.
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1. Introduction

Soft set theory was introduced by Molodtsov [9] as a parameterized framework for dealing with

uncertain and imprecise information. Maji et al. [8] further developed the basic theory and operations

of soft sets. By combining fuzzy sets with soft sets, Maji et al. [6] introduced fuzzy soft sets, whereas

Ahmad and Kharal [2] subsequently investigated several properties and operations of fuzzy soft sets.

In another direction, Atanassov [3] introduced intuitionistic fuzzy sets by assigning both membership

and non-membership degrees to each element. Maji et al. [7] later combined this concept with soft set

theory and introduced intuitionistic fuzzy soft sets.

The interaction between fuzzy structures and algebraic systems has also received considerable

attention. Dixit et al. [4] studied fuzzy rings, while Acar et al. [1] introduced soft rings. These

developments provided a basis for extending fuzzy soft methods to Boolean rings and related structures.

In particular, fuzzy soft Boolean rings were studied in [12], and fuzzy soft Boolean near-rings together

with their idealistic forms were investigated in [15]. Generalized fuzzy soft Boolean near-rings were

considered in [11]. Further extensions include intuitionistic fuzzy soft Boolean rings [17], generalized

intuitionistic fuzzy soft Boolean near-rings [18], fuzzy soft Γ-Boolean rings [16], and bipolar fuzzy soft

Boolean rings [19]. Soft Boolean near-rings and soft intersection Boolean near-rings were also studied

in [13,14].

Anti-fuzzy structures provide conditions that are dual in direction to the usual fuzzy conditions. In

the intuitionistic setting, bothmembership and non-membership functions are considered. Intuitionistic

anti-fuzzy ideals in rings were investigated in [20], while anti-intuitionistic fuzzy soft structures in

BCK/BCI-algebras were studied in [5]. More recently, anti-fuzzy soft Boolean rings were introduced

and investigated in [10]. However, the cited studies do not directly examine anti-intuitionistic fuzzy soft

Boolean rings under the generalized pP, P _qkq conditions or their corresponding soft ideal structures.

Motivated by these developments, we introduce the notion of an pP, P _qkq-anti-intuitionistic fuzzy

soft Boolean ring, abbreviated as an pP, P _qkq-AIFSBR. We also introduce the corresponding notion of

an pP, P _qkq-anti-intuitionistic fuzzy soft ideal, abbreviated as an pP, P _qkq-AIFSI. These structures

are formulated by using generalized anti-relations separately for the membership and non-membership

components of intuitionistic fuzzy soft sets. The generalized quasi-coincidence parameter k P r0, 1q

gives rise to the threshold

τk “
1 ´ k

2
.

Equivalent descriptions in terms of threshold inequalities are established for both structures.

The main contributions of this paper are summarized as follows. First, we define pP, P _qkq-AIFSBRs

through componentwise fuzzy-point relations and establish an equivalent characterization by means

of threshold inequalities. A finite example over the Boolean ring Z2 ˆ Z2 is provided. We prove that
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the OR operation and the union preserve pP, P _qkq-AIFSBRs. A counterexample shows that the AND

operation and the intersection do not preserve this structure in general. Sufficient conditions based

on the comparability of the corresponding intuitionistic fuzzy sets are then obtained for these two

operations.

Second, we introduce pP, P _qkq-AIFSIs through generalized fuzzy-point relations and obtain their

equivalent threshold characterization. A family of ordinary ideals is characterized by means of anti-

characteristic intuitionistic fuzzy soft sets. We prove that every pP, P _qkq-AIFSI is an pP, P _qkq-AIFSBR

and provide an example showing that the converse implication does not hold in general. The OR

operation and the union are shown to preserve pP, P _qkq-AIFSIs, whereas comparability conditions

are established for their AND operation and intersection.

The remainder of this paper is organized as follows. Section 2 recalls the basic concepts concerning

Boolean rings, fuzzy soft sets, intuitionistic fuzzy soft sets, and soft set operations. It also introduces the

componentwise generalized anti-relations and presents the threshold relations used in the subsequent

sections. Section 3 introduces pP, P _qkq-AIFSBRs, establishes their threshold characterization, and

investigates their closure properties. Section 4 develops pP, P _qkq-AIFSIs, characterizes them through

threshold inequalities and ordinary ideals, and examines their relationship with pP, P _qkq-AIFSBRs.

The final section presents the conclusion.

Abbreviations
Boolean ring BR

Fuzzy soft set FSS

Intuitionistic fuzzy set IFS

Intuitionistic fuzzy soft set IFSS

Fuzzy soft Boolean ring FSBR

Intuitionistic fuzzy soft Boolean ring IFSBR

Anti-fuzzy soft Boolean ring AFSBR

Anti-intuitionistic fuzzy soft Boolean ring AIFSBR

Anti-intuitionistic fuzzy soft ideal AIFSI

2. Preliminaries

In this section, we recall the definitions and notation required in the subsequent sections. Let U be a

non-empty universe, and let E be a non-empty set of parameters. For any a, b P r0, 1s, we write

a ^ b “ minta, bu and a _ b “ maxta, bu.

Definition 2.1. A ring is a non-empty set N equipped with two binary operations, ` and ¨, satisfying the

following conditions:

(i) pN,`q is an abelian group;
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(ii) pN, ¨q is a semigroup;

(iii)

xpy ` zq “ xy ` xz

and

px ` yqz “ xz ` yz

for all x, y, z P N.

Unless otherwise stated, a ring is not required to have a multiplicative identity.

Definition 2.2. A ring N is called a Boolean ring (BR) if

x2 “ x

for every x P N.

Every Boolean ring is commutative and satisfies

x ` x “ 0

for every x P N. Consequently,

´x “ x and x ´ y “ x ` y

for all x, y P N.

Definition 2.3. Let K Ď E . A pair pF,Kq is called a soft set over U if

F : K ÝÑ PpUq

is a mapping, where PpUq denotes the power set of U [8, 9].

Definition 2.4. A fuzzy set on U is a mapping

µ : U ÝÑ r0, 1s.

The family of all fuzzy sets on U is denoted by

FpUq “ tµ | µ : U ÝÑ r0, 1su .

Definition 2.5. Let K Ď E . A pair pO,Kq is called a fuzzy soft set (FSS) over U if

O : K ÝÑ FpUq

is a mapping. For every e P K, we write

Oe “ Opeq,

where Oepxq is the membership degree of x P U with respect to the parameter e [2, 6].
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Definition 2.6. An intuitionistic fuzzy set (IFS) A on U is an object of the form

A “ txx, µApxq, νApxqy | x P Uu ,

where

µA, νA : U ÝÑ r0, 1s

satisfy

0 ď µApxq ` νApxq ď 1

for every x P U . The values µApxq and νApxq are called the membership degree and the non-membership degree

of x, respectively [3].

The family of all intuitionistic fuzzy sets on U is denoted by IFpUq.

Definition 2.7. Let K Ď E . A pair pO,Kq is called an intuitionistic fuzzy soft set (IFSS) over U if

O : K ÝÑ IFpUq

is a mapping.

For every e P K, we write

Opeq “
␣@

x,Oepxq,O1
epxq

D

| x P U
(

,

where Oepxq and O1
epxq are the membership degree and the non-membership degree of x, respectively, and

0 ď Oepxq ` O1
epxq ď 1

for all x P U and e P K [7].

Definition 2.8. Let

A “ pµA, νAq and B “ pµB, νBq

be two intuitionistic fuzzy sets on U . We write

A ĺ B

if

µApxq ď µBpxq

and

νApxq ě νBpxq

for every x P U .

The intuitionistic fuzzy sets A and B are called comparable if

A ĺ B or B ĺ A.
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Definition 2.9. Let

A “ pµA, νAq and B “ pµB, νBq

be two intuitionistic fuzzy sets on U .

The intersection of A and B is defined by

A X B “ pµA ^ µB, νA _ νBq .

The union of A and B is defined by

A Y B “ pµA _ µB, νA ^ νBq ,

where all operations are taken pointwise on U .

Definition 2.10. Let pO,Kq and pN ,Gq be two IFSSs over U , and suppose that

K X G ‰ H.

The intersection of pO,Kq and pN ,Gq is the IFSS pS,Rq, where

R “ K X G

and

Sepxq “ Oepxq ^ Nepxq,

S 1
epxq “ O1

epxq _ N 1
epxq

for all e P R and x P U .

It is denoted by

pO,Kq X pN ,Gq “ pS,Rq.

Definition 2.11. Let pO,Kq and pN ,Gq be two IFSSs over U . The union of pO,Kq and pN ,Gq is the IFSS

pS,Rq, where

R “ K Y G,

Sepxq “

$

’

’

’

’

’

&

’

’

’

’

’

%

Oepxq, e P KzG,

Nepxq, e P GzK,

Oepxq _ Nepxq, e P K X G,

and

S 1
epxq “

$

’

’

’

’

’

&

’

’

’

’

’

%

O1
epxq, e P KzG,

N 1
epxq, e P GzK,

O1
epxq ^ N 1

epxq, e P K X G,

for all e P R and x P U .
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It is denoted by

pO,Kq Y pN ,Gq “ pS,Rq.

Definition 2.12. Let pO,Kq and pN ,Gq be two IFSSs over U . The AND operation of pO,Kq and pN ,Gq is

the IFSS pS,K ˆ Gq defined by

Spe,fqpxq “ Oepxq ^ Nf pxq

and

S 1
pe,fqpxq “ O1

epxq _ N 1
f pxq

for all pe, fq P K ˆ G and x P U .

It is denoted by

pO,Kq ^ pN ,Gq “ pS,K ˆ Gq.

Definition 2.13. Let pO,Kq and pN ,Gq be two IFSSs over U . The OR operation of pO,Kq and pN ,Gq is the

IFSS pS,K ˆ Gq defined by

Spe,fqpxq “ Oepxq _ Nf pxq

and

S 1
pe,fqpxq “ O1

epxq ^ N 1
f pxq

for all pe, fq P K ˆ G and x P U .

It is denoted by

pO,Kq _ pN ,Gq “ pS,K ˆ Gq.

Definition 2.14. The null fuzzy set on U is the fuzzy set 0U defined by

0U pxq “ 0

for every x P U .

The null intuitionistic fuzzy set on U is

r0U “ txx, 0, 1y | x P Uu .

Definition 2.15. Let pO,Kq be an FSS over U . The support of pO,Kq is defined by

SupppO,Kq “ te P K | Opeq ‰ 0Uu .

If pO,Kq is an IFSS over U , then its support is defined by

SupppO,Kq “

!

e P K | Opeq ‰ r0U

)

.

An FSS or an IFSS is called non-null if

SupppO,Kq ‰ H.

Otherwise, it is called null.
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Definition 2.16. Let x P U and t P r0, 1s. The fuzzy set xt on U defined by

xtpyq “

$

’

&

’

%

t, y “ x,

0, y ‰ x

is called a fuzzy point with support x and value t.

Remark 2.1. In the present componentwise formulation, the value t “ 0 is included in the definition of a fuzzy

point. Although fuzzy points are usually defined with positive values, the zero-level point is required here to

formulate the non-membership component and to obtain the corresponding threshold characterizations.

Definition 2.17. Let pO,Kq be an IFSS over U , let e P K, let x P U , and let k P r0, 1q. Put

τk “
1 ´ k

2
.

The generalized anti-relations are defined separately for the membership and non-membership components as

follows.

Membership component. For t P r0, 1s, we write

xt Pµ Opeq

if

Oepxq ď t,

and we write

xt qk,µOpeq

if

Oepxq ` t ` k ă 1.

If

xt Pµ Opeq or xt qk,µOpeq,

then we write

xt Pµ _qk,µOpeq.

Non-membership component. For s P r0, 1s, we write

xs Pν Opeq

if

O1
epxq ě s,

and we write

xs qk,ν Opeq
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if

O1
epxq ` s ` k ą 1.

If

xs Pν Opeq or xs qk,ν Opeq,

then we write

xs Pν _qk,ν Opeq.

Throughout this paper, the notation pP, P _qkq for an intuitionistic fuzzy soft structure is understood com-

ponentwise. That is, the corresponding Pµ _qk,µ condition is imposed on the membership function, while the

corresponding Pν _qk,ν condition is imposed on the non-membership function.

Remark 2.2. The generalized anti-relations introduced above are interpreted componentwise. Unlike the

conventional relation based on a single intuitionistic fuzzy soft point, the membership and non-membership

components are treated through independent level values. This componentwise formulation allows the two

components to be characterized separately by the corresponding threshold inequalities.

Lemma 2.1. Let a, c P r0, 1s, let k P r0, 1q, and let

τk “
1 ´ k

2
.

Then the following assertions hold:

(i)

c ď a _ τk

if and only if, for every t P ra, 1s,

c ď t or c ` t ` k ă 1;

(ii)

c ě a ^ τk

if and only if, for every s P r0, as,

c ě s or c ` s ` k ą 1.

Proof. Assume that

c ď a _ τk,

and let t P ra, 1s. If c ď t, there is nothing to prove. Suppose that c ą t. Since t ě a, we have c ą a.

Therefore,

c ď τk.

Since t ă c, it follows that

c ` t ` k ă 2c ` k ď 2τk ` k “ 1.
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This proves the forward implication in (i).

Conversely, suppose that the stated condition holds for every t P ra, 1s, but

c ą a _ τk.

Then

a ă c and 1 ´ k ´ c ă c.

Hence, there exists t such that

maxta, 1 ´ k ´ cu ď t ă c.

Thus,

c ą t and c ` t ` k ě 1,

which is a contradiction. Therefore,

c ď a _ τk.

Next, assume that

c ě a ^ τk,

and let s P r0, as. If c ě s, there is nothing to prove. Suppose that c ă s. Then c ă a. Hence, a ą τk and

c ě τk. Since s ą c, we obtain

c ` s ` k ą 2c ` k ě 2τk ` k “ 1.

This proves the forward implication in (ii).

Conversely, suppose that the stated condition holds for every s P r0, as, but

c ă a ^ τk.

Then

c ă a and c ă 1 ´ k ´ c.

Hence, there exists s such that

c ă s ď minta, 1 ´ k ´ cu.

It follows that

c ă s and c ` s ` k ď 1,

which is a contradiction. Therefore,

c ě a ^ τk.

□
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Definition 2.18. Let pO,Kq be a non-null FSS over a Boolean ring N. Then pO,Kq is called a fuzzy soft

Boolean ring (FSBR) over N if

Oepx ` yq ě Oepxq ^ Oepyq

and

Oepxyq ě Oepxq ^ Oepyq

for all e P K and x, y P N [12].

Definition 2.19. Let pO,Kq be a non-null IFSS over a Boolean ring N. Then pO,Kq is called an intuitionistic

fuzzy soft Boolean ring (IFSBR) over N if

Oepx ` yq ě Oepxq ^ Oepyq,

O1
epx ` yq ď O1

epxq _ O1
epyq,

Oepxyq ě Oepxq ^ Oepyq,

and

O1
epxyq ď O1

epxq _ O1
epyq

for all e P K and x, y P N [17].

Definition 2.20. Let pO,Kq be a non-null FSS over a Boolean ring N. Then pO,Kq is called an anti-fuzzy

soft Boolean ring (AFSBR) over N if

Oepx ` yq ď Oepxq _ Oepyq

and

Oepxyq ď Oepxq _ Oepyq

for all e P K and x, y P N [10].

3. pP, P _qkq-Anti-Intuitionistic Fuzzy Soft Boolean Rings

Ramesh et al. [10] studied anti-fuzzy soft Boolean rings. Motivated by their work and the generalized

anti-intuitionistic fuzzy soft approach in [5], we introduce pP, P _qkq-anti-intuitionistic fuzzy soft

Boolean rings and investigate some of their fundamental structural properties.

Throughout this section, N denotes a Boolean ring, k P r0, 1q, and

τk “
1 ´ k

2
.

All intuitionistic fuzzy soft sets considered in this section are defined over N.

Definition 3.1. Let pO,Kq be a non-null IFSS over N. Then pO,Kq is called an pP, P _qkq-anti-intuitionistic

fuzzy soft Boolean ring, briefly an pP, P _qkq-AIFSBR, if, for every e P K and x, y P N, the following

conditions hold:
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(i) for all t, u P r0, 1s,

xt Pµ Opeq and yu Pµ Opeq

imply

px ` yqt_u Pµ _qk,µOpeq

and

pxyqt_u Pµ _qk,µOpeq;

(ii) for all s, r P r0, 1s,

xs Pν Opeq and yr Pν Opeq

imply

px ` yqs^r Pν _qk,ν Opeq

and

pxyqs^r Pν _qk,ν Opeq.

The following theorem gives a convenient characterization of an pP, P _qkq-AIFSBR in terms of

threshold inequalities. This characterization will be used throughout the remainder of this paper.

Theorem 3.1. Let pO,Kq be a non-null IFSS over N. Then pO,Kq is an pP, P _qkq-AIFSBR if and only if, for

every e P K and x, y P N,

Oepx ` yq ď Oepxq _ Oepyq _ τk, (3.1)

O1
epx ` yq ě O1

epxq ^ O1
epyq ^ τk, (3.2)

Oepxyq ď Oepxq _ Oepyq _ τk, (3.3)

O1
epxyq ě O1

epxq ^ O1
epyq ^ τk. (3.4)

Proof. Assume first that pO,Kq is an pP, P _qkq-AIFSBR. Fix e P K and x, y P N, and let

˛ P t`, ¨u.

For the membership component, put

a “ Oepxq _ Oepyq

and

c “ Oepx ˛ yq.

Let v P ra, 1s. Then

Oepxq ď v and Oepyq ď v.

Hence,

xv Pµ Opeq and yv Pµ Opeq.
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By Definition 3.1,

px ˛ yqv_v Pµ _qk,µOpeq.

Since

v _ v “ v,

we have

c ď v or c ` v ` k ă 1.

This holds for every v P ra, 1s. Therefore, by Lemma 2.1,

c ď a _ τk.

Consequently,

Oepx ˛ yq ď Oepxq _ Oepyq _ τk.

Taking ˛ “ ` and ˛ “ ¨ gives (3.1) and (3.3), respectively.

For the non-membership component, put

b “ O1
epxq ^ O1

epyq

and

d “ O1
epx ˛ yq.

Let v P r0, bs. Then

O1
epxq ě v and O1

epyq ě v.

Thus,

xv Pν Opeq and yv Pν Opeq.

Definition 3.1 yields

px ˛ yqv^v Pν _qk,ν Opeq.

Since

v ^ v “ v,

we obtain

d ě v or d ` v ` k ą 1.

This holds for every v P r0, bs. Hence, by Lemma 2.1,

d ě b ^ τk.

Therefore,

O1
epx ˛ yq ě O1

epxq ^ O1
epyq ^ τk.

Taking ˛ “ ` and ˛ “ ¨ gives (3.2) and (3.4), respectively.

Conversely, suppose that (3.1)–(3.4) hold. Fix e P K and x, y P N.
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Suppose that

xt Pµ Opeq and yu Pµ Opeq.

Then

Oepxq ď t and Oepyq ď u.

Consequently,

Oepxq _ Oepyq ď t _ u.

Let ˛ P t`, ¨u and put

a “ Oepxq _ Oepyq

and

c “ Oepx ˛ yq.

By (3.1) and (3.3), according as ˛ “ ` or ˛ “ ¨, we have

c ď a _ τk.

Since

t _ u P ra, 1s,

Lemma 2.1 implies that

c ď t _ u

or

c ` pt _ uq ` k ă 1.

Therefore,

px ˛ yqt_u Pµ _qk,µOpeq.

Taking ˛ “ ` and ˛ “ ¨ establishes the two membership conditions in Definition 3.1.

Next, suppose that

xs Pν Opeq and yr Pν Opeq.

Then

O1
epxq ě s and O1

epyq ě r.

Hence,

O1
epxq ^ O1

epyq ě s ^ r.

Let ˛ P t`, ¨u and put

b “ O1
epxq ^ O1

epyq

and

d “ O1
epx ˛ yq.
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By (3.2) and (3.4), according as ˛ “ ` or ˛ “ ¨, we have

d ě b ^ τk.

Since

s ^ r P r0, bs,

Lemma 2.1 gives

d ě s ^ r

or

d ` ps ^ rq ` k ą 1.

Thus,

px ˛ yqs^r Pν _qk,ν Opeq.

Taking ˛ “ ` and ˛ “ ¨ establishes the two non-membership conditions in Definition 3.1.

Therefore, pO,Kq is an pP, P _qkq-AIFSBR. □

Example 3.1. Let

N “ Z2 ˆ Z2 “ t0, a, b, cu ,

where

0 “ p0, 0q, a “ p1, 0q, b “ p0, 1q, c “ p1, 1q.

The operations are defined componentwise modulo 2. Equivalently, they are given by the following tables:

` 0 a b c

0 0 a b c

a a 0 c b

b b c 0 a

c c b a 0

¨ 0 a b c

0 0 0 0 0

a 0 a 0 a

b 0 0 b b

c 0 a b c

It follows that

x2 “ x

for every x P N. Hence, N is a Boolean ring.

Let

K “ te1, e2, e3u .

Define an IFSS pO,Kq over N by

Ope1q “ tx0, 0.10, 0.80y , xa, 0.40, 0.50y , xb, 0.50, 0.40y , xc, 0.50, 0.30yu ,

Ope2q “ tx0, 0.15, 0.75y , xa, 0.35, 0.55y , xb, 0.35, 0.50y , xc, 0.20, 0.60yu ,
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and

Ope3q “ tx0, 0.20, 0.70y , xa, 0.45, 0.40y , xb, 0.30, 0.60y , xc, 0.45, 0.45yu .

For every e P K and x P N,

0 ď Oepxq ` O1
epxq ď 1.

Thus, pO,Kq is an IFSS over N.

Let k “ 0.6. Then

τk “
1 ´ 0.6

2
“ 0.2.

A direct verification using the operation tables shows that

Oepx ` yq ď Oepxq _ Oepyq _ 0.2,

O1
epx ` yq ě O1

epxq ^ O1
epyq ^ 0.2,

Oepxyq ď Oepxq _ Oepyq _ 0.2,

and

O1
epxyq ě O1

epxq ^ O1
epyq ^ 0.2

for all e P K and x, y P N. Therefore, by Theorem 3.1, pO,Kq is an pP, P _q0.6q-AIFSBR over N.

The following example shows that neither the AND operation nor the intersection preserves pP, P

_qkq-AIFSBRs in general.

Example 3.2. Let N be the Boolean ring in Example 3.1, and let

K “ G “ teu.

Take k “ 0.6, so that τk “ 0.2. Define IFSSs pO,Kq and pN ,Gq by

Opeq “ tx0, 0.10, 0.50y , xa, 0.10, 0.50y , xb, 0.40, 0.50y , xc, 0.40, 0.50yu

and

N peq “ tx0, 0.10, 0.50y , xa, 0.40, 0.50y , xb, 0.10, 0.50y , xc, 0.40, 0.50yu .

A direct verification using Theorem 3.1 shows that both pO,Kq and pN ,Gq are pP, P _q0.6q-AIFSBRs.

Let

pS,Kq “ pO,Kq X pN ,Gq.

Then

Sep0q “ 0.10, Sepaq “ 0.10, Sepbq “ 0.10,

and

Sepcq “ 0.40.
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Since

a ` b “ c,

we obtain

Sepa ` bq “ 0.40 ą 0.20 “ 0.10 _ 0.10 _ 0.20.

Thus, pS,Kq does not satisfy (3.1) and, by Theorem 3.1, it is not an pP, P _q0.6q-AIFSBR.

Since K “ G “ teu, the component associated with pe, eq in

pO,Kq ^ pN ,Gq

has the same membership and non-membership functions as Speq. Hence, the AND operation is also not an

pP, P _q0.6q-AIFSBR.

Theorem 3.2. Let pO,Kq and pN ,Gq be two pP, P _qkq-AIFSBRs. Suppose thatOpeq andN pfq are comparable

for every

pe, fq P K ˆ G.

Then

pO,Kq ^ pN ,Gq

is an pP, P _qkq-AIFSBR.

Proof. Let

pO,Kq ^ pN ,Gq “ pS,Rq,

where

R “ K ˆ G.

For every pe, fq P R,

Spe, fq “ Opeq X N pfq.

By the comparability assumption, either

Opeq ĺ N pfq

or

N pfq ĺ Opeq.

In the first case,

Spe, fq “ Opeq,

whereas in the second case,

Spe, fq “ N pfq.

Thus, each component of pS,Rq is a component of one of the given pP, P _qkq-AIFSBRs. Consequently,

each component satisfies the conditions in Definition 3.1.
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It remains to verify that pS,Rq is non-null. Choose

e0 P SupppO,Kq

and

f0 P SupppN ,Gq.

Both Ope0q and N pf0q are non-null intuitionistic fuzzy sets. Since they are comparable,

Spe0, f0q “ Ope0q

or

Spe0, f0q “ N pf0q.

Hence, Spe0, f0q is non-null. Therefore, pS,Rq is an pP, P _qkq-AIFSBR. □

Theorem 3.3. Let pO,Kq and pN ,Gq be two pP, P _qkq-AIFSBRs. Then

pO,Kq _ pN ,Gq

is an pP, P _qkq-AIFSBR.

Proof. Let

pO,Kq _ pN ,Gq “ pS,Rq,

where

R “ K ˆ G.

For every pe, fq P R and x P N,

Spe,fqpxq “ Oepxq _ Nf pxq

and

S 1
pe,fqpxq “ O1

epxq ^ N 1
f pxq.

Let ˛ denote either ` or ¨. For any x, y P N, Theorem 3.1 gives

Spe,fqpx ˛ yq “ Oepx ˛ yq _ Nf px ˛ yq

ď pOepxq _ Oepyq _ τkq _ pNf pxq _ Nf pyq _ τkq

“ Spe,fqpxq _ Spe,fqpyq _ τk.

Similarly,

S 1
pe,fqpx ˛ yq “ O1

epx ˛ yq ^ N 1
f px ˛ yq

ě
`

O1
epxq ^ O1

epyq ^ τk
˘

^
`

N 1
f pxq ^ N 1

f pyq ^ τk
˘

“ S 1
pe,fqpxq ^ S 1

pe,fqpyq ^ τk.
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Therefore, the threshold conditions in Theorem 3.1 hold.

To verify non-nullness, choose

e0 P SupppO,Kq

and any f P G. Since

Spe0, fq “ Ope0q Y N pfq

and Ope0q is non-null, Spe0, fq is non-null. Consequently, pS,Rq is an pP, P _qkq-AIFSBR. □

Theorem 3.4. Let pO,Kq and pN ,Gq be two pP, P _qkq-AIFSBRs. Then

pO,Kq Y pN ,Gq

is an pP, P _qkq-AIFSBR.

Proof. Let

pO,Kq Y pN ,Gq “ pS,Rq,

where

R “ K Y G.

Fix e P R. We consider the following cases.

Case 1. If

e P KzG,

then

Speq “ Opeq.

Hence, Speq satisfies all the conditions of an pP, P _qkq-AIFSBR.

Case 2. If

e P GzK,

then

Speq “ N peq.

Hence, Speq satisfies all the required conditions.

Case 3. If

e P K X G,

then

Sepxq “ Oepxq _ Nepxq

and

S 1
epxq “ O1

epxq ^ N 1
epxq
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for every x P N. By the same argument used in the proof of Theorem 3.3, Speq satisfies the threshold

conditions in Theorem 3.1.

Thus, every component of pS,Rq satisfies the required conditions.

Finally, choose

e0 P SupppO,Kq.

If e0 P KzG, then

Spe0q “ Ope0q

is non-null. If e0 P K X G, then

Spe0q “ Ope0q Y N pe0q

is also non-null. Hence, pS,Rq is non-null and is therefore an pP, P _qkq-AIFSBR. □

Theorem 3.5. Let pO,Kq and pN ,Gq be two pP, P _qkq-AIFSBRs. Suppose that

SupppO,Kq X SupppN ,Gq ‰ H

and that Opeq and N peq are comparable for every

e P K X G.

Then

pO,Kq X pN ,Gq

is an pP, P _qkq-AIFSBR.

Proof. Let

pO,Kq X pN ,Gq “ pS,Rq,

where

R “ K X G.

For every e P R,

Speq “ Opeq X N peq.

By the comparability assumption, either

Opeq ĺ N peq

or

N peq ĺ Opeq.

Therefore,

Speq “ Opeq
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or

Speq “ N peq.

In either case, Speq satisfies all the conditions in Definition 3.1.

Choose

e0 P SupppO,Kq X SupppN ,Gq.

Both Ope0q and N pe0q are non-null. Since they are comparable,

Spe0q “ Ope0q

or

Spe0q “ N pe0q.

Thus, Spe0q is non-null. Consequently, pS,Rq is an pP, P _qkq-AIFSBR. □

4. pP, P _qkq-Anti-Intuitionistic Fuzzy Soft Ideals over Boolean Rings

The classical notion of an intuitionistic anti-fuzzy ideal in a ring was studied in [20]. Motivated by

this notion and the generalized anti-intuitionistic fuzzy soft approach in [5], we introduce pP, P _qkq-

anti-intuitionistic fuzzy soft ideals over Boolean rings and investigate their structural properties.

Throughout this section, N denotes a Boolean ring, k P r0, 1q, and

τk “
1 ´ k

2
.

All intuitionistic fuzzy soft sets considered in this section are defined over N.

Definition 4.1. Let pO,Kq be a non-null IFSS over N. Then pO,Kq is called an pP, P _qkq-anti-intuitionistic

fuzzy soft ideal, briefly an pP, P _qkq-AIFSI, if, for every e P K and x, y P N, the following conditions hold:

(i) for all t, u P r0, 1s,

xt Pµ Opeq and yu Pµ Opeq

imply

px ` yqt_u Pµ _qk,µOpeq

and

pxyqt^u Pµ _qk,µOpeq;

(ii) for all s, r P r0, 1s,

xs Pν Opeq and yr Pν Opeq

imply

px ` yqs^r Pν _qk,ν Opeq

and

pxyqs_r Pν _qk,ν Opeq.
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The following theorem characterizes pP, P _qkq-anti-intuitionistic fuzzy soft ideals in terms of thresh-

old inequalities.

Theorem 4.1. Let pO,Kq be a non-null IFSS over N. Then pO,Kq is an pP, P _qkq-AIFSI if and only if, for

every e P K and x, y P N,

Oepx ` yq ď Oepxq _ Oepyq _ τk, (4.1)

O1
epx ` yq ě O1

epxq ^ O1
epyq ^ τk, (4.2)

Oepxyq ď pOepxq ^ Oepyqq _ τk, (4.3)

O1
epxyq ě

`

O1
epxq _ O1

epyq
˘

^ τk. (4.4)

Proof. Assume first that pO,Kq is an pP, P _qkq-AIFSI. Since the fuzzy-point conditions for addition in

Definition 4.1 are the same as those in Definition 3.1, the argument in the proof of Theorem 3.1 gives

(4.1) and (4.2).

We next consider multiplication. Fix e P K and x, y P N. Put

α “ Oepxq, β “ Oepyq, A “ α ^ β

and

C “ Oepxyq.

Let v P rA, 1s. Suppose first that α ď β. Set

t “ v and u “ v _ β.

Then

t ě α, u ě β, t ^ u “ v.

Consequently,

xt Pµ Opeq and yu Pµ Opeq.

Definition 4.1 therefore gives

pxyqv Pµ _qk,µOpeq.

Thus,

C ď v or C ` v ` k ă 1.

If β ď α, the same conclusion follows by taking

t “ v _ α and u “ v.

Hence, for every v P rA, 1s,

C ď v or C ` v ` k ă 1.
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By Lemma 2.1,

C ď A _ τk.

Therefore,

Oepxyq ď pOepxq ^ Oepyqq _ τk,

which proves (4.3).

For the non-membership component, put

α1 “ O1
epxq, β1 “ O1

epyq, B “ α1 _ β1

and

D “ O1
epxyq.

Let v P r0, Bs.

Suppose first that α1 ě β1. Set

s “ v and r “ v ^ β1.

Then

s ď α1, r ď β1, s _ r “ v.

Hence,

xs Pν Opeq and yr Pν Opeq.

Definition 4.1 gives

pxyqv Pν _qk,ν Opeq.

Thus,

D ě v or D ` v ` k ą 1.

If β1 ě α1, the same conclusion follows by taking

s “ v ^ α1 and r “ v.

Therefore, for every v P r0, Bs,

D ě v or D ` v ` k ą 1.

Lemma 2.1 yields

D ě B ^ τk.

Consequently,

O1
epxyq ě

`

O1
epxq _ O1

epyq
˘

^ τk,

which proves (4.4).

Conversely, suppose that (4.1)–(4.4) hold. The addition conditions in Definition 4.1 follow from the

argument in the converse part of Theorem 3.1.
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Suppose that

xt Pµ Opeq and yu Pµ Opeq.

Then

Oepxq ď t and Oepyq ď u,

and hence

Oepxq ^ Oepyq ď t ^ u.

By (4.3),

Oepxyq ď pOepxq ^ Oepyqq _ τk.

Applying Lemma 2.1 at the level t ^ u, we obtain

Oepxyq ď t ^ u

or

Oepxyq ` pt ^ uq ` k ă 1.

Therefore,

pxyqt^u Pµ _qk,µOpeq.

Now suppose that

xs Pν Opeq and yr Pν Opeq.

Then

O1
epxq ě s and O1

epyq ě r.

It follows that

O1
epxq _ O1

epyq ě s _ r.

By (4.4),

O1
epxyq ě

`

O1
epxq _ O1

epyq
˘

^ τk.

Applying Lemma 2.1 at the level s _ r, we obtain

O1
epxyq ě s _ r

or

O1
epxyq ` ps _ rq ` k ą 1.

Thus,

pxyqs_r Pν _qk,ν Opeq.

Therefore, all the conditions in Definition 4.1 hold. □
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Definition 4.2. Let I be a non-empty subset of N. The anti-characteristic intuitionistic fuzzy set associated

with I is the intuitionistic fuzzy set

χa
I “ pµa

I , ν
a
I q ,

where

µa
I pxq “

$

’

&

’

%

0, x P I,

1, x R I,

and

νaI pxq “

$

’

&

’

%

1, x P I,

0, x R I.

Theorem 4.2. Let K be a non-empty set of parameters, and let

tIe | e P Ku

be a family of non-empty subsets of N. Suppose that at least one Ie is a proper subset of N. Define an IFSS

pO,Kq over N by

Opeq “ χa
Ie

for every e P K. Then pO,Kq is an pP, P _qkq-AIFSI if and only if Ie is an ideal of N for every e P K.

Proof. Assume first that Ie is an ideal of N for every e P K. Fix e P K and let x, y P N.

If x, y P Ie, then

x ` y P Ie.

Therefore,

Oepx ` yq “ 0 ď 0 _ 0 _ τk

and

O1
epx ` yq “ 1 ě 1 ^ 1 ^ τk.

If at least one of x and y does not belong to Ie, the two addition inequalities follow immediately because

all membership and non-membership values belong to t0, 1u.

Since Ie is an ideal, if either x P Ie or y P Ie, then

xy P Ie.

It follows that

Oepxyq “ 0 ď pOepxq ^ Oepyqq _ τk

and

O1
epxyq “ 1 ě

`

O1
epxq _ O1

epyq
˘

^ τk.

If neither x nor y belongs to Ie, the multiplication inequalities also hold directly.
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Thus, all the inequalities in Theorem 4.1 hold. Since at least one Ie is proper, pO,Kq is non-null.

Hence, it is an pP, P _qkq-AIFSI.

Conversely, assume that pO,Kq is an pP, P _qkq-AIFSI. Fix e P K.

Let x, y P Ie. Then

Oepxq “ Oepyq “ 0.

By Theorem 4.1,

Oepx ` yq ď τk.

Since

τk ă 1

and

Oepx ` yq P t0, 1u,

we obtain

Oepx ` yq “ 0.

Thus,

x ` y P Ie.

Because Ie is non-empty, choose x P Ie. Since N is a Boolean ring,

x ` x “ 0.

Therefore,

0 P Ie.

Moreover, every element of a Boolean ring is its own additive inverse. Hence, Ie is an additive subgroup

of pN,`q.

Let x P Ie and y P N. Then

Oepxq “ 0.

Using (4.3), we obtain

Oepxyq ď p0 ^ Oepyqq _ τk “ τk.

Since the membership value is either 0 or 1 and τk ă 1, we have

Oepxyq “ 0.

Therefore,

xy P Ie.

Since a Boolean ring is commutative, Ie is an ideal of N. □
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Example 4.1. Let N be the Boolean ring in Example 3.1. Consider

I1 “ t0, au

and

I2 “ t0, bu.

Both I1 and I2 are ideals of N.

Let

K “ te1, e2u

and define an IFSS pO,Kq over N by

Ope1q “ χa
I1

and

Ope2q “ χa
I2 .

Explicitly,

Ope1q “ tx0, 0, 1y , xa, 0, 1y , xb, 1, 0y , xc, 1, 0yu

and

Ope2q “ tx0, 0, 1y , xa, 1, 0y , xb, 0, 1y , xc, 1, 0yu .

By Theorem 4.2, pO,Kq is an pP, P _qkq-AIFSI for every k P r0, 1q.

Theorem 4.3. Every pP, P _qkq-AIFSI over N is an pP, P _qkq-AIFSBR over N.

Proof. Let pO,Kq be an pP, P _qkq-AIFSI. The addition inequalities in Theorems 4.1 and 3.1 are the same.

For every e P K and x, y P N,

Oepxyq ď pOepxq ^ Oepyqq _ τk

ď Oepxq _ Oepyq _ τk.

Moreover,

O1
epxyq ě

`

O1
epxq _ O1

epyq
˘

^ τk

ě O1
epxq ^ O1

epyq ^ τk.

Thus, all the threshold inequalities in Theorem 3.1 hold. Consequently, pO,Kq is an pP, P _qkq-AIFSBR.

□

The converse of Theorem 4.3 does not hold in general, as shown in the following example.
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Example 4.2. Consider the pP, P _q0.6q-AIFSBR pO,Kq constructed in Example 3.1. For the parameter e2, we

have

ac “ a,

Oe2paq “ 0.35,

and

Oe2pcq “ 0.20.

Therefore,

Oe2pacq “ 0.35,

whereas

pOe2paq ^ Oe2pcqq _ τ0.6 “ p0.35 ^ 0.20q _ 0.20 “ 0.20.

Hence,

Oe2pacq ą pOe2paq ^ Oe2pcqq _ τ0.6.

Thus, (4.3) does not hold, and pO,Kq is not an pP, P _q0.6q-AIFSI.

Remark 4.1. The two IFSSs constructed in Example 3.2 are also pP, P _q0.6q-AIFSIs. Indeed, their membership

functions take the value 0.10 on the ideals t0, au and t0, bu, respectively, and take the value 0.40 outside these

ideals. Their non-membership functions have the constant value 0.50. Thus, the four inequalities in Theorem 4.1

are satisfied.

However, their AND operation and their intersection fail the addition membership condition, as shown in

Example 3.2. Therefore, neither the AND operation nor the intersection preserves pP, P _qkq-AIFSIs in general.

Theorem 4.4. Let pO,Kq and pN ,Gq be two pP, P _qkq-AIFSIs. Suppose that Opeq and N pfq are comparable

for every

pe, fq P K ˆ G.

Then

pO,Kq ^ pN ,Gq

is an pP, P _qkq-AIFSI.

Proof. Let

pO,Kq ^ pN ,Gq “ pS,Rq,

where

R “ K ˆ G.

For every pe, fq P R,

Spe, fq “ Opeq X N pfq.
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By the comparability assumption, either

Opeq ĺ N pfq

or

N pfq ĺ Opeq.

Therefore,

Spe, fq “ Opeq

or

Spe, fq “ N pfq.

Hence, every component of pS,Rq satisfies all the conditions in Definition 4.1.

Choose

e0 P SupppO,Kq

and

f0 P SupppN ,Gq.

Both Ope0q and N pf0q are non-null. Since they are comparable,

Spe0, f0q “ Ope0q

or

Spe0, f0q “ N pf0q.

Thus, Spe0, f0q is non-null. Consequently, pS,Rq is an pP, P _qkq-AIFSI. □

Theorem 4.5. Let pO,Kq and pN ,Gq be two pP, P _qkq-AIFSIs. Then

pO,Kq _ pN ,Gq

is an pP, P _qkq-AIFSI.

Proof. Let

pO,Kq _ pN ,Gq “ pS,Rq,

where

R “ K ˆ G.

For every pe, fq P R and x P N,

Spe,fqpxq “ Oepxq _ Nf pxq

and

S 1
pe,fqpxq “ O1

epxq ^ N 1
f pxq.
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Let x, y P N. For addition, Theorem 4.1 gives

Spe,fqpx ` yq “ Oepx ` yq _ Nf px ` yq

ď Spe,fqpxq _ Spe,fqpyq _ τk

and

S 1
pe,fqpx ` yq “ O1

epx ` yq ^ N 1
f px ` yq

ě S 1
pe,fqpxq ^ S 1

pe,fqpyq ^ τk.

For multiplication, we have

Spe,fqpxyq “ Oepxyq _ Nf pxyq

ď rpOepxq ^ Oepyqq _ τks _ rpNf pxq ^ Nf pyqq _ τks

“ pOepxq ^ Oepyqq _ pNf pxq ^ Nf pyqq _ τk

ď rpOepxq _ Nf pxqq ^ pOepyq _ Nf pyqqs _ τk

“
`

Spe,fqpxq ^ Spe,fqpyq
˘

_ τk.

Similarly,

S 1
pe,fqpxyq “ O1

epxyq ^ N 1
f pxyq

ě
“`

O1
epxq _ O1

epyq
˘

^ τk
‰

^
“`

N 1
f pxq _ N 1

f pyq
˘

^ τk
‰

“
`

O1
epxq _ O1

epyq
˘

^
`

N 1
f pxq _ N 1

f pyq
˘

^ τk

ě
“`

O1
epxq ^ N 1

f pxq
˘

_
`

O1
epyq ^ N 1

f pyq
˘‰

^ τk

“

´

S 1
pe,fqpxq _ S 1

pe,fqpyq

¯

^ τk.

Thus, all the inequalities in Theorem 4.1 hold.

Choose

e0 P SupppO,Kq

and any f P G. Then

Spe0, fq “ Ope0q Y N pfq

is non-null. Therefore, pS,Rq is an pP, P _qkq-AIFSI. □

Theorem 4.6. Let pO,Kq and pN ,Gq be two pP, P _qkq-AIFSIs. Then

pO,Kq Y pN ,Gq

is an pP, P _qkq-AIFSI.
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Proof. Let

pO,Kq Y pN ,Gq “ pS,Rq,

where

R “ K Y G.

Fix e P R.

If

e P KzG,

then

Speq “ Opeq.

If

e P GzK,

then

Speq “ N peq.

If

e P K X G,

then

Speq “ Opeq Y N peq.

In the third case, the same argument as in the proof of Theorem 4.5 shows that Speq satisfies the

inequalities in Theorem 4.1. Thus, every component of pS,Rq satisfies the required conditions.

Choose

e0 P SupppO,Kq.

If e0 P KzG, then

Spe0q “ Ope0q

is non-null. If e0 P K X G, then

Spe0q “ Ope0q Y N pe0q

is also non-null. Hence, pS,Rq is an pP, P _qkq-AIFSI. □

Theorem 4.7. Let pO,Kq and pN ,Gq be two pP, P _qkq-AIFSIs. Suppose that

SupppO,Kq X SupppN ,Gq ‰ H

and that Opeq and N peq are comparable for every

e P K X G.
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Then

pO,Kq X pN ,Gq

is an pP, P _qkq-AIFSI.

Proof. Let

pO,Kq X pN ,Gq “ pS,Rq,

where

R “ K X G.

For every e P R,

Speq “ Opeq X N peq.

By the comparability assumption, either

Opeq ĺ N peq

or

N peq ĺ Opeq.

Therefore,

Speq “ Opeq

or

Speq “ N peq.

In either case, Speq satisfies all the conditions in Definition 4.1.

Choose

e0 P SupppO,Kq X SupppN ,Gq.

Both Ope0q and N pe0q are non-null. Since they are comparable,

Spe0q “ Ope0q

or

Spe0q “ N pe0q.

Thus, Spe0q is non-null. Consequently, pS,Rq is an pP, P _qkq-AIFSI. □

5. Conclusion

In this paper, we introduced and investigated pP, P _qkq-anti-intuitionistic fuzzy soft Boolean rings

and pP, P _qkq-anti-intuitionistic fuzzy soft ideals over Boolean rings. The two structures were for-

mulated by using generalized anti-relations separately for the membership and non-membership

components of intuitionistic fuzzy soft sets. Equivalent characterizations in terms of the threshold
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τk “
1 ´ k

2

were established, providing practical criteria for verifying the newly defined structures.

For pP, P _qkq-anti-intuitionistic fuzzy soft Boolean rings, we provided a finite example and proved

that the OR operation and the union preserve the structure. A counterexample demonstrated that the

AND operation and the intersection do not preserve it in general. Nevertheless, sufficient conditions

based on comparability were obtained under which these two operations preserve the structure.

For pP, P _qkq-anti-intuitionistic fuzzy soft ideals, we characterized families of ordinary ideals

through their anti-characteristic intuitionistic fuzzy soft sets. We proved that every pP, P _qkq-anti-

intuitionistic fuzzy soft ideal is an pP, P _qkq-anti-intuitionistic fuzzy soft Boolean ring. An explicit

example showed that the converse implication does not hold in general. We also established closure

under the OR operation and the union and obtained sufficient comparability conditions for closure

under the AND operation and the intersection.

These results provide a consistent algebraic framework for studying generalized anti-intuitionistic

fuzzy soft structures over Boolean rings. Further research may consider homomorphisms, level subsets,

quotient structures, products, and corresponding constructions in other classes of rings and related

algebraic systems.
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