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1. INTRODUCTION

Soft set theory was introduced by Molodtsov [9] as a parameterized framework for dealing with
uncertain and imprecise information. Maji et al. [8] further developed the basic theory and operations
of soft sets. By combining fuzzy sets with soft sets, Maji et al. 6] introduced fuzzy soft sets, whereas
Ahmad and Kharal [2] subsequently investigated several properties and operations of fuzzy soft sets.
In another direction, Atanassov [3] introduced intuitionistic fuzzy sets by assigning both membership
and non-membership degrees to each element. Maji et al. [ 7] later combined this concept with soft set
theory and introduced intuitionistic fuzzy soft sets.

The interaction between fuzzy structures and algebraic systems has also received considerable
attention. Dixit et al. [4] studied fuzzy rings, while Acar et al. [1] introduced soft rings. These
developments provided a basis for extending fuzzy soft methods to Boolean rings and related structures.
In particular, fuzzy soft Boolean rings were studied in [12], and fuzzy soft Boolean near-rings together
with their idealistic forms were investigated in [ 15]. Generalized fuzzy soft Boolean near-rings were
considered in [11]. Further extensions include intuitionistic fuzzy soft Boolean rings [17], generalized
intuitionistic fuzzy soft Boolean near-rings [ 18], fuzzy soft I'-Boolean rings [ 16], and bipolar fuzzy soft
Boolean rings [19]. Soft Boolean near-rings and soft intersection Boolean near-rings were also studied
in[13,14].

Anti-fuzzy structures provide conditions that are dual in direction to the usual fuzzy conditions. In
the intuitionistic setting, both membership and non-membership functions are considered. Intuitionistic
anti-fuzzy ideals in rings were investigated in [20], while anti-intuitionistic fuzzy soft structures in
BCK/BClI-algebras were studied in [5]. More recently, anti-fuzzy soft Boolean rings were introduced
and investigated in [ 10]. However, the cited studies do not directly examine anti-intuitionistic fuzzy soft
Boolean rings under the generalized (€, € vg;) conditions or their corresponding soft ideal structures.

Motivated by these developments, we introduce the notion of an (€, € v ¢)-anti-intuitionistic fuzzy
soft Boolean ring, abbreviated as an (€, € v ¢;)-AIFSBR. We also introduce the corresponding notion of
an (€, € vqi)-anti-intuitionistic fuzzy soft ideal, abbreviated as an (€, € v gx)-AIFSI. These structures
are formulated by using generalized anti-relations separately for the membership and non-membership
components of intuitionistic fuzzy soft sets. The generalized quasi-coincidence parameter & € [0, 1)
gives rise to the threshold

1—-k

Tk=72 .

Equivalent descriptions in terms of threshold inequalities are established for both structures.
The main contributions of this paper are summarized as follows. First, we define (€, € v gi)-AIFSBRs
through componentwise fuzzy-point relations and establish an equivalent characterization by means

of threshold inequalities. A finite example over the Boolean ring Zs x Zs is provided. We prove that
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the OR operation and the union preserve (€, € v ¢;)-AIFSBRs. A counterexample shows that the AND
operation and the intersection do not preserve this structure in general. Sufficient conditions based
on the comparability of the corresponding intuitionistic fuzzy sets are then obtained for these two
operations.

Second, we introduce (€, € vg;)-AIFSIs through generalized fuzzy-point relations and obtain their
equivalent threshold characterization. A family of ordinary ideals is characterized by means of anti-
characteristic intuitionistic fuzzy soft sets. We prove that every (€, € v¢;)-AlFSIis an (€, € v qi)-AIFSBR
and provide an example showing that the converse implication does not hold in general. The OR
operation and the union are shown to preserve (€, € vg;)-AIFSIs, whereas comparability conditions
are established for their AND operation and intersection.

The remainder of this paper is organized as follows. Section 2 recalls the basic concepts concerning
Boolean rings, fuzzy soft sets, intuitionistic fuzzy soft sets, and soft set operations. It also introduces the
componentwise generalized anti-relations and presents the threshold relations used in the subsequent
sections. Section 3 introduces (€, € v g )-AIFSBRs, establishes their threshold characterization, and
investigates their closure properties. Section 4 develops (€, € v g;,)-AIFSIs, characterizes them through
threshold inequalities and ordinary ideals, and examines their relationship with (€, € v ¢ )-AIFSBRs.

The final section presents the conclusion.

Abbreviations
Boolean ring BR
Fuzzy soft set ESS
Intuitionistic fuzzy set IFS
Intuitionistic fuzzy soft set IFSS
Fuzzy soft Boolean ring FSBR
Intuitionistic fuzzy soft Boolean ring IFSBR
Anti-fuzzy soft Boolean ring AFSBR
Anti-intuitionistic fuzzy soft Boolean ring AIFSBR
Anti-intuitionistic fuzzy soft ideal AIFSI

2. PRELIMINARIES

In this section, we recall the definitions and notation required in the subsequent sections. Let I/ be a

non-empty universe, and let £ be a non-empty set of parameters. For any a, b € [0, 1], we write
a Ab=min{a,b} and a v b= max{a,b}.

Definition 2.1. A ring is a non-empty set N equipped with two binary operations, + and -, satisfying the

following conditions:

(i) (M, +) is an abelian group;
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(it) (M,-) is a semigroup;
(i)
x(y+z) =xy + zz
and
(x+y)z =22+ yz
forall x,y,z e M.

Unless otherwise stated, a ring is not required to have a multiplicative identity.

Definition 2.2. A ring N is called a Boolean ring (BR) if
r =X
for every x € M.
Every Boolean ring is commutative and satisfies
r+x=0

for every z € M. Consequently,

—zx=z and z—y=x+y
forall z,y e M.
Definition 2.3. Let IC < &. A pair (F, K) is called a soft set over U if
F:K—PU)
is a mapping, where P(U) denotes the power set of U [ 8, 9].
Definition 2.4. A fuzzy set on U is a mapping
p:Ud —[0,1].
The family of all fuzzy sets on U is denoted by
FU) ={p|p:U—1[0,1]}.
Definition 2.5. Let IC < €. A pair (O, K) is called a fuzzy soft set (FSS) over U if
O:K— FU)

is a mapping. For every e € K, we write
O, = O(e),

where O,(x) is the membership degree of x € U with respect to the parameter e [2,0].
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Definition 2.6. An intuitionistic fuzzy set (IFS) A on U is an object of the form

A= {(z, pa(@),valz)) |z U},
where
pra,va U — [0,1]
satisfy
0<pa(x)+rvalz) <1
for every x € U. The values p4(x) and v.a(x) are called the membership degree and the non-membership degree
of z, respectively [ 3].

The family of all intuitionistic fuzzy sets on i/ is denoted by ZF ().

Definition 2.7. Let K < €. A pair (O, K) is called an intuitionistic fuzzy soft set (IFSS) over U if
O:K—ZIFU)

is a mapping.
For every e € K, we write

O(e) = {{x,0c(z),0L(z)) | x €U},

where O.(x) and O, (x) are the membership degree and the non-membership degree of x, respectively, and
0<Oc(z)+0.(z) <1
forallzeUUandeec K [7].

Definition 2.8. Let
A= (na,va) and B= (us,vs)

be two intuitionistic fuzzy sets on U. We write

pa(x) < ps(w)
and
va(z) = vp(x)

for every x € U.

The intuitionistic fuzzy sets A and B are called comparable if

A<B or B<A.
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Definition 2.9. Let
A= (MA?V.A) and B = (ﬂB)VB)

be two intuitionistic fuzzy sets on U.

The intersection of A and B is defined by
AnB = (A A ps,va v vs).
The union of A and B is defined by
AUB=(pav ps,vanvs),
where all operations are taken pointwise on U.
Definition 2.10. Let (O, K) and (N, G) be two IFSSs over U, and suppose that
KnG#@.
The intersection of (O, K) and (N, G) is the IFSS (S, R), where
R=KngG

and
Se(@) = Oc(x) A Ne(),
Se(z) = Oc(z) v M(x)
foralle e Rand x € U.

It is denoted by
(OvK:) A (N7 g) = (SaR)

Definition 2.11. Let (O, K) and (N, G) be two IFSSs over U. The union of (O, K) and (N, G) is the IFSS
(S, R), where

R=Kug,
(0.(2), ceK\G,
Se(z) = { No(2), eecG\K,

(Oc(2) v Ne(z), e€eKng,
and
Oé(.%'), QEK:\gy

Se(x) = { N(z), eeG\K,

OL(x) A Nl(z), ee KngG,
foralle e Rand x € U.
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It is denoted by
(0,K)u (N,G) = (S,R).

Definition 2.12. Let (O, K) and (N, G) be two IFSSs over U. The AND operation of (O, K) and (N, G) is
the IFSS (S, K x G) defined by
S(es) (@) = Ou(a) A Ny (w)

and

forall (e, f) e K x Gand x € U.
It is denoted by
(0.K) A (N.9) = (8,K x G).

Definition 2.13. Let (O, K) and (N, G) be two IFSSs over U. The OR operation of (O, K) and (N, G) is the
IFSS (S, K x G) defined by
Se.p) (@) = Oc(z) v Ny(x)

and
Slo.p)(@) = OLla) A N} ()
forall (e, f) e K x Gand x € U.

It is denoted by
(O,K) v (N, G) = (8, K xG).

Definition 2.14. The null fuzzy set on U is the fuzzy set Oy defined by
Oy (2) = 0

for every x e U.

The null intuitionistic fuzzy set on U is
Oy = {(x,0,1) |z el}.
Definition 2.15. Let (O, K) be an FSS over U. The support of (O, K) is defined by
Supp(O,K) = {ee £ | O(e) # Oy} .
If (O, K) is an IFSS over U, then its support is defined by
Supp(O, ) = {e e K| Ofe) # ﬁu} :
An ESS or an IFSS is called non-null if
Supp(0,K) # &.

Otherwise, it is called null.
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Definition 2.16. Let v € U and t € [0, 1]. The fuzzy set x; on U defined by

is called a fuzzy point with support x and value t.

Remark 2.1. In the present componentwise formulation, the value t = 0 is included in the definition of a fuzzy
point. Although fuzzy points are usually defined with positive values, the zero-level point is required here to

formulate the non-membership component and to obtain the corresponding threshold characterizations.

Definition 2.17. Let (O, K) be an IFSS over U, let e € K, let x € U, and let k € [0, 1). Put
1—-k

T = ——.

2
The generalized anti-relations are defined separately for the membership and non-membership components as

follows.

Membership component. For t € [0, 1], we write

xr €, Ole)
if

Oc(z) < t,
and we write

z¢ qr,u O(e)
if

Oc(z)+t+k < 1.

If

xi €, O(e) or wyqpuO(e),
then we write

x €4 Vg, Ole).

Non-membership component. For s € [0, 1], we write

zs €, O(e)

Ou(z) = s,
and we write

Tsqk,v O(e)
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if

O(x)+s+k>1.
If
zs€, Oe) or x5q,, O(e),
then we write
Ts € Vkw Ofe).

Throughout this paper, the notation (€, € v qy) for an intuitionistic fuzzy soft structure is understood com-
ponentwise. That is, the corresponding €,, v qy,,, condition is imposed on the membership function, while the

corresponding €, v qy,,, condition is imposed on the non-membership function.

Remark 2.2. The generalized anti-relations introduced above are interpreted componentwise. Unlike the
conventional relation based on a single intuitionistic fuzzy soft point, the membership and non-membership
components are treated through independent level values. This componentwise formulation allows the two

components to be characterized separately by the corresponding threshold inequalities.

Lemma 2.1. Let a,c € [0,1], let k € [0,1), and let

Then the following assertions hold:
(1)
c<avVv T
if and only if, for every t € [a, 1],
c<t or c+t+k<l;
(if)
cC=anTg
if and only if, for every s € [0, a],

c=s8 or c+s+k>1.

Proof. Assume that
c<av T,
and let ¢ € [a,1]. If ¢ < t, there is nothing to prove. Suppose that ¢ > ¢. Since t > a, we have ¢ > a.
Therefore,
c < Tk
Since t < ¢, it follows that

c+t+k<2c+ k<2 +k=1.
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This proves the forward implication in (i).

Conversely, suppose that the stated condition holds for every ¢ € [a, 1], but

cC>avVv Tg.

Then

a<c and 1—-k—-c<ec
Hence, there exists t such that
max{a,1 —k—c} <t <e.
Thus,
c>t and c+t+k=1,
which is a contradiction. Therefore,
c<av Tg.
Next, assume that
c=an Tk,

and let s € [0,a]. If ¢ > s, there is nothing to prove. Suppose that ¢ < s. Then ¢ < a. Hence, a > 7, and

¢ = 13,. Since s > ¢, we obtain

c+s+k>2c+k=2n+k=1.

This proves the forward implication in (ii).

Conversely, suppose that the stated condition holds for every s € [0, a], but

c<anTg.
Then
c<a and c<l—k-—c
Hence, there exists s such that
¢ < s <min{a,1—k —c}.
It follows that
c<s and c+s+ k<1,

which is a contradiction. Therefore,

c=a A Tg.
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Definition 2.18. Let (O, K) be a non-null FSS over a Boolean ring M. Then (O, K) is called a fuzzy soft
Boolean ring (FSBR) over 91 if
Oc(z +y) = Oc(x) A Ocl(y)
and
Oc(zy) = Oc(x) A Oc(y)
forallee Kand x,y e M [12].

Definition 2.19. Let (O, K) be a non-null IFSS over a Boolean ring M. Then (O, K) is called an intuitionistic
fuzzy soft Boolean ring (IFSBR) over M if

Oc(x +y) = Oc(x) A Oc(y),
Oc(z +y) < Oc(z) v OL(y),
Oc(zy) = Oc(x) A Oc(y),
and
Oc(zy) < OL(x) v OLy)
forallee Kand xz,y e MW [17/].

Definition 2.20. Let (O, K) be a non-null FSS over a Boolean ring N. Then (O, K) is called an anti-fuzzy
soft Boolean ring (AFSBR) over M if

Oc(z +y) < Oc(x) v Oc(y)

and

Oc(zy) < Oc(z) v Oc(y)
foralle e KCand x,y € N [10].

3. (€,€ vgi)-Antr-InTUITIONISTIC FUZZY SOFT BOOLEAN RINGS

Ramesh et al. [10] studied anti-fuzzy soft Boolean rings. Motivated by their work and the generalized
anti-intuitionistic fuzzy soft approach in [5], we introduce (€, € v ¢x)-anti-intuitionistic fuzzy soft
Boolean rings and investigate some of their fundamental structural properties.

Throughout this section, 91 denotes a Boolean ring, & € [0,1), and

1—k
T = ——.

2

All intuitionistic fuzzy soft sets considered in this section are defined over 1.

Definition 3.1. Let (O, K) be a non-null IFSS over M. Then (O, K) is called an (€, € v qi)-anti-intuitionistic
fuzzy soft Boolean ring, briefly an (€, vqy)-AIFSBR, if, for every e € K and z,y € N, the following

conditions hold:
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(i) forallt,u e [0,1],
xr €, Oe) and y, €, Oe)
imply
(@ +Y)evu €u vV Ofe)
and
(@Y)tvu Eu Vi O(e);
(ii) forall s,r € [0,1],
x5 €, Oe) and vy, €, Ole)
imply
(T +Y)sar €0 Vi O(e)
and

(xy)sx\r €v VQk,v O<e)

The following theorem gives a convenient characterization of an (€,€ v¢;)-AIFSBR in terms of

threshold inequalities. This characterization will be used throughout the remainder of this paper.

Theorem 3.1. Let (O, K) be a non-null IFSS over N. Then (O, K) is an (€, € vqy)-AIFSBR if and only if, for
everyee Kand x,y € N,

Oc(z +y) < Oc(x) v Oc(y) v 7, (3.1)
Oz +y) = OL(x) A OL(Y) A Tg, (3.2)
Oc(zy) < Oc(x) v Oc(y) v 7, (3.3)
Ol(zy) = OL(x) A OL(y) A T (3.4)

Proof. Assume first that (O, K) is an (€,€ vqi)-AIFSBR. Fix e € K and z,y € N, and let
o€ {+,}.
For the membership component, put
a = Oc(z) v Oc(y)
and
c=0c(xzoy).

Letv € [a, 1]. Then
Oc(z) <v and Oc(y) < w.

Hence,

z, €, O(e) and 1y, €, Ofe).
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By Definition 3.1,
(o Y)vvo €p Varu Ole).
Since

VV U=,

we have

c<v or c+uv+k<Ll
This holds for every v € [a, 1]. Therefore, by Lemma 2.1,
c<avVv Tg.
Consequently,
Oc(zoy) < Oc(x) v Oc(y) v Tj.
Taking o = + and ¢ = - gives (3.1) and (3.3), respectively.
For the non-membership component, put
b= Oc(x) A O(y)

and

d=0.(zoy).
Let v € [0,b]. Then

Ol(x)>v and OL(y) >wv.

Thus,
xy €, O(e) and 1y, €, O(e).
Definition 3.1 yields
(0 Y)vav Ev VaEL Ole).
Since

VAV =0,

we obtain

dzv or d+v+k>1
This holds for every v € [0, b]. Hence, by Lemma 2.1,
d=bnATg.

Therefore,
OL(zoy) = OL(z) A OL(y) A Tk
Taking ¢ = + and o = - gives (3.2) and (3.4), respectively.
Conversely, suppose that (3.1)—(3.4) hold. Fix e € K and z,y € 9.
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Suppose that
i€, Oe) and y, €, Ofe).
Then
Oc(z) <t and Og(y) < u.
Consequently,

Oc(z) v Oc(y) <t v u.

Let o € {+,-} and put
a = Oe(x) 4 Oe(y)

and

¢ = Oc(zoy).

By (3.1) and (3.3), according as ¢ = + or ¢ = -, we have

c<avV Tg.

Since
tvuela,l1],
Lemma 2.1 implies that
c<tvu
or
c+(tvu)+k<l1.

Therefore,

(®oY)tvu Ep Var,u Oe).

Taking ¢ = + and ¢ = - establishes the two membership conditions in Definition 3.1.

Next, suppose that
zs €, O(e) and y, €, Ofe).
Then
Ol(z)=s and OL(y) >r.
Hence,

OL(x) A OL(y) = s AT
Let o € {+,-} and put
b= Oc(x) A OL(y)
and

d=0.(zoy).
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By (3.2) and (3.4), according as ¢ = + or ¢ = -, we have

d=bATg.
Since

s AT e|0,b],

Lemma 2.1 gives

d=zsnaAr
or

d+ (sanr)+k>1.
Thus,
(ZoY)sar €v Vi O(e).
Taking ¢ = + and ¢ = - establishes the two non-membership conditions in Definition 3.1.
Therefore, (O, K) is an (€, € v g )-AIFSBR. O

Example 3.1. Let
N = Z2 X ZQ = {O,a,b,c},
where

0=(0,0), a=(10), b=(01), c=(1,1).

The operations are defined componentwise modulo 2. Equivalently, they are given by the following tables:

+10 a b c 10 a b ¢
0]0 a b ¢ 0[{0 0 0 O
ala 0 c b al0 a 0 a
bib c 0 a b0 0 b b
clec b a O c|l0 a b c
It follows that
=z

for every x € 9. Hence, I is a Boolean ring.

Let
K= {61,62,63} .

Define an IFSS (O, K) over 2t by
O(e1) = {<0,0.10,0.80) , {a, 0.40, 0.50) , {b, 0.50, 0.40) , {c, 0.50, 0.30)} ,

O(e2) = {€0,0.15,0.75 ,<a, 0.35,0.55) , (b, 0.35,0.50) , (c, 0.20, 0.60)} ,
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and

O(es) = {€0,0.20,0.70%, {a, 0.45,0.40), (b, 0.30, 0.60) , {c, 0.45, 0.45} .

For every e € K and x € M,

0<O(z) +0O.(z) < 1.

Thus, (0, K) is an IFSS over .

Let k = 0.6. Then
o106 _
e

A direct verification using the operation tables shows that

0.2.

Oc(z +y) < Oc(z) v Oc(y) v 0.2,
Oc(z +y) = Oc(x) A Oy) A 0.2,
Oc(ry) < Oc(z) v Oc(y) v 0.2,

and

Oc(zy) = Og(x) A Op(y) A 0.2
forall e € KK and x,y € N. Therefore, by Theorem 3.1, (O, K) is an (€, € v qo.6)-AIFSBR over M.

The following example shows that neither the AND operation nor the intersection preserves (€, €

v qy)-AIFSBRs in general.

Example 3.2. Let Ot be the Boolean ring in Example 3.1, and let
K=G={e}
Take k = 0.6, so that 7, = 0.2. Define IFSSs (O, K) and (N, G) by
O(e) = {€0,0.10,0.50 , {a, 0.10, 0.50) , ¢b, 0.40, 0.50) , {c, 0.40, 0.50)}
and
N(e) = {€0,0.10,0.50) , {a, 0.40, 0.50) , (b, 0.10, 0.50) , (¢, 0.40, 0.50)} .

A direct verification using Theorem 3.1 shows that both (O, K) and (N, G) are (€,€ v qo6)-AIFSBRs.
Let
(S,K) = (0,K) n (N, G).
Then
S.(0) =010,  S.(a) =0.10,  S.(b) =0.10,

and

Se(c) = 0.40.
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Since

a+b=c,
we obtain
Se(a +b) =0.40 > 0.20 = 0.10 v 0.10 v 0.20.
Thus, (S, K) does not satisfy (3.1) and, by Theorem 3.1, it is not an (€, € v qo.6)-AIFSBR.
Since K = G = {e}, the component associated with (e, e) in

(O,K) A (N,G)

has the same membership and non-membership functions as S(e). Hence, the AND operation is also not an

(E, EV qo.ﬁ)—AIFSBR.

Theorem 3.2. Let (O, K) and (N, G) be two (€, € v qi)-AIFSBRs. Suppose that O(e) and N (f) are comparable
for every
(e,f)eKxg.
Then
(O,K) A (N,G)
is an (€,€ vq)-AIFSBR.

Proof. Let
(0,K) A (N,G) = (S, R),

where

R=Kxg.

For every (e, f) € R,
S(e, f) = 0(e) n N(f).

By the comparability assumption, either

O(e) < N(f)
or
N(f) < O(e)
In the first case,
S(e, f) = Oe),
whereas in the second case,
S(e, f) = N(f)

Thus, each component of (S, R) is a component of one of the given (€, e v¢;)-AIFSBRs. Consequently,

each component satisfies the conditions in Definition 3.1.
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It remains to verify that (S, R) is non-null. Choose
ep € Supp(O, K)
and
fo € Supp(WV, G).
Both O(ep) and N (fo) are non-null intuitionistic fuzzy sets. Since they are comparable,
S(eo, fo) = Oleo)
or
S(eo, fo) = N(fo)-
Hence, S(eq, fo) is non-null. Therefore, (S,R) is an (€, € v )-AIFSBR. O

Theorem 3.3. Let (O, K) and (N, G) be two (€, € v qi)-AIFSBRs. Then
(0,K) v (N, G)
is an (€,€ vqi)-AIFSBR.
Proof. Let
(0,K) v (N, G) = (S,R),
where
R=Kxg.
For every (e, f) e Rand z € N,
S(eup) (@) = Ocl) v Ny (2)
and
SEe,f)(‘T) = Oy (x) A Nj(z).
Let o denote either + or -. For any z,y € 91, Theorem 3.1 gives
Se.p(roy) =Oc(zoy) v Np(zoy)
< (Oc(@) v Ocly) v 1) v (Ny(@) v N (y) v 71)
= Se.n(®@) v Sie.py(y) Vv Tk
Similarly,
Sfe,f)(ff oy) = O (roy) A N}(fﬂ oY)
> (C’)'e(x) A OL(y) A Tk) A (/\/J/c(x) A J\/J’c(y) A Tk)

= Séevf)(x) A\ Sée,f)(y) AND
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Therefore, the threshold conditions in Theorem 3.1 hold.
To verify non-nullness, choose

€o € Supp(ov IC)

and any f € G. Since
S(eo, f) = O(eo) v N(f)

and O(ep) is non-null, S(ep, f) is non-null. Consequently, (S,R) is an (€, € vqy)-AIFSBR.

Theorem 3.4. Let (O,K) and (N, G) be two (€,€ v qi)-AIFSBRs. Then
(0,K) v (N, 9)

is an (€,€ vqi)-AIFSBR.

Proof. Let
(O,K) v (N, G) = (5, R),

where

R=Kug.
Fix e € R. We consider the following cases.
Case 1. If

e e K\,

then

S(e) = O(e)

Hence, S(e) satisfies all the conditions of an (€, € vgy)-AIFSBR.

Case 2. If
ee G\K,

then

Hence, S(e) satisfies all the required conditions.

Case 3. If
ee KngG,
then
Se(®) = Oc(x) v Ne()
and

Se(x) = Ocx) A N(=)
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for every x € 9. By the same argument used in the proof of Theorem 3.3, S(e) satisfies the threshold
conditions in Theorem 3.1.
Thus, every component of (S, R) satisfies the required conditions.

Finally, choose

ep € Supp(O, K).

If g € K£\G, then
S(eo) = O(eo)
isnon-null. If ey € K n G, then
S(eg) = O(ep) U N (eg)

is also non-null. Hence, (S, R) is non-null and is therefore an (€, € v ¢ )-AIFSBR. O
Theorem 3.5. Let (O, K) and (N, G) be two (€,€ vqy)-AIFSBRs. Suppose that
Supp(0,K) n Supp(N, G) # &
and that O(e) and N (e) are comparable for every
ecKng.

Then
(0,K) n (N, G)
is an (€,€ vqi)-AIFSBR.
Proof. Let
(O,/C) N (N’ g) = (S,R),

where

R=Kng.

For everyee R,

or

Therefore,
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or

In either case, S(e) satisfies all the conditions in Definition 3.1.
Choose
ep € Supp(O, K) n Supp(WNV, G).

Both O(ep) and N (ep) are non-null. Since they are comparable,
S(eo) = Oleo)

or
S(eo) = Neo).
Thus, S(ep) is non-null. Consequently, (S, R) is an (€, € vqy)-AIFSBR. O

4. (e,e vqi)-AnTt-INTUITIONISTIC FUZZY SOFT IDEALS OVER BOOLEAN RINGS

The classical notion of an intuitionistic anti-fuzzy ideal in a ring was studied in [20]. Motivated by
this notion and the generalized anti-intuitionistic fuzzy soft approach in [5], we introduce (€, € v gx)-
anti-intuitionistic fuzzy soft ideals over Boolean rings and investigate their structural properties.

Throughout this section, 91 denotes a Boolean ring, k € [0, 1), and

1-k

=g

All intuitionistic fuzzy soft sets considered in this section are defined over 1.

Definition 4.1. Let (O, K) be a non-null IFSS over M. Then (O, K) is called an (€, € v qy)-anti-intuitionistic
fuzzy soft ideal, briefly an (€, € v qi)-AIFSI, if, for every e € K and x,y € N, the following conditions hold:
(i) forallt,u e [0,1],
xi €, Oe) and y, €, O(e)
imply
(@ + Y)evu € Varu Ole)
and
(@Y)enu € vk Of€);
(ii) forall s,r € [0,1],
zs €, Oe) and y, €, Oe)
imply
(@ + Y)sar € Vary Oe)
and

(my)svr €y VQk.v O(e)
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The following theorem characterizes (€, € v g;)-anti-intuitionistic fuzzy soft ideals in terms of thresh-

old inequalities.

Theorem 4.1. Let (O, K) be a non-null IFSS over N. Then (O, K) is an (€, € v qi)-AIFSI if and only if, for

everyee Kand x,y € N,

Oc(z +y) < Oc(x) v Oc(y) v T, (4.1)
Ol(z +y) = OL(x) A OL(Y) A T4, (4.2)
Oc(zy) < (Oc(z) A Ocly)) v T, (4.3)
OL(zy) = (OL(z) v OL(Y)) A T (4.4)

Proof. Assume first that (O, K) is an (€, € v ¢ )-AIFSI. Since the fuzzy-point conditions for addition in
Definition 4.1 are the same as those in Definition 3.1, the argument in the proof of Theorem 3.1 gives
(4.1) and (4.2).

We next consider multiplication. Fix e € £ and z, y € 91. Put
OJZOB(Z'), B:Oe(y)v A=anp
and
C = Oc(zy).
Let v € [A, 1]. Suppose first that o < . Set
t=v and wu=wvvpf.
Then
t>=a, u =, tAu=nw.
Consequently,
i€, Oe) and y, €, Ofe).
Definition 4.1 therefore gives
(Y)v €4 Vv, Ofe).
Thus,

C<v or C+ov+k<l.

If 5 < o, the same conclusion follows by taking
t=vva and u=v.

Hence, for every v € [A, 1],

C<v or CH+ov+k<l.
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By Lemma 2.1,
C<Av T
Therefore,
Oc(zy) < (Oc(x) A Oc(y)) v 7,

which proves (4.3).

For the non-membership component, put
o =0(x), B =0ly), B=dvp
and
D = O(xy).

Letv € [0, B].

Suppose first that o/ > 5’. Set

s=v and r=vApf.
Then
s<a, r<p, svVr=u.
Hence,
zs €, Oe) and vy, €, Ofe).
Definition 4.1 gives
(xy)v €1 V@i, O(e).
Thus,
D>v or D+v+k>1.
If 5/ = o, the same conclusion follows by taking
s=vAad and r=v.
Therefore, for every v € [0, B],
D>v or D+v+k>1.
Lemma 2.1 yields
D > B A 1.
Consequently,
Oc(zy) = (Oc(x) v Oc(y)) A 7,

which proves (4.4).

Conversely, suppose that (4.1)—-(4.4) hold. The addition conditions in Definition 4.1 follow from the

argument in the converse part of Theorem 3.1.
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Suppose that
€, Oe) and y, €, O(e).
Then
Oc(r) <t and O(y) < u,
and hence
Oc(x) A Oc(y) <t A u.
By (4.3),

Oc(zy) < (Oc(z) A Oc(y)) v T

Applying Lemma 2.1 at the level ¢ A u, we obtain
Oc(zy) <t Au
or
Oc(zy) + (t Au) +k < 1.
Therefore,
(@Y)iru Ep Varu Ole).
Now suppose that

xs €, Oe) and vy, €, Ofe).

Then
o

"(z)=s and OL(y) =r.

It follows that

Olx) v OLly)y=swvr.
By (4.4),

OL(zy) = (Oc(x) v O(y)) A T
Applying Lemma 2.1 at the level s v r, we obtain
Ol(zy) =svr
or
Ol(zy) + (svr)+k>1.

Thus,

(Y)svr € Vg, O(e).

Therefore, all the conditions in Definition 4.1 hold. O
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Definition 4.2. Let I be a non-empty subset of N. The anti-characteristic intuitionistic fuzzy set associated

with I is the intuitionistic fuzzy set

X7 = (1, v1),

where
u 0, zel,
pi(x) =
]'7 l‘¢‘[7
and
u 1, xel,
vi(z) =
0, z¢l.

Theorem 4.2. Let K be a non-empty set of parameters, and let

e |ee K}
be a family of non-empty subsets of N. Suppose that at least one 1. is a proper subset of N. Define an IFSS
(O, K) over M by

O(e) = xi.

for every e € K. Then (O,K) is an (€,€ v qi)-AIFSI if and only if 1. is an ideal of I for every e € K.

Proof. Assume first that I, is an ideal of 91 for every e € K. Fix e € K and let z,y € 9.
If x,y € I, then
z+yel.
Therefore,
Oclzr+y)=0<0vO0vTy
and
Ofr+y)=1=1A1AT
If at least one of 2 and y does not belong to I, the two addition inequalities follow immediately because

all membership and non-membership values belong to {0, 1}.

Since I, is an ideal, if either x € I, or y € I, then
xy € I.

It follows that

Oc(zy) = 0 < (Oc(@) A Oc(y)) v Tk
and

OL(zy) = 1= (OL(z) v OL(y)) A 7.

If neither x nor y belongs to I., the multiplication inequalities also hold directly.
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Thus, all the inequalities in Theorem 4.1 hold. Since at least one I, is proper, (O, K) is non-null.
Hence, it is an (€, € v gy )-AIFSI.

Conversely, assume that (O, K) is an (€, € vg)-AIFSI. Fix e € K.

Letz,y € I.. Then

By Theorem 4.1,

Since
T <1
and
Oc(z +y) € {0,1},
we obtain
Oc(z+y)=0.
Thus,
r+yel.

Because I, is non-empty, choose z € I.. Since 9 is a Boolean ring,
x+x=0.
Therefore,
O€e ..

Moreover, every element of a Boolean ring is its own additive inverse. Hence, I, is an additive subgroup
of (M, +).
Letz € I. and y € 91. Then
Oc(z) = 0.
Using (4.3), we obtain
Oc(zy) < (0 A Ocly)) v 71 = T

Since the membership value is either 0 or 1 and 7, < 1, we have
Oc(zy) = 0.

Therefore,

xy € L.

Since a Boolean ring is commutative, I, is an ideal of 91. O
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Example 4.1. Let 0 be the Boolean ring in Example 3.1. Consider

I ={0,a}
and

I, = {0,b}.
Both I and Iy are ideals of 9.

Let

K = {e1,e3}
and define an IFSS (O, KC) over Mt by

O(e1) = x4,
and

Ofe2) = Xi,-
Explicitly,

O(e1) = {€0,0,1),<a,0,1),{b, 1,0y ,{c, 1,0y}

and

Oles) = {0,0,1),{a,1,0%,¢b,0,1),{c, 1,0)} .

By Theorem 4.2, (O, K) is an (€,€ v qi)-AIFSI for every k € [0, 1).
Theorem 4.3. Every (€,€ vqy)-AIFSI over M is an (€,€ v qi)-AIFSBR over .

Proof. Let (O, K) be an (€, € v qi)-AIFSIL. The addition inequalities in Theorems 4.1 and 3.1 are the same.

Foreveryee Kand z,y € N,

Oc(zy) < (Oc(x) A Oc(y)) v T

< Oc(x) v Oc(y) v 7.
Moreover,

OL(zy) = (Oc(x) v Ocly)) A T

> OL(z) A OL(y) A T

Thus, all the threshold inequalities in Theorem 3.1 hold. Consequently, (O, K) is an (€, € vg;)-AIFSBR.
O

The converse of Theorem 4.3 does not hold in general, as shown in the following example.
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Example 4.2. Consider the (€,€ vqo.)-AIFSBR (O, K) constructed in Example 3.1. For the parameter ez, we

have
ac = a,

Oe,(a) = 0.35,
and

Oe, (c) = 0.20.
Therefore,

O, (ac) = 0.35,
whereas

(O, (a) A Ocy(c)) v 106 = (0.35 A 0.20) v 0.20 = 0.20.

Hence,

Oc,(ac) > (Ocy(a) A Oc,(c)) v T06.

Thus, (4.3) does not hold, and (O, K) is not an (€,€ v qo.¢)-AIFSL

Remark 4.1. The two IFSSs constructed in Example 3.2 are also (€, € v qo.¢)-AIFSIs. Indeed, their membership
functions take the value 0.10 on the ideals {0, a} and {0, b}, respectively, and take the value 0.40 outside these
ideals. Their non-membership functions have the constant value 0.50. Thus, the four inequalities in Theorem 4.1
are satisfied.

However, their AND operation and their intersection fail the addition membership condition, as shown in

Example 3.2. Therefore, neither the AND operation nor the intersection preserves (€, € v qi)-AIFSIs in general.

Theorem 4.4. Let (O, K) and (N, G) be two (€,€ v qi)-AIFSIs. Suppose that O(e) and N (f) are comparable

for every

(e,f)e K xg.
Then

(0,K) A (N, G)

is an (€,€ vqi)-AIFSI.

Proof. Let
(O,K) A (N,G) =(S,R),
where
R=Kxg.

For every (e, f) e R,
S(e, ) = O(e) n N ().
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By the comparability assumption, either

Oe) < N(f)
or
N(f) < Ole)
Therefore,
S(e, f) = O(e)
or
S(e, f) = N(f)

Hence, every component of (S, R) satisfies all the conditions in Definition 4.1.

Choose
eo € Supp(0, K)

and
fO € Supp(N7g)
Both O(ep) and N ( fo) are non-null. Since they are comparable,

S(eo, fo) = O(eo)
or
S(eo, fo) = N(fo).
Thus, S(ep, fo) is non-null. Consequently, (S,R) is an (€, € v g)-AIFSIL. O
Theorem 4.5. Let (O, K) and (N, G) be two (€,€ v qi)-AIFSIs. Then
(0,K) v (N, G)

is an (€,€ vqi)-AIFSI.

Proof. Let
(O,K) v (N,9) = (8, R),
where
R=Kxg.

For every (e, f) e Rand z € N,

and
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Let 2,y € 0. For addition, Theorem 4.1 gives
Se.py(@+y) = Oc(z+y) v Ne(z +y)
< Se.) (@) Vv Se,py(y) v T
and
Sie.py(® +y) = Oz +y) A Nj(a +y)
> S{, (@) A Sl py () A T
For multiplication, we have
Ste.p)(y) = Oc(wy) v Ny (zy)
< [(Oc(@) A Oc(y)) v i v [Ny () A Np(y)) v 7]
= (Oc(x) A Oc(y)) v Ny(@) A Np(y)) v 7
< [(Oc(z) v Ni(2)) A (Oc(y) v Np(y)] v 7
= (Ste.p) (@) A S(e.py(®)) v T
Similarly,
Sie.py(xy) = OL(zy) A Nf( y)
[( Oc) A 7] A [(N}() v N7 (Y) A 7]
= (0¢ L) A (Ni(@) v Ni() A i
[( ) A Nj (@) v (Oly) A N ()] A 7
- (sg& H@) v S, (y)> A T
Thus, all the inequalities in Theorem 4.1 hold.
Choose
e0 € Supp(O, K)
and any f € G. Then
S(eo, f) = Oleo) U N(f)
is non-null. Therefore, (S, R) is an (€, € v qi)-AIFSL O

Theorem 4.6. Let (O, K) and (N, G) be two (€, € v qi)-AIFSIs. Then

(0,K) u (N, G)

is an (€,€ vqi)-AIFSI.
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Proof. Let
(O0,K)u (N,G) = (S,R),
where
R=Kug.
Fixe e R.
If
ee K\G,
then
S(e) = Ofe)
If
e € G\K,
then
S(e) = Ne)
If
ee Kng,
then

S(e) = O(e) u Ne).

In the third case, the same argument as in the proof of Theorem 4.5 shows that S(e) satisfies the
inequalities in Theorem 4.1. Thus, every component of (S, R) satisfies the required conditions.

Choose
ep € Supp(O, K).

If g € K\G, then
5(60) = 0(60)

is non-null. If eg € K n G, then
S(eg) = O(eg) U N (eo)
is also non-null. Hence, (S, R) is an (€, € vg;)-AIFSL O
Theorem 4.7. Let (O, K) and (N, G) be two (€,€ v qi)-AIFSIs. Suppose that
Supp(0,K) n Supp(N, G) # &
and that O(e) and N (e) are comparable for every

ee Kng.
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Then
(0,K) n(N,G)

is an (€,€ vqi)-AIFSI.

Proof. Let
(0,K)n(N,G) =(S,R),
where
R=Kng.
For everyee R,
S(e) = O(e) n Ne).

By the comparability assumption, either

O(e) < N(e)
or
N(e) < O(e)
Therefore,
S(e) = O(e)
or
S(e) = Ne)

In either case, S(e) satisfies all the conditions in Definition 4.1.

Choose
eo € Supp(0, K) n Supp(N, G).
Both O(ep) and N (ep) are non-null. Since they are comparable,
S(ep) = O(eg)
or
S(eo) = N(eo).

Thus, S(ep) is non-null. Consequently, (S, R) is an (€, € vg;)-AIFSL O

5. ConcLusioN

In this paper, we introduced and investigated (€, € v ¢g;)-anti-intuitionistic fuzzy soft Boolean rings
and (€, € vgy)-anti-intuitionistic fuzzy soft ideals over Boolean rings. The two structures were for-
mulated by using generalized anti-relations separately for the membership and non-membership

components of intuitionistic fuzzy soft sets. Equivalent characterizations in terms of the threshold
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1—k
T = ———

2
were established, providing practical criteria for verifying the newly defined structures.

For (€, € vgy)-anti-intuitionistic fuzzy soft Boolean rings, we provided a finite example and proved
that the OR operation and the union preserve the structure. A counterexample demonstrated that the
AND operation and the intersection do not preserve it in general. Nevertheless, sufficient conditions
based on comparability were obtained under which these two operations preserve the structure.

For (€,€ vg)-anti-intuitionistic fuzzy soft ideals, we characterized families of ordinary ideals
through their anti-characteristic intuitionistic fuzzy soft sets. We proved that every (e,e v ¢ )-anti-
intuitionistic fuzzy soft ideal is an (€, € vg;)-anti-intuitionistic fuzzy soft Boolean ring. An explicit
example showed that the converse implication does not hold in general. We also established closure
under the OR operation and the union and obtained sufficient comparability conditions for closure
under the AND operation and the intersection.

These results provide a consistent algebraic framework for studying generalized anti-intuitionistic
fuzzy soft structures over Boolean rings. Further research may consider homomorphisms, level subsets,
quotient structures, products, and corresponding constructions in other classes of rings and related

algebraic systems.

Acknowledgment. This research was supported by University of Phayao and Thailand Science Research

and Innovation Fund (Fundamental Fund 2027, FF70).

Conflicts of Interest. The authors declare that there are no conflicts of interest regarding the publication

of this paper.

REFERENCES

[1] U. Acar, F. Koyuncu, B. Tanay, Soft Sets and Soft Rings, Comput. Math. Appl. 59 (2010), 3458-3463. https://doi.org/
10.1016/j.camwa.2010.03.034.

[2] B. Ahmad, A. Kharal, On Fuzzy Soft Sets, Adv. Fuzzy Syst. 2009 (2009), 586507. https://doi.org/10.1155/2009/
586507.

[3] K.T. Atanassov, Intuitionistic Fuzzy Sets, Fuzzy Sets Syst. 20 (1986), 87-96. https://doi.org/10.1016/50165-0114(86)
80034-3.

[4] VN. Dixit, R. Kumar, N. Ajmal, On Fuzzy Rings, Fuzzy Sets Syst. 49 (1992), 205-213. https://doi.org/10.1016/
0165-0114(92)90325-X.

[5] A.Iampan, M. Balamurugan, V. Govindan, (€, € v gi)-Anti-Intuitionistic Fuzzy Soft b-Ideals in BCK/BCI-Algebras,
Math. Stat. 10 (2022), 515-522. https://doi.org/10.13189/ms.2022.100306.

[6] PK. Maji, R. Biswas, A.R. Roy, Fuzzy Soft Sets, ]. Fuzzy Math. 9 (2001), 589-602.

[7] PK. Maji, R. Biswas, A.R. Roy, Intuitionistic Fuzzy Soft Sets, J. Fuzzy Math. 9 (2001), 677-692.

[8] PK. Maji, R. Biswas, A. R. Roy, Soft Set Theory, Comput. Math. Appl. 45 (2003), 555-562. https://doi.org/10.1016/
50898-1221(03)00016-6.


https://doi.org/10.1016/j.camwa.2010.03.034
https://doi.org/10.1016/j.camwa.2010.03.034
https://doi.org/10.1155/2009/586507
https://doi.org/10.1155/2009/586507
https://doi.org/10.1016/S0165-0114(86)80034-3
https://doi.org/10.1016/S0165-0114(86)80034-3
https://doi.org/10.1016/0165-0114(92)90325-X
https://doi.org/10.1016/0165-0114(92)90325-X
https://doi.org/10.13189/ms.2022.100306
https://doi.org/10.1016/S0898-1221(03)00016-6
https://doi.org/10.1016/S0898-1221(03)00016-6

Asia Pac. J. Math. 2026 13:127 34 of 34

[9] D. Molodtsov, Soft Set Theory—First Results, Comput. Math. Appl. 37 (1999), 19-31. https://doi.org/10.1016/
50898-1221(99) 00056-5.

[10] D.Ramesh, G.S. Rao, A. Iampan, S. Baji, P. Rajani, B. Satyanarayana, Algebraic Investigations on Anti-Fuzzy Soft Boolean
Ring Theory, Eur. J. Pure Appl. Math. 18 (2025), 7015. https://doi.org/10.29020/nybg.ejpam.v18i4.7015.

[11] G.S. Rao, D. Ramesh, B. Satyanarayana, (€, € vgqi)-Fuzzy Soft Boolean Near Rings, Asia Pac. J. Math. 10 (2023), 50.
https://doi.org/10.28924/APJM/10-50.

[12] G.S. Rao, D. Ramesh, A. lampan, B. Satyanarayana, Fuzzy Soft Boolean Rings, Int. J. Anal. Appl. 21 (2023), 60. https:
//doi.org/10.28924/2291-8639-21-2023-60.

[13] G.S. Rao, P. Kolluru, B.P. Munagala, A Note on Soft Boolean Near-Rings, AIP Conf. Proc. 2707 (2023), 020013. https:
//doi.org/10.1063/5.0148444.

[14] G.S.Rao, P. Kolluru, N. Thandu, Soft Intersection Boolean Near-Rings with Its Applications, AIP Conf. Proc. 2707 (2023),
020012. https://doi.org/10.1063/5.0148443.

[15] G.S. Rao, D. Ramesh, A. lampan, B. Satyanarayana, Fuzzy Soft Boolean Near-Rings and Idealistic Fuzzy Soft Boolean
Near-Rings, ICIC Express Lett. 18 (2024), 677-684. https://doi.org/10.24507/icicel.18.07.677.

[16] G.S.Rao, D. Ramesh, B. Satyanarayana, L. Krishna, Fuzzy Soft I'-Boolean Ring, J. Nonlinear Anal. Optim. 15 (2024),
ahead of print.

[17] G.S.Rao, D. Ramesh, A. lampan, B. Satyanarayana, P. Rajani, Intuitionistic Fuzzy Soft Boolean Rings, Int. J. Anal. Appl.
23 (2025),43. https://doi.org/10.28924/2291-8639-23-2025-43.

[18] G.S. Rao, D. Ramesh, A. Iampan, G. V. Lakshmi, B. Satyanarayana, (€, € v gx)-Intuitionistic Fuzzy Soft Boolean Near-
Rings, Int. J. Anal. Appl. 23 (2025), 91. https://doi.org/10.28924/2291-8639-23-2025-91.

[19] G.S. Rao, V.P. Kolanchinathan, K.J. Rani, A. lampan, K. Hemabala, D. Ramesh, B. Satyanarayana, Algebraic Aspects of
Bipolar Fuzzy Soft Boolean Rings, Eur. J. Pure Appl. Math. 18 (2025), 6459. https://doi.org/10.29020/nybg.ejpam.
v18i3.6459.

[20] PK. Sharma, V. Bansal, On Intuitionistic Anti-Fuzzy Ideal in Rings, Int. J. Math. Sci. 11 (2012), 237-243.


https://doi.org/10.1016/S0898-1221(99)00056-5
https://doi.org/10.1016/S0898-1221(99)00056-5
https://doi.org/10.29020/nybg.ejpam.v18i4.7015
https://doi.org/10.28924/APJM/10-50
https://doi.org/10.28924/2291-8639-21-2023-60
https://doi.org/10.28924/2291-8639-21-2023-60
https://doi.org/10.1063/5.0148444
https://doi.org/10.1063/5.0148444
https://doi.org/10.1063/5.0148443
https://doi.org/10.24507/icicel.18.07.677
https://doi.org/10.28924/2291-8639-23-2025-43
https://doi.org/10.28924/2291-8639-23-2025-91
https://doi.org/10.29020/nybg.ejpam.v18i3.6459
https://doi.org/10.29020/nybg.ejpam.v18i3.6459

	1. Introduction
	2. Preliminaries
	3. (,qk)-Anti-Intuitionistic Fuzzy Soft Boolean Rings
	4. (,qk)-Anti-Intuitionistic Fuzzy Soft Ideals over Boolean Rings
	5. Conclusion
	Acknowledgment
	Conflicts of Interest

	References

