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AsstrACT. In this paper, we first present some interesting equalities in Lie triple nilalgebras with nilindex
four, that enables us to deal with the dimension. Secondly we determine the possible multiplication tables
according to the dimension. In dimension three, we find one possible table, in dimension four, two tables
and finally we find four tables in dimension five.
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1. INTRODUCTION

In our paper, we study commutative algebras satisfying identity 3(z%y)z — 23y — 22 (z(zy)) = 0.
They are called Lie triple or almost Jordan algebras and have been introduced in 1965 by Osborn [7].
He is the precursor of the study of this class of algebras throughout [7,5]. Subsequently, other authors
such as Petersson [9,10], Sidorov [11,12], Hentzel and Peresi [6] were interested in Lie triple algebras.
More recent results have also been obtained in the studies of Bayara and al. [1,2], and Dembega and
al. [3].

Here, we are interested in the possible multiplication tables for Lie triple nilalgebras of nilindex four,

and dimension at most five, which are not power associative.

2. PRELIMINARIES

A non-associative algebra A is said to be a nilalgebra of nilindex n, if 2™ = 0 for all € A and if there
exists a € A such that a”~! # 0.
In what follows, K is an infinite commutative field of characteristics not 2, 3, 5 and A is a Lie triple

nilalgebra of nilindex 4, which is not power associative.

Lemma 2.1. Let A be a Lie triple nilalgebra of nilindex 4. Then, for all x,y, z € A we have
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(i) 2223 =0,
(ii) 2(y?) + 20(y(a=)) = 0,
(iii) =(z(zy)) + y(@(@2)) + 2(2(y2)) =0,
(iv) #2(a(y)) = 0,
(v) 2*(2%y) = —2x(ya®) = —22°(yx) = 4Ry (y),
(vi) R3 =0,
(vii) x3(yx?) =0,

(viii) z(x22?) = (22?)(y2?) = z(2*(2y)) = 0.

Proof. A being a Lie triple nilalgebra of nilindex 4, then it satisfies the following identities:

' =0 (1)
3(2%y)z — o’y — 2x(z(zy)) = 0 (2)

A partial linearization of (1) gives
yr® + x(yx?) + 22(z(vy)) = 0 (3)

The sum of (3) and (2) gives 4(z%y)x = 0, which means
(a%y)z =0 (4)
Identity (2) then gives
2%y + 2a(z(zy)) = 0 (5)

so result (i) is obtained by putting y = x2 in (5), and (i7) by linearizing (4).

Similarly, linearizing (5) and using (i) we find (iii). If we take z = x2 in (iii) and using (4), we

have the result (iv).
Multiplying (5) by z gives 4R:(y) = —2z(yx3). In (5), replacing y by yz gives 4R3(y) = —223(yx).

2

Let’s take z = 22 in (i), it gives 22 (x%y) = —2x(yz3). We thus obtain (v).

For (vii), we just need to set y = yz? in (5) and use (4).

2 2

Putting y = 22 in (i) gives z(z%2?) = 0, and 2z = 222 in (ii) gives (z2?)(y2?) = 0. Linearizing
z(x22?) = 0, gives us z(z%(zy)) = 0 and finally we have (vii).

For (vi) replace y by yx in (v) and use (viii). O

Since R3(y) = 0, if 7y = ay for a non-zero y in A, then o’y = 0 and a = 0. We then have the

following lemma.
Lemma 2.2. If x and y are two non-zero elements of A such that xy = oy then oo = 0.

Theorem 2.3. Let A be a Lie triple nilalgebra of nilindex 4.
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(i) If there exist elements x and y of A such that R:(y) # 0 (i.e 2%(xy) # 0) then y, R (y), R2(y), R3(y),
Ri(y), x, 2, 23, ya? are linearly independant.
(ii) If there exist elements x and y in A such that Ra(y?) # 0 (i.e 2%(2%y?) # 0) then y, R, (y), R2(y), R3(y),

Ri(y), x, 22, 23, y2?, 2 are linearly independant with » € {x%x?, 2 (xy)}.

Proof. (i) Assume that R1(y) # 0 and consider

4 3

> aiRi(y)+ > Biad +yya® =0 (6)
i=0 j=1

Applying R2 to it gives ag = 0.

Applying R3 to it gives oy = 0.

Applying R? to it and using result (v) of Lemma 2.1 we have o R (y) + B12° = —Fasa? (yz) + 123 = 0,

then Lemma 2.2 gives ay = 81 = 0.

Applying R, to it and using result (v) of Lemma 2.1 we have a3 R:(y) + S22 = 0, then Lemma 2.2,

gives ag = B2 = 0.

Now we have asR1(y) + B32% + yyz? = 0. Multiplying this equality by z? we obtain Ri(y) = 0

which gives v = 0. Consequently asR2(y) + 8323 = 0 i.e. —fauz3(yz) + B323 = 0. Lemma 2.2 gives

B3 = a4 = 0, and we have the result.

(ii) Let’s assume now that R1(y?) # 0 and show that y, R.(y), R(y), R3(y), Ri(y), z, 22, 23, ya?, 2

with z € {22(zy), 2222} are linearly independent.

Let’s consider
3

4
> aiRL(y)+ ) Bjad + yiya® + yaa (xy) + ys2’a® = 0. (7)
i—0 j=1

In the same way as previously in (6), we have ag = a1 = g = a3 = 1 = 2 = 0. It remains
as Ry (y) + Bsz® + yya® + yea?(yz) + vsz’z? = 0. (8)

Multiplying (8) by 22 and using result (v) of Lemma 2.1, it gives y122(2%y) = 471 R1(y) = 0, then
71 = 0. Then, successively multiplying, first by y,second by z, we have auz(yR2(y)) + Bsx(yz3) =
Bsx(yz3)) = 0. This leads to 33 = 0. Now we have ay R2(y) + y222(zy) + 32222 = 0. Multiplying this
by y we have ayyR2(y) = 0,1i.e. asR2(y?) = 0, and this leads to ay = 0. We have used R(y?) = yRi(y).

To demonstrate it, let’s consider the total linearization of 5

2(y(rw)) + wly(zz)) + 2(y(wz)) = 0.

Putting z = z = y, y = 2> and w = x, we obtain z(x3y?) + 2y(2*(xy)) = 0, which means —2R3(y?) +
2yR1(y) = 0. Since what is remaining is y22%(yx) + 32222 = 0, we can see that y, R.(y), R2(y), R2(y),

RX(y), z, 22, 3, y2?, » are linearly independant. O
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Example 2.4. Let’s consider the commutative algebra A in dimension 11 which multiplication table
in the basis {b1, by, b3, b4, bs, bg, b7, bg, by, b1o, b11 } is given by bf = by, biby = b3, b1bs = bs, bibs = b7,
bibs = —%bg, bibg = b1, baby = bg, baby = by, bgby = bs, bgby = b1, b3 = byg, babg = —2b13, all not
written products being zero. Then A is a Lie triple nilalgebra of nilindex 4.

Indeed, if we consider two elements = = ;1 x;b; and y = 3, | yib; of A, we have :

z(z(zy)) = %(x%:z:gyl — 23y2)bg + (—x1y17274 + %xga:%yl — %a?:fyg + 2329y4)b11, 12 = 271 29b3 + 23bg +
22123b5 + 2x274bs + 22174b7 + 27374bs + (—x175 + 23077)by + T3b10 + (—4T4T6 + 22377 + 27129)b11,
(2?y)z = 0 and 23y = (—y1aizs + Yo} )by + (ysa3 — 2ysxize — yraies + 2y1x12924)b11.

Since 3(z%y)x — 23y — 2x(z(zy)) = 0, we can say that A is a Lie triple algebra. Furthermore, since
z(z(zy)) = S(aFvays — 23y2)bg + (—z1y120m4 + 32327Y1 — S23ys + 23w2y4)b11, putting y = = we obtain
z* =0, then Aisa nilalgebra of nilindex 4.

Because 2%z # 0, we can say that A is not power-associative. Moreover we have 2222, 2%(zy)

€ J = (bg, bio).
From Theorem 2.3, follow these corollaries.

Corollary 2.5. Let A be a Lie triple nilalgebra of nilindex 4. Assume that for all a, b € A we have R2(b) = 0.
If there are two elements x, y € A such that R2(y) # 0, then {y, z, 22, 23, R.(y), R(y), R3(y)} is a linearly

independant family. In this case, we have dimA > 7.

Corollary 2.6. If there are elements x and y in A such that R2(y?) # 0 with 2*(zy) and x2x? being linearly
independant, then y, R.(y), R2(y), R3(y), Ri(y), =, 22, 2, yx?, 2%(xy) and x2x? are linearly independants.

In this case the dimension of A is at least 11.
Remark 2.7. With the conditions of Corollary 2.5, if dimA < 6 then for all a, b € A we have R3(b) = 0.

Since the nilindex is 4, there exists = € A satisfying x® # 0. Moreover, by considering o, 8, v € K
such that ax + Bz% +y2?® = 0, we just need to apply R, twice successively to this equality to obtain o = 0.
Next we apply R, once to have 3 = 0. This gives v = 0. Then z, 2? and z? are linearly independants,
that means the dimension of this algebra is at least three.

In [4], A. Elduque and A. Labra studied commutative nilalgebras of nilindex four and dimension at
most four. Therefore, their results also apply to Lie triple nilalgebras in the conditions of our study,
when the dimension is 3 or 4.

In the rest of our work, when S denotes a set, we will denote (S), the sub-vector space generated by

S and alg(S) the sub-algebra generated by S.

3. Lie TRIPLE NILALGEBRAS OF NILINDEX 4 AND DIMENSION 3

Theorem 3.1 ( [4]). Let A be a Lie triple nilalgebra of nilindex 4 and dimension 3 which is not power associative.

2

Then there exists an element a € A such that {a, a®, a3} be a basis of A with the following multiplication table
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(in which the not written products are zero) a.a = a2, a.a®> = a3, a®.a* = a3.

Proof. Let = be an element of A such that 23 # 0. Then z, 22, 23 are linearly independants. Since
dim(A) = 3 we can write A = alg(x, 22, 23). Let's put 2°2? = ax + Bx? +~23. Apply R? to this equality

and use Lemma 2.1, we have o = 0 which gives 2222 = 822 + v23, and leads to 0 = z(2%2?) = B2°

and finally 8 = 0; So we write 2?22 = yx3. We can choose z such that vy # 0 otherwise, for all z € A,

1

we should have ! = 0 = z%2% and A would be power associative. Let’s put a = v 'z. We have

2 4,.2,.2 3.3

a?a? = v *222? = y7323 = @3. Then, A = alg(a, a?, a®) and admits the following multiplication table

(all not written products being zero) a.a = a?, a.a® = a3, a*.a® = a>. O

4. Lie TRIPLE NILALGEBRAS OF NILINDEX 4 AND DIMENSION 4

Theorem 4.1 ( [4]). Let A be a Lie triple nilalgebra of nilindex 4 and dimension 4 which is not power associative.
Then A admits one of the following multiplication table in which the not written products are zero.
(1) A basis of Ais {a,a?,a®, a*a®} with the following multiplication table a.a = a2, a.a* = a3, a®.a* =
a*a?
(2) A basis of Ais {a,a?, a3, b} with the following multiplication table a.a = a?, a.a® = a3, a*>.a®> = a®,

b2 = Bra? + Boa’.

Proof. Let’s distinguish two cases.
1% case : If there is a € A such that a® # 0 and a?a? ¢ (a,a?,a®), then alg(a) = ( a,a?, a3, a®a?), with
dimA = 4, we conclude that A = (a,a?, a*, a*a*) and A admits the following multiplication table (in

which the not written products are zero) a.a = a?, a.a®> = a?, a®.a®> = a*a®.

274 case : Otherwise, forall z € A such that 2® # 0, we have 2222 € (z, 22, 2%) and alg(z) = (z, 22, 23).
Forally € A —alg(z), alg(z) Nalg(y) is a proper subalgebra of alg(z) otherwise alg(z) C alg(y) = A.
What is a contradiction. Then alg(z) N alg(y) C (alg(z))?. Since alg(x) has codimension 1 then
alg(xz)Nalg(y) also has codimension 1 in alg(y), and we can write (alg(y))? C alg(z)Nalg(y) C (alg(x))?.
Therefore y? € (alg(x))?. So A? = (alg(z))? = (22, 23) has codimension 2. Since for all y € A we have
R3(A) = 0. Particularly R3(A) = 0 and KerR, # {0}. Then there exists yo € A — alg(z) such
that zyo = 0. We have A3 = (2?%), and then 2%y = ag2?, 23y = 0, y(z) = Ba? + A3, 2%2? = 2.
Taking a = ~v~lz on a a?a® = a?, we have a’yg = a1a?, y% = Boa® + ﬂ(’)aS. From a’yg = aja® we have
a?(yo—aqa) = 0,and setting b = yo— v a, it gives a?b = 0. In the basis {a, a?, a®,b} ona bv? = B1a®+ Baa3,
ab = 0 and a?b = 0. Finally A admits the following multiplication table (all not written products being

zero) a.a = a2, a.a®> = a3, a®.a® = a3, b* = Bra? + Baa’. O

5. Lie TRIPLE NILALGEBRAS OF NILINDEX 4 AND DIMENSION 5

Lemma 5.1. Every Lie triple nilalgebra of nilindex 4 and dimension 5 satisfies 2 < dimA? < 3.
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Proof. Since A is a nilalgebra of nilindex 4, we necessarily have dimA? > 2.

Now let’s show that dimA? < 3. Since R3 = 0, according [5] algebra A is nilpotent, that means there
ist > 4 such that A* = 0. We easily see that A? #+ A. This leads to dimA? < 4. Let’s proove now that
dimA? < 4. Assume that dimA? = 4. Then there should exist y € A such that A = Ky + A2, that
gives A% = Ky? + A3,and A = (y,y?) + A3. Therefore we have A% = (y2, y3, y?y?) + A%, which gives
A = (y,y%, 93, y%y?) + A%, In the same way, we have A = (y,y?, 3, y*y?) + A5, that gives A° = A4,
because of A5 C A%. Since A is nilpotent, we have A®> = A* = 0, which gives A = alg(y) and dimA < 4;

this is a contradiction. Finally, we have dimA? < 3. O

Theorem 5.2. Let’s consider A a Lie triple nilalgebra of nilindex 4 and dimension 5. If there is a € A such
that alg(a) = {(a,a?, a3, a?a?) then there exists by € A\ alg(a) such that aby = 0, a’bg = a1a® + aza®a® and
b2 = pra® + Baa® + B3a’a’.

Proof. Consider a € A such that alg(a) = (a,a? a® a%a?). For every b € A\ alg(a), alg(a) N alg(b)
is a proper subalgebra of alg(a) otherwise we should have alg(a) C alg(b) and A = alg(b). That is
impossible. Then alg(a) N alg(b) C alg(a)?.

Since alg(a) has codimension 1 then alg(a) N alg(b) also has codimension 1 in alg(b). So we have
alg(b)? C alg(a) N alg(b) C alg(a)?. Therefore we can write b*> € alg(a)?. Then A% = alg(a)? =
(a?, a*, a’a®) which has codimension 2. Since for every y € Awehave R} (a) = 0, particularly 0 = R} (A).

So KerR, # 0 and there exists by € A \ alg(a) such that aby = 0. This leads to A = (bg, a, a?, a*, a*a?),

A% = (a%,a3,a%a?) and A® = (a3,a%a?). Finally we have the following products : aby = 0, b2 =

Bra? + Baa® + Bza’a?, a’by = ara® + aa?a?, a®by = 0 and (a?a?)by = 0. O

Remark 5.3. If A does not contain any element z such that dim(alg(x)) = 4, then if a € A is such that

a® # 0, we have alg(a) = (a,a?,a®). Then, a?a® € alg(a)? = (a®) which means a%a? = aa®. We can

1

chose a such that a # 0, otherwise A should be power associative. Putting a’ = o~ 'a we then have

a?a’? = a’. In the remainder of this work, when alg(a) = (a, a?, a®), we shall consider a’a® = a3.

Proposition 5.4. Let’s consider A a Lie triple nilalgebra of nilindex 4 and dimension 5. Assume that A does
not contain any element x such that dim(alg(x)) = 4. If dimA? = 3 then there are y,x € A such that

A= (y, v x, 2% 2®).

Proof. Consider x € A such that 2® # 0. We have alg(z) = (z, 22, 23). Let X = alg(z). Let’s show that
there exists y € A such that y? ¢ (y, x, 2%, 23).

Let’s proceed by negation. Assume that for all z € A we have 22 € (z,z,2%, 23). Since dimA? = 3,
there exixts z € A such that A% = (22, 2%, 23). (Indeed, if for all z € A we have 22 € (22, 23), then for all
a,b € A we should have ab = 1[(a+b)? — (a — b)?] € (22, 2%). This leads to A? C (27, 2%), contradicting
dimA? = 3). Since z ¢ (x,22,2%) = X, then D = (z, x, 22, 23) is such that 2? € D by hypothesis. We
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have A2 = (22, 22, 2%) C D and then D is an ideal of A. Thus D is a nilalgebra of nilindex 4 in dimension
4. Since, by hypothesis, there is no z € A such that dim(alg(x)) = 4, then this algebra D satisfies Table
3 of [4, Theorem 3]. Therefore, D? = (22, 23) = X2 and so we have 2% € X?. Which is a contradiction.

So there exixts y € A such that A = (y, y?, z, 22, 23). O

Theorem 5.5. Let’s consider A a Lie triple nilalgebra of nilindex 4 and dimension 5. Assume that A does not
contain any element x such that dim(alg(z)) = 4. If dimA* = 3 and dimA3 = 1 then there are x,y € A
such that A = (y,yx,x, 22, 23) and (xy)2? = az3, (zy)r = B3, (zvy)? = v23, y(zy) = A2 and y* =

e1(yx) + e92? + 323,

Proof. Let’s consider x € A such that 23 # 0. We have alg(x) = (x, 2%, 23). Let X = alg(x),

we show that there exixts y € A such that yx ¢ X? = (22, 23). Let’s proceed by negation.

Because of Proposition 5.4, we know there exists y € A such that A = (y,y?, z, 22, 23). Because of
our hypothesis we then have zy € X? which means zy = a12% + asz®. If y = y — (017 + a22?) then

2 23). We can therefore assume in the initial basis {y, 2, z, 22, 23}

wehavezy’ = 0and A = (i, v, z,z
that we have zy = 0.

Note that there are A € K* such that (y + Az)? # 0. Then, we should have by hypothesis, y(y + A\z) €
((x+ Ay)?%, (x + Ay)?) which means y? = B2(y + Az)? + B3(y + Ax)3. So we have y? = Boy? + BoN22? + 2
with zg € A3 = X3. This leads to 32 = 1 and \?2? = —z; € X3. Which is a contradiction. We therefore
conclude that there exists y € A such that xy ¢ X? = (22, 23).

Sincey ¢ X then xy ¢ (y,z, 22, 23). Indeed, assume that xy = Yoy + 717 + Y222 + 32, we then have
z(zy) — (Yory + 117?) = 1223 € X3. However, we have z(zy) € X3 (because dimA3 = 1 = dimX?
implies that A3 = X?), which means that yozry + y12? € X? C X2 This implies that 7o = 0 and it
remains ;22 € X3, which means 7; = 0. So, we have zy = .22 + v323. Contradiction.

Finally, {y, yx, z, 2%, 23} is a basis of A.

Let y22 = o2>. Then we have (y — o)z = 0. We can then assume that in the basis {y, yz, z, 2%, 23}
we have yz? = 0. The other products are written (yr)z = az?, (yz)2? = 23, (yx)? = 23, y(yr) = A3

and y? = 122 + e023 + e3(yx). O

Lemma 5.6. Let’s consider A a Lie triple nilalgebra of nilindex 4 and dimension < 6. Then, for all x,y € A, we
have x(zy?) = y(ya?)
Proof. Because of Remark 2.7, in dimension < 6, A satisfies R3(y) =0forall z,y € A.
Linearizing z(z(zy)) = 0, gives
2(z(zy)) + 2(2(zy)) + x(2(2y)) = 0. (9)

Take z = yin (9), it gives
y(a(ey)) +a(y(zy) + 2(z(y?) = 0. (10)
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Let’s interchange « and y in (10), we have

2(y(zy)) + y(z(2y)) + y(y(z?)) = 0. (11)

Difference between (10) and (11) gives x(x(y?) = y(yx?). O

Theorem 5.7. Let’s consider A a Lie triple nilalgebra of nilindex 4 and dimension 5. Assume that A does not
contain any element x such that dim(alg(z)) = 4. If dimA? = 3 and dim A3 = 2, then there exist xo, yo € A

such that A = (yo, yox3, vo, ¥3, 23) and y2 = a1yor3 + axd + azx}.

Proof. Let x € A such that 2° # 0. We have alg(z) = (z,2?,23). Let’s set X = alg(x).

We first show that there exists y € A such that yz? ¢ X?3. Let’s proceed by negation, that means for
all z € A we have zz? € X3.

Since X3 = (23) is an ideal because 23y = 0 for all y € A, the hypothesis implies that X? = (22, 23)
is also an ideal and the algebra A/X? is in dimension 3. We know because of Proposition5.4 that
there exists z € A such that A = (z, 2%, z, 2%, 2%). That implies that A/X? = (z,7%,7) is a nilalgebra
of nilindex 3. Thus, [4, Theorem 1] implies that A° = (A/X2)? = 0 which means A% ¢ X2. However
dimA3 =2 = dimX?, it gives A3 = X?

Since X3 is an ideal, let’s consider A=A /X3 which is in dimension 4. Aisa nilalgebra of nilindex
4. Indeed, if the nilindex was 3, because of [4, Theorem 1] we should have A3 = 0 which means
A% = X? ¢ X3. Contradiction.

The nilindex is then 4. So there exists § € A such that 7 # 0, that means y3 ¢ X3. Sincey® € A3 =
then y® = awz? 4+ azx® with ay # 0. However 2y% = 0 = ag23, this implies ap = 0. Contradiction.

So, there is y € A such that yz? ¢ X3. Since A=A /X3 is a nilalgebra of nilindex 4 and dimension
4, because of [4, Theorem 3], we have A% = 0 that means A* ¢ X3. However, we have y € Asuch
that y2? ¢ X3, which implies that y ¢ X. In addition, yz? ¢ (y,z, 2%, 23). Indeed, if we assume that
yz? = Boy + Biz + Box? + B33, then multiplying by 22 we have 0 = 2%(yx?) = Boyz? + (61 + B2)x3 by
Lemma 2.1. It implies that 8y = 0 and 81 + (2 = 0. So, we have yz? = 1z + 222 + B3z Multiplying
by z, equality (4) gives 0 = z(yx?) = B12? + B22° and B1 = B2 = 0. Then we have yz? = 3 € X3.
Contradiction.

Thus, y2? ¢ (y,z,22%,23) and A = (y,yx?, z, 2%, 23). Since yz € A2, then yz = d1y2? + o + J323.
If 2o = o — 6122 then yzg = Y022 + Y323, Let yo = y — (220 + Y323). We have zoyo = 0 and
{0, Y03, 0, ¥3, 23} is a basis of A.

Let’s take y3 = 122 + aoxd + asyord and (yozd)* = Azj.

Lemma 5.6 gives yo(yox3) = zo(z0y3) = o (aswo(yord) + arazd) = 0.

Taking z = yo in Lemma 2.1 (viii), we have A = 0. O
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Theorem 5.8. Let’s consider A a Lie triple nilalgebra of nilindex 4 and dimension 5. Assume that A does not
contain any element x such that dim(alg(z)) = 4. If dimA? = 2, then there exist xq,yo,a € A such that

2 P 2 P P P
A = (x0,y0,a,a?,a3) and 13 = a1a® + asa®, y3 = Ma? + \aa?, 2oyo = Bra® + Baa®.

Proof. Let a € A such that a® # 0. Since dimA? = 2, then we have A? = (a?,a3), A3 = (a®). There exist
z,y € A\alg(a) suchthat A = (x,y,a,a?,a®) and 22 = aya® + aza?, ax = y10® + 7203, ya = £1a® + 243,
xy = 51a2 + ﬁga?’, za? = §a3, ya2 = ua?’ and y2 = M\ a? + \gad.

In equality ax = y1a® + y2a?, if we take 7' = 2 — y1a — Y202, we have az’ = 0.

In equality ay = e1a? + 903, taking y/ = y — e1a — £24?, gives ay’ = 0.

Thus, in the basis {z,y, a, a?, a®}, we can assume that ax = 0 = ay.

In the same way, in equalities za®> = da3 and ya? = ua®, by respectively setting zop = = — da and
Yo = y — pa, we have zoa? = 0 = ypa®. Thus, in the basis {z, yo, a, a?, a®} we have 2% = 14 + asa3,

zoyo = fra® + Baa®, yg = Mia® + haa®. =
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