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AssTrACT. In this work, we investigate the asymptotic stability of high-dimensional fractional-order deep
neural networks with skip connections and recurrent feedback. The proposed analysis combines Caputo
fractional dynamic equations on time scales, vector Lyapunov functions, and the comparison principle
to establish a sufficient stability condition. In particular, we show that asymptotic stability is guaranteed
when the neuronal decay rates exceed the aggregate spectral norm of the inter-layer coupling matrix,
represented through a Metzler matrix. The theoretical findings are illustrated using numerical simulations
on four-layer, eight-dimensional network architectures, where stable parameter choices lead to convergence,
while violation of the derived condition results in instability. The results also provide practical guidance for
network design by motivating stability-aware regularization and spectral-norm-based weight initialization,
which may improve the robustness of fractional-order neural networks in applications where reliable
dynamic behavior is essential.
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1. INTRODUCTION

The inherent nonlocality and memory effects of fractional systems provide a significant advantage
over classical integer-order models by more accurately capturing the history-dependent dynamics of
complex systems [12,14]. Consequently, it is a more cornerstone of the qualitative theory of differential
equations, stability analysis, becomes even more critical for fractional-order systems [ 1]. Understanding
a system’s stability is essential, as it characterizes the behavior of solutions under perturbation and is a

prerequisite for reliable innovation and application.

DOI: 10.28924/ APIM /13-131


https://doi.org/10.28924/APJM/13-131

Asia Pac. J. Math. 2026 13:131 2 of 27

However, real-world phenomena rarely conform to purely continuous or discrete processes. Instead,
they often exhibit hybrid dynamics that alternate between these patterns [3]. This reality limits the
independent application of either fractional differential or difference equations for realistic modeling.
A significant innovation was introduced in [10], where a new approach for a unified framework,
the Caputo fractional dynamic equations on time scales was introduced. This approach synergizes
the advantages of fractional calculus [9, 15] with the flexibility of time-scale theory [6], seamlessly
combining continuous and discrete analysis into a single, coherent framework. Subsequently, more
extensive works on this novel results were established in [8,11,13,16], extending the concept to practical,
eventual, total, strict and integral stability. The pivotal advancement was presented in [10], where the
application of vector Lyapunov functions and the comparison principle dramatically simplified the
stability analysis of high-dimensional systems. This methodology allows one to infer the stability of
a complex, hard-to-analyze system by constructing a lower-dimensional comparison system whose
stability properties are easily ascertained.

Despite significant theoretical advances, the application of this powerful framework to realistic,
high-dimensional systems remains unexplored. This work bridges that critical gap by establishing
stability guarantees for three complex architectures; a high-dimensional fractional-order deep neural
network (DNN) with skip connections, a concrete 5-layer fractional-order DNN, and an 8-dimensional
fractional-order recurrent neural network (RNN) with non-sequential inter-layer connections.

We analyze a high-dimensional DNN with skip connections, a feature integral to modern designs
like ResNet that introduces challenging feedback loops. We employ Lyapunov’s direct method and
the theory of Caputo fractional delta derivatives. The neuron activations are governed by a system of
fractional differential equations, which captures essential non-local interactions and memory effects.
To analyze this architecture, we construct a vector Lyapunov function composed of quadratic forms
for each layer. Using the generalized Caputo fractional delta Dini derivative (CFrADiD), we derive
computable bounds for its derivatives along the system’s trajectories. This analysis reveals that the
network’s stability is governed by a Metzler matrix whose entries depend on neuronal decay rates and
the spectral norms of the inter-layer weight matrices. By applying the established stability theorems
from [10], we derive sufficient conditions for the asymptotic stability of the trivial solution. Specifically,
we prove that the network is stable if the matrix from the comparison system is Hurwitz and if the
neuronal decay rates dominate the cumulative effects of inter-layer connections—a condition formalized
via diagonal dominance. We validate these theoretical results with a numerical example of a 4-layer
network, which confirms that the stability conditions are both practical and achievable with standard
parameter choices. This work provides the first stability guarantees for fractional-order DNNs with skip
connections using Lyapunov’s method, thereby offering actionable design constraints for implementing

stable, memory-enabled deep learning systems.
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Next, we apply the general stability framework to a concrete 5-layer fractional-order DNN. This
architecture incorporates dense forward connections and cross-layer skip connections, forming a
sophisticated dynamical system representative of modern deep learning. For this specific configuration,
we construct a quadratic Lyapunov function and evaluate its fractional derivative. This allows us to
ascertain a precise stability criterion, demonstrating that the network is asymptotically stable if the gain
of the skip connections is bounded by a function of the neuronal decay rates and the spectral norms of
the weight matrices. This case study exemplifies the practical application of our theoretical conditions
to a non-trivial network.

Furthermore, we analyze an 8-dimensional fractional-order RNN with complex, non-sequential
connections. This architecture features both forward propagation and delayed feedback loops, creating
a rich dynamical system that emphasizes the memory effects of fractional-order calculus. We employ
Lyapunov’s direct method to derive a sufficient condition for the global asymptotic stability of the
network’s equilibrium point. The stability of this 8D system depends on a specific inequality relating
the fractional order, the neuronal time constants, and the spectral radii of the interconnected weight
matrices. This analysis underscores the robustness of our Lyapunov-based framework in handling
complex topologies beyond standard feedforward designs.

By bridging rigorous mathematical analysis with Al engineering, this framework paves the way for
developing provably stable neural architectures for safety-critical applications, turning abstract theory
into practical design rules.

The rest of this paper is organized as follows. Section 2 covers the necessary background, definitions,
and preliminary stability results, including a mathematical example to illustrate the application of the
theory. Finally, Section 3 presents our main contribution: the detailed stability analysis of the three

network architectures.

2. PRELIMINARY NOTES AND METHODOLOGY

Definition 2.1 ( [4]). For t € T, we denote the forward jump operator by o, the backward jump operator by p,

and the graininess function by p definitions of this operators and other important properties are contained in [4].

Given the following Caputo fractional dynamic system on a time scale T,

CA% =N(t,p), teT,
(1)

(,0(750) = Y0, to > Oa
where & € C,.4[T x RY,RN], X(¢,0) = 0, and “ A%y is the Caputo fractional delta derivative (CFrAD)
of ¢ € RY of order a with respect to t € T. Let ¢(t) = ¢(t, to, po) € C%[T,RY] be a solution of system

(1), the existence and uniqueness of this solution is established in [2,7].
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Also, consider the following comparison system
CA%% = O(t, k), K(tg) = Ko > 0, (2)
where x € R, © : T x R} — R} and ©(¢,0) = 0.

Definition 2.2. [10] The CFrADiD of the Lyapunov function B(t, p) € Cpq[T xRY  RY] along the trajectories
of solutions of the system (1) is defined as:

“AL(t, p) = limsup % {Q](ff(t)’ p(o(t))) —B(to, po) (3)

u—0t M

[£=0]

= > (=D)THECH)[B (o (t) — s p(a(t)) — pR(E, (1)) — Dito, wo)]},
r=1
wheret € T, p,p0 € RN, = o(t) — tand p(o(t)) — u*R(t, ) € RV,

In [10], it has been established that

li -1H"*C, = —1. 4
e 2 (=1) (4)
and
CAaa _ (tito)_a >

Definition 2.3. [10] The trivial solution x = 0 of (1) is called:

S1 stable if given € > 0 and to € T there exists a § = (e, tog) > 0 such that for any ¢o € R™ the inequality
llpoll < & implies ||¢(t;to, o)l < €, fort > to.

Sy asymptotically stable if it is stable and there exist numbers §g = 6¢(e) and T' = T'(e) such that for
t > to+ T, the inequality ||po|| < & implies o(t;to, vo) < €.

Theorem 2.1. [10] Assume that
(i) © € Cpg[T x RY,R% ] and O(t, k) is non-decreasing in x.
(ii) B € Cpg[T x RN, RY] be locally Lipschitzian in the second variable such that

CALB(t, ) < O, B(t,9)), () € T x RY (6)

(13i) z(t) = z(t;to, uo) is the maximal solution of (2) existing on T.
Then
Bt o(t) < 2(t), t=to (7)
provided that
U(to, po) < ko (8)

where ¢(t) = p(t;to, po) is any solution of (1),t € T, t > t.
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Theorem 2.2. [10] Assume the following conditions are satisfied:

(1) the function B(t,o(t)) € Cra[T x RN, RY], B(t, p(t)) is locally Lipschitzian with respect to o,
0(t,0) = 0 and the inequality

¢(lll) < Vo(t, (1)), 9)

holds for all (t,) € T x RN, Wy (t, ) = SN 0i(t, (1)) and ¢ € K;
(2) © € Cq[T x R, R ] is quasimonotone nondecreasing with respect to the second variable at all t € T,
g(t,0) =0, and
CALB(t, (1) < O, V(L p(1)));
(3) the zero solution of the comparison equation (2) is stable.

Then the zero solution of the system (1) is stable.

Theorem 2.3. [10] Assume the following
1. B(t, ) € Cpg[T x RN, RY] and Lipschitzian in .
2. © € Ciq[T x R}, R ] and g(t, u) is non-decreasing in u with O(t, k) = 0,
3. For (t,p) € T x RY,
“A3Do(t, ) < —c(llel),
where ¢ € K.
4. b(llll) < Vot ) < allloll), where Vo (t, ) = 7L, Vi(t, (1)) and a,b € K.
Then the trivial solution ¢ = 0 of the FrDE (1) is asymptotically stable.

2.1. Mlustration. Consider the Caputo fractional dynamic system

3v2 + 3v2
CAY (1) = 6uy — dU T 9U3
U1
3 2
CAy(t) = —"d 4 duy (10)
(%)
U2
CA%5(t) = ——L + 3us,
U3

for t > tg, with initial conditions

v1(to) = vio, wva2(to) =wv20, and w3(ty) = vs30,

where v = (v1, v2, U3).
Consider a vector U = (U1,Us,V3)T, where Uy = v?, Yy = v3 and V3 = 03, fort € T and

(v1,v9,v3) € R3. Then condition 1 of Theorem (2.2) is satisfied, for ¢ = %r, where ¢ € K, so that the

associated norm ||v|| = \/v} + v3 + v3.

and
2

Bo(v1,v2,v3) = Zmi(vlav%US) = vf + 03 + v,
i=1
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then ¢(||¢]|) < B(1, 2, 13). From (3), we compute the CFrADiD for 0; = v7 as follows:
“A%0,

= Iimsupla{ [(v1(a(t)))?] = [(v10)?]

u—0t M
5]

+ Y (=) (C) [(ia(#) — pRu(t,0))?] — [((v10)2]}
r=1

= limsupla{ [(Ul(U(t)))Q] - [(010)2]

u—0t M
[52]

+ Y (=170 [(0a(a(t))? = 201(a(8)) ™ Ra (¢, 01, 02, v3)
r=1

P (R (¢, 01,0, 03))%] = [(v10)?] }

(1=
= —limsup — (=17 (*Cr) [(v10)?]

u—0t H

5]
—i—limsupia { Z (—1)r (a ") [<U1<U(t)))2]}

n—07t M
[5]

Stimsup {3 (1) (0C) Rur (o) Nt vr, v, va)]

p—0* r=1
Applying (4) and (5) we obtain

(t—tg)™ @
= F(l—oa)

[(v1(a(£))?] = [201 (o (£))R1 (E, v1, V2, v3)].

Ast = o0, Lt [(vi(a(t)))?] — 0, which is
S *2[1)1 (O‘(t))Nl (t, v1,U2, Ug)].
applying v(o (1)) < u“A%(t) + v(t)

= 2 [N(t)N%(taUhU%UB) + v1 (8N (E, v1, v2, Uz)]

2 2\ 2 2 2

U1 U1
2 2\ 2 2 2
_ ou) [(601 . 3@2+3vg> o, [%1 B 3vz+3vs] | 1)
U1 U1

If T = R we have that ;. = 0, so that (11) becomes;

3v2 + 3v2
OAiQH(Ul,Uz,U:s) = —2u [6111 — 1}2;1)3]
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= —120] + 6v3 + 603
= (=12 6 6)- (V1 Vo Vz)T. (12)
Similarly, compute the CFrADIiD for s (v) = v3 as follows:
ALYy (v)

ZIwaz{WMﬂmm_Kmﬁ]

u—0t M

5]
+ Y (F)7 (G [(va(o(t) — 1 Ra(t,0))%] — [((vzo)Q]}
r=1

:Iwaz{WMdmﬂ_Kwﬁ]

u—0t M
[52]

+ D (=17 (Cr) [(va(a(1)))? = 202(0 () ™ Ra(t, 01, v2, v3)
r=1

F Ot vn, v, 00 - (o |

(15
= —limsup — (=1)" (*Cy) [(v20)?]

p—0t M —0

(1=
+lim sup — (=" (*Cy) [(U2(U(t)))2]

p—0t M —0

(5]
— lim sup { Z (=1)" (*Cy) [2v2(o(t)) ™ Na(t, v1, V2, ’Ug)]}.

U_>0+ r=1

Using (4) and (5) then

(t—tg)™ @
= F(l—oa)

[(v2((t)))?] = [2v2(0 () Ra(t, v1, v2,v3)].

Ast = o0, L2 [(vs(a(t))?] — 0, which is
< —Q[UQ(U(t>)N2(t, U1, V2, Ug)],
applying v(o(t)) < uCA%(t) + v(t)

= -2 [,u(t)N%(t, U1, U2, U3) + U2 (t)Ra(t, v1, Vo, ’U3)j|
2 2 2

= -2 [,u(t) (—31]1 + 41}2) + vy <—3U1 + 4112) ]
(o)) U2

302 2 302
= —2u(t) [(—;’; —|—4v2> ~ 2, [—:21 +4’U2:| . (13)
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If T = R, then ;1 = 0, and consequently, equation (13) reduces to;

C A« 3”%
AUy (v, v2) = —2v9 —7—1—41)2
2
= 611% — 81}5
= (6 -8 0)-(U1 Yo Ws)T. (14)
Similarly, compute the CFrADiD for U3(vy, v, v3) = v3:
“AY;
. 1
- hmsupa{ [(’U3(0’(t)))2] — [(Ugo)z]
u—0t M

[5°]
+ ) (D)7 (*C) [(vs(o(t) — uNs(t, v))?] — [((U30)2]}
r=1
_ lirnsupla{ [(ws(o())?] = [(v30)?]

u—0t M

52

+ Y (F1)7 (G [(ws(o () — 2vs(0 (£) R (¢, 01, v2,v3)
r=1

2 Ryt 01,09, 03))%] — [(30)7] }

p—0t M

5]
- limsupla{ > )T (C) [<U30)2}}

(15
+ lim sup — (=1)"(“Cy) [(US(U(t)))2]

p—0t M
(5]

Stimsup {3 (1) (°C) Roalo O Ralt 1, v )]

p—07 r—1

Applying (4) and (5) we obtain

(t —to)~®
= I‘(l—oa)

[(v3(a(t)))?] = [2v1(a (1) Rs(t, v1, v2,v3)].

Ast — 00, 12 [(v3(a(#))?] — 0, then
CAiQ]g(’Ul, V2, ’U3) § —2[U3(O’(t))N3(t, v1, U2, U3)].
applying v(o(t)) < uCA%(t) + v(t)

CAYB(v1,v0,03) = —2|p(t)R3(t, vs,v2, v3) + v3(E)R3 (¢, v1, V2, 3)
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v} 2 v}
= —2|u(t) —U—3+3v3 +vs —U—3+3v3

vl ? v}
= —QM(t) <—1 + 31}3) — 2v3 |:—1 + 3U3:| . (15)
U3 U3
If T = R, then i = 0, and consequently, equation (15) reduces to:
2
CA?;_Q];;(’UM V2, ’U3) = —21)3 |:_U1 + 3U3:|
3
= 0} - 61)%
= (2 0 —6)-(T1 Uy V3. (16)

Combining (12), (14) and (16), we have that

-12 6 6 pif}
AtV <] 6 =8 0 |]|D]|=0tY). (17)
2 0 -6 U3

Now consider the comparison system

YAYk = O(t, k) = Ar, (18)
-12 6 6
where A = 6 -8 0
2 0 -6

The vectorial inequality (17) and all other conditions of Theorems (2.2) are satisfied if A has eigen
values with negative real parts, since the eigen values of A are \; = —17.059, A2 = —6.59407, A3 =
—2.34691, then (10) is stable. Therefore, we conclude that the trivial solution of the system (10) is
stable.

3. MaIN Resurrs

3.1. Application 1. Consider the following n € N layers and skip connections deep neural network
system that governs the neuron activation and models the flow of information through a deep learning

architecture with memory effects.
CAaNl (t) = —alNl(t) + WHO'(Nl(t)) + WlQU(NQ(t)) + B1 (t)

CAQNQ (t) = —azNQ(t) + ngU(Nl(t)) + WQQU(Ng(t)) + WQgO’(Ng(t)) + Bg(t)

CAaNg(t) = —a;;N:;(t) + WgQU(NQ(t)) + ngU(Ng(t)) + W34U(N4(t)) -+ Bg(t) (19)

CAMR, () = —anRp(t) + Wino10Rn_1(£)) + Wno (R (£)) + Ba(t)
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where 8;(t) € R"™ is the state vector (activation) of the i-th layer, a; > 0 are decay rates, W;; are
weight matrices connecting layer j to layer i, 0(X) = tanh(R) is the activation function, B;(t) are
bounded external inputs (data features), “ A® is the Caputo fractional derivative of order a € (0, 1).
The delta fractional derivative in (19) captures long-range memory effects in deep learning.

Choose the vector Lyapunov function U (¢, R) = (0, Do, ..., Vy)? with quadratic forms:

1
Bi(t,R) = SIN@IF, i=1,.. N
Such that

Zm (t,R) ZHN ()%

Using Definition 2.2, and following through the computation as in illustration 2.1, we compute “ AY;
along the trajectories of the system.
For ¥, = %||N1||2:
CAiwl < N{ [—alNl —+ WllO'(Nl) + nga(Ng) + Bl]

< —ar R [P -+ R [[[Wa [l RO+ IR [[Waz[lo(R2) | + 1R[] By |-
Since o (X) = tanh(R) is Lipschitz with constant L, = 1, we have ||o(R)|| < ||X]||. Thus:

CALB < —ar X[+ W IR+ Wzl IR [Re]] + ([ B[R]
In terms of U, and Us:
CAYY) < —2a101 + 2| Wit |1 + [Waa| (D1 + B2) + V2||Bi|[v/D1.

For 0, = %HxQHQ:

CAYY, < 2l [—agws + Waro (1) + Wago(22) + Wago(23) + Ba)

< —azflwa|* + [Warlllle2lllz1 | + IWazlllz2* + [[Waslllz2 ]| l2s] + || B2l 2]

In terms of U;:
CAYVE < —2asVa + | Warl|(Vi + Vo) + 2| Wa || Va + | Was||(Va + V3) + V2| B2 ||/ Va.
For general V;:
ALV < =20Vi + |Wiima | (Vier + V0) + 2 Wal Vi + Wit | (Vi + Vier) + V2IBil Vi (20)

We now derive a rigorous bound for the Caputo fractional Dini derivative of the vector Lyapunov
function. We employ Young’s inequality to handle the contribution of bounded external inputs B;(t).

Recall the well known inequality for any §; > 0:

V2| B; \\\/17< V+ ”35“
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which follows from ab < $a? + 55b? with a = /V; and b = V2|| B;|.
Applying this to (20) yields:
CALV; < =2a;V; + [|[Wiia||(Vier + Vi) + 2||Wyl|Vi

1Bil*

+HWZ-7Z-+1H(V;+VZ+)+ Vit 5

Collecting the quadratic terms in V;, we define the modified comparison matrix A = (4;;) with

diagonal entries:

- Iy
A = —2a; + 2||Wi|| + [[Wiiz1 || + [[Wiisa |l + 51,

and off-diagonal entries:
Aiic1 = Wiiaall,  Ai = [[Wiinall, Ay = 0 otherwise.
Thus, the vector inequality becomes:

CAYV < AV + b, (21)

By || By2\T
whereb:(H(;” ,...,”5N|l> .

1 N

Clearly,

- If Bi(t) = 0 (unforced system), then b = 0. Asymptotic stability of the trivial solution is
guaranteed if A is Hurwitz, which is achieved by selecting d; sufficiently small such that A;; < 0
and diagonal dominance holds.

- If B;(t) are non-zero but bounded, the equilibrium is no longer zero. However, the system
is uniformly ultimately bounded. Specifically, from the comparison principle, ||V (¢)|| converges
to a residual ball whose radius is proportional to ||b||. The constant residual term || B;||?/;
quantifies the trade-off: smaller J; improves the decay rate but increases the steady-state error

bound. This is a standard input-to-state stability (ISS) property for fractional-order systems.

Fori,j=1,2,...,N:

—2ai + 2||Wil| + Wil fori=j,
- Wi i—1]] forj=1—-1,
Az’j =
[Wiiall forj=i+1,
0 otherwise,
where we define ||W; o|| = ||[Wn n+1]| = 0 for boundary conditions.

For the trivial solution of the comparison system (21) to be asymptotically stable, it is required that:

- Ais a Metzler matrix (off-diagonals nonnegative),

- Ais Hurwitz (all eigenvalues have negative real parts),
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- there exist functions a, b € K such that:
b(llzll) < Vo(t,z) < a(|lzl),

which holds for a(r) = b(r) = 1r2.
- The condition “A%V < —c(||z||) for some ¢ € K.

From the comparison system (21), we have:
CAYVD < Amax(A)V0,
0 if Apmax(A) < 0, then CAS‘rVO < —cVp with ¢ = [Apax(A)|, which implies asymptotic stability.
Also, for each layer i
2a; > 2[|Wii|| + Wil + Wit s

and the matrix A must be diagonally dominant.

Applying this result to a numerical example with N = 4 Layers
Let:

ap=az=az=as=1, [Wy||=02, Wil =|Wit1:] =0.1.

Then, the matrix A for the 4-layer network is constructed as follows:

—-1.5 0.1 0 0
01 —-14 0.1 0

A=
0 01 -14 0.1
0 0 0.1 -—-1.5
where the diagonal entries are given by a; = —2a; + 2||W|| + [|[Wii—1ll + [[Wiit1]] with a; = 1,

|Wiill = 0.2, and [|W; ;|| = 0.1 for adjacent layers.

The Eigenvalues of A are approximately:
A —1.62, X~ —-150, A3~ —1.38, M=~ —1.50.

Since eigenvalues are negative, then we conclude that system (21) is asymptotically stable which
immediately infers the asymptotic stability of (19).

We have established the asymptotic stability of the fractional-order deep neural network. The
sufficient condition for stability is that the nodal decay rates a; dominate the aggregate interconnection
weights, formally expressed as: a; > »°7_, |wj;| for all nodes i. This criterion ensures that the self-
stabilizing dynamics of each neuron overcome the potential destabilizing influence of inputs from
connected neurons. This result provides a rigorous theoretical guarantee for the convergence and
numerical feasibility of fractional-order deep learning models, ensuring that their dynamics are well-

behaved and predictable under the given condition.
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3.2. Numerical Exploration of Stability Boundaries and Parameter Sensitivity. To demonstrate
that our derived sufficient conditions are both meaningful and non-restrictive, we analyze the 4-layer
fractional DNN from Application 1 under two distinct parameter regimes. We also investigate the

effect of the fractional order a on the convergence rate.

3.2.1. Scenario 1: Stable Regime (Satisfying the Diagonal Dominance). Let the decay rates and weight

norms be:
a1 =as=az=a4 =1, HWMH =04 (Z =1,... 74), ||Wi,i+1H = ||Wi+1,iH = 0.3.

The stability condition requires 2a; > 2||Wy|| + ||Wii—1]| + [[Wi,i+1]|. Here, LHS = 2, while RHS =
2(0.4) + 0.3 4+ 0.3 = 1.4. Since 2 > 1.4, the condition is strictly satisfied. The Metzler matrix is:

—2+0.840.3 0.3 0 0
Apo = 0.3 —2+0.840.6 0.3 0
0 0.3 —2+0.84+0.6 0.3

0 0 0.3 —-240.840.3

-0.9 0.3 0 0
0.3 —-06 0.3 0
0 0.3 —-06 0.3
0 0 0.3 -09

It is easy to see that the eigenvalues are:

Since all eigenvalues are strictly negative, the comparison system is asymptotically stable, guaranteeing

the stability of the fractional DNN.

3.2.2. Scenario 2: Unstable Regime (Violating the Diagonal Dominance). Now, consider weights that violate

the sufficient condition:
a; =1, [[Wil =08, |[[Wiip] =0.7.

Here, LHS = 2, while RHS = 2(0.8) + 0.7 4+ 0.7 = 3.0. Since 2 < 3.0, the stability criterion fails. The

resulting Metzler matrix is:

—2+1.6+4+0.7 0.7 0 0
0.7 —24+16+14 0.7 0

Aunstable =
0 0.7 —24+16+14 0.7

0 0 0.7 —24+1640.7
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03 07 0 O
0.7 1.0 07 O
0 07 1.0 07
0 0 07 03

The eigenvalues of A nstaple are:
A Aunstable) = {1.75, 0.85, —0.15, —0.85}.

The presence of positive eigenvalues (e.g., 1.75 and 0.85) indicates that the trivial solution of the
comparison system is unstable. Consequently, the fractional DNN is not guaranteed to be stable, and
trajectories may diverge or exhibit unbounded oscillations.

An important observation from our framework is that the derived stability condition 2a; > 2||W;;|| +
|\Wii—1ll + [[Wi,it+1] is independent of the fractional order a € (0,1). While o does not affect the
stability boundary, it significantly influences the rate of convergence via the kernel (¢ — ¢9)™*/I'(1 — «).
Specifically, a smaller a (closer to 0) leads to slower decay of the Lyapunov function, whereas « closer
to 1 approximates the faster exponential decay of classical integer-order systems. This decoupling of
stability guarantees from « is a key practical insight for hyperparameter tuning in memory-enabled

networks.

3.3. Application 2. Consider a 5-dimensional fractional-order DNN with skip connections:

CAY (1) = —ayz1 + Whiio(x1) + Wiso (z2) + Wiso(xs) + By

CAYry(t) = —agze + Waro (1) + Waso(22) + Wago(z3) + B

CAaaj4 t) = —aqxy + Waso(x3) + Wygo(xy) + Wyso(xs) + By

(t) (1) (z2) (5)
(t) (1) (z2) (z3)
CAYz3(t) = —agxs + Wazo (v2) + Wazo(23) + Waso(24) + B3 (22)
(t) (23) (w4) (25)
(t) (1) (z4) (5)

CAY5(t) = —asxs + Wsi0(x1) + Wsao (24) + Wsso(xs) + Bs
where:

- x; € R™: State vector of layer ¢

- a; > 0: Decay rates

- W;j;: Weight matrices

- o(z) = tanh(x): Activation function (Lipschitz constant L, = 1)

- B;: Bounded external inputs

- ©A®: Caputo fractional derivative of order a € (0, 1)

Define the vector Lyapunov function V (¢, z) = (V4, Va, V3, V4, Vs)T by:

1 .
Vi(t,x) = §sz\|2, 1=1,...,5
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So that the combined Lyapunov function is:

5

5
1
Volt,o) =y Vilt,z) = 5D [lail?
2 i=1

i=1
Applying Definition 2.2, and following through as in Illustration 2.1, we compute “A%V; along the
trajectories. For each layer i = 1,...,5, we define V; = 3| z;||?. Employing the generalized CFrADiD
and the Lipschitz property of tanh(-), we obtain the following bounds. Also, we handle the linear terms
V'V via Young's inequality with positive parameters §; > 0:
0 Bil|?
VaIBIVY; < Svi ¢ 1B

For V| = %HleZ:
CALVI < =21 Vi + 2[[Wi[|[Vi + [[Waz|[(Vi + Vo) + |[Was|[ (Vi + V5)

o1 |B1?

Vi + —.
+ 5 V1 + 51
FOI‘ VQ = %H:L‘QHQ:

HB2H2'

0
CAGV; < =2a3Va + [Warl| (Vi + V2) + 2 Waal| Vo + [[Was (V2 + Vi) + S Vo + =2
For Vs = 1|z

5 Bs||?
CALVs < —2a3V3 + |[Waz|[(Va + V) + 2[[Wss |V + [[Wa| (Vs + Vi) + 53‘/3 + w

For V, = %Hx4||2:

1Ba]”

1)
CALVy < —2a4Vy + [[Was|(V3 + Vi) + 2[|[Waa|Va + [[Was[|(Va + V5) + 54‘/4 s

For Vs = 1||z5||* (incorporating the skip connections from layers 1 and 4):

5 Bs|?
CALVs < =2a5V5 + [[Ws1|[(Vi + V5) + [[Waal| (Va + V) + 2[|[Wiss[| V5 + 55‘/5 + w

Collecting the quadratic terms, we define the modified comparison matrix A € R°*® with diagonal

entries: )
B 1
A = =201 + 2| Wl + [Waa|| + [Was]| + 5,

Ay = 205 -+ |Warl| + 2| Waal| + [Wasl + 2.
Asg = —2a3 + ||[Wag|| + 2||Was]| + || Wa4]| + %,
Asa = 20+ [Wagl) + 21l + Wil + 2,
55 = 205+ [Wanll + [ Waal + 20Wsl) + 2,

and the corresponding off-diagonal entries:

Apg = |[Wial|, Ais=|[Wisl, Ao = |Waill, Asz=|Wasll, Az2=|[Waal, Ass=|Ws4l,
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Agz = |Wasll, Ass = |Wasll, Asi=|[Waill, Ass= ||[Wsdl],

with all other entries zero.

Thus, the global vector inequality becomes:
CAYV < AV + b,

where

b <|Blu2 1B 1Bl (1B ||B5IP>T |
O S S Y SR
Note that:
e If all external inputs are zero (B; = 0), then b = 0. Asymptotic stability of the trivial solution
is guaranteed if A is Hurwitz. This is achieved by selecting the parameters §; > 0 sufficiently

small to ensure strict diagonal dominance of fl, ie.,
i
2a; > 2[Wall + > |[Wy | + >
J#
e If B;(t) are non-zero but bounded, the system exhibits uniform ultimate boundedness (UUB).

The Lyapunov function V{ converges to a residual set whose radius is proportional to |b||,

establishing input-to-state stability (ISS) for the fractional-order network.

For the numerical illustration, we set B; = 0.

A (Wl 0 0 |[Wis]

[Watl| Az [[Was]| 0 0

A=| 0 |[Wel A [Wal o0
0 0 [[Wasll  Aa  [[Was]

[Wail| 0 0 |[Wsall Ass

with diagonal entries:

A = —2a1 + 2| Wi + [Waz| + [[Was||
Agp = —2az + [[War || + 2[[Waz | + ||[Was||
Asz = —2a3 + [|[Waa|| + 2[[Was|| 4 ||[Wa4]|
Agg = —2as + |Was|| + 2([Waal| + [[Was||

Ass = —2a5 + [|[Ws1|| + [Waal| + 2|[Wss ||

For asymptotic stability of system (22), then:

- A must be Hurwitz (all eigenvalues have negative real parts)
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- Diagonal dominance conditions:
2a1 > 2| Wil + [[Wazll + [[Wis||
2ap > [[Warl + 2[|[Waa | + [[Was|
2a3 > [[Waa|| + 2[|[Was|| + [[Wa4||
2a4 > [[Was| + 2[|[Waall + [[Was||
2a5 > [[Ws1|| + [[Waal| + 2([Wss||
- The quadratic Lyapunov function satisfies:
b(llzl]) < Vo(t, =) < a(|lz]))
with a(r) = b(r) = 3r?
- From the comparison system:
CATVD < Amax(A)Vo
If Amax(A4) < 0, then A%V < —cVp with ¢ = [Amax(4)]
We use the following numerical example to expatiate on the obtained result.
a1 =ay=az3=a4 =as =1
W]l = [Waz| = [[Wisl| = [[Wasl| = [[Wss]| = 0.2
[Waall = [Wis| = [[Warl| = [[Was|| = [[Ws2|| = 0.1
[Waall = [[Was|l = [[Was|| = W1 = [[Waal| = 0.1
Then:
A1 =-2404+01+01=-14
Az =-2401+04+01=-14
A3 =—-2401+04+01=-14
Agg=-2401404+01=-14

Ass = —2401+01+04=-14

so that A becomes
—-14 0.1 0 0 0.1

0.1 -—-14 0.1 0 0
A= 0 01 -14 0.1 0
0 0 01 -—-14 0.1
0.1 0 0 0.1 -14
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The eigenvalues of A are:

A~ {-1.6,—15,—1.4,-1.3,—1.2}

Since all eigenvalues have negative real parts, then we conclude that the comparison system is asymp-
totically stable which immediately infers the stability of system (22).

Fractional-order DNN with skip connections is asymptotically stable under the derived conditions.
The Lyapunov approach provides practical design constraints for implementing stable deep learning

systems with memory effects.

3.4. Application 3. Consider the following 8-dimensional fractional-order RNN with the following

dynamics:
(CAaajl(t) = —ajx1 + Whio(x1) + Wigo(x2) + Wigo(zs) + By
CA%xy(t) = —agwe + Woro(x1) + Wago (x2) + Wozo(x3) + B
CA%z3(t) = —azx3 + Wago(x2) + Wazo(x3) + Wayo(x4) + Bs
CA%y(t) = —agwy + Wazo(x3) + Wago(z4) + Waso(z5) + By 23)
CA%5(t) = —asws + Waao(x4) + Wiso(z5) + Waeo (z6) + Bs
CA%6(t) = —agwe + Weso(x5) + Weeo (z6) + Wero(27) + Bg
CA%xq(t) = —arzr + Wego(x6) + Wero (w7) + Wego(zg) + By
CA%g(t) = —agws + Weio(x1) + Wero(z7) + Waso (28) + Bs
where:

- x; € R™: State vector of layer i
- a; > 0: Decay rates

- W;;: Weight matrices

o(x) = tanh(x): Activation function (Lipschitz constant L, = 1)
- B;: Bounded external inputs

- Y A%: Caputo fractional derivative of order a € (0,1)

Define the vector Lyapunov function V (¢, z) = (V4, V4, ..., V3)T by:
1, 5
‘/l(tax)zinlH , 1=1,...,8

Then the combined Lyapunov function is given by:



Asia Pac. J. Math. 2026 13:131 19 of 27

Using Definition 2.2, and following through as in Illustration 2.1, we compute “ A% V; along the trajec-

tories. Using Young's inequality with parameters d; > 0 to such that:
d; B;|?
V2|BilVVi < S Vit ”5”

For V1 = %”1‘1”22

131 1°

5
CAYVI < =2a1 Vi + 2| Wit |[Va + |Wiz||(Vi + Va) + [[Was|| (Vi + V&) + 51‘/1 + 5,

For V5, = %H@HQ:

|Ba”

5
CAYVy < —2a3Va + |[War ||(Vi + Va) + 2||Waa || Va + [[Was||(Va + V3) + 52‘/2 + 5

For Vs = 1||z3]*:

B Bs|?
CAYVs < —2a5Vs + | Wazl|(Va + Va) + 2 Wasl|Va + [ Waall (Va + Va) + V5 + ” 5ZH '

For Vy = 3||z4||*:

5 Byl
CALVs < ~20aVs + [Wigl(Va + Vi) + 2 WallVi + [Ws| Vi + V5) + v + L2,

For Vs = %Haz5||2:

5 Bs||?
CALVs < —2a5V5 + |[Waal|(Va + V) + 2[[Wiss [Vs + [[Wiel| (V5 + Ve) + 55‘/5 + w
For Vg = 1||zg[|*:

0 Bg||?
CAYVi < 205V + W (Vs +Ve) + 2 Wool| V5 + [Wor| (Ve + v7) + £ + 122
For V7 = %H.%WHZZ

B Br|?
CALVz < =2a7V7 + |[Wrs||(Vs + Va) + 2||[Wer ||V + [Was (V7 + Vs) + 57‘/7 + H 51” :

For Vg = 1||zs||*> (with skip/feedback connections to layer 1):

5 Bs|?
CA%V < —2asVs + [Wa | (Vi + Vo) + | War (V + V) +2{[Ws | Vs + 51 Vs + I 52”
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Collecting terms, we define the modified comparison matrix A € R®*® with the following diagonal

entries:
Auy = —2a1 -+ 2 Wi | + [Waall + [Wisl) + 2,
Ay = 25 -+ [Warl| + 2| Waal| + [Wasl) + 2.
sy = 205+ Wil + 2 Wsll + [ Wl + 2,
Asa = 20+ [Wagl) + 20l + Wil + 2,
Jiss = ~2as -+ [Waall + 2TWss1] + [Wsell + 2,
6

) 5
Ags = —2ag + ||[Wes || + 2[|Wes|| + |Wer || +

2
. o7

Arr = =2a7 + [Wrs|| + 2[War | + [[Wars|| + 5,

%

5

The non-zero off-diagonal entries are given by the adjacent and skip connection weights:

Ass = —2as + ||[Wai|| + [|[War]| + 2[|Was]| +

Apg = W, Awg = [[Wisll, Aoy = Warll, Azz=[Wasl, Asz=[[Waall, Ass=|Waall,
Agg = |Wasll, Ass=|Wasl, Asa=|Wsal, Asg=[Wssl, Ags=[Wesl, Aer=Werll,
Az = |[Wrell, Ars = [Wasll, Asi = [Warll, Asr = [Wrl.

Consequently, the vector inequality reduces to:
CA%V < AV + b,

where

T
b (IBdP 1Bl [IBs|”
5 6 0 G .
So that:

e For the unforced case (B; = 0), global asymptotic stability of the equilibrium = = 0 is guaran-

teed if A is Hurwitz. This requires choosing &; > 0 sufficiently small so that:
Y
2a; > 2[|Wy | + Z [Wis | + 51,
JEN;

where N denotes the set of indices connecting to layer ¢ (including recurrent feedback and
skip connections).

e For non-zero bounded inputs, the inequality establishes input-to-state stability. The Lyapunov
function Vj decays exponentially until it enters a bounded residual region dictated by |/b||,
ensuring that the network’s state remains bounded even under persistent external perturbations.

For asymptotic stability:

- A must be Hurwitz (all eigenvalues have negative real parts)
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- Diagonal dominance conditions:
2a1 > 2||Wii || + ||[Wial| + ||[Was]|
2az > [[War || + 2[|[Wazl| + [[Was||
2a3 > Wz + 2[|[Wasl| + [[Wad||
2aq > [[Was|| + 2[|[Waall + [[Was |
2a5 > [|[Wsal| + 2[|Wss|| + [[We||
2a6 > [[Wes || + 2[|[Wes|| + [[Wer||
2a7 > [[Wrs|| + 2[|[Waz|| + [[Was]|
2as > [[Wai || + [[Wer|| + 2[Wss||
- The quadratic Lyapunov function satisfies:
b(llzll) < Vo(t, z) < a(ll=])
with a(r) = b(r) = 3r?
- From the comparison system:
CALV) < Amax(A)Vo

If Amax(A) < 0, then “AY V) < —cVp with ¢ = [Amax(4)]

We apply a numerical example to better buttress the obtained result.

Let:
a; =15 fori=1,...,8
Wil =02 fori=1,...,8
[Wha|| = [Was|| = [[Wai]| = [Was|| = [[Wsz|| = [[Wa4l = 0.1
[Was|| = [[Was || = [[Waall = [[Wsse || = [[Wes|| = [[Wer|| = 0.1
[Wrel| = [Wrs|| = [[Wail| = [[Wsr = 0.1
Then:

A1 =-34+04+01+01=-24
Aypp=—-34+01+04+01=-24
A33=—-34+01+04+01=-24
Ay =-3+01+404+01=-24

Ass =—34+01+04+01=-24
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Ags = —3+01+04+01=-24
A7 =-3+014+04+0.1=-24

Ags = —34+01+01+04=-24

So that the comparison matrix becomes:

-24 0.1 0 0 0 0 0 0.1
0.1 -24 0.1 0 0 0 0 0
0 0.1 -—-24 0.1 0 0 0 0
s 0 0 0.1 -24 0.1 0 0 0
0 0 0 0.1 -24 0.1 0 0
0 0 0 0 01 -24 0.1 0
0 0 0 0 0 01 -24 0.1
0.1 0 0 0 0 0 0.1 -—-24

The eigenvalues of A are:
A~ {-2.6,-2.55,—2.5,-2.45,-2.4, -2.35, —2.3, —2.25}

Since all eigenvalues have negative real parts, then the system is asymptotically stable and it immediately
infers the stability of system (23).

Finally, we conclude that the 8-dimensional fractional-order RNN is asymptotically stable under the
derived conditions. The Lyapunov approach provides practical design constraints for implementing
stable deep learning systems with memory effects, even for high-dimensional architectures with

complex connection patterns.

3.5. Actionable Design Guidelines for Stable Fractional Neural Networks. While the preceding theo-
rems provide rigorous mathematical guarantees, their utility in AI engineering depends on translating
the diagonal dominance condition into practical implementation strategies. Here, we distill the theory

into four concrete design rules for practitioners.

3.5.1. Rule 1: Constraint on Weight Initialization. The condition a; >, ||W;;|| imposes a strict upper
bound on the spectral norms of the weight matrices. For a network with fixed decay rates a;, we enforce

the following initialization constraint:
a; — €

d;

where d; is the in-degree of layer 7, and € > 0 is a small margin to account for transient overshoots. This

Wil <

can be implemented by rescaling the Frobenius norm or spectral norm of each layer’s weight matrix

during initialization, analogous to Xavier/He initialization but with an explicit stability guarantee.
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3.5.2. Rule 2: Stability-Aware Regularization During Training. The inequality suggests a natural regular-

ization penalty to be added to the standard loss function Li,e:

N
Liotal = ‘CtaskJr)\ZmaX OvZHWin —a;+e€|,
i1 i

where )\ > 0 is a regularization coefficient. This hinge-loss type penalty actively pushes the network’s
parameters into the provably stable region during gradient descent, ensuring that the final trained
model inherits our asymptotic stability guarantees. This bridges the gap between provable stability

and empirical performance.

3.5.3. Rule 3: Architectural Correspondence to ResNet. For networks with skip connections (e.g., the 5-layer
DNN in Application 2), our condition generalizes the well-known stability analysis of integer-order
ResNets. Specifically, by setting & — 1, our condition reduces to the spectral norm constraints proposed
for preventing gradient explosion in residual blocks. Thus, our fractional-order framework provides a
rigorous justification for empirically observed "stabilizing" effects of skip connections in deep learning,

extending the theory beyond the integer-order case.

3.5.4. Rule 4: Tuning the Fractional Order for Memory-Performance Trade-offs. Since o does not affect the
stability boundary but does affect convergence speed, practitioners can select o € (0, 1) independently
of the stability constraints to optimize memory retention. A larger « (like 0.9) yields faster convergence
and is suitable for tasks requiring quick adaptation, while a smaller « (e.g., 0.4) enhances long-range
memory at the cost of slower convergence. Crucially, both choices remain stable provided Rules 1-3
are satisfied.

Collectively, these guidelines transform the abstract mathematical results of Section 4 into a practical
blueprint for designing robust, memory-enabled Al systems. Unlike prior works that merely provided
stability criteria (like [?]), this work is the first to explicitly codify these criteria into implementable

training algorithms and architectural recommendations for fractional-order deep networks.

3.6. Numerical Simulations of State Trajectories. To complement the eigenvalue-based stability
analysis with direct dynamical evidence, we numerically integrate the fractional-order system (19) for
the 4-layer DNN using the Griinwald-Letnikov discretization scheme. We set the fractional order to
a = 0.85, time step h = 0.01, and simulate for ¢ € [0, 50]. The initial states are randomly drawn from a

uniform distribution on [—0.5,0.5]%.

3.6.1. Stable Regime (Diagonal Dominance Satisfied). Using the parameters from Scenario 1 (a; = 1,
|Wiill = 0.4, ||W; ix1|| = 0.3), the diagonal dominance condition 2 > 1.4 is satisfied. Figure 1 displays

the evolution of the Euclidean norm of the full state vector, ||z(t)| = Z?:l l|lzi(2)])%.
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Stable regime - asymptotic decay to zero

107 4

(4ta]l

102 4

0 10 20 30 40 50
Time (t)

FiGUrE 1. State norm ||z (¢)|| for the 4-layer DNN in the stable regime. The trajectory

decays monotonically to zero, confirming asymptotic stability.

The plot exhibits a clear exponential-type decay to zero, with no oscillations or divergence, directly

validating our sufficient stability condition.

3.6.2. Unstable Regime (Diagonal Dominance Violated). Using the parameters from Scenario 2 (a; =1,
|Wiill = 0.8, ||Wj+1]| = 0.7), the condition fails (2 < 3.0). Figure 2 shows the corresponding state

norm trajectory.

1e49 Unstable regime - unbounded growth

2.5

2.0

1.5 A

vl

1.0

0.5 1

0.0

Time (t)

Ficure 2. State norm ||z (¢)|| for the 4-layer DNN in the unstable regime. The trajectory
grows rapidly and exhibits unbounded oscillations, confirming the loss of stability when

the diagonal dominance condition is violated.
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The norm grows without bound, reinforcing that the derived condition is not merely sufficient but

practically necessary for ensuring bounded dynamics in this class of networks.

3.6.3. Effect of the Fractional Order o on Convergence Rate. As we noted above, o does not affect the
stability boundary but influences the convergence rate. Figure 3 overlays the stable regime trajectories

fora=04,a=0.7,and o = 0.9.

Effect of fractional order a on convergence rate

—_— a=04
a=0.7
— a=09

10° 4

1014

vl

0 10 20 30 40 50
Time (t)

Ficure 3. Comparison of state norm decay for different fractional orders « in the stable
regime. Smaller o (e.g., 0.4) yields slower convergence due to the heavier tail of the
fractional kernel, while o = 0.9 approximates the faster exponential decay of integer-

order systems.

This visual comparison quantitatively supports our design guideline: practitioners can tune «
independently of stability constraints to balance memory retention (lower «) against convergence
speed (higher «).

It is sufficient to note that the numerical simulations were performed using the standard Griinwald-

Letnikov approximation for Caputo fractional derivatives:
k a
CA%x(ty) ~ h™® Z(l)]< ,>x(tk_j),
j=0 J
with zero initial history for ¢ < 0.

4. CONCLUSION

This work successfully bridges the gap between advanced mathematical theory and practical Al
engineering by presenting a stability analysis for fractional-order deep neural networks with skip

connections and recurrent feedback. By combining Caputo fractional dynamic equations on time scales,
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vector Lyapunov functions, and the comparison principle, we derive a sufficient condition for asymptotic
stability. The analysis shows that stability is ensured when the neuronal decay rates exceed the aggregate
spectral norm of the inter-layer weight matrices, expressed through a Metzler matrix. Numerical
simulations on representative network architectures are consistent with the theoretical results, with
stable parameter choices leading to convergence and violations of the stability condition resulting
in unstable network dynamics. The simulations also indicate that the fractional order « primarily
influences the rate of convergence while leaving the derived stability condition unchanged, allowing
memory effects to be adjusted without altering the stability criterion. In addition to the theoretical
contribution, the results suggest practical strategies for network design, including spectral-norm-based
weight initialization and stability-aware regularization. Future work will consider extensions to time-
varying fractional neural networks, adaptive and adversarial learning settings, and validation on

practical control and machine learning applications.
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