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1. INTRODUCTION

The topic of multiplicative calculus was introduced by Grossman and Katz [8] in 1972. Inspired
by [&], Bashirov et al. 3] introduced the notion of multiplicative metric spaces. We recall below some
basic definitions related to such spaces.

Let M be a nonempty set. A mapping D : M x M — [1,00) is called a multiplicative metric if for all

u,v,w € M, the following conditions hold:

(D1) D(u,v) =1if and only if u = v;
(D2) D(u,v) = D(v, u);
(D3) D(u,v) < D(u,w)D(w,v) (multiplicative triangle inequality).

Fixed point theory in multiplicative metric spaces has attracted considerable attention in recent years
due to its natural connection with multiplicative calculus and its applications in various nonlinear
problems. The concept of multiplicative metric spaces was introduced by Bashirov et al. [3], follow-
ing the foundational work of Grossman and Katz [8]. Since then, several authors have established

multiplicative analogues of classical fixed point results, including Banach, Kannan, Chatterjea, and
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Reich type contractions (see, for instance, [2,4,10,12,15]). Multiplicative metric techniques have
also been applied to various problems involving integral equations, fuzzy mappings, and generalized
compatibility conditions; see, for instance, [9,14,17].

Several variants and extensions of fixed point results in multiplicative metric spaces have been inves-
tigated, including common fixed points, rational contractions, cyclic contractions, and completeness

characterizations; see, for example, [1,6,7,16,18].

Let D (resp. d) be a multiplicative metric (resp. metric) on M. We denote by dp the mapping
dp : M x M — [0, 00) defined by

dp(z,y) = In(D(z,y)), Va,ye M. (1)
We denote by D, the mapping Dy : M x M — [1, 00) defined by
Dd(m7y) = ed(x,y)’ Va,y € M. (2)

Radenovi¢ and Samet [13] illustrated the following observations:

(i) If D is a multiplicative metric on M, then dp is a metric on M;
(ii) If (M, D) is a complete multiplicative metric space, then (M, dp) is a complete metric space;
(iii) If dis a metric on M, then Dy is a multiplicative metric on M;

(iv) If (M, d) is a complete metric space, then (M, D) is a complete multiplicative metric space.

Let M be an arbitrary nonempty set. For a given mapping F' : M — M, we denote by Fix(F') the set
of fixed points of F.
For u € M, the Picard sequence { "} is defined by

Fou=w, F""ly=F(F"), ¥Yn>0.
Let ® be the set of functions ¢ : [1,00) — [0, c0) satisfying
©(s) > c(In s)P, Vs > 1. (3)
for some constants ¢, p > 0. From (3), we obtain that
o(s) >0, Vs>1,
for more details see [13]. In this paper, we set
Do ={pc®:p(1) =0}

A significant development in this direction in multiplicative metric spaces was made by Radenovi¢
and Samet [13], introduced new approaches to fixed point theory in multiplicative metric spaces via

control functions. These results provide multiplicative analogues of classical Banach and Kannan type
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contraction principles under a ¢-type control framework and play a central role in the development of

fixed point theory in this setting, as follows:

Theorem 1.1 ( [13, Theorem 2.5]). Let (M, D) be a complete multiplicative metric space and let F' : M — M

be a given mapping. Assume that the following conditions hold:

(i) There exist A € (0,1) and ¢ € ® such that

o(D(Fx, Fy)) < Ap(D(z,y)), (4)

forall x,y € M with D(x,y) > 1;
(it) Forall u,v € M, if
lim D(F"u,v) =1,
n—oo

then there exists a subsequence { F"*u} of { F™u} such that

lim D(F™ty, Fv) = 1.

k—o0

Then F has a unique fixed point in M.

Theorem 1.2 ( [13, Theorem 2.12]). Let (M, D) be a complete multiplicative metric space and let F : M — M
be a given mapping. Assume that the following conditions hold:

(i) There exist X € (0, 1) and o € ® such that

@(D(Fz, Fy)) < AMe(D(z, Fz)) + o(D(y, Fy))), (5)

forall x,y € M with D(z,y) > 1;
(it) Forallu,v € M, if
lim D(F"u,v) =1,

n—oo

then there exists a subsequence { F"*u} of { " u} such that

lim D(F™ 1y, Fy) = 1.

k—o00

Then F has a fixed point in M.

Motivated by this line of research, several generalizations have been proposed by incorporating
max-type structures, leading to broader classes of contractive mappings. These developments aim to
weaken the contraction assumptions while preserving the existence and uniqueness of fixed points.
Such extensions are closely related to several classical nonlinear contractive frameworks, including
Meir-Keeler and Ciri¢ type contractions (see [5], [11]).

In this paper, we continue this line of investigation and further extend the framework introduced
in [13]. Our main contribution is to establish new fixed point results for generalized Kannan-type

contractions in complete multiplicative metric spaces by employing nonlinear control functions. Unlike
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the classical linear setting, where a constant coefficient is used, we replace it with a function v satisfying
suitable conditions, allowing for greater flexibility in the contractive structure.

More precisely, we introduce a nonlinear inequality of the form

p(D(Fz, Fy)) <1 (e(D(x, Fx)) + ¢(D(y, Fy))),

for all z,y € M with D(x,y) > 1, which can be viewed as a functional extension of the multiplicative
Kannan contraction. This approach enables us to cover a wider class of mappings that are not accessible
through the existing results in [ 13]. Several examples are provided to illustrate the applicability of our

results and to highlight the differences with the existing literature.

2. MAIN RESULTS

In this section, we develop new fixed point results for generalized contractions in multiplicative
metric spaces. We first introduce a Banach-type theorem under a max-type structure, and subsequently

extend the analysis to Kannan-type contractions with nonlinear control functions.

2.1. A generalized Banach-type contraction via max-type structure. We establish a new Banach-type
fixed point theorem in complete multiplicative metric spaces under a max-type contractive condition.
This result provides a strict extension of the multiplicative contraction principle in [13] by allowing the
contractive inequality to depend on both the distance between points and the distances between points

and their images.

Theorem 2.1. Let (M, D) be a complete multiplicative metric space and F' : M — M be a given mapping.
Assume that the following conditions hold:

(i) There exist X\ € (0,1) and ¢ € ®g such that

@(D(Fx, Fy)) < Amax{p(D(z,y)), o(D(z, Fz)), o(D(y, Fy))},

forall x,y € M with D(z,y) > 1.
(if) Forall u,v € M, if
lim D(F"u,v) =1,
n—oo

then there exists a subsequence { F"*u} of { F"u} such that
lim D(F™* ty, Fo) = 1.

k—o0

Then F' has a unique fixed point in M.

Proof. Let zy € M be arbitrary and define the Picard sequence {z,,} in M by

Tnt1 = Fay, Vn > 0.
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If there exists ng > 0 such that x,, = z,,+1, then z,, is a fixed point of F'. We now assume that

Ty # Tnt1,Vn > 0. By definition of the sequence {x,} and condition (i), we have
@(D(xn, 2ni1)) = ¢(D(Fn1, Fn))

< Amax{@(D(@a-1,20)), o(D(@n-1, Fro1)), ¢(D(@n, Fay)) |

= Amax{ p(D(wn 1, 20)), (D(@n, 7ns1)) |-
If

max{p(D(@n-1,20)), (D(an: 2n41)) | = 9D, Ts1)
then
(D(2n; tni1)) < Ap(D(2n, Tni1)),

which is impossible because A € (0,1) and ¢(s) > 0 for all s > 1. Therefore,
(D(zn, tnt1)) < Ap(D(zp-1,70)),  Vn >0.

It follows that

P(D(xn, 2ni1)) < A*@(D(x0,21)),  ¥n = 0. (6)
Since ¢ € ®, there exist constants ¢ > 0 and p > 0 such that
©o(s) > c(Ins)P, Vs > 1. (7)
Using (6) and (7), we have
c(In D(2p, 2p11))" < A (D(w0,21)), Vn > 0,

which implies that

1/p
In D (@, Tny1) < <M> AP = Og, i > 0, (8)

C

c

1
where C' = <M) v and ¢ = \'/P € (0,1). We next prove that {z,,} is a multiplicative Cauchy

sequence. Let m > n, by the multiplicative triangle inequality and from (8), we obtain that

D(.’L’n, -rm) < D(.’L’n, $n+1) D(xn—l—la $n+2) te D($m_1, xm)

n n+1 m—1
< eCa" Ca" [ Ca

_ e(Cq”+Cq”+1+---+Cqm_l)

< e(%) .

Letting n — oo, we can conclude that

D(zy, zm) — 1.
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Thus {z,} is a multiplicative Cauchy sequence. Since (M, D) is complete, there exists z € M such that

lim D(zp,z) = 1.

n—oo

Using (ii), there exists a subsequence {z,, } of {z,} such that

lim D(zp,4+1,Fz) =1.

n—oo
By the uniqueness of the multiplicative limit implies that z = F'z. Hence z is a fixed point of F'in M.
We finally prove the uniqueness of a fixed point of F'. Suppose that u,v € M are two distinct fixed

points of F. By condition (i), we obtain that
p(D(u,v)) = p(D(Fu, Fv))

< Amax{(D(u, v)), o(D(u, Fu)), o(D(v, Fv))}

< Amax{p(D(u,v)), ¢(1), ¢(1)}

= Ap(D(u,v)),
which is a contradiction since A € (0, 1). Therefore, the fixed point of F' is unique. O
Remark 2.2. Theorem 2.1 requires the additional assumption ¢(1) = 0, which is not explicitly imposed
in Theorem 2.5 of [ 13]. This difference stems from the structure of the contractive conditions used in

the two results.

In Theorem 2.5 of [13], the contractive condition

o(D(Fz, Fy)) < Ap(D(z,y))

is assumed only for z,y € M with D(z,y) > 1. As explained in Remark 2.6 of [13], this restriction
avoids the case = = y, and consequently the condition (1) = 0 is not required.

In contrast, Theorem 2.1 employs a max-type contractive condition involving additional terms
depending on the distances between points and their images. As a consequence, the value (1)

naturally appears when the contractive inequality is evaluated at a fixed point. Indeed, if z = Fz, then
D(z,Fx) =1,
and the contractive condition yields
p(D(Fz, Fr)) < Amax{p(D(z, ), p(D(z, Fx)), p(D(z, Fz))}.

Since
D(Fz,Fz) = D(z,x) = D(z,Fx) =1,
we obtain that
p(1) < Ap(1).

Because 0 < A < 1, it follows that ¢(1) = 0.
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Therefore, the condition ¢(1) = 0 in Theorem 2.1 is not merely technical, but is intrinsically linked to
the generalized contractive framework. Observe that the assumption (1) = 0 is essential in proving
the uniqueness of the fixed point of F'. This highlights a fundamental structural difference between

Theorem 2.1 and Theorem 2.5 in [13].

The following example demonstrates that Theorem 2.1 is strictly more general than Theorem 2.5
in [13]. In particular, the mapping satisfies the generalized max-type contractive condition introduced

in this paper, while the classical multiplicative contraction principle in [13] is not applicable.
Example 2.3. Let M = {a1, a2, a3} and define a mapping D : M x M — [1,00) by
D(a;,a;) =1, D(ai,a;) = D(aj,a;)
and
D(ay,a2) =2, D(a1,a3) =5, D(az,a3) = 6.

Define F' : M — M by

Falzal, Fazzag, andFagzal.

We first note that D is a multiplicative metric on M. Indeed, we have

D(al,ag)D(ag,ag) = (5)(6) =30>2= D(al,ag),

D(ay,a2)D(az,a3) = (2)(6) =12 > 5 = D(ay,a3),
and
D(ag,a1)D(ar,a3) = (2)(5) = 10 > 6 = D(ag,as3).
Since M is finite, we obtain that (M, D) is a complete multiplicative metric space. Next, define ¢ :

[1,00) = [0,00) by ¢(s) = Ins. Clearly, ¢(1) = 0 and ¢(s) > 0 for all s > 1. Moreover,
o(s)=Ins=1-(lns)}, Vs>1,

and hence ¢ € ® with ¢ = 1 and p = 1. This implies that ¢ € ®,. We now verify the condition (i) of
Theorem 2.1.
For (a1, a2), we have D(Fay, Fas) = D(a1,a3) = 5 and hence p(D(Fa1, Fag)) = In5. Since

D(ai,a2) =2,D(a1,Fa1) = D(ai,a1) =1, D(ag, Faz) = D(az,a3) = 6,
we obtain that
max{¢(D(a1,a2)), p(D(a1, Fay)),p(D(az, Faz))} = max{In2,0,In6} = In6.
This implies that

p(D(Fai, Fag)) < Amax{p(D(a1, az)), p(D(ar, Far)), p(D(az, Fas))},
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Inb
whenever \ > g

For (a1, a3), we have D(Fay, Fas) = D(a1,a1) = 1 and hence o(D(Fay, Fas)) = 0. Therefore required
inequality holds for every A € (0,1).
For (a2, a3), we have D(Fas, Fas) = D(as,a1) = 5 and hence ¢(D(Fag, Faz)) = In5. Since

D(ag,a3) = 6, D(az, Faz) = D(ag,a3) = 6, D(a3, Fag) = D(as,a1) =5,
we obtain that
max{y(D(az,a3)), p(D(az2, Fa2)), (D(as, Faz))} = max{In6,ln6,In5} = In6.
This implies that

@(D(Faz, Faz)) < Amax{p(D(az,a3)), p(D(az, Faz)), p(D(as, Fas))},

Inb
whenever \ > -

Consequently, the condition (i) of Theorem 2.1 is satisfied for every \ € [{23,1).

We now verify the condition (ii). For every u € M, we have F"u = a; for all n > 2. Hence if

lim, 00 D(F™u,v) = 1, then v = a;. Since Fla; = a1, we obtain that

lim D(F™ "y, Fv) = D(ay,a;) = 1.

k—o0

for any subsequence { F™*u} of { F"u}. Thus the condition (ii) holds.
Therefore, all assumptions in Theorem 2.1 are fulfilled and then F" has a unique fixed point, namely a;.

Finally, we show that Theorem 2.5 in [13] is not applicable. Indeed, if there exists A € (0, 1) such that
o(D(Fz,Fy)) < Ap(D(z,y)), forall z,y € M with D(z,y) > 1,

then we obtain that

In5 = p(D(Fa1, Faz)) < Ap(D(a1,a2)) = An2.

This implies that A > L% > 1 which is a contradiction. Hence Theorem 2.5 in [ 13] cannot be used here,

while Theorem 2.1 applies. This shows that Theorem 2.1 is an extension of Theorem 2.5 in [13].

The next example presents a more structured setting based on a max-type multiplicative metric and

further illustrates the applicability of Theorem 2.1 beyond the classical contraction framework.
Example 2.4. Let M = {1,2,4} and define a mapping D : M x M — [1,00) by

D(z,y) —max{x,y}, Ve, y € M.
y x

Define F': M — M by
F1=2, F2=2, F4=1
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We first verify that D is a multiplicative metric on M. Let z,y € M. Since either % > 1or % > 1, it
follows that

and similarly,

Y < D(z,2)D(z,y).

T

Taking the maximum of the above inequalities, we obtain that
D(z,y) < D(z,2)D(z,y).

Hence (M, D) is a multiplicative metric space. Since M is finite, every multiplicative Cauchy sequence
in M is eventually constant and therefore is convergent. Thus (M, D) is a complete multiplicative
metric space. Next, define ¢ : [1,00) — [0,00) by ¢(s) = Ins. Clearly, ¢(1) =0and ¢ € ® withc =1
and p = 1. Therefore ¢ € 3. We will verify that F' satisfies the conditions (i) and (ii) of Theorem 2.1.

For xz,y € M such that D(z,y) > 1, we consider all possible cases.
Case 1: (x,y) = (1,2). We have D(1,2) = 2 and
D(F1,F2) = D(2,2) =1, o(D(F1,F2))=0.
Since
©(D(1,2)) =In2, (D@1,F1) =2, o(D(2,F2)) =0,

we obtain that,

p(D(F1,F2)) < Amax{p(D(1,2)), o(D(1, F1)),p(D(2, F2))},
for any A € (0,1).
Case 2: (xz,y) = (1,4). We have D(1,4) = 4 and
D(F1,F4) = D(2,1) =2, (D(F1,F4)) = In?2.

Since

o(D(1,4)) =1In4, ¢(D(1,F1))=1n2, ¢(D(4,F4))=1In4,
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we have
©(D(F1,F4)) < Amax{p(D(1,4)),p(D(1,F1)),p(D(4,F4))} = Amax{In4,In2,In4},

forany \ € [%, 1).

Case 3: (z,y) = (2,4). We have D(2,4) = 2 and
D(F2,F4) = D(2,1) =2, ¢(D(F2,F4)) =1n2.

Since
©(D(2,4)) =In2,¢0(D(2,F2)) =0,p(D(4,F4)) =1In4

we obtain that
©(D(F2,F4)) < Amax{p(D(2,4)), p(D(2,F2)),p(D(4,F4))} = Amax{In2,0,1n4},

forany A € [%, 1).

From the above cases, there exists A € (0, 1) such that condition (i) of Theorem 2.1 is satisfied. For
every u € M, we have F™u = 2 for all n > 2. Hence if lim;,_,oc D(F"u,v) = 1, then v = 2. Since F'2 = 2,

we obtain that

lim D(F™*tu, Fv) = D(2,2) =1,

k—ro00
for any subsequence {F"™*u} of {F"u}. Thus the condition (ii) holds. Consequently, all assumptions
in Theorem 2.1 hold, and hence F' admits a unique fixed point in M, namely 2. On the other hand,

assume on the contrary that there exists A € (0, 1) such that
©(D(Fz,Fy)) < Ap(D(z,y)), Yr,y € M with D(z,y) > 1.
Taking x = 2 and y = 4, we obtain that
In2 = @(D(F2,F4)) < Ap(D(2,4)) = Ap(2) = In2.

This yields A > 1 which is a contradiction. Hence Theorem 2.5 in [13] cannot be applied. This shows

that Theorem 2.1 is an extension of Theorem 2.5 in [13].

2.2. A multiplicative version of Kannan’s contraction principle. We now establish a generalized
Kannan-type fixed point theorem in multiplicative metric spaces by employing a nonlinear control
function. Unlike Theorem 2.12 in [ 13] where the contraction is governed by a linear coefficient, our
approach replaces the constant parameter with a nonlinear function 1, leading to a more flexible

contractive framework.
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Theorem 2.5. Let (M, D) be a complete multiplicative metric space and let F' : M — M be a given mapping.
Suppose that there exists a function 1 : [0, 00) — [0, 00) such that

$(0) =0, lim 4(t) =0,

t—0+
t . t
P(t) < = and limsupy(s) < =, Vt>0.
2 s—tt 2

Assume that the following conditions hold:

(i) There exists ¢ € ®q such that

p(D(Fx, Fy)) < (o(D(x, Fx)) + o(D(y, Fy))),

forall x,y € M with D(x,y) > 1;
(it) Forall u,v € M, if
lim D(F"u,v) =1,
n—o0

then there exists a subsequence { F"*u} of { F"u} such that

lim D(F™y, Fv) = 1.

k—o0

Then F has a unique fixed point in M.

Proof. Let zy € M be arbitrary and define the Picard sequence {z,} by
Tpt1 = Fxp, VYn>0.

If there exists ng > 0 such that x,,, = zy,+1, then z,, is a fixed point of F', and the existence follows.
We may assume that

Tp # Tnt1, Vn >0,

and therefore D(x,, z4+1) > 1 forall n > 0. Put
up = @(D(Tpn, Tny1)), Yn >0.

Applying (i), we obtain that
unt1 = P(D(Fxn, Frni1))
< Y(@(D(wn, Fn)) + @(D(@ns1, Frnt1)))-
= Y (un + Unt1).

Since uy, + un4+1 > 0and ¢ (t) < t/2 for all t > 0, we have

Up + Unt1
un+1 < %7
which implies

Upyl < Up, YN >0.
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Thus {u,} is decreasing and bounded below by 0. Hence there exists » > 0 such that

lim wu,, = .
n—oo

We claim that r = 0. Suppose, to the contrary that » > 0. Since {u,, } is decreasing and converges to r,
we have

Up + Upt1 > 21, Vn >0,

and hence u,, + u,+1 — 2rt. This implies that

r= lim up4q < limsup ¥ (uy + upt1) < limsup(s) <
n—oo

,
-y
n—00 s (2r)F 2

which is a contradiction. Hence » = 0 and therefore

nh_}ngo o(D(xpn, Tnt1)) = nh_}rgo up, = 0.

We next prove that {z, } is a multiplicative Cauchy sequence. Suppose not, then there exist ¢ > 1 and

subsequences {z,, } and {,,, } with mj, > n; > 1 such that
D(xy,,xm,) >¢€, Vk>1.
Since ¢ € ®, there exist constants ¢ > 0 and p > 0 such that
o(s) > c(Ins)P, Vs> 1.
Hence
o(D(2n,,, Tm,)) > c(lne)? > 0.

We now justify that the contractive condition can be applied to the pair (z,, —1,Zm,—1). Since
D(xp,, xm,) > € > 1, we have z,, # xm,. If £,, 1 = p,—1, then applying F' would give z,,, = xp,,, a
contradiction. Thus

Tnp—1 7 Tm,—1 and hence D(xy,, —1, Tm,—1) > 1.

Applying the condition (i), we obtain that

(P(D(xnwxmk)) < ¢(unk—1 + umk—l)‘

Since u,, — 0, we have
Uny—1 + Umy—1 — 0.
By lim; o+ ¥ (t) = 0, it follows that
Y(Uny—1 + Umy—1) — 0,
which implies
p(D(zny,, Tmy,)) = 0,

a contradiction. Hence {z, } is a multiplicative Cauchy sequence.



Asia Pac. J. Math. 2026 13:135 13 of 16

By the completeness of M, there exists z € M such that

lim D(zp,z) = 1.

n—oo

By the condition (ii), there exists a subsequence {z,, } such that

lim D(zp,41,Fz) = 1.

k—o0

By the uniqueness of the multiplicative limit, we conclude that
Fz=z.

Finally, let u,v € M be two fixed points of F' with v # v. Then D(u,v) > 1. Applying the condition (i),
we get that
p(D(u,v)) < 9(p(1) +¢(1)) = ¢(0) = 0,

which contradicts ¢(D(u,v)) > 0. Hence the fixed point of F' is unique. O

The following example illustrates the applicability of Theorem 2.5 and shows that the nonlinear

control framework introduced in this paper covers cases that cannot be treated by Theorem 2.12 in [13].

Example 2.6. Let
M ={0}U{z, : n € N}.
Define a metric d on M by

1

d(0,2) =+ d(wm,xn)za—l—% (m % n),

1
n
and define a mapping D : M x M — [1,00) by
D(z,y) = Y)Y,y e M.

Then (M, D) is a complete multiplicative metric space.
Define F': M — M by
FO=0, Fr, =2p41, VneN
and define ¢ : [1,00) — [0, c0) by
o(s) =Ins, Vs>1.

Then ¢ € ®(. Define ¢ : [0, 00) — [0, c0) by

Then we obtain that

vVt > 0,
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and

limsup ¥ (s) < vt > 0.

t
s—tt 2’
We now verify the condition (i) of Theorem 2.5.
For x = x,, and y = 0, we have

1
D(Fz,, FO)) = d(zps1,0) = ——.
P(D(Fon, FO) = d(n41,0) = — =

Moreover, we obtain that

1 1
D naF n D 7F =d ny4n = - .
P(D(an, Fon)) + p(D(0, F0)) = d(wn tns1) = - + ——
Put
Tn:l‘F L
n n+1
Then
1 T, T?
< = - — (T,
n+1— 2 100 V(Tn)
Next, let m # n. It follows that
(D(Fatm, Fa,)) = d Jm
2 LI, L'Tp)) = A\ Tm4+1, Tn+1 —m+1 n+1
Also,
(D(zpm, Frp)) + o(D(xp, Fa,)) = i—l-; 1
SO my m SO mny n - m m+1 n n+1
Put

A direct computation gives

1 1 Tm,n ng,n

< _ — (T ).
i tnri s 2 00 = Y Tmn)

Hence the condition (i) of Theorem 2.5 holds.

Moreover, for every u € M, the Picard sequence { F"u} converges to 0. Hence if lim,, ,oc D(F"u,v) = 1,

then v = 0. Since F'0 = 0, we obtain that

lim D(F™ ™y, FO) =1,

k—o0

for any subsequence { F""*u} of { F"u}. Thus the condition (ii) of Theorem 2.5 is satisfied. Therefore F’

has a unique fixed point, namely 0.

We now show that Theorem 2.12 in [13] is not applicable. Suppose that there exists A € (0, 1) such that

@(D(Fz, Fy)) < AMe(D(z, Fz)) + o(D(y, Fy))),

for all x,y € M with D(z,y) > 1. Taking = x,, and y = 0, we obtain

1 1 1
<Al —+ )
n-+1 n n+1
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Thus
n
A2 2n+1
Letting n — oo, we get
=
which contradicts A < 1. Hence Theorem 2.12 in [13] cannot be applied.

Remark 2.7. Theorem 2.5 can be viewed as a nonlinear extension of Theorem 2.12 in [13]. Indeed, if one

chooses
1
then
t
0) =0, li t) =0, t) < =
¥(0) Tim () oD <
and
t
limsup¢(s) = X\t < -,
s—tt 2

for all ¢ > 0. In this case, the contractive condition (i) in Theorem 2.5 is reduced to

@(D(Fz, Fy)) < A@(D(z, Fx)) + ¢(D(y, Fy))),

which is precisely the multiplicative Kannan-type contraction considered in Theorem 2.12 of [13].
Hence Theorem 2.5 strictly extends Theorem 2.12 by replacing the linear coefficient A with a nonlinear

control function 1.

CONCLUSION

In this paper, we established new fixed point results for generalized contractions in complete multi-
plicative metric spaces. By employing max-type structures and nonlinear control functions, we obtained
extensions of recent Banach-type and Kannan-type contraction principles in the literature. Several
examples were presented to illustrate the applicability of the proposed framework and to demonstrate

that the new results genuinely extend existing theorems.
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