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AsstrACT. This study introduces tri-simulation functions to provide new fixed point results for generalized
RZg-contractive mappings in complete G-metric spaces (GM.S) . The approach in question combines
triangular R-admissibility with a generalized contractive framework, without requiring mapping continuity.
Suitable admissibility and sequential requirements yield a fixed-point existence theorem, and an extra
natural assumption yields a uniqueness result. These findings broaden a number of simulation functions
and acceptable contraction fixed point in (GM .S). We evaluate the solvability of a non-linear Hammerstein
integral equation. We prove the existence and its uniqueness of integral equation of standard solution by
developing an appropriate operator on a complete G-metric function space and validating the theorem'’s
assumptions. The application shows tri-simulation’s efficacy in nonlinear functional analysis and integral
equations.
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1. INTRODUCTION AND PRELIMINARIES

Due to its many uses in math, engineering, economics, optimization theory, differential equations,
and integral equations, fixed point theory has grown to become one of the busiest areas of nonlinear
analysis. We can trace the roots of this theory back to the famous Banach contraction principle [1].
This principle says that fixed points must exist and be unique in complete metric spaces. As time has
gone on, many experts have built on Banach’s theorem and made it more general and useful in various
abstract settings.

The generalization of metric spaces is one of the important ways this progress is going in. Mustafa
and Sims [2] came up with the idea of a G-metric space in 2006 as a natural development of classical

metric spaces. They found out what the basic topological features of these spaces are and proved a
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number of fixed point theorems. Many people were interested in their work, and it led to new ways
of studying fixed point problems in generalized metric systems. Consequently, numerous authors
conducted research on fixed point results in G-metric spaces under various contractive conditions. In
particular, various researchers, including Mustafa and Sims [2], Abbas and Rhoades [3], and others,
have devised fixed point techniques that incorporate admissibility conditions, weak contractions, cyclic
contractions, and generalized contractive mappings. Numerous researchers have recently conducted
additional research on generalized metric structures. In particular, Hashoosh and Dasher [12] utilized
the concept of a tri-simulation function to introduce novel findings in fixed-point theory within S-metric
spaces. Their work contributed to the expansion of classical fixed point techniques beyond the confines
of standard metric spaces.

Hashoosh and Ali [7] established a new method for investigating fixed points in G-spaces, demon-
strating the usefulness of generalized contractive methods in nonlinear analysis. These findings have
spurred research on generalized distance structures and current contraction principles.

Khojasteh, Shukla, and Radenovi¢ [4] pioneered the theory by introducing simulation functions
and creating a coherent framework for investigating contractive conditions. Their method allowed
them to regard numerous classical contractions as special examples of a general contractive scheme.
Later, Karapinar [5] improved this methodology and produced fixed-point results using metric space
simulation functions.

Researchers became inspired to develop a number of generalized kinds of simulation-based con-
tractions as a result of the success of simulation functions. Tri-simulation functions were offered as
powerful tools for creating larger classes of contractive mappings and achieving stronger fixed-point
findings [8]. This approach represented one of the significant advances made in the field. By expanding
a large number of fixed point concepts that are already well-known, the tri-simulation approach has
proven to be a successful method for giving new applications to nonlinear issues.

According to Samet, Vetro, and Vetro [6], the introduction of admissibility requirements has sig-
nificantly contributed to the development of current fixed point theory. In addition to considerably
expanding the range of mappings that are being considered, such conditions make it possible to derive
fixed point conclusions without applying stringent continuity assumptions. There is a close connection
between the nonlinear analysis techniques used in fixed-point theory and a number of other research
topics, such as variational inequalities, optimization theory, and equilibrium problems, for example. It
is possible to obtain recent contributions in these areas in the following sources: [9-11, 14].

The goal of this work is to demonstrate novel fixed-point findings for extended R Zg-contractive
mapping in complete GM S via tri-simulation functions, taking inspiration from the aforementioned
developments. By combining admissibility procedures with generalized contractive conditions, the

strategy that has been proposed eliminates the continuity assumption that has been enforced in a
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number of additional publications that are related. A further application of the results obtained is
to analyze the existence of solutions for a class of nonlinear Hammerstein integral equations and to
determine whether these solutions are unique.

There are two parts to this study that make it significant. With the use of tri-simulation functions
and triangular N-admissibility criteria, it offers a fresh theoretical development of fixed point theory
in GM S. The practical aspect is that it proves the previously found conclusions hold for nonlinear
integral equations, which further links nonlinear analysis to abstract fixed-point theory. We go over the

fundamental concepts and conclusions of the study in this section.

Definition 1.1. [2] Let X # ¢, and let G : X x X — |0, co) satisfies the following conditions:

i. G(u,0,z) =0ifandonly if ( =¥ = z;

ii. G((,¢,¢) > 0 whenever ¢ # ¢;

iii. G((,(,0) < G((, 0, z) forall (, 4,z € ( with { # z;

Vi. G(C,6,2) = G(C,2,0) = G(l,2,() =

v. G((, ¢, z) < G((,a,a)+ G(a,l,z) forall (, ¢, z,a € X.

Then, (X, G) is called a G-metric space GM S.

Definition 1.2. [2] Consider that (X, G) isa GM S and {¢,} be a sequence in X.

i. {¢,} converges to ¢ € X if, lim;, 00 G(C, (n, Cn) =0
ii. {¢,} is called a G-Cauchy sequence if, limy, y,—s00 G(Cry Gy Gm) = 0

iii. The space (X, G) is called complete if every G-Cauchy sequence converges in X.

Definition 1.3. [58] Consider that M : X — X and X : X x X x X — [0, 00). The mapping M is called
N-admissible if 8((, ¢, ¢) > 1 implies X(M ¢, M¢, M{) > 1forall ,/ € X.

Definition 1.4. [4] A mapping ¢ : [0,00) x [0,00) — R is named a simulation if

i. ((0,0) =0, forallt,s >0;
ii. limsup,,_,o C(tn,sn) <0

iii. t, = r >0, Sp — 1 > 0.

Definition 1.5. [8] Considering T : R? — R is a mapping then T named to be a tri-simulation in the
event that you satisfy one of the prerequisites specified below:

T)T(z,0,0) <¢—4z Y, 0>0,2>0;

Ty ) Let {¢,}, {¢n} and {z,} are sequences in (0, co) where ¢,, < ¢, for n € N such that lim,,_,~ 2, >

1land limy, 00 £, = limy, 00 ¢ > 0 = limy, oo SUp T (G, Uiy 2) < O
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2. Resurrs

Establishing novel fixed point findings for generalized standardized RZg-contractive mappings
in complete GM S is the aim of this section. This is accomplished by utilizing the framework of
tri-simulation functions and triangular RX-admissibility. In furtherance of serving as the theoretical
framework for the application that is detailed in the following section, the theorems that were established

offer sufficient requirements for the existence of fixed points and ensure that they are entirely unique.

Definition 2.1. Consider that M # ¢ defined on GM S, X : X x X x X — [0,00),V(,v,w € X and let
M : X — X, then a X-admissible triangular mapping is defined as one that meets the aforementioned

criteria, If
1- A mapping M is R-admissible;
2- A mapping R(¢, (,v) > 1 and X(v,v,w) > 1 after that X((,(,w) > 1.

Definition 2.2. Consider that (X,G)isa GM S and M : X — X be a self-mapping. If M is a generalized

NZ-contraction to a tri-simulation function 7', then
T(R(Gv,v), GIMC, My, M), 6(C,v)) = 0
vV (,v € X, in which
o(¢,v) =: maX{G(C, v,v),G(¢, M¢,M¢),G(v, Mv, MV)}
Lemma 2.1. Consider that a, = G(Cpn, Cnt1, Cn1) If an — 7, then, ©((, Guy1) — 7

Proof. Given that ©((,, (p+1) =: max{an, an, ant1}, and
G —> T, apt1 — T,

it is consequent that

(—)(C’m Cn+1) — T

0

Lemma 2.2. Consider (X, G) isa GMS, and let {(,} be defined by the equation (,1 = M, where n > 0.

Suppose that
G(Cnt1, Gnt2; Gnt2) < O(Cn, Gt1)s
such that
O(Cn, Cnt1) = max {G(Cn, Gt 15 Gnt1)s GGty Gnr2, Cn+2)}
Moreover,

G(Cn—‘rla Cn—i—?a <n+2) < G(Cna Cn—‘rlv Cn—i—l)
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Proof. Consider that
G(Cnt1: Gnr2s Gnr2) < O(Cns Gntr), (2.1)
in which
O(Cns Gnt1) = max {G(Cnv Gt 15 Gnt1)s GGt Gnr2,s Cn+2)}
Take, on the other hand, the scenario under which

@(Cnv Cn-i—l) = G(Cn—i—ly Cn+27 <n+2) (22)

When we plug in (2.1) into (2.2), we get the following:

G(Cn—&-lv Cn+27 €n+2) < G(Cn+1, Cn+2a Cn+2),

since this is not possible. Which is why,

@(Cnv gn-i-l) 7é G(Cn-i-h Cn+27 Cn+2)

As a result, the maximum level that is possible must exist at

G(gna CTL+17 <n+1)~

Then,
@(Cm Gn—&-l) = G(Cm Cnt1, Cn—i—l) (23)

Putting together equations (2.1) and (2.3), we obtain
G(Cn+15 Grt2s Gnr2) < G(Gns Gt Cnt1)
U

Theorem 2.1. If (X, G) is a complete GM Sand let M : X — X bea self-mapping. If AN : X x X x X — [0, 00)

and a tri-simulation mapping T : R3 — R in which
T(N(g,f,@),G(Mg, Me, ME),@(C,Z)) > 0, (2.4)
foreach (,¢ € X, such that
O(¢, ¢) = max {G(C,E, 0),G(¢, MC, MC), G(¢, M, Mz)}

Assume further that
(1) M is triangular X-admissible;
(2) 3 (e Xsit
N(Co, Mo, MGo) = 1;

(3) {N(Cn,Cnt1,Cnr1)}  is bounded. Further, whenever {(,} € X satisfies R(Cn,Cnt1,Cnr1) =

1, n € N, and ¢, — wu, after than there is a subsequence {Cp )} such that (), u,u) > 1
forall k € N.
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That is, there is a fixed point for M.

Proof. Let ¢, = M(p—1, n > 1 Since N(p, Mo, M(p) > 1, and according to the inductive explana-

tion, since M is triangular RX-admissible,

N(Cﬂa CnJrlv <n+1) >1, n > 0. (25)

By equation (2.4) with the variables ¢ = ¢, and ¢ = (;,+1, one can able to understand the following:

T (N(Gos Gty Gurn): GGarts Guras Gura), O(Gas Gutn) ) = 0

As T is a tri-simulation function, (7} ) implies

N(Cm Cn—i—la Cn-&-l) G(<n+la Cn+27 Cn+2) < ®(<n7 Cn-i—l)

Since
N(Cn, gn+1a Cn+1) Z 17

it is consequent that

G(Cat1, Cnr2s Cnr2) < O(Cn, Cnr1)

@(Cm <n+l) = G(Cna C’ﬂ+17 CnJrl)
So,
G(Cﬂ-&-lv Cn-i-?’ Cn+2) < G(Cn, Cn—&-l» Cn—i—l) (26)

Therefore, the above sequence is decreasing and bounded below by 0. Consequently, there is » > 0

where
nhanolo G(Cny Crg1,Cnr1) =T

Suppose that r > 0. Passing to the limit in (2.6) Since

N(Cnagn+l,<n+l) >1 (n > 0)’

one can get
lim inf N(Cn, Cn+l; <n+1) Z 1
n—oo
Hence, by passing to a suitable subsequence if necessary, there is a sequence 2, = R((y, Gut1, Gnt1)
such that

liminf 2z, > 1
n—o0

Set
<n = @(Cn, Cﬂ+1)7 fn = G(CnJrl» <n+2a Cn+2)7 Zn = N(Cn’ gn+1a Cn+1)
By (2.6), we have
by < Cn
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for every n, and by Lemma 2.1,

Cn — by —r

Hence all assumptions of (73) are satisfied. So, using property (73) of the tri-simulation function, we

obtain

0< lim SupT<N(<na CnJrla CTLJrl)v G(<n+1a CnJer CnJrQ)? G(CTM CnJrl)) < 07

n—oo

which is impossible. Thus
nll—{go G(CTM CnJrla §n+1) =0 (27)

Then, ¢, is a G-Cauchy. Alternatively, let pretend ¢, is not a G-Cauchy sequence. If € > 0, then there

are two subsequences ¢, and (,, of ¢, with my > ny in which

G(anu ka7 ka) Z 87 k € N (28)

Choose my, as the smallest number bigger than ny, that satisfies (2.8) for every k € N. After that

G(gnkaka—hka—l) <e€ (29)

By the rectangular inequality and since (2.9) is the case, it follows that

€ S G(gnmkaaka) <e+ G(kafl,CmMka)

Since
nlinolo G(C’m C’n-‘rlv Cn+1) = 07
So
klinolo G(ka—h kau ka) =0
Then,
Here, our claim that
N(Cna Cm» Cm) > 1, vV, m > n. (2-11)

Indeed, taking into consideration the construction of ¢,

N(énaCn—&—laCn-l—l) 2 17 n e N

Suppose that
R(Cns Gms Gm) > 1
Since
N(Cms Gmt15 Gmt1) > 1,

and M is triangular R-admissible, we have

N(Cnu Cm-i-l) <m+1) 2 1
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So, from induction, (2.11) holds, and by the contractive condition (2.4) with { = {,, and ¢ = (;,,, we

get
T(N(an, ka y ka)a G(an-‘rlv ka-i-l? ka+1)7 @(ana ka)> > 0 (212)

The rectangular inequality, on the other hand, states that

G(anJrla C’karlv kaJrl) < G(anJrl’ gnka an) + G(anv kaa C’mk) + G(ka’ ka+1a kaJrl)a

and

G(an, kav ka) < G(an, C’nk-‘rla an-‘rl) + G(C’ﬂk-‘rlv ka-i-l’ ka-‘rl) + G(ka-‘rlv Cmm ka)

By the formula (2.10) in conjunction with passing to the limit as k& approaches infinity

nh_{glo G(Gns Cnt1, Gnt1) = 0,
we deduce that
Jm G(Crp+1, Cmpt15 Gmy+1) = € (2.13)
Further,

Q(ana ka) = max{G(an, kaa ka>7 G(an, an—Flv an-i-l)? G(kaa ka-l-l: ka—i-l)}

Taking into consideration the fact that (2.10), we have the limit goes to 0, therefore

kli_)m O(CnyrCmy) =€ (2.14)

In conclusion, by utilizing the terms (2.11-2.14) and the property (7%) of the tri-simulation function 7',

we are able to derive

0 g lim SupT(N(an, ka7 ka)7 G(anJrla ka+17 Cm;ﬁrl)v ®(<”k7 ka)) < 07

k—o00

which is not possible. This contradiction demonstrates that the sequence ¢, is a G-Cauchy sequence. If

(X, G) is complete and ¢, is a G-Cauchy sequence, 3 u € X and
nlggo Ch=1u (2.15)
According to assumption (3), a subsequence ¢, of ¢;, exists and
N(Cary, usu) > 1 (2.16)
Using the contractive condition (2.4) for ¢ = () and ¢ = u, we have
T(N(gn(k), u, 1), G(MC (), Mu, Mu), @((n(k),u)> >0 (2.17)

The property (71) implies that (G, k), u, u) > 1.

G (M Gy, Mu, Mu) < O(Cpry, u) (2.18)
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By (2.15) and given that

MGy = Cui)+1>

we have
m Gy =u  and Jm MGy = Hm gy = u
Therefore,
lim ©((pky,u) =0 (2.19)
k—o0
Adding (2.18) with (2.19), we get
lim G(M ), Mu, Mu) = 0 (2.20)
k—o00

With rectangle inequality, we have
G (u, Mu, Mu) < G(u, MGy, MCory) + G(M Gy, Mu, Mu)
Passing to the limit as £ — oo and using (2.15) and (2.20), we get
G(u, Mu, Mu) = 0.
Hence,
Mu=u

Which is a desired. g

Remark 1. Theorem 2 can be reduced to the analogous simulation-function fixed point theorem of Khojasteh et
al. if the tri-simulation function is selected as T'(a,b,c) = ¢ — band if X((,¢,¢) = 1 forall {,¢ € X. This can
be shown by comparison with the results that have already been obtained. Therefore, the current theorem expands
the conventional framework in an appropriate manner by integrating the following:

(1) triangular N-admissibility,

(2) tri-simulation functions,

(3) generalized (Z)-contractive mappings in GM S,

(4) fixed—point existence without continuity assumptions.
Theorem 2.2. Assume all key theorem hypotheses. Furthermore, suppose
N(¢,v,v)>1

for all distinct fixed points (,v € Fix(M).
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Proof. Main theorem is that Fiiz()) is nonempty. Instead, assume two separate fixed—points u,v €
Fixz(M) with u # v. As u and v are fixed points of M, we obtain Mu = u and Mv = v. Moreover, by
assumption, R(u,v,v) > 1. Using the generalized 8 Zg-contractive condition (3.1) for ( = uand ¢ = v,

we get
T(N(u,v,v), G(Mu, Mv, Mv), @(u,v)) >0, (2.21)
in which
O(u, v) =: max {G(u, v, 0), G(u, Mu, M), G(v, Mv, M@}

Due to the fact that u and v are fixed positions, it makes sense that

G(u, Mu, Mu) = G(u,u,u) =0,

and
G(v, Mv, Mv) = G(v,v,v) =0
Therefore,
O(u,v) = G(u,v,v) (2.22)
Also,
G(Mu, Mv, Mv) = G(u,v,v) (2.23)

By entering (2.22) and (2.23) into the equation (2.21), we are able to obtain
T(N(u,v, v), Glu, v, ), G(u,v,v)) >0 (2.24)
SinceX(u,v,v) > 1 and G(u, v,v) > 0, property (T'1) yields
T(X(u,v,v), G(u,v,v),G(u,v,v)) < G(u,v,v) — R(u,v,v)G(u,v,v) <0

It contradicts 2.24. Since our assumption is incorrect

As a consequence, we can conclude that F'iz(M) has precisely one element.As a result, M possesses a

singular fixed point. O

Example 2.1. Let X = [0, 00) provided by the GM S as G((,4,z) = [ — 4|+ [£ — z| + |z = (¢|,V (, 4, z € X.
Let us define the mapping M : X — X by

+1

MO =5

Define too
N: X x X xX —[0,00)
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by
27 C? g? z Z 17
(¢, 4, 2) =
0, otherwise.
Additionally, consider a tri-simulation. T(a,b,c) = ¢ — ab We demonstrate that Theorem 3.1 fully meets its
assumptions. For all {,¢ € X with X((,¢,¢) > 1, we obtain { > 1, £ > 1 Since

M(C)zgﬂzl,

and

M(E):§+121,

it follows that

N(M{,Me,ME) =22>1
Hence M is N-admissible. Moreover, if X((,¢,0) > 1, and R({,z,z) > 1so, (,¢,z > 1. This implies that
N(¢, 2, 2) = 2 > 1. We conclude that, M is triangular X-admissible. Next, let (o = 1 Then,

M(Co) = 27
So,

N(C_.-OvMCOvMCO) =2 > 1

At this point, for inexplicable {,¢ € X with N((, ¢, ¢) > 1, we have
G(M¢, M, M?) =2|M¢ — M/

Since

M(—Mﬁz%,

it follows that
1
G(MC, ME, M) = S|~ .
In contrast,

G(G, 6, 6) =2/ ¢

Hence
G(MC, MU, M) = i G(C.0,0) (2.25)
Since
O(¢,0) = max {G(g,e, 0),G(¢, MC, M), G(¢, M, ME)},
we get

(¢, 0) > G(¢, 4, 0)
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The result of combining this with 2.25 is as follows:

GME, ML ME) < O(,0)

Then,
T(R(C,4,0), G(MC, ML, M0), O(C,0))
Since
N(¢, L, 0) =2,

and

G(MC,ME M) < 16(C, 1),
One can get

T (R(C 0, GOME ME MO, (G, 0)) 2 (¢, 1) — 3006, 6) = 50(¢,6) 2 0

As a result, M is a generalized R Zg-contractive mapping variable. Assumptions 2.1 in Theorem 2.1 are all valid.

M possesses a singular fixed point.

This example shows that the fixed point theorem applies to complete GM S.

3. ArprLicATION TO NONLINEAR INTEGRAL EQUATIONS

We demonstrate an application of the main theorem in this part, which will allow us to determine
whether or not a solution exists for a nonlinear Hammerstein integral problem.

Take into consideration the integral equation.

) = o(t) +/01 O(t,s,C(s))ds,  tel0,1], (3.1)
in which
@:[0,1] =R
and
5:00,1] x [0,1] x R = R

are continuous functions. Consider the possibility that the GM S belongs to the set X = C([0, 1], R).
G(C, 4 2) = [I€ = loo + (1€ = 2[loo + |2 = Clloo

forall ¢, /¢, z € X. Asis generally known, (X, G) is a complete G-metric space. Suppose these conditions
hold:
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(1) There is a continuous function
p:10,1] x [0,1] — [0, 00)

in which
’U(ta S,U) - O(tv S, U)| < p(tv 5)‘“ - U|

for each ¢, s € [0,1] and u,v € R.

(2)
L 1
sup / p(t,s)ds=q < =
tef0,1] Jo 2
(3)
N(C,4,0) =1
forall(,/ € X.
Define the operator M : X — X by
1
(MQ)E) = (1) + [ Blt.s.c(s)) ds (32)

It is important to note that the fixed points of M correspond with the solutions of the integral equation
known as (3.1).

Despite the fact that the application is provided with the specific tri-simulation function 7'(a, b, ¢) =
¢ — ab, the existence conclusion that was achieved is still valid for any tri-simulation function that
satisfies (7'1)—(7'2). Because of this, the application serves as a particular instance of the general theory

that was defined in Section 2.

Theorem 3.1. Given that (1), (2), and (3) are true, the nonlinear integral equation (3.1) has a singular solution

in the set C([0, 1], R).

Proof. Assume that ,¢ € X. So,
[(ME)(t) — (MO)(?)]

1
/0 (W&C(s)) ~U(t, s,e(s)))ds

Using the first assumption, we are able to obtain

1
(MO)(t) — (MOD)] < / plt, $)[C(s) — £(s)|ds
Hence
1
(M) () — (O] < IIC — e / p(t, 5)ds

Assuming supremum over ¢ € [0,1],

1M = Moo < [I€ = £lloo (3.3)
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Since
q <z )

one can get

G(MG, M, ML) = 2[|M¢ — M|

< 2¢[|¢ — |0
But
G(G,6,0) =2[¢ — oo
So,
G(M¢, ML, MO < G(C, 0, 0) (3.4)

Now, define

T(a,b,c) =c—ab
In other words, T is a function that performs tri-simulation. The formula (3.4)
T(1, G(M¢, Mt MP), G(C, Y, 5))
=G((,0,0) —G(MC, M, MP)
> (1-q)G(( 40 =0
Thus M is a generalized R Z-contraction. Since
N(¢, 4,0 =1

forall ¢,/ € X, Map M is triangular and R-admissible. We meet all main theorem assumptions. Hence,

M has a fixed point ¢* € X. Thus,

1
C'(t) = o(t) +/0 U(t,s,(*(s)) ds,

for every t € [0, 1]. As a result, the nonlinear integral equation (3.1) has a solution in the form of {*. In

order to prove that (* and ¢* are distinct, let us suppose that they are two solutions. Following that,
G(MC*, M, Me*) = G(¢", 0, 1%)
Using the contractive condition results in
G(CH, 0, 07) < G(CF, 07, 07),

which is not possible. Therefore,
(* — E*

Because of this, the solution to (3.1) is unique. O
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4. CONCLUSION

The current study uses tri-simulation functions and triangular R-admissibility conditions to provide
new fixed point solutions for generalized RZ;-contractive mappings in full G-metric spaces.The exis-
tence theorem reduces the applicability of classical fixed point approaches by not requiring mapping
continuity.

The suggested approach expands on Khojasteh et al.’s simulation-function framework [4] and Samet
et al.’s admissibility approach [6]. The tri-simulation methodology developed by Gubran et al. in [?]
and [8] is extended and a novel contribution is made in the context of entire G-metric spaces. The
new theory expands on recent work on generalized contractions in spaces and structures [2], [5]. The

following is a condensed version of the most important findings that this study has uncovered:

i There has been the introduction of a new category of generalized RZg-contractive mappings
that are related with tri-simulation functions in complete G-metric spaces.
ii The assumption of continuity of the mapping is not necessary to construct a fixed point existence
theorem under triangular R-admissibility and appropriate sequential conditions.
iii In accordance with a natural requirement that was imposed on the admissibility function, a
uniqueness result has been obtained.
iv The constructed framework combines tri-simulation functions and admissibility methods into
a unified contractive scheme.
v This paper presents an example to demonstrate the practicality of the theoretical findings.
vi For the purpose of illustrating the efficacy of the suggested method in nonlinear functional
analysis, existence and uniqueness findings were achieved for a nonlinear Hammerstein integral

equation.

The obtained results indicate that tri-simulation functions provide a flexible and efficient tool for
extending modern fixed point theory beyond classical simulation-function settings and for studying

nonlinear problems in generalized metric structures.

5. Future Work
Future research could take several paths:

(1) Applying the findings to partial, rectangular or controlled on GM S.

(2) utilizing tri-simulation functions to study fixed point theorems for mappings satisfying gener-
alized XZG-contractive requirements.

(3) Developing fixed point findings for multi-valued mappings and set-valued operators using

tri-simulation functions.
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(4) Introduce hybrid contractive conditions using tri-simulation functions and rational, integral, or
interpolative contractions.

(5) Studies of linked, tripled, and multidimensional fixed point problems under generalized
admissibility.

(6) Applying the theory to fractional differential equations, integro-differential equations, impul-
sive systems, and boundary value problems.

(7) Studying stability, data dependence, and iterative approximation techniques for generalized
NZg-contractive mappings.

(8) We examine the relationship between tri-simulation functions and current advancements in

nonlinear analysis, optimization theory, variational inequalities, and equilibrium problems.

These directions may extend the theory and lead to new nonlinear functional analysis and applied

mathematics applications.

Conflicts of Interest: The authors declare that there are no conflicts of interest regarding the publication

of this paper.

REFERENCES

[1] S.Banach, Sur les opérations dans les ensembles abstraits et leur application aux équations intégrales, Fundam. Math. 3
(1922), 133-181. https://doi.org/10.4064/fn-3-1-133-181.

[2] Z. Mustafa, B. Sims, A New Approach to Generalized Metric Spaces, J. Nonlinear Convex Anal. 7 (2006), 289-297.

[3] M. Abbas, B.E. Rhoades, Common Fixed Point Results for Noncommuting Mappings without Continuity in Generalized
Metric Spaces, Appl. Math. Comput. 215 (2009), 262-269. https://doi.org/10.1016/j.amc.2009.04.085.

[4] E. Khojasteh, S. Shukla, S. Radenovi¢, A New Approach to the Study of Fixed Point Theory for Simulation Functions,
Filomat 29 (2015), 1189-1194. https://doi.org/10.2298/FIL1506189K.

[5] E.Karapinar, Fixed Points Results via Simulation Functions, Filomat 30 (2016), 2343-2350. https://doi.org/10.2298/
FIL1608343K.

[6] B.Samet, C. Vetro, P. Vetro, Fixed Point Theorems for X-1)-Contractive Type Mappings, Nonlinear Anal. Theory Methods
Appl. 75 (2012), 2154-2165. https: //doi.org/10.1016/j.na.2011.10.014.

[7] A.E.Hashoosh, A.M. Ali, A Modern Method for Identifying Fixed Points Used in G-Spaces Involving Application, AIP
Conf. Proc. 3264 (2025), 050050. https://doi.org/10.1063/5.0258512.

[8] R. Gubran, W.M. Alfaqih, M. Imdad, Fixed Point Results via Tri-Simulation Function, Ital. ]. Pure Appl. Math. 45 (2021),
419-430.

[9] AK. Khisbag, A.E. Hashoosh, H.G. Kalt, A New Class of Invexity Function for Vector Variational Problems Involving
H-Spaces, AIP Conf. Proc. 2611 (2023), 040009. https://doi.org/10.1063/5.0135377.

[10] H.M.B. Alrikabi, L.J. Barghooth, A K. Muazi, A.E. Hashoosh, A Fan-KKM Approach to Vector Hemivariational-Like
Inequalities with {-Z Monotonicity, Bol. Soc. Parana. Mat. 44 (2026), 1-9.
[11] A.E.Hashoosh, A New Form of Hemivariational Inequality System and Its Possible Solutions, J. Interdiscip. Math. 28

(2025), 771-779. https://doi .org/10.47974/JIM-1972.


https://doi.org/10.4064/fm-3-1-133-181
https://doi.org/10.1016/j.amc.2009.04.085
https://doi.org/10.2298/FIL1506189K
https://doi.org/10.2298/FIL1608343K
https://doi.org/10.2298/FIL1608343K
https://doi.org/10.1016/j.na.2011.10.014
https://doi.org/10.1063/5.0258512
https://doi.org/10.1063/5.0135377
https://doi.org/10.47974/JIM-1972

Asia Pac. J. Math. 2026 13:139 17 of 17

[12] A.E.Hashoosh, A.A. Dasher, Fixed Point Results of Tri-Simulation Function for S-Metric Space Involving Applications
of Integral Equations, Asia Pac. J. Math. 11 (2024), 68. https://doi.org/10.28924/APJM/11-68.

[13] H. Aydi, E. Karapinar, W. Shatanawi, Coupled Fixed Point Results for (1, ¢)-Weakly Contractive Condition in Ordered
Partial Metric Spaces, Comput. Math. Appl. 62 (2011), 4449—4460. https://doi.org/10.1016/j.camwa.2011.10.021.

[14] AR Saeid, LK. Alzaki, Analytical Solutions for the Nonlinear Homogeneous Fractional Burger’s Equation Using a Local
Fractional Operator, in: 2024 8th International Symposium on Multidisciplinary Studies and Innovative Technologies

(ISMSIT), IEEE, 2024, pp. 1-6. https://doi.org/10.1109/ISMSIT63511.2024.10757225.


https://doi.org/10.28924/APJM/11-68
https://doi.org/10.1016/j.camwa.2011.10.021
https://doi.org/10.1109/ISMSIT63511.2024.10757225

	1. Introduction and Preliminaries
	2. Results
	3. Application to Nonlinear Integral Equations
	4. Conclusion
	5. Future Work
	Conflicts of Interest:

	References

