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Abstract. While the concept and use of minimal polynomials is classical in the context of linear algebra,
their direct application to derive a matrix operator for singular matrices are not widely utilized. In this
paper, we develop a residual matrix derived directly from the coefficients of the minimal polynomial
of a singular matrix. We introduce the necessary properties of the proposed residual matrix in order
to solve singular systems. In particular, we establish the necessary and sufficient conditions in order to
solve singular matrix equations and initial value problems involving singular coefficient matrices. This
approach forms an algebraic alternative to traditional methods that rely on pseudoinverses or spectral
decompositions with potential advantages in both simplicity and computational efficiency.
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Key words and phrases. minimal polynomial; singular matrix; matrix equation; differential algebraic
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1. Introduction

Matrix theory plays a fundamental role in various branches of mathematics, engineering, and
computational sciences [1–3]. The characteristic polynomial and the Cayley-Hamilton theorem play
central roles in understanding and manipulating square matrices. The characteristic polynomial of a
square matrix provides fundamental information about its eigenvalues, whereas the Cayley-Hamilton
theorem establishes that every squarematrix satisfies its own characteristic equation [4,5]. For a singular
matrix, The minimal polynomial is essential to understand the algebraic structure and properties [6, 7].
The Cayley-Hamilton theorem insures that a square matrix A satisfies its own characteristic polynomial
PA(λ). Yet, the characteristic polynomial may not be the polynomial of lowest degree with this property.
The minimal polynomial of A is defined with the least degree property which makes it particularly
useful in analyzing and manipulating singular matrices. Although, the concept and applications of
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minimal polynomial are well-established in the literature, more can be said in this area especially when
it comes to constructing operators, such as residual matrices, that act on the matrix in a minimal and
structured way.

Linear systems involving singular coefficient matrices pose significant theoretical and computational
difficulties, primarily because the standard approach of matrix inversion is no longer applicable.
Traditional strategies for solving systems as Ax = b includes the utilizing generalized inverses such
as the Moore-Penrose pseudoinverse or the Drazin inverse [8–10]. Such methods offer generalized
solutions by extending the notion of invertibility. While effective in many applications, these techniques
often rely on matrix decompositions that are not always straightforward and leads to computational
complexities. Recent years have witnessed renewed interest in the study of singular and descriptor
systems, particularly through algebraic and computational approaches. Krylov-based and projection
methods have been developed for singular linear and skew-symmetric systems, focusing on iterative
and spectral properties rather than explicit operator construction [11]. Similarly, new frameworks for
continuous-time descriptor systems emphasize structural solvability through generalized Sylvester
formulations [12]. In parallel, modern treatments of singular matrix polynomials and eigenvalue
problems aim to characterize minimal bases and null spaces for polynomial matrices [13, 14]. Despite
these advances, the direct use of the minimal polynomial itself to construct an algebraic operator that
governs the solvability of singular systems remains unexplored.

In this paper, we introduce an alternative technique based on using the minimal polynomial of A to
directly construct an residual matrix. Unlike previous approaches, the proposed method leverages
known algebraic properties (the minimal polynomial) to construct solutions without requiring pseu-
doinverses or spectral decompositions. By focusing on algebraic characteristics rather than numerical
inverses, this approach not only preserves important structural properties but also offers practical ad-
vantages in settings such as symbolic computation and the analysis of constrained or singular systems.
We apply the proposed residual matrix as basis to produce solutions for singular matrix equations
and initial value problems involving singular coefficient matrices. To the best of our knowledge, this
represents the first instance where the minimal polynomial is used not merely for spectral analysis,
but as a tool to define a practical residual operator that yields unique solutions in structured singular
systems.

The remainder of the paper is organized as follows. Section 2 presents the main theoretical results,
including key definitions, proofs, and an illustrative example that establishes the properties of the
proposed residual matrix. Section 3 unifies the algebraic and geometric developments of the residual
framework and demonstrates its applications to singular systems and matrix equations. Section 4
presents specific applications to singular differential and matrix equations that highlight the practical
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advantages of the proposed approach. Finally, Section 5 concludes the paper with a summary of
findings, theoretical implications, and directions for future research.

2. Main Results

In what follows, A ∈ Rn×n denotes a singular matrix. We begin by recalling the characteristic and
minimal polynomials and proceed to define the residual matrix derived from them.

Definition 2.1 The characteristic polynomial of A is

PA(λ) = det(λI −A). (1)

Definition 2.2 The minimal polynomialmA(λ) is the unique monic polynomial of least degree such that

mA(A) = 0. (2)

If A is singular, then the constant term ofmA(λ) vanishes and the polynomial can be written as

mA(λ) = λk + b1λ
k−1 + b2λ

k−2 + · · ·+ bk−1λ, bk−1 6= 0,

with 1 ≤ k ≤ n.
By the Cayley–Hamilton theorem, A satisfies its characteristic polynomial PA(A) = 0. Minimality

implies

Ak + b1A
k−1 + b2A

k−2 + · · ·+ bk−1A = 0, (3)

and the preceding nonvanishing condition ensures that

Ak−1 + b1A
k−2 + · · ·+ bk−1I 6= 0. (4)

building on Equation 4, we define the residual matrix as following:

Definition 2.3 Let A ∈ Rn×n be singular with minimal polynomialmA(λ) as in Equation 3. The residual matrix

associated with A is defined by

EA = Ak−1 + b1A
k−2 + b2A

k−3 + · · ·+ bk−1I. (5)

Then EAA = AEA = 0.

Following Definition 2.3, we get the following results:

Theorem 2.1 Let A be singular and EA defined by Equation 5. If bk−1 6= 0, then

ker(EA) = Range(A). (6)
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Proof Suppose y ∈ ker(EA), i.e. EAy = 0. Then

Ak−1y + b1A
k−2y + · · ·+ bk−1y = 0,

which can be rearranged as

y = − 1

bk−1
(Ak−1y + b1A

k−2y + · · ·+ bk−2Ay).

Each term on the right-hand side lies in Range(A); hence y ∈ Range(A).
Conversely, if y = Ax for some x, then EAy = EAAx = AEAx = 0, implying y ∈ ker(EA). �

Corollary 2.1 Under the conditions of Theorem 2.1,

dim(ker(A)) + dim(ker(EA)) = n. (7)

Remark 2.1 For any singular matrix A, the linear system Ax = y is consistent if and only if y ∈ ker(EA). This

provides an immediate algebraic test for compatibility without computing any inverse or decomposition.

Example 2.1 Consider

A =


1 1 0

0 1 0

0 0 0

 .
Here, A is singular with rank 2. A direct computation gives the minimal polynomial

mA(λ) = λ(λ− 1)2 = λ3 − 2λ2 + λ,

so that k = 3, b1 = −2, and b2 = 1.

According to Equation 5,

EA = A2 − 2A+ I.

By explicit multiplication,

A2 =


1 2 0

0 1 0

0 0 0

 , EA =


0 0 0

0 0 0

0 0 1

 .
It follows that EAA = 0 and AEA = 0. Moreover, ker(EA) = span{(1, 0, 0)>, (0, 1, 0)>} = Range(A),

confirming Theorem 2.1.

This example demonstrates how the residual matrix acts as a projector onto the complement of the
range of A and provides immediate insight into the structure of the singular system Ax = y.
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3. Algebraic and Geometric Properties of the Residual Matrix

Building upon the theoretical foundation introduced in Section 2, this section integrates the algebraic
construction and geometric interpretation of the residual matrix into a single framework. It first
establishes the general solution of singular linear systems in terms of the residual operator and then
explores its relation to projectors, the matrix index, and representative applications to differential and
matrix equations.

3.1. General Solution for Singular Linear Systems. While Remark 2.1 establishes the algebraic test
for consistency, i.e.that the system Ax = y is solvable if and only if y ∈ ker(EA), a complete framework
requires a construction of the solution.

If Ax = y is consistent, the general solution is given by the sum of a particular solution, xp, and the
homogeneous solution, xh:

x = xp + xh

The homogeneous component xh ∈ ker(A) is found by solving Axh = 0. Since ker(A) = Range(EA),
as shown in subsection 3.2, the homogeneous solution can be parameterized as:

xh = EAz, for any vector z ∈ Rn.

The particular solution xp must satisfyAxp = y. Because the system is consistent, we can define xp by
using the Drazin inverse AD, which is known to be a polynomial in A and is necessary for an algebraic
solution that complements EA. Since EA annihilates the null space of A and ker(A) is spanned by the
columns of EA, the solution to Ax = y can be expressed as:

x = ADy + EAz,

where AD is the Drazin inverse of A and z is an arbitrary vector. This formula integrates the proposed
residual matrix framework, based on the minimal polynomial, with established generalized inverse
theory by clearly separating the dynamic (ADy) and static (EAz) components of the solution.

3.2. Relationship to Projectors and the Matrix Index. The properties of the residual matrix EA
establish a direct, algebraically constructed link to the geometry of the singular matrix A.

3.2.1. The Projector EA. The matrix EA, defined in 2.1, is not a projection matrix in the classical sense
(E2

A = EA) unless k = 1, but it is a projection operator up to a scalar multiple. Specifically, the minimal
polynomialmA(λ) can be factored asmA(λ) = λkm̃A(λ), where m̃A(0) = bk−1 6= 0.

The propertyEAA = AEA = 0 implies that Range(EA) ⊂ ker(A) andRange(A) ⊂ ker(EA). Together
with Theorem 2.1, this establishes the following fundamental duality:

ker(EA) = Range(A) and Range(EA) = ker(Ak).
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Furthermore, the matrix EA can be used to construct the projector onto ker(A). If we define the
polynomial p(λ) = 1

λmA(λ), then p(A) = EA. For the simplest singular case where the index k = 1,
the Drazin inverse AD is AD = 1

m̃A(0)m̃A(A) = 1
b0
EA, and the projector onto the null space of A is

Pnull = I −AAD. The residual matrix EA thus provides the non-invertible part of the Drazin inverse,
simplifying the consistency check.

3.2.2. Connection to the Matrix Index. The index of a singular matrix A is the smallest non-negative
integer k such that Range(Ak) = Range(Ak+1). Crucially, the integer k appearing in the minimal
polynomial:

mA(λ) = λk + b1λ
k−1 + · · ·+ bk−1λ,

is exactly the index of the eigenvalue λ = 0 (the algebraic index of the matrixA). This is the same index
used in the analysis of Differential Algebraic Equations (DAEs) to characterize hidden constraints and
differentiability requirements. The residual matrix EA therefore provides a tool whose order (k − 1) is
directly related to the complexity and solvability index of the underlying singular system.

4. Applications

The residual matrix introduced in Section 2 can be used as an algebraic tool for analyzing the
solvability of singular systems that arise frequently in applied mathematics, control theory, and DAEs.
In this section we present two representative applications: singular initial value problems and matrix
equations. Both illustrate how the minimal polynomial framework provides transparent criteria for
existence and consistency.

4.1. Initial value problems with singular coefficients. Let A,B ∈ Rn×n be singular matrices and
consider the first order system

B x′(t) = Ax(t), x(0) = x0. (8)

Classical approaches, such as the use of the Drazin inverse, often require a decomposition of B and
A into their regular and singular parts. Here, the residual matrices associated with A and B provide
an alternative route.

From Remark 2.1, any admissible solution of Equation 8 must satisfy x(t) ∈ ker(EBA) for all t. Using
this property we obtain the following theorem.

Theorem 4.1 For every u ∈ Rn, the function

x(t) = exp(EBAt)EAu (9)

is a solution of B x′(t) = Ax(t).
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Proof Differentiating Equation 9 gives x′(t) = EBA exp(EBAt)EAu. Since B(EBA) = AEBA = 0 by
definition of the residuals, it follows directly that

B x′(t)−Ax(t) = B(EBAe
EBAtEAu)−AeEBAtEAu = 0. (10)

Hence, x(t) satisfies Equation 8. �

The expression presented by Equation 9 highlights that the evolution of x(t) is confined to the
subspace ker(EBA), which contains all consistent initial conditions for the singular system. Unlike the
pseudoinverse-based formulation, this approach remains fully algebraic and free of decompositions.

Corollary 4.1 If an external forcing term f(t) ∈ C(I,Rn) is present,

B x′(t) = Ax(t) + f(t), (11)

then the system is equivalent to the pair

EAB x
′(t) = EAf(t), (12)

and

EB(Ax(t) + f(t)) = 0. (13)

Equation 12 describes the dynamic evolution on the consistent subspace, while Equation 13 ensures
that the solution remains compatible with the singular structure.

Example 4.1 Consider

A =

1 0

0 0

 , B =

0 0

0 1

 .

Then EA =

0 0

0 1

 and EB =

1 0

0 0

. Equation 8 reduces to


0 = x′1(t),

x′2(t) = 0,

whose solutions are constant vectors x(t) = (c1, c2)
>. Using Equation 9 gives EBA = 0 and hence

exp(EBAt) = I , so x(t) = EAu = (0, u2)
>, consistent with the algebraic constraints. The residual ma-

trices thus isolate the dynamically admissible components without explicit elimination of variables.
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4.2. Singular matrix equations. A second important class of problems involves matrix equations of
the form

AXB = C, A,B,C ∈ Rn×n, (14)

where A and B may be singular. Such equations occur in control design, model reduction, and the
solution of coupled systems. Determining whether a solution X exists typically requires generalized
inverses or Kronecker canonical forms; however, the residual matrices yield simple algebraic consistency
conditions.

Lemma 4.1 Equation 14 is consistent if and only if

EAC = 0 and CEB = 0.

Proof Multiplying Equation 14 on the left by EA and using EAA = 0 gives EAC = 0. Similarly,
multiplying on the right by EB and using BEB = 0 yields CEB = 0. These conditions are also
sufficient, as any X satisfying Equation 14 necessarily enforces them. �

Lemma 4.2 For the Sylvester equation

AX +XB = C,

with A,B,C singular, the equation is solvable if the following condition hold:

EACEB = 0. (15)

Proof Suppose there exists X satisfying AX +XB = C. Premultiplying by EA and postmultiplying
by EB yields

EA(AX +XB)EB = EACEB.

Because the residual matrices satisfy EAA = 0 and BEB = 0, both terms on the left vanish:

EA(AX +XB)EB = (EAA)XEB + EAX(BEB) = 0.

Hence EACEB = 0. �

Example 4.2 Let

A =

1 0

0 0

 , B =

0 0

0 1

 , C =

0 1

1 0

 .
Then EA =

0 0

0 1

 and EB =

1 0

0 0

.
Condition gives

EACEB =

0 0

1 0

1 0

0 0

 = 0,
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so a solution exists. Direct computation yields X =

0 1

0 0

, confirming consistency.

This small example demonstrates the simplicity of the residual matrix test compared with construct-
ing pseudoinverses.

5. Conclusions

The study has introduced a minimal polynomial-based framework for analyzing and solving sin-
gular matrix systems. By deriving a residual matrix directly from the coefficients of the minimal
polynomial, we established a purely algebraic operator that replaces the need for pseudoinverses or
spectral decompositions. The residual matrix EA provides immediate criteria for consistency, charac-
terizes the interaction between the kernel and range of singular matrices, and connects naturally to the
matrix index and projector structures. The unified treatment presented in this paper demonstrates
that minimal-polynomial residuals not only clarify the underlying algebraic geometry of singular
systems but also serve as practical tools for constructing and analyzing solutions to differential and
matrix equations. This approach complements existing generalized inverse techniques by offering an
explicit and computationally transparent alternative. Future work will focus on extending the residual
framework to nonlinear and parameter-dependent singular systems, as well as exploring its symbolic
implementation in computational algebra environments.
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