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Asstract. This paper is concerned with the concepts of upper rarely p(o1, 02)-continuous multifunc-
tions and lower rarely p(o1, o2)-continuous multifunctions. Furthermore, several characterizations of
upper rarely p(o1, o2)-continuous multifunctions and lower rarely (o1, o2)-continuous multifunctions
are established.
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1. INTRODUCTION

The concept of rare continuity was first introduced by Popa [23]. Long and Herrington [20], and Jafari
[15,16] investigated several properties of rarely continuous functions. Jafari [14] further generalized
the notion of rare continuity to rare 3-continuity by employing the concept of 5-open sets. Caldas [3]
introduced a new class of functions, namely rarely 30-continuous functions, by utilizing the notion of
-0-open sets, and investigated several characterizations of such functions. Jafari [ 13] introduced and
studied the concept of rare a-continuity as a generalization of both rare continuity and weak a-continuity
[21]. Thongmoon et al. [28] introduced and investigated the concept of rarely (71, 72)-continuous
functions. Caldas and Jafari [4] introduced and investigated a new class of functions called rarely
g-continuous functions, which is a generalization of both the class of rarely continuous functions and the
class of weakly g-continuous functions. Moreover, Caldas et al. [5] introduced and studied the notion
of rarely g-continuous multifunctions, which is a generalization of weakly continuous multifunctions
[24]. Popa and Noiri [22] introduced and studied s-precontinuous multifunctions, which generalize

both s-continuous multifunctions and precontinuous multifunctions. Ekici and Park [12] introduced
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and investigated weakly s-precontinuous multifunctions. The notion of weakly s-precontinuous
multifunctions is a generalization of s-precontinuous multifunctions introduced by Popa and Noiri [22].
Ekici and Jafari [ 11] introduced and studied rarely s-precontinuous multifunctions, a generalization
of weakly s-precontinuous multifunctions introduced by Ekici and Park [12]. On the other hand, the
present authors introduced and investigated the notions of (71, 72)-continuous multifunctions [27],
almost (71, 72)-continuous multifunctions [17], weakly (71, 72)-continuous multifunctions [29], almost
weakly (71, 72)-continuous multifunctions [ 1], (71, 72) u-continuous multifunctions [ 8], almost (71, 72) u-
continuous multifunctions [25], weakly (71, 72) u-continuous multifunctions [ 6], almost weakly (71, 72) u-
continuous multifunctions [ 18], s-(71, 72)-continuous multifunctions [7], weakly s-(71, 72)-continuous
multifunctions [26] and s-(71, 72)p-continuous multifunctions [30]. Recently, Kong-ied at al. [19]
introduced and studied the concepts of upper rarely s-(7, 72)p-continuous multifunctions and lower
rarely s-(71, 72)p-continuous multifunctions. In this paper, we introduce the notions of upper rarely
p(o1, o2)-continuous multifunctions and lower rarely y(o1, 02)-continuous multifunctions. We also
investigate several characterizations of upper rarely y(o1, 02)-continuous multifunctions and lower

rarely ;(o1, 02)-continuous multifunctions.

2. PRELIMINARIES

Let A be a subset of a bitopological space (X, 71, 72). The closure of A and the interior of A with
respect to 7; are denoted by 7;-C1(A) and 7;-Int(A), respectively, for i = 1, 2. A subset A of a bitopological
space (X, 71, m2) is called 7y mo-closed [2] if A = 71-Cl(72-Cl(A)). The complement of a 71 7»-closed set is
called 7y mo-open. The intersection of all 7 m5-closed sets of X containing A is called the 7 m»-closure [2]
of A and is denoted by 7175-Cl(A). The union of all 71 7-open sets of X contained in A is called the

T To-interior [2] of A and is denoted by 7| mo-Int(A).

Lemma 1. [2] Let A and B be subsets of a bitopological space (X, 1, 12). For the T 12-closure, the following
properties hold:

(1) A C 1y1o-Cl(A) and 1179-Cl(T172-CI(A)) = 1y72-CI(A).
(2) If A C B, then 7112-CI(A) C 11712-CI(B).

(3) 7172-CI(A) is Ty 9-closed.

(4) Ais io-closed if and only if A = 71 7o-CI(A).

(5) mm-Cl(X — A) = X — mime-Int(A).

A subset A of a bitopological space (X,71,72) is said to be (ri,m)r-open [31] if A =
T172-Int(7172-CI(A)). A subset R of a bitopological space (X, 71,72) is called a 7ymo-rare set if

1 72-Int(R) = 0.
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Lemma 2. [28] Let (X, 11, 72) be a bitopological space. Then, Ty>-Int(F U R) C F for every T ma-rare set R

and every 11 1o-closed set F'.

Let P(X) denotes the power set of a nonempty set X. A class p C P(X) is called a generalized
topology (briefly, GT) if () € p and an arbitrary union of elements of 1 belongs to p [10]. A set X witha
generalized topology i on X is called a generalized topological space (briefly, GTS) and is denoted by
(X, ). For a GTS (X, uu), the elements of y are called pi-open sets and the complements of p-open sets
are called p-closed sets. For A C X, the p-closure of A [9], ¢, (A), is the intersection of all p-closed sets
containing A and the p-interior of A [9], ¢,(A), is the union of all y-open sets contained in A. Then, we
have iy, (i, (A)) = iu(A), cu(cu(A)) = cu(A) and iy (A) = X — cu(X — A).

By a multifunction ' : X — Y, we mean a point-to-set correspondence from X into Y, and we always
assume that F'(z) # 0 for all # € X. For a multifunction F : X — Y, we shall denote the upper and
lower inverse of a set B of Y by F*(B) and F~(B), respectively, that is, F*(B) = {z € X | F(z) C B}
and F~(B) = {z € X | F(x) N B # 0}. In particular, F~(y) = {x € X | y € F(x)} for each pointy € Y.
Foreach A C X, F(A) = UgeaF ().

3. UPPER AND LOWER RARELY /(07,02 )-CONTINUOUS MULTIFUNCTIONS

In this section, we introduce new classes of continuous multifunctions defined from a generalized
topological space into a bitopological space, called upper rarely y(o1, 02)-continuous multifunctions
and lower rarely pi(o1, 02)-continuous multifunctions. Furthermore, some characterizations of upper
rarely p1(o1, 02)-continuous multifunctions and lower rarely j(o1, 02)-continuous multifunctions are

investigated.

Definition 1. A multifunction F': (X, u) — (Y, 01, 02) is said to be upper rarely u(o1, o2)-continuous at a
point = € X if for each o104-open set V of Y containing F(x), there exists a oyo-rare set Ry with Ry NV = ()
and a p-open set U of X containing x such that F(U) C V U Ry. A multifunction F: (X, p) — (Y, 01,02) is

said to be upper rarely j(o1, o2)-continuous if F' is upper rarely ji(o1, o2)-continuous at each point x of X.

Theorem 1. For a multifunction F' : (X, u) — (Y, 01, 02), the following properties are equivalent:

(1) F is upper rarely (o1, 02)-continuous at x € X;

(2) for every oyoa-open set V of Y containing F'(x), there exists a oyco-rare set Ry with V. N Ry = () such
that z € i,(F*(V URy));

(3) forevery oyoo-open set V of Y containing F'(x), there exists a oy oo-rare set Ry with o102-CI(V )N Ry =
0 such that z € i, (F " (0102-CI(V) U Ry));

(4) for every (o1, 09)r-open set V of Y containing F(x), there exists a oy oo-tare set Ry with V N Ry = ()
such that x € i,(F*(V U Ry));
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(5) for every o1o9-open set V of Y containing F'(x), there exists a pi-open set U of X containing x such that
alag—lnt(F(U) N (Y — V)) = @;

(6) for every o109-open set V of Y containing F(x), there exists a yi-open set U of X containing x such

that O’102-Iﬂt<F(U)) - 0’102-CZ(V).

Proof. (1) = (2): Let V be any oj02-open set of Y containing F'(x). Since F is upper rarely p(o1, 02)-
continuous at z € X, there exists a 0y 0g-rare set Ry with VN Ry = (land a p-open set U of X containing
z such that F(U) CVURy. Thus,z € U C FT(VURy)and soz € i, (F(V URy)).

(2) = (3): Let V be any o102-open set of Y such that F'(x) C V. Thus by (2), there exists a 0109-rare
set Ry with V N Ry = @ such that z € i,(F*(V U Ry)). Put Wy = Ry N (Y — 0102-CL(V)). Then,

Wy No102-Cl(V) = ) and Wy is a o109-rare set. Since

UlUQ'Cl(V) UWy = O’10’2-C1(V) U [RV N (Y — UlUg-Cl(V))]
= 0102-Cl(V) U Ry

QVUR‘/v

z € i, (FY(VURy)) Ciy(FT(o102-CLV) U Wy)).

(3) = (4): Let V beany (01, 02)r-openset of Y containing F'(z). By (3), there exists a o 02-rare set Ry
with 0102-Cl(Ry) NV = @ such that z € i,,(F* (0102-CL(V) U Ry)). Let Wy = Ry U (0102-CL(V) = V).
Then by Lemma 2, Wy is a 09-rare set and Wy NV = ). Thus, = € i, (F'(V U Wy)).

(4) = (5): Let V be any o02-0open set of Y containing F'(x). Then,

F(z) CV C oy09-Int(o102-C1(V))

and oy02-Int(c109-CL(V')) is (o1,02)r-open. By (4), there exists a ojop-rare set Ry with
o10o-Int(0109-Cl(Ry)) NV = @ and = € i,(FT(o102-Int(c109-CL(V)) U Ry)). There exists a -
open set U of X containing x such that € U C F*(0109-Int(o102-C1(V)) U Ry). Thus, F(U) C
o109-Int(c102-C1(V)) U Ry, by Lemma 2 we have

0'10'2-Int(F(U) N (Y — V)) = 0102—Int(F(U)) N 0'10'2—Il’lt(Y — V)
- O‘102-Il’1t(010’2—C1(V) U Rv) N (Y — O‘102-C1(V))
- (0102-C1(V) U 0102-Int(Rv)) N (Y — (7102-C1(V))

= 0102-CL(V) N (Y — 0109-C1(V)) = 0

and so oyoo-Int(F(U)N (Y —V)) = 0.
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(5) = (6): Let V be any o102-open set of Y containing F'(z). Then by (5), there exists a p-open set U
of X containing x such that oyo2-Int(F(U) N (Y — V)) = 0. Thus,

0’1(72-Int(F(U>) N (Y — UlUg-Cl(V)) =0
and hence o105-Int(F(U)) C 0102-CL(V).
(6) = (1): Let V be any oj02-open set of Y containing F'(x). By (6), there exists a y-open set U of X
containing x such that oy02-Int(F(U)) C 0102-CL(V). Let My = F(U) N (Y — V). Then, we have
0’10’2—Int(Mv) - 0'10'2-Int(F(U)) N O'10'2-Int(Y - V)
= O'10‘2-II’1‘L‘(F(U)) N (Y — 0'102-C1(V)) =0.

Therefore, My is a oy0q-rare setand My NV = (). Let Ny = 0102-Cl(V') — V. Then, Ny is a oy02-closed
oyoy-rare set such that Nyy NV = (. Thus, Ry = My U Ny is a 0j0z-rare set and Ry NV = (). Then by

Lemma 2,
o109-Int(Ry ) = o109-Int(o109-Int(Ry))
= o109-Int(o109-Int(My U Ny))
C o109-Int(Ny ) = 0.
Thus,

F(U) = [F(U) — o105-Int(F(U))] U o109-Int(F(U))
C [F(U) — o105 Int(F(U))] U 510-CI(V')
= [(F(U) N (VU (Y = V))) — a10o-Int(F(U))] U [(0102-CU(V) — V) U V]
=[(FO)NV)U(FU)N (Y =V))) = oroe-Int(F(U))] U (Ny U V)
CVuEO)NY -V)Ju (v uV)
=V U(My UNy)=VURy.

Therefore, there exists a o1 09-rare set Ryy = My U Ny such that Ry NV = and F(U) C V U Ry. This

shows that F' is upper rarely p(o1, 02)-continuous at z € X. O

Definition 2. A multifunction F : (X, u) — (Y, 01, 02) is said to be lower rarely p(o1, o2)-continuous at a
point x € X if for each o109-open set V of Y such that F(x) NV # (), there exists a o109-rare set Ry with
V' N Ry = 0 and a p-open set U of X containing x such that F(z) N (V U Ry) # 0 for each z € U. A
multifunction F : (X, u) — (Y, 01, 02) is said to be lower rarely u(o1, 02)-continuous if F' is lower rarely

p(o1, o2)-continuous at each point x of X.

Theorem 2. For a multifunction F': (X, u) — (Y, 01, 02), the following properties are equivalent:
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(1) F is lower rarely ji(o1, 02)-continuous at x € X;

(2) forevery o1o9-openset V of Y such that F(x)NV # (), there exists a o1 oo-rare set Ry with VN Ry = ()
such that x € i,(F~(V U Ry));

(3) for every oyo9-open set V of Y such that F(x) NV # (), there exists a oy09-rare set Ry with

0'10'2-CZ(V) N RV = @

such that x € i,(F~(0102-CI(V) U Ry));
(4) for every (o1, 02)r-open set V of Y such that F(x) NV # (), there exists a oy09-rare set Ry with
V N Ry = 0 such that x € i,(F~(V U Ry)).

Proof. The proofs of (1) = (2), (2) = (3) and (3) = (4) are similar with Theorem 1.
(4) = (1): Let V be any oj02-open set of Y such that F'(z) NV # (). Then,

F(l‘) N 0102-11’1’[(0'102-C1(V)) =+ 0.
By (4), there exists a 0j09-rare set Ry with o02-Int(0102-C1(V')) N Ry = () such that
x € i, (F~ (0109-Int(0102-C1(V')) U Ry)).

Since 0102-Cl(V') — V is a 0102-closed o 09-rare set, by Lemma 2 we have (0102-Cl(V) — V) U Ry is a

oiog-rare set. Therefore, Wy = (o109-Int(0102-Cl(V)) — V) U Ry is a oj09-rare set. Thus,

o1oo-Int(o109-CL(V')) U Ry =V U (0102-Int(0102-C1(V)) — V) U Ry
=VUuUWy

and so z € i,(F~(V U Wy)). Then, there exists a u-open set U of X containing « such that U C
F-(VUWy)and F(z) N (VUWy) # 0 for every z € U. This shows that F' is lower rarely p(o1, 02)-

continuous at x € X. O

Definition 3. A function f : (X, u) — (Y, 01, 02) is said to be rarely p(o1, 02)-continuous at a point x € X if
for each oy02-open set V of Y containing f(x), there exists a oyo9-rare set Ry with V- N Ry = () and a p-open
set U of X containing x such that f(U) C V U Ry. A function f : (X, u) — (Y, 01, 02) is said to be rarely

p(o1, o)-continuous if f is rarely p(o1, o2)-continuous at each point x of X.

Corollary 1. For a function f : (X, pu) = (Y, 01, 02), the following properties are equivalent:
(1) fis rarely p(o1, o2)-continuous at x € X;
(2) for each o109-open set V of Y containing f(x), there exists a o1oo-rare set Ry with VN Ry = 0 such
that x € i,,(f~(V U Ry));
(3) foreach oyo2-open set V of Y containing f(x), there exists a oyoo-rare set Ry with o102-CI(V)N Ry =

0 such that x € i,(f 1 (0102-Cl(V) U Ry));
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(4) for each (o1, 02)r- open set V of Y containing f(x), there exists a oyoo-rare set Ry with V N Ry = ()
such that x € i,,(f~*(V U Ry));
(5) for each oy09-open set V of Y containing f(x), there exists a y-open set U of X containing x such that

oro-Int(f(U)N(Y = V)) = 0;

(6) for each oy09-open set V of Y containing f(x), there exists a u-open set U of X containing x such that
UlUg—Ii’lt(f(U)) - Uldg-Cl(V).
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