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AsstrAcT. This work examines the unique existence of solutions for an innovative category of intercon-
nected hybrid fractional differential systems that incorporate mixed fractional derivatives. By merging the
Caputo and Riemann-Liouville fractional derivatives of varying orders, the suggested framework offers an
adaptable approach to modeling intricate dynamic processes with memory characteristics. To prove that
solutions exist, we utilize the Kuratowski measure of noncompactness combined with an extended version
of Darbo’s fixed-point theorem featuring a nondecreasing control function. Furthermore, the uniqueness of
the derived solution is established through Banach’s contraction mapping principle. Ultimately, a practical
numerical case study is detailed to confirm the utility and performance of our theoretical findings.
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1. INTRODUCTION

Over the last few decades, fractional differential equations have emerged as a significant area of
academic inquiry. This interest is driven by their exceptional capacity to represent phenomena that
traditional integer-order differential equations cannot accurately capture. In contrast to standard
derivatives, fractional operators—especially those defined in the Caputo and Riemann-Liouville
frameworks—exhibit non-local properties. Consequently, they naturally account for memory retention
and hereditary impacts within dynamical processes [13,16,20].

Due to these unique attributes, fractional differential equations are widely utilized across vari-

ous scientific domains, including geophysics [20], climatology [22], energy production systems [17],
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neuroscience [3], and many other areas. Among the diverse fractional operators available, the Rie-
mann-Liouville and Caputo formulations remain the most preferred choices. Their popularity stems
from their convenience in defining initial and boundary conditions for real-world engineering and
scientific problems [16,21,26].

Analyzing such mathematical models typically requires the application of nonlinear functional
analysis within Banach spaces. Specifically, fixed-point methods, Darbo-type fixed-point formulations,
and the Kuratowski measure of noncompactness have become highly effective instruments for exploring
the solvability of systems involving fractional derivatives [1,10,23-25].

Spurred by these recent advancements, this paper presents a novel category of coupled hybrid sys-
tems governed by fractional differential equations subject to specific boundary conditions. By rewriting
the initial problem into a mathematically equivalent integral form within an appropriate Banach space,
we demonstrate the existence of solutions using the Kuratowski measure of noncompactness and a
generalized Darbo fixed-point approach with a nondecreasing control function. The uniqueness of this
solution is verified via the Banach contraction principle. Additionally, we analyze the Hyers—Ulam
stability of the introduced system under valid constraints [6,8,15].

Guided by the literature mentioned above, we explore a novel coupled system of non-linear fractional

differential equations. Specifically, for t € J = (0, a] (0 < a), we are examining the following problem:

(6% fo% t _
LD (CD 2 (W)) = fo(t,u(t), 0(t)),

"D (D (il ) ) = 92(tu(0),0(8)), v
and the following boundary conditions
(u(0),0(0)) = (0,0),
(f1 t:l((:) (1)) / =M ’IOQ 'o ()t a’ )
(m tf((;) (1)) , = }IOM 'u ()t a’

Cpes (4 )‘tzo_cpm o1 —0.

Fi(tu(®),0(?)) g1(tu(t),0(8) ‘tzo

In this framework, the operators RLDS& and %F Dy denote the Riemann-Liouville fractional deriva-
tives of orders a; and a3 respectively, satisfying (0 < a1, a3 < 1). Moreover, D2 along with €D
represent the Caputo fractional derivatives whose orders lie in the interval (1 < asz, a4 < 2). The pa-
rameters \, and A, belong to R\ {0}, while f, g : J x E x E — E are continuous mappings that will be

explicitly defined in the subsequent sections.
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2. EsseNTIAL PRELIMINARIES IN FracTiIONAL CALCULUS

This section outlines the fundamental notation, terminology, and core definitions from the theory of
Riemann-Liouville and Caputo fractional calculus utilized throughout this manuscript. For a more

exhaustive coverage of these concepts, readers may consult the classical references [16,21].

Definition 2.1 ( [16]). Let u be a real-valued, integrable continuous function defined on the interval

(0,400). The Riemann-Liouville fractional integral of order o € R is expressed as follows:

Z%(t) = /F(a)(l;(j)s)l—ads’ a > 0.
0

Definition 2.2 ( [16]). The Riemann-Liouville fractional derivative of order o > 0 for a given function

u operating on (0, +00) is given by

t
RL )
Pl ( ) /Tn—a — )a+1—nd5’t>0,n—[a]+1_
0

Definition 2.3 ( [16]). For any function u that is n-times continuously differentiable on (0, +c0), the

Caputo fractional derivative of order o € R (o > 0) is stated as

t
Cra —
D /Fn—a t—s)a“ ~ds, n—1<a<n,n=[a]+1,

0
where [a] denotes the integer part of «, provided that the integral is well-defined over (0, +00).
Lemma 1 ( [21]). Assuming o > 0 and given a function u € C (0,1) N L' (0, 1), the following relation holds:

T (RZDa ) + Zazta i

where a; € R for each i = 1,n, withn = [a] + 1.

Lemma 2 ( [21]). Let o € (k — 1,k]. For any function u € C*, one has
7 (“Du( )+ Zalt’
where the coefficients a; are real constants for i = 0,k — 1.

Lemma 3. Let oy, a3 € (0,1) and ap, g € (1,2). For any continuous functions u, v € C, the unique solution
(u, v) to the hybrid coupled system (1-2) is explicitly represented by

t

u(t) = fltu / 5)01F02 7L fo (s, u(s), v(s))ds

a1+a2
0
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- / (a — £)9+92=2 £, (5 1(s), v(s))ds

Oél"‘OéQ—l

a2 2 ds
JrI“Motor (g — 1) / u(s) + o(s))

0
and
o(t) = I'(as + ay) / $)* 314 gy (s,u(s), v(s))dt
0
_F(ag—i—tm—l)/(a — 5) T2 gy (s,u(s), 0(s))ds
0
L y 0 s a4—2 s s <
+F(a4—1)!( ) (u(s) 4+ v(s)) ds.

Proof. If we apply the fractional integration operator Z%' to the system (1) and invoke Lemma 2, the

first equation of the problem becomes
t ) =Z t,u(t a1 —
C'])a:? L o .
fi( ,u(t),n(t)) f2( ) ( ),U(t)) + apt ’

Considering the initial boundary condition at ¢ = 0, we find that the constant parameter ag = 0.
Consequently, we can write

Cyas u(t) _ g1
262 (i) =2 000), ©

Next, operating with the fractional integral Z** on both sides of (3) and applying Lemma 1, we obtain

u(t) e
W—I T2 fo(t,u(t), 0(t)) + bo + bat

Using the initial assumption u(0) = 0, it follows directly that
by = 0,
which simplifies the expression to

u(t) ot
Faom) — LR (), o) + bit. W

Employing a parallel argument for the second component of the system, we find

o(t) st
Eutn o) L b0 -

From these integral equations, it follows by differentiation that
% ! — Ia1+a2—1 t t 1) + b
FGu(0),0(0) fa(t,u(t), 0(t) + b1,

u
/
(%) = T gy (L, u(t), 0(t)) + by,
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Evaluating these derivatives at the boundary ¢ = a according to the conditions given in (2), we have

— T o (1)

t=a

t=a

(et
GRORION
— o [T [u(t)]

()
atrun M) |

t=a

Solving this algebraic system for the constants b; and b, gives

b= e |70 () + 0 (0], — (22792 fa(t,u(0) (0)
by = = Ao | 2% [u(t) + v ()] 1o — (T3 ga(t u(t), 0(1))) .,

Substituting the expressions for b; and b2 back into (4) and (5), we get the explicit formula for u(¢):

_ fitu@0) [ airan-
u(t) = M/O(ts) T2l £ (s,u(s), 0(s))ds

t

_F(al—|—()42—1)/0 (a — S)a1+a2_2f2(8,u(s), U(S))ds

Aut ’ — )22 (y(s s)) ds
g | a9 ) o) s

Applying the same substitution strategy for the second component, we determine v(t):

o(t) = W /0 (t — 5)° =L go (s u(s), v(s))ds

t

CT(os+oas—1) /Oa(a — 5)%3F 42 go(5,u(s), v(s))ds

Aot ’ =2 (s s))ds
+F(a4_1)/0(a—s) (u(s) +v(s)) ds.

The proof is now complete. U

3. FunpaMeENTAL TooLs FrrRoM FuNCTIONAL ANALYSIS

This section outlines the essential mathematical background, definitions, and geometric structures
from classical functional analysis required throughout the manuscript. For a more comprehensive
development of these topological properties, readers may refer to [9,11,14,19].

We begin by establishing the underlying spaces and their respective standard topologies:

(1) LetC = C(J, E) denote the space containing all continuous mappings from J into Z. This space

forms a Banach space when equipped with the uniform norm defined by
[ull oo = sup fJu (&)
tel
(2) The product space K = C x C constitutes a product Banach space under the natural sum norm:

1w o)l = lJulloo + ol
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(3) LetC(J x E x E, E) represent the space of continuous real-valued functions mapping from the

product domain J x E x Z into =, which is associated with the supremum norm:

Iflle="" sup  [[f(s,u,0)]

(5,u,0)ETXEXE

Definition 3.1. (Kuratowski Measure of Noncompactness [14]). Let (Z, ||-||) be a Banach space, and let
Bz signify the family of all nonempty bounded subsets of =.

The Kuratowski measure of noncompactness is defined as the functional T : Bz — [0, +00) such that

for any subset ® € Bz,
T(B) = inf {0 >0:3n € N,3I6; C =,7 = 1,n, such that & C Zgl&, and diam(®;) < o, W}
where the diameter of each sub-component &; is given by
diam(®;) =sup {|u —of| : u,0 € &;}.

Lemma4 ([14]). Let &, & C = be bounded subsets. The Kuratowski measure satisfies the following fundamental
properties:
e Monotonicity: If & C &, then T(&) < T(®).
e Closure Invariance: T(6) = T(8).
(1) Convex hull invariance: T(conv(®)) = ().
(2) Homogeneity property: T(A&) = |\|T(B) is valid for any scalar A € R.
(3) Algebraic subadditivity: T(&+B) < T(B) + T(®), where the set addition is Qivenby & +B = {a+b:
ac€®B,be QAS}
(4) Compactness criterion: T(&) = 0 if and only if & is relatively compact within Z.

Lemma 5 ( [14]). Assuming that & C C is both bounded and equicontinuous, we define the evaluation set

O(t) ={u(t) :ue &} C Eforeacht € J. Then, the mapping t — T(B(t)) varies continuously over J, yielding

Te(®) = sup {F(B(1))},

tel

T </Ju(s)ds ‘e cs) < /J‘I((’ﬁ(s))ds.

Theorem 1 ( [9]). Let ¥, %o, ..., T, denote measures of noncompactness established on the respective Banach

and moreover,

spaces =1, Za, ..., =p. Let § : (R4)™ — Ry be a convex function satisfying §(t1,ta...,tn) =0 <= t; =0 for

eachi € {1,2,...,n}. Then, for any bounded subset & CZ; X Zg X ... X 2, thefunctzonul
T(®) =F(T1(81), T2 (82) ., Tn (Bn)),

constitutes a valid measure of noncompactness on the product framework =; x Zg X ... X E,,, where ®; represents

the canonical projection of & onto Z;.
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e Particular Case: ( [9]). Whenever n = 2, if we choose the mapping § : R4 x Ry — R, defined

as §(x,y) = = + y, all prerequisites of Theorem 1 are met. Consequently, the mapping
T(B) =T1(81) + 52 (82),

defines a measure of noncompactness over the product space 1 x =3, with &1, &, signifying

the canonical projections.

Lemma 6 ( [11]). Let £ : Ry — Ry represent an upper semicontinuous and nondecreasing function. The
statements below are equivalent:
(1) &(t) < tforallt > 0.

(2) Foranyt € Ry, the sequence of iterations " (t) converges to zero as n — +oo, i.e., lirf & (t)=0.
n—-+00

Theorem 2. (Generalized Darbo Fixed-Point Theorem [11]). Let 9t be a nonempty, closed, bounded, and

convex subset of a Banach space Z. Let 91 : I — 9N be a continuous mapping satisfying

T(N(B)) <£(T(¥)), (6)

for every nonempty subset & C I, where T is an arbitrary measure of noncompactness and £ : Ry — Ry isa
nondecreasing mapping such that lirf €"(t) =0forallt € Ry (with £ being the n-th iterate of £). Under
n—-+00

these conditions, N possesses at least one fixed point within .

Theorem 3. (Contraction Principle [19]). An operator T mapping a Banach space = into itself is called a

contraction if there exists a constant k € (0, 1) fulfilling
1Ty = Tell < Kkllp—¥ll, VepeE

Theorem 4. (Banach Fixed-Point Theorem [19]). Let T : £ — E be a contraction operator on a Banach space

E. Then T admits a unique fixed point u € =, meaning that 3w € = such that Tu = u.
4. MaiN Resutrs

In light of Lemma 3, we introduce the operator ® : K — K structured as:

®y (u,0) (1)
@ (u(t),0(t) = : (7)
©; (u,0) (1)
where the components ®;, ®; : K — C are given explicitly by:

t

P, (Lh U) (t) _ fl taul - a2 / a1+a2—1f2(s, u(S), U(S))ds (8)
0
_F(al +ta2 — 1)/(a — S)a1+a2*2f2(87u(5)’ U(S))ds
0
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2_1/61—30‘22 (s) +v(s))ds,

;
and
B (o) () = L) 4 )77 g, u(s), 0(s))ds (9)
et Z(a = )2 (s, u(s), ()
+r(oint—1)Z(“ — )% (u(s) + v (s)) ds.

4.1. Existence and Uniqueness Analysis.

In this section, we establish the existence criteria for solutions by applying the Kuratowski measure of
noncompactness coupled with Darbo’s generalized fixed-point theorem involving a nondecreasing
control function. Furthermore, the uniqueness of the solution is demonstrated using the classical
Banach contraction principle.

e Let A denote the class of functions defined by:

A= {5 : [0, +00) — [0, +00) : £ is a nondecreasing mapping satisfying lim &"(¢) = 0 for each t € [0, ~|—oo)} .

—+00
Remark 1. The operational class A satisfies the following basic properties:

e For any scaling parameter A € [0, 1] and any function £ € A, the composite product fulfills
A € A
o If £ € A, then the strict inequality {(¢) < t holds for all t > 0.

Let B, denote the closed ball centered at the coordinate origin with a fixed radius 7 > 0, defined in
the space K by:
Br = {(u,0) € K, [|(u,0)[xc <7} C K.

To simplify the subsequent calculations, we introduce the following constant notations:

87, = sup | f2(£,0,0)[|, and 3, = sup |lga(t,0,0)] .
te] tel]

Throughout this manuscript, we assume the validity of the following hypotheses:

e (H1) There exist two continuous control functions d,d, € A such that, for all ¢ € J,

[t u(t), o) = fo(t,5(0),5())] < 8y (JJu— 1l + |[o 5] ) (10)
and

2(0.1(0).0(8)) — g 80).5(0))| < o, (Ju— ] + [0 5] )
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Furthermore, for all £ € J, the functions f; and g; are bounded by positive constants M and

M, respectively:

[ f1(t,u(t), 0(t))|

’gl(t7 u(t)u U(t))‘ < Mg'

IN

My, (12)

e (H2) There exist conjugate parameters p,q € (0,+00) satisfying % + % = 1, such that the

following inequalities hold:

My <5f (1) + §f2> a“tez My <5f (1) + 3}2) a®1toz A2 1

< =T, 13
(14 ag + ag) [(ag + a9) F(ag)T - pT (13)
and
M, (6g (1) + gg2> q@3Taa N M, <6g (1) + 3\92> q@3Taa N Apa® B 1 14)
P(l + ag + 054) P(Oég + a4) F(l + a4)T - 67—.

Remark 2. Based on the assumptions (10) and (11), it follows directly that for any bounded subsets

®1,®, C C and for each t € J, the following inequalities are satisfied:
T(fa(t, 61, 83)) < 07(T(1) + T(B2)), (15)

and

T (g2(t, 61,82)) < 05(T(B1) + T(B2)). (16)

Theorem 5. (Existence Result). Supposing that requirements (10), (11), (13), and (14) are fulfilled, the

hybrid coupled system (1-2) admits at least one solution.

Proof. The verification of this existence result is broken down into four sequential stages.

e Stage 1. Invariance of the closed ball B, under ®. Let (u,v) € B, and ¢ € J. Utilizing hypotheses
(10), (12), and (11), we can establish that

If2(tu(t), o) < | falt,u(t), 0(t) — f2(t,0,0) + || f2(£,0,0) (17)
< 8¢ (JJu)] + lo(t)]]) + 85,

and symmetrically,

lg2 (@, u(®), 0 ()] < [lga(t, u(t), 0(t)) = g2(Z,0,0)[| + llg2(¢, 0, 0)] (18)
< 3y (@)l + [lo()])) + 3,

Consequently, evaluating the first component ¢, we obtain

11 (w, 0) (£)]]
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_ S)a1+a2—1d8

My [ (@Il + o (@) ) + 3. 7@

F(Oél —+ 052) A

aMy [3 (lu(®)| + lo(t)]) + 7. / P
0

P(Oq + o — 1)

ade (Ju®)] + I ) 7 -
T Tl 1) {(“ ) Ts

My ((5f (1) + ;5}2) a1toz N My <5f (1) + gﬁ) a1toz MA@ i
F(l + a1 + 042) F(Oq + 042) F(OZQ) ’

Taking the supremum over ¢ € J and applying condition (13), we find
|1 (0,0)] <
, o ST
' p

Employing a parallel argument for the second component ®5, we have

2, 0) (1)
My [8, (I + o)) + 3.
/ a3+a4 1d8
- I(as + ay)
0
aly [6, (lu(®)]| + [o(®)]) + 5, o
+ / )BT g
F(Ck3+044—1
0

ado ([[u(®)]| + [[o(®)[]) i
+ Flog — 1) /(a — 5)*72ds
0

M, (59 (1) + 592) a®sted N M, (59 (1) + 592) s Apa™t
7—7
N1+ as+ayq) I(as + ay) I'(1+ ay)

Hence, invoking condition (14), it yields

1
P2 (u,0) [l < =

L=

By combining these two uniform bounds, we conclude that

1 1
1 (4, 0)ll = 1 (a0 e + [z (1, ). < <p n q> —

This establishes that the operator ® maps the ball B into itself.

e Stage 2. The operator ® maps bounded subsets of B, into equicontinuous families. Let B> =
{(u,0) € K, ||(u,0)| . <7} C B, be an arbitrary bounded subset. Applying the hypothesis

(10), for any pair (u,v) € B and for any time instants ¢, t2 € J with t; < ¢, we observe that:
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IN

<

[f2(t, ultr), 0(t1)) = fa(ta, u(t2), v(t2))]]

[ fo(t1,u(t1), 0(t1)) — fa(tr,utz), o))l + ([ f2(t1, u(t2), 0(t2)) — fa(t2, u(t2), v(t2))|l
Or (Ju(tr) —u(t2)ll + [[o(t1) — v(E2)l) + | f2(t1, u(t2), v(t2)) — fa(ta, u(ta), v(t2))ll

On the other hand, for any element (1, v) € B, the second term on the right-hand side can be

bounded as follows:

[f2(t1, ulta), 0(t2)) — fata, u(tz), 0(t2))[| < sup | fa(t1,u,0) = fa(t2,u,0)[|.

[t1—t2]—0

Since the nonlinear mappings f» and g2 are uniformly continuous on any bounded subset

within the product space J x = x =, we immediately deduce that

[ f2(t1, u(te), 0(t2)) — fa(tz, u(t2), v(t2))[| — 0.

Consequently, it yields that

| fa(t1, u(t1), v(t1)) — fa(t2, u(t2), v(t2))|| — 0.

Following a symmetric argument, we also obtain

IN

IN

lg2(t1, u(t1), 0(t1)) — ga(tz, u(tz), v(t2))[| — 0.

Now, let us evaluate the variation of the operator component ®;:

|1 (u,0) (1) — @1 (u, 0) (t2)]]

o 4 / (b1 = )" s u(s), o(o))ds - / (12 = )77 5, u(s), 0(s))ds
t1 — ta| | 1oy —

v as 7 (9" Ao, ol

Aeltr — to] | -

Tlas= 1) ] 977 QI+ o@D

My [5f (7) +3f2}
I'(1+ a1 + as)

aal"_aQ—le (5f (7‘) + ng)
+ [t1 — tof

(t2a1+0<2 _ t1a1+a2 + (t2 _ tl)a1+a2)

I'(1+4+ a1 + as)

T N
Ty N It T2
(az)

(19)

(20)

(21)
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From this upper bound, we can explicitly conclude that
H‘Iﬁ (u U)( ) P, (U. U) (tQ)H — 0, ast; — to.

This demonstrates that the set of functions ®;(87) is equicontinuous.

By applying an identical procedure to the second component ®,, we get

[ @2 (u,0) (t1) — P2 (u,0) (&2)||

M, [59 (1) + 592}
- T'(l+as+aq) (
aa3+a4_1Mg (59 (1) + ggz)

t2a3+a4 _ t1a3+a4 + (t2 _ tl)a3+a4)

+ t1 —t
L1+ a3+ as) f1 =l
T TN
T(cua) 1 —t2
Thus, it follows that

|2 (u,0) (t1) — P2 (u,0) (t2)]| — 0, asty — to.

This establishes that ®,(85) is also equicontinuous.
As a final consequence of this stage, the multi-valued operator ® maps bounded sets into

equicontinuous sets.

e Stage 3. Continuity of the operational mapping ® over 5. To verify this property, let us consider
an arbitrary sequence (u,, v,) C B, that converges toward an element (u, v) within the space

B,. By tracking the norm difference for the first component ®;, we have:

|1 (1n, 0r) () = @1 (u,0) (D)

< ot { ) (s, un(s), 0 (5)) — fa(s,u(s), (s))]| ds
aMy y g
+r<a+a—1>/ (a =)™ 272 | fa(s 4a(5), 0u(5)) = fals, u(s), v(s))]| ds
Au@ y o
+r(052—1){(a —5)%272 ([[un(s) — u(s)| + loa(s) — v(s)|) ds
<

qo1taz qdtaz
(r( T My Mf)Supufg(t,un(t),nn(t))—f2(t,u(t),n(t))H

l+a;+a2) T(ar+az)/) ey

te]

+?‘EZ:) (sup [Jun (8) — w(t)[| + Sup [on(t) — U(ﬂ”) :
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Invoking Lebesgue’s Dominated Convergence Theorem and taking into account the continuity

constraints on the non-linearities, it follows that:

lim |1 (s, 00) (£) — 1 (1, 0) (£)]| = 0.

n—oo

Analogously, a parallel deduction for the second operational component yields:

lim [|@s (1, 02) (£) — @5 (11, 0) (£)]| = 0.

n—oo

This pointwise convergence of both sequences ®; (u,,v,) — ®; (u,v) and @3 (1, 0,) —
5 (u,v) can be upgraded to uniform convergence. Indeed, as demonstrated in Stage 2, the
operator ® carries bounded sets into equicontinuous families. Consequently, the sequence of
operators {® (1, v,)}, oy forms an equicontinuous set.

By applying the classical Arzela—Ascoli theorem, the combination of this equicontinuity
along with the pointwise limit guarantees that the convergence is uniform across the entire

interval. This ultimately proves that the operator @ is continuous on the domain 8.

e Stage 4. Verification of the topological contraction constraint (6).

Let us construct the set & = conv(®B,). By definition, & represents a closed, convex, and
bounded subset within the ball 9B5;. Since the embedding & C B, holds, it immediately follows
that ® (&) C ® (B,) C &. Integrating the conclusions established in Stage 1 and Stage 3, the
operator ® : & — & is shown to be both continuous and bounded. Furthermore, Stage 2
guarantees that the image set & is equicontinuous.

Consequently, invoking Lemma 5, the real-valued mapping ¢ — T(&(t)) is continuous over
the interval J. Utilizing the properties established in the product framework of Example 3
alongside the axiomatic structure of the Kuratowski measure of noncompactness T, we can

deduce that for any given time instant ¢ € J:
T(B(1)) = T(D1 (8))(t) + T(D2 (8))(1).
Evaluating the first component, we observe that:

(21 (8))(1)

I +042 / $)M T (fofs, B1(s), Ba(s5))) ds

0
a

aMf i
+F(a1+0z2—1){(a5) Fe2=2g (fo(s, G1(s), Ba(s))) ds

a
Au@

+1w/(a — 5)°2 72T (B1(s) + By (s)) ds,

0
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where &, and &, signify the canonical projections of the bounded set & C ‘B, onto the space C.

Applying the estimates (20), (21), and Remark 2, the previous bound reduces to:

(P, (6))(2)
a1+a2{ a1+a2 15f(‘f(@1(8))+‘3:(®2(3)))d3
aMf y a1t
+r(al+0@—1){<a — 5) M35 (T(B1(5)) + T(Ba(s))) ds

Au y -
+p(a2_1)/(a — 5)*2 72 [T(B1(s)) + T(Ba(s))] ds,

0

Hence, applying Lemma 5 to switch to the uniform norm, we find:

Te(P (@))
5 (z t M;§ s
f(,'/ 041+a2 1d + My f C /CL—S a1+a272ds
F(a1+a2 FO[lJrOéQ*l
0 0
uafc / ag*QdS
INag —1)
0

aa1+a2 aa1+a2 - )\uaaz -
< Mo (T (& —%(B).
o (F(1+a1+a2)+F(a1+a2)) ff( c )>+F(Oé2) ¢ (®)

Following an identical bounding sequence for the second operator component, we obtain:
a®3 +ay a®3 +ay

_|_
+az+ay) T(az+ay

() < (15 ) 15, (3e (©) + 25 ().

By summing these uniform estimates, it follows that:

Te(@(8)) < Tc(P1(0)) + T (P2 (6))

aa1+a2 aOé1+012 Mo "/jt' &
<F(1—|—a1—|—o¢2)+f‘(al+a2)> ! f( el ))

aas+oc4 aoc3+a4 -
+ <r( + ) M8, (Se (®))

<

I+a3+os) T(az+ag)
Aua®? /\t,aa‘*) ~
+ + T (B
(Fiey * Ty ) @)

< ¢ (%C (es)) .

In light of Remark 1, the control mapping belongs to the class A. Consequently, applying the
Generalized Darbo Fixed-Point Theorem (2), we conclude that the initial coupled fractional

system (1-2) possesses at least one mild solution (u, v) inside the subset &.
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Theorem 6. (Uniqueness of Solutions). Assuming that prerequisites (H1) and (H2) are satisfied, the hybrid

interconnected system (1-2) admits a unique mild solution (u,v) in the product domain K.

Proof. Let (u,v) and (u,v) represent two distinct elements chosen from the product space K. Taking

the norm of their operational images under ¢, we write:

|@(u,0) — @, )| . = ||P1(u,0) — D1 (0, 0) || + || Pa(u,b) —

Evaluating the first component, it yields:

@1 (1, 0) () — &1 (3, 5)(2)
M t o
< M/{) (t — 3)041+a271 Hf2(37u($),0(8)) — fg(s,u(s) b 3))H ds
aM a o
ot 1) / (a= )72 f2(s,u(s), 0(s)) = fals,0(s), B

e [* a— )22 s) —
s a2 (e

Invoking the hypothesis (H1), we can rewrite this upper bound as:

)+ [Jo(s) = v(s)[]) ds

[®1(u, 0)(t) — @1(1,0) ()]
Mf5f( ) aj+ag Mf5f( )aal—i—ag )\uaa2> N
t) —u(t t) —
a (T(l + a1 + az) (o + a2) + () (lu(t) = u(@®)l| + [|o(t)
Mf(Sf(T)an-l—aQ Mf(Sf(T)aO‘H_aQ )\ua H " U (ﬁ G)H
< N1+ a1 + az) (a1 + a9) T (a) )| -
Taking the supremum over ¢ € J, we get:
) Mypdp(m)at2  Mpds(r)a® 2 \,a®
d - <
100 2) =019, < <F(1 + a1 + as) (o + az) * () s,0)

In a similar fashion, the uniform bound for the second component.

4.2. Uniqueness Criteria via Banach Fixed-Point Principle.

Py (1, 0)]|

s))Hds

Bll)

To establish the uniqueness property of the system’s solutions, we introduce the following refined

assumptions:

(A1) There exist positive Lipschitz coefficients £¢, £, > 0 such that, forall ¢ € J and all state variables

within the space, the following inequalities are satisfied:

| F2(t, ur(t), 01(8)) = fa(t, ua(t), v2(1)) < £ ([[ur — ual[ + [Jor —v2]), (23)
and
|92(t, w1 (8), 01(2)) — g2(t, u2(t), v2(4))| < L4 (lur — uzf + [lor — vaf).- (24)
(A2) The structural parameter of the coupled system fulfills the strict contraction condition:
_ Mpa™te2Ly  Mpa®te2Ly a® )\, Mga®tag,  Mga®teag,  a™, <1 (25)
I'l4+a1+a2) T(ar+a) T(ag) T'l4+as+as) Tlazs+as) T(og)
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Theorem 7. Supposing that assumptions (A1) and (A2) hold, the interconnected fractional differential system

(1-2) possesses a unique mild solution (u, v) inside the product Banach space K.

Proof. Let us choose two arbitrary pairs (1, v) and (1, b) belonging to the product framework K. Evalu-

ating the standard uniform norm of their images under the mapping ®, we have:
[ (0.0) = (38) | = @1 (0,0) ~ B (@5)]], + ][22 (w.0) ~ 2 @F)]
Estimating the variation for the first operational component, we can write:

H@l u, D) (t) — P, (ﬁ B) (t)H

al + Cm / a1+a2—1 HfQ(s,u(S), U(S)) — fg(s,ﬁ(s) ,E(s))H ds

0
aM y R R
+F(041—|—04f2—1)[(a — 3)041+0c2—2 HfZ(s,u(S), U(S)) — fg(s,u (s) , 0 (5))“ ds
Au | - . .
*r@ﬁn[”‘@ > (Ju(s) = 85} + [o(s) ~ D)) s

By implementing the Lipschitz criterion (A1), this inequality simplifies to:

H<I>1(u,u)() <I>1 un) H
M a1+a2£ M a1+a22 a2 -
(P s + T ) () -3
F(l+ar+a) Tlag+as) Tla)
Mya®+e2g,  Mpa®+o2g,  A\a > .
u,0) — (u,9)...
<F(1+Oz1+a2) Iy + a2) I'ag) H( ) ( )HK

Ol + o (1) v @)]])

Taking the supremum over the whole domain ¢ € J yields:

Mfaa1+oc22f Mfaoq—i-azgf )\ua > .
+ u,0) — (Wo)|.. (26
T(1+ai+as) T(a+a)  T(ag) [(w,0) = @) || (26)

&1 o)~ 1 @5)]. <

Adopting a symmetric technique for the second operator component ®,, we obtain:

azto az+ta
H<I>2 (u,0) — P (ﬁ’E)Hoo < (FMga staag Mya®3toag, — Aya®

(1+ a3+ aq) - [as + aq) + INE) > H u, v) ( ’E)HIC' (27)

By merging these two uniform evaluations, it follows that:

ato altao o
| (u,0) - ® (i, 5) [ Mya®t028; | Mpa®*+2g;  Aa®

Fl+a;+az) T(ag+a) (o)
Mgaa3+a4£g Mgaa3+a4£g ApG™4 :| H u, U
F(l + a3 + 014) F(Oég + 014) F(a4

< of|(u) = (@ o)

e <

(@9)

In view of condition (A2), the mapping ® acts as a strict contraction over the metric space.
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As a final consequence, by applying the Banach Contraction Principle (4), the operator ® admits a
unique fixed point (u,v) € K. This coordinate matches the unique mild solution of the hybrid coupled

system (1-2), completing the proof. a

5. NuMericAaL ILLUSTRATION

To evaluate the practical relevance of our analytical findings, we construct a concrete numerical

example. Let us consider the sequence space = = /*°(R) defined by:
E={u=(u,ug, - ,uy,---):u; €R, i € N\ {0}},
associated with the standard supremum norm:

lulf = sup {Jus}.
iEN\{0}
Over the compact interval J = (0, 1], we examine the following coupled hybrid fractional differential
system:
REDO (ODM6 | it |) = Falt (), 0(®)),
Ry (ODVT [t ]) = gatt (), o(1)),

where the respective scaling and continuous nonlinear functions are given by:

t t
fg(t,u,b) = {m(un+nn)} ’ QQ(t,u,U): {g(un_bn)}
neN\{0}
t2 t

At u®),o(t) = 355, altul®):v(t)) = 3555

(28)

nEN\{0}

This interconnected system is subjected to the following non-local boundary conditions:

(u(0),0(0)) = (0,0),

) = —0.313 |20 (¢
F@a) | = 0313 |T%e ()

( IO N )’ = —0.308 |Z07u (¢)
t=1

p

t=1"

g1 (t,u(t),0(t))

Ccplé (%) ‘t:: “pr7 (m) ’t:O =0

Here, the boundary constants are selected as A, = A\, = 0.3.

t=1"

By setting a = 1, we evaluate the parameters corresponding to our theoretical assumptions. For any

pair (u,0), (1i,0) € = x Z, the nonlinearities satisfy:

o~ t —~ —~
‘fQ(t7u7U) - fg(t,u,b)‘ < E(’u_ u’ + |U - U’)7

~ t ~ ~
’92(t’uan) _92(t7u70)‘ < §(|u - u| + |U - U|)

Hence, the continuous control mappings and perturbation metrics simplify to:

t o~ .
8’ 5f2 = 592 =0,

=g
~
—~
~
~—
I
>
e}
—~
~
~—
|
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1 1
= _— M = —_—
! 100" 9 1000

Substituting these numerical values into the algebraic conditions derived in requirement (H2), we

can check that:

My <5f (1) + gﬁ) a®1taz . My (5f (1) + ng) a1tz Aa®?
(1 + a1+ ag) (o + a2) [a2)

T

- = L 08 1o L (3 08 ) s
~ l100 \100'(3) * 100(2)) T(1.6)] ~ 100 \20 ' 0.8935) —

and similarly,

My (8 (7) + 8, ) aate Mo (8 (1) + 3y, ) e L dua
-
F(l + a3 + 044) P(ag + 044) F(l + 044)

1 1 n 1 n 0.3 1 3 n 0.3 <05
= T — — | T OT.
1000 \ 8I'(3) = 8I'(2) ['(1.7) 1000 \ 16 ~ 0.9086 -

Furthermore, the Lipschitz constants for the uniqueness theorem are given by £; = & and £, = §.

Evaluating the total contraction mapping index, we obtain:
o~ 0.3508 + 0.3303 < 1.

Consequently, all topological and algebraic prerequisites required by Theorem 5 and Theorem 7 are
verified. We can conclude that the coupled fractional system (28) subject to the constraints (29) admits

a unique mild solution (u, v) inside the closed ball 8.

6. CoNCLUSION

This manuscript investigated a novel interconnected hybrid system governed by non-linear fractional
differential equations evaluated within a Banach space framework. The core feature of the proposed
model lies in its integration of mixed fractional operators, blending the non-local properties of both the
Riemann-Liouville and Caputo formulations of varying orders.

The structural analysis centered on defining the qualitative properties of the model, specifically
establishing rigorous criteria for the solvability and unique existence of mild solutions. To accomplish
this, we implemented a robust combination of analytical instruments from non-linear functional
analysis. In particular, the Kuratowski measure of noncompactness was successfully coupled with
an extended version of Darbo’s fixed-point formulation utilizing a nondecreasing control function to
verify the existence criteria. Subsequently, the uniqueness of the state trajectory was demonstrated by
verifying Lipschitz-type conditions through the application of the classical Banach contraction mapping
principle.

The main findings documented in this work can be summarized as follows:
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e We derived a mathematically equivalent integral representation for a complex system of two
coupled non-linear fractional equations subject to non-local boundary configurations.

e The structural solvability showing the existence of at least one solution was validated under
general noncompactness assumptions via Darbo’s topological framework.

e The strict uniqueness of this solution was guaranteed under valid contraction parameters.

In summary;, this research provides a comprehensive and rigorous theoretical foundation for an-
alyzing multi-order coupled fractional systems. The tools and methodology detailed in this paper
offer valuable mathematical perspectives that can be extended to explore further qualitative properties,
such as different stability criteria or numerical approximations, in complex dynamical systems with

long-range hereditary impacts.
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