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AsstracT. This paper develops and applies the Power Generalized Weibull Mixture of Chi-Square Distribution
(PGWMCD) as a flexible probability model for nonnegative, right-skewed data with emphasis on extreme
rainfall modeling. The proposed distribution is constructed through a continuous mixture framework
in which a chi-square-type conditional distribution is mixed over a power generalized Weibull random
parameter. Its probability density function is established, and the validity of the model is verified through
nonnegativity and normalization. Integral and series representations are derived for the raw moments,
mean, variance, skewness, kurtosis, and cumulative distribution function, thereby providing the theoretical
basis for statistical inference and return-level estimation. For the empirical application, annual maximum
daily precipitation series from 1981 to 2025 were constructed for the five provinces of the Caraga Region,
Philippines. The PGWMCD was fitted together with the generalized extreme value, Weibull, Gamma,
Lognormal, and Log-Pearson Type III distributions using numerical maximum likelihood estimation.
Model performance was compared primarily through CDF-based root mean square error (RMSE), with
Anderson-Darling bootstrap p-values and PDF-histogram overlays used as supplementary goodness-of-fit
diagnostics. The PGWMCD produced the smallest RMSE in Agusan del Sur, Dinagat Islands, and Surigao
del Norte, whereas the Lognormal and Gamma distributions were preferred in Agusan del Norte and
Surigao del Sur, respectively. Rainfall return levels for 2-, 5-, 10-, 25-, 50-, and 100-year return periods
were then computed from the RMSE-selected fitted distributions and mapped over the Caraga Region.
The results show that the PGWMCD is a theoretically valid and empirically competitive model for annual
maximum rainfall, particularly in provinces where additional flexibility in shape and tail behavior improves
agreement with the empirical distribution.
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1. INTRODUCTION

Extreme precipitation is a persistent source of hydrometeorological risk because the upper tail of
the rainfall distribution controls the design magnitudes used in flood mitigation, drainage planning,
reservoir safety, agricultural water management, and climate-adaptation decisions. In rainfall frequency
analysis, the quantity of interest is often not the mean behavior of precipitation but the return level
associated with a specified annual exceedance probability. If X denotes annual maximum daily rainfall

and F is its fitted distribution function, the T-year return level is commonly expressed as

1
xT:F1<1—T>,

so that P(X > xr) = 1/T. This formulation links statistical distribution theory directly to an engineer-
ing interpretation: the estimated upper quantiles of the fitted model serve as design-relevant rainfall
thresholds. Consequently, uncertainty in the selected probability model, especially in its right tail,
propagates into uncertainty in return-period estimates and associated spatial risk assessments.

The statistical modeling of annual maximum rainfall has long been central to hydrology and clima-
tology. [26] showed, using more than 15,000 global rainfall records, that the distributional behavior
of annual maximum daily rainfall is sensitive to tail specification and sample length, and that naive
adoption of a single extreme-value type can substantially distort inferred return periods. [30] similarly
emphasized that rainfall frequency estimation remains methodologically diverse across countries, with
no universally dominant procedure, particularly for long return periods estimated from relatively short
observational records. These concerns are directly relevant to regional rainfall studies, where annual
maxima are often limited to a few decades and where design quantiles must nevertheless be estimated
for return periods exceeding the available record length.

Distribution selection is therefore not a peripheral step but a substantive component of extreme-
rainfall inference. Studies of design rainfall have routinely compared families of distributions, such as
the generalized extreme value (GEV), Gumbel, Weibull, Gamma, Lognormal, Pearson Type III, and
Log-Pearson Type III, using goodness-of-fit tests and information criteria [2,8,20]. [2], for example,
examined annual maximum rainfall in Qatar using multiple candidate distributions and goodness-
of-fit tests, while [3] used graphical and numerical measures, including RMSE, AIC, and BIC, to
identify probability models for annual maximum daily rainfall under current climatic conditions. [37]
further demonstrated that goodness-of-fit tests differ in power and sensitivity across distributional
settings, underscoring the need to view model comparison as multi-criteria rather than mechanical.
Taken together, these studies justify comparative fitting frameworks in which likelihood-based indices,
empirical-distribution diagnostics, and visual checks are interpreted jointly.

Recent work also indicates that the traditional three-parameter models used in rainfall frequency

analysis may be insufficient in some climatic regimes. [ 24 ] showed that exploiting peaks-over-threshold
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information through a flexible Kappa distribution can improve rare quantile estimation relative to
annual-maxima approaches in some settings. [29] likewise argued, using a global data set of annual
maxima, that more flexible four-parameter models can better represent heavy-tail behavior where con-
ventional GEV or Pearson-type models are constrained. These findings support the broader statistical
motivation for developing and evaluating flexible probability distributions whose additional structure
may improve tail representation without sacrificing interpretability.

The present article is positioned within that theoretical and applied context. Its theoretical contri-
bution examines the Power Generalized Weibull Mixture of Chi-Square Distribution (PGWMCD), a
model that combines the flexibility of the power generalized Weibull family with a chi-square mixture.
Generalized Weibull-type models have been developed precisely to expand the range of attainable
distributional and hazard-rate shapes [5,25]. In parallel, mixture representations involving chi-square
distributions remain an active area of probability theory because they provide tractable mechanisms
for inducing additional heterogeneity and tail flexibility [15]. A closely related development is the
Gamma mixture of chi-square distribution of [17], where chi-square mixtures were used to model
leptokurtic and right-skewed data and were applied to precipitation data in the Caraga Region. The
present study extends this line of work by using a power generalized Weibull mixing mechanism and
by linking the resulting distribution to rainfall return-level estimation and spatial mapping. For rainfall
extremes, this flexibility is attractive because annual maximum precipitation may exhibit skewness, tail
heaviness, and province-specific variation that are not always captured adequately by standard two- or
three-parameter models.

The applied contribution of the article is to evaluate the practical usefulness of the PGWMCD in
rainfall return-period analysis for the Caraga Region of the Philippines. The Philippines is a suitable
setting because extreme rainfall is a recurrent and consequential hazard in the archipelago. [34] used
GEV modeling of long-term station records to show that extreme rainfall in the Philippines has changed
in relation to global mean temperature and ENSO variability. Subsequent studies have emphasized
the role of large-scale and intraseasonal circulation features in shaping Philippine rainfall extremes,
including the boreal summer intraseasonal oscillation, the Madden-Julian oscillation, tropical cyclones,
cold surges, and related multiscale interactions [22,23,39]. At the watershed scale, [32] showed that
spatiotemporal analysis of extreme rainfall and drought can inform local water-resource management
in the Philippines. These studies establish both the hazard relevance and the spatial heterogeneity of
Philippine extreme precipitation.

Spatial representation is increasingly important because decision makers require not only point
estimates but also interpretable regional patterns of return-period rainfall. [9] provided an early
statistical framework for mapping precipitation return levels and their uncertainty, while [14] reviewed

the broader development of rainfall spatial estimation from interpolation to multi-source merging. [10]
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specifically compared approaches for estimating extreme precipitation of any return period at ungauged
locations and showed that the method used to spatialize extremes can materially affect mapped design
values. More recently, [27] demonstrated that spatial GEV models supported by high-resolution climate
information can improve the representation of 10-year and 100-year rainfall return levels. These works
support the mapping component of the present article, where fitted return levels are translated into
spatial rainfall-risk surfaces over the real provincial geometry of Caraga.

Accordingly, this study integrates distribution theory and applied spatial hydrology. First, it fits
the PGWMCD alongside GEV, Weibull, Gamma, Lognormal, and Log-Pearson Type III models to
annual maximum daily precipitation for the five provinces of Caraga. Second, it compares the fit-
ted models using RMSE, Anderson—Darling goodness-of-fit diagnostics, and visual PDF-histogram
overlays. Third, it computes rainfall return levels from the fitted CDFs using 27 = F~1(1 — 1/7),
selecting the distribution with the smallest RMSE for the return-level application. Finally, it maps the
resulting return-period rainfall estimates over the Caraga provinces to provide a spatially interpretable
application of the theoretical model. By aligning the PGWMCD'’s distributional development with
return-period estimation and real-map visualization, the article demonstrates how a newly derived
probability model can be evaluated not only as a mathematical object but also as a tool for regional

extreme-rainfall assessment.

2. MATERIALS AND METHODS

This section describes the mathematical and empirical procedures used to evaluate the Power
Generalized Weibull Mixture of Chi-Square Distribution (PGWMCD) as a model for extreme rainfall.
The analysis proceeds in two connected stages. First, the distributional framework is established through
mixture theory and the component distributions entering the PGWMCD. Second, the proposed model
is applied to annual maximum daily precipitation in the Caraga Region and compared with standard

probability models commonly used in rainfall frequency analysis.

2.1. Mixture Distribution Framework. Mixture distributions arise when the parameter of a baseline
family varies according to another probability law. This construction is widely used for modeling
heterogeneous populations and data-generating mechanisms that cannot be adequately represented by
a single homogeneous distribution [18,33,38]. Let f(z; 6) be a density function indexed by a parameter
6 € ©, and let g(f) be the mixing density of ©. Following the general mixture construction discussed

by [36], the corresponding continuous mixture density is

hz) = /@ £(:0)9(6) do, (21)

provided that the integral exists and h(x) > 0 for all = in the support. If the mixing distribution is

discrete with support points 61, 05, . .., 0, and weights w1, wo, . .. ,w), the corresponding finite mixture
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is
p P
h(z) = wpf(;06),  wp>0, Y wp=1. (22)
k=1 k=1
This construction is useful in rainfall modeling because annual maximum precipitation may reflect

heterogeneous generating mechanisms. A mixture model can therefore introduce additional flexibility

in skewness, tail weight, and shape while retaining a probability-density interpretation [15,18].

2.2. Component Distributions. The power generalized Weibull distribution is used as the mixing
distribution in the proposed model. This family extends the classical Weibull model [35] and provides
additional shape flexibility through the generalized Weibull construction [4,28]. For parameters o > 0,

f > 0,and A > 0, its probability density function is given by
9(0; 0, B, \) = XaB6°"L (1 + A0%)° L exp {1 1+ )\90‘)5} . 90, (2.3)
and its cumulative distribution function is
G(0;0,8,\) = 1—exp{1—(1+)\9a)’8}, 6> 0. (2.4)

Here, a and 3 are shape parameters and )\ is a scale parameter. The additional shape parameter allows
the model to accommodate distributional forms beyond the classical Weibull family [4,28].

The second component is the chi-square distribution, a nonnegative distribution that is fundamental
in statistical inference and is commonly expressed through the Gamma function [7,12]. If X follows a

chi-square distribution with v > 0 degrees of freedom, then its density is

2v/?~ 1 exp(—x/2)
2021 (v/2)

The chi-square family is appropriate in the present construction because it is nonnegative, right-skewed,

f(x;v) = x> 0. (2.5)

and analytically tractable through the Gamma function.
Combining Equation (2.3) and Equation (2.5) through the continuous mixture principle in Equa-

tion (2.1), the PGWMCD density may be expressed as

frawmep (z; o, B, A, v) = / Aa B0 (1 4 A0%)7 " exp {1 -1+ /\9a)6}
0

/201 exp(—x/Z)
202400 (v /2 +0)
The parameter vector of the PGWMCD is therefore

x> 0.

@ = (a?57 A’ V)T’

where ¢, 3, and A govern the power generalized Weibull mixing mechanism and v governs the chi-

square component.
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2.3. Auxiliary Mathematical Formulae. Several derivations in the succeeding section require standard

identities involving the Gamma function. For n € N and = > 0, the Pochhammer symbol is [40]
(@) = 2(w +1)(z+2) - (& +n—1),

which can be written as

I'(z+n)
R ) 2.7
In addition, for ¢ > 0 and a > 0, the standard Gamma integral is [40]
/ e THE dg = F(Z). (2.8)
0 K

These formulae are used in deriving the raw moments and related distributional properties of the

PGWMCD.

2.4. Study Area and Rainfall Data. The empirical component of the study uses daily precipitation data
for the five provinces of the Caraga Region, namely Agusan del Norte, Agusan del Sur, Dinagat Islands,
Surigao del Norte, and Surigao del Sur. Daily corrected precipitation, denoted by the NASA POWER
variable PRECTOTCORR and measured in mm dayfl, was obtained from the NASA Prediction
Of Worldwide Energy Resources (POWER) Daily API, version 2.9.4, with MERRA?2 as the source
product [21]. The extraction covered January 1, 1981 to December 31, 2025 and used local solar time.
For each province, the requested point was placed at a representative provincial capital or administrative
center: Cabadbaran City for Agusan del Norte, Prosperidad for Agusan del Sur, San Jose for Dinagat
Islands, Surigao City for Surigao del Norte, and Tandag City for Surigao del Sur. The corresponding
latitude and longitude values were retained in the project metadata and used in the spatial interpolation.
This period provides 45 annual observations for each province after converting the daily series into
annual maxima.

Let R, , 4 denote the observed daily precipitation for province p, year y, and day d. The annual

maximum daily precipitation series is defined as

vay = IélaX Rpa%da y= 19817 19827 te 72025 <29)
€y

The resulting series { X}, ,} is the basis for rainfall frequency analysis because return-period estimation

concerns the upper tail of annual extreme rainfall rather than ordinary daily rainfall behavior.

2.5. Candidate Models and Parameter Estimation. For each province, the PGWMCD was fitted
together with five benchmark distributions: the generalized extreme value (GEV), Weibull, Gamma,
Lognormal, and Log-Pearson Type IIl distributions. These models were selected because they are widely

used in hydrologic frequency analysis and provide natural comparators for assessing the practical

value of the PGWMCD [2,8,20,26,30].
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The parameters of all candidate distributions were estimated by numerical maximum likelihood

estimation. For a candidate model j with density f;(x;;), the log-likelihood based on the annual

maximum sample z1, z2, ...,z is
05(0;) = > log f;(:;0;), (2.10)
i=1
and the maximum likelihood estimator is
0; = arg max t;(85), (211)

where 2; denotes the admissible parameter space of model j [6]. Equivalently, the computation
was carried out by minimizing the negative log-likelihood. For the PGWMCD, the parameter vector
(o, B, \,v)T was estimated numerically subject to a > 0, 3 > 0, A > 0, and v > 0. For the Weibull,
Gamma, and Lognormal distributions, two-parameter positive-support versions were fitted with the
location fixed at zero. The GEV distribution was fitted as a three-parameter model, whereas the Log-
Pearson Type III distribution was fitted by applying a Pearson Type IIl model to Y = log;(X). Thus,
the reported parameter values are likelihood-based numerical estimates, not method-of-moments
estimates.

Let z(;) < w() < -+ < x(,) be the ordered annual maximum observations for a given province,
where n = 45. For a candidate model with fitted cumulative distribution function ﬁj, the empirical
plotting position assigned to z;) is

pot=05 1o (2.12)

n

The goodness of fit was primarily evaluated using the CDF-based root mean square error, a discrepancy
measure between the fitted distribution function and the empirical plotting positions. Similar numerical
fit measures are commonly used in rainfall frequency-model comparison [2,3,20]. Here, j indexes
the candidate distribution being evaluated; in this study, j ranges over the PGWMCD, GEV, Weibull,
Gamma, Lognormal, and Log-Pearson Type III models. Thus,

RMSE,; = [:l zn: [Fytag) - E}Q

=1

1/2
(2.13)

The preferred model for each province is the candidate distribution with the smallest value of RMSE;.
This criterion was used as the principal basis for model comparison because it directly measures
the discrepancy between the fitted distribution function and the empirical distribution of the annual
maxima. It is important to note that RMSE; was used only after numerical maximum likelihood
estimation; it was not used as the parameter-estimation objective.

The Anderson-Darling statistic was also computed as a goodness-of-fit diagnostic because it gives

relatively greater weight to tail behavior than many central-distribution measures. This is important
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in rainfall frequency analysis, where the upper tail controls return-level estimates [26,37]. Since the
parameters were estimated from the same data used for testing, bootstrap p-values were used to provide

a more appropriate reference distribution for the Anderson-Darling statistic.

2.6. Rainfall Return Levels and Spatial Mapping. After fitting the candidate distributions, rainfall
return levels were obtained from the fitted cumulative distribution functions. This quantile-based
definition is standard in rainfall frequency analysis and extreme-rainfall mapping [9, 10,30]. For a

return period 7', the return level x7 is defined as
~_ 1
xT:P‘1<L—T>, (2.14)

where F' is the fitted CDF of the selected distribution. Thus, 27 represents the annual maximum daily
rainfall level exceeded with probability 1/T" in any given year. In this study, F was taken from the
best-fitting model for each province according to the smallest CDF-based RMSE.

The estimated return levels were subsequently mapped over the real provincial boundaries of Caraga
to provide a spatial interpretation of rainfall hazard. The provincial estimates were assigned to their
representative geographic locations and interpolated to form continuous return-period rainfall surfaces,
consistent with the broader use of spatial rainfall estimation and return-level mapping in hydrologic
risk studies [9,10,14,27]. The resulting maps allow comparison of the magnitude and spatial pattern
of design rainfall across the five provinces and provide an applied visualization of how the fitted

probability models translate into regional rainfall-risk information.

3. MaIN Resutrrs

3.1. Theoretical Derivations. This subsection presents the theoretical development of the Power
Generalized Weibull Mixture of Chi-Square Distribution (PGWMCD). The construction follows directly
from the continuous mixture framework in Equation (2.1), where the mixing density is the power
generalized Weibull density in Equation (2.3) and the conditional density is the chi-square-type density
in Equation (2.5). The derivations establish the validity of the proposed distribution, obtain its raw
moments, and express its principal descriptive measures in terms of the model parameters. These
results provide the mathematical basis for the applied rainfall return-period analysis to be presented in

the succeeding subsection.

Definition 1. A nonnegative random variable X is said to follow the Power Generalized Weibull

Mixture of Chi-Square Distribution with parameter vector

O = (a, 8, \ )T, a>0 >0, A>0 v>0,
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if its probability density function is given by

frawmep (25, B, A, v) = / AaBO°1 (1 + X0*)P ! REEESY L
0
xu/2+9—1e—x/2

do
* w2+ 0) "

(3.1)
x> 0.

and fpawmep (73, 8, A, v) = 0 for x < 0.

The construction in Definition 1 is a direct specialization of the continuous mixture framework in
Equation (2.1). In particular, conditionally on © = 6, the random variable X has a Gamma-form
chi-square density with shape parameter /2 + 6 and scale parameter 2. Thus, the model preserves the
nonnegative support and right-skewed structure of the chi-square family while introducing additional

shape flexibility through the power generalized Weibull mixing distribution [18,33,36].

Theorem 1. The function fpawmen (2; @, 5, A, ) in Equation (3.1) is a valid probability density func-

tion.

Proof. For z > 0, the integrand in Equation (3.1) is nonnegative. This follows from o, 8, A\, v > 0,60 > 0,
and I'(v/2 + 6) > 0. Hence,

feawmen (z; o, B, A, v) > 0.
To verify normalization, integrate Equation (3.1) over the support of X. By Tonelli’s theorem for
nonnegative integrands,
pV/2+0-1,—z/2

/21T (/2 + 6)

/‘(ﬁ@wwwDﬁxaMiAJ0d$=1/ sﬂ&aﬁiA)l/ dar | b,
0 0 0

where g(8; o, 8, A) is the density in Equation (2.3). Using the Gamma integral in Equation (2.8), with

a=v/2+ 6 and p = 1/2, the inner integral equals one. Therefore,

| feowmon(asa Ay do = [ g(i0.8.0) d0 = 1.
0 0
Thus, frawwmcp satisfies both nonnegativity and normalization, and is therefore a valid probability

density function. O

Theorem 2. If X ~ PGWMCD(a, 3, A, ), then the r-th raw moment of X, for any positive integer r, is

po=2 [ (5+0) g6iap N s, (32)
0 \2 r

where (a), denotes the Pochhammer symbol and ¢(¢; «, 8, \) is given in Equation (2.3).

Proof. Conditionally on © = 6, X has Gamma shape v/2 + 6 and scale 2. Hence,

L'(5+6+r)

EX"|6=0)=2"
R R

(3.3)
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Using the identity in Equation (2.7), Equation (3.3) becomes

E(XT|@:0):2T<g+9)T.

Taking expectation with respect to the mixing density ¢(0; «, 5, \) yields

E(X") = E{E(X"|©)} = 2" /OOO (% + e)rg(e; a, B, )\ do,

which proves Equation (3.2). O

For compact notation, let
ms = E(©%), s=1,2,3,4, (3.4)

where © follows the power generalized Weibull distribution in Equation (2.3). By applying the
transformation y = (1 + A\0%)?, together with the generalized binomial expansion and the Gamma

integral in Equation (2.8), the moment m may be written as

o0

e B k(8] s —ak+ap
ms = 7 As, Ag=> (-1) (k)r<a6 ,1), (3.5)

k=0
for parameter values under which the series is convergent. Here, I'(a, z) denotes the upper incomplete

Gamma function.

Using Equation (3.2), the first four raw moments are obtained as follows:

py = v+ 2my, (3.6)
phy = 1% 4+ 2v + 4(v + 1)my + 4ma, (3.7)
phy = 3 + 602 + 8v 4 2(30% + 120 4 8)my + 12(v + 2)my + 8ms, (3.8)

phy = vt +120°% 4 440 + 480 + 8(v3 + 92 + 220 + 12)my
+ 8(31% + 181 4 22)my + 32(v + 3)ms + 16my. (3.9)

Substituting Equation (3.5) into Equations (3.6)—(3.9) gives the raw moments in terms of «, 3, A, v,

and the series coefficients A,. Define also

Ay = my —m?, (3.10)
A3 =m3z — 3mimso + 2m§’, (311)
Ay = my — dmims — 3m% + 12m%m2 — 6m411. (3.12)

Here, Ag, A3z, and Ay are the second, third, and fourth cumulant-type combinations of the mixing
variable expressed entirely through A;.
From Equation (3.6), the mean is

2e
w=v+2m :V+WA1. (3.13)
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Using Equation (3.7), the variance is

02 = 2u 4 4my + 40, (3.14)
or, equivalently,
0% =2v+ j/ Ay Xf/ (eds — e*A7) . (3.15)
The third central moment is
p3 = 8v + 16my + 24A9 + 8As3. (3.16)

In terms of A, Equation (3.16) becomes

w3 = 8v + %Al + )\2;/1 (eA2 — eQAQ)
)\38/ (eA3 — 324,45 + 2e3A3) (3.17)
The fourth central moment is
pg = 480 4 96my 4+ 176 A5 + 9675 4+ 16A4 + 302 (3.18)
Equivalently, substituting m, = eA™*/® A,
iy = 48v + %A + ;27/6 (eA2 - 62A2)
- Azf (eds — 3e* A1 Ap + 26 A})

Af (eAy — 4e® A1 A3 — 3e* A3 + 123 AT Ay — 6" A7) + 307 (3.19)

Therefore, the coefficient of skewness and the kurtosis coefficient are, respectively,
8v + 16m1 + 24A2 + 8A3
(2v 4 4my + 405)%/2

48v + 96mq + 176A5 + 96A3 + 16A4 + 30’
4
g

(3.20)

7=

fo =

(3.21)

The excess kurtosis is v, = 2 — 3. Thus, Equations (3.20)-(3.21) display the dependence of skewness
and kurtosis on the PGWMCD parameters through the A,-series terms.

Theorem 3. If X ~ PGWMCD(«, 3, \, v), then its cumulative distribution function is

e e} o v + 9’ T
Fx(x) = / ABIL(1 4 Age)BLel—(1a0)* ] (5 :) de, x>0, (3.22)
0

where 7(a, z) denotes the lower incomplete Gamma function.
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Proof. By definition,
FX(CU)Z/ frawmep (v, B, A, v) du.
0

Substituting Equation (3.1) and interchanging the order of integration yields

0 T uy/2+9—le—u/2
F = 0; A du| db.
X(x) /0 g( 7a767 ) A 2V/2+9F(V/2 _I_ 9) u

The inner integral is the Gamma cumulative distribution function with shape v /2 + 6 and scale 2, which
is
7(5+96.5)
r(5+0)

Substitution of this expression into the mixture integral gives Equation (3.22). O
3.2. Rainfall Return-Period Analysis. The empirical application translates the distributional develop-
ment of the PGWMCD into rainfall-frequency estimates for the five provinces of the Caraga Region. The
annual maximum daily rainfall series were constructed from the daily precipitation records according
to Equation (2.9), yielding n = 45 observations for each province from 1981 to 2025. Table 1 shows
that the annual maxima are positively skewed in all provinces, which supports the use of right-tailed
probability models for return-period estimation. Mean annual maximum daily rainfall ranged from
74.38 mm day ! in Agusan del Sur to 98.94 mm day ! in Agusan del Norte, whereas the largest
observed annual maximum ranged from 176.39 mm day ! in Agusan del Sur to 224.33 mm day ! in

Dinagat Islands and Surigao del Norte.

TasLE 1. Descriptive statistics of annual maximum daily rainfall in the Caraga Region,

1981-2025.
Province n  Minimum Mean SD Skewness Kurtosis Maximum
Agusan del Norte 45 4539 9894 3449 0.71 297 182.72
Agusan del Sur 45 33.14 7438 26.37 1.57 6.98 176.39
Dinagat Islands 45 44.00 9793 41.13 1.01 4.10 224.33
Surigao del Norte 45 4400 9793 41.13 1.01 4.10 224.33
Surigao del Sur 45 31.44 9628 41.83 1.01 4.09 221.58

The candidate distributions were first fitted by numerical maximum likelihood estimation according
to Equation (2.10) and Equation (2.11). The fitted models were then compared using the CDF-based
RMSE in Equation (2.13), where the empirical probabilities were assigned through the plotting-position
formula in Equation (2.12). Table 2 reports the numerical maximum likelihood estimates, Anderson-
Darling bootstrap goodness-of-fit results, and CDF-based RMSE values for all fitted candidate distri-
butions. The rows are arranged by province and then from the smallest to the largest RMSE within

each province; therefore, the bold row in each province block identifies the distribution selected for



Asia Pac. J. Math. 2026 13:143

13 of 21

return-level estimation. The Lognormal distribution produced the smallest RMSE for Agusan del Norte,

the Gamma distribution produced the smallest RMSE for Surigao del Sur, and the PGWMCD produced

the smallest RMSE for Agusan del Sur, Dinagat Islands, and Surigao del Norte. Thus, the proposed

distribution was selected in three of the five provinces under the principal model-comparison criterion.

For the three provinces in which the PGWMCD was preferred, the fitted CDF in Equation (3.22) was

used directly in the return-level calculation in Equation (2.14). For the remaining provinces, the fitted

CDF of the selected benchmark distribution was used.

TaBLE 2. Numerical maximum likelihood estimates, Anderson-Darling bootstrap test

results, and CDF-based RMSE values for all fitted candidate distributions.

Province Distribution RMSE AD statistic AD bootstrap p Parameter estimates

Agusan del Norte Lognormal 0.02495  0.21335 0.980 pLN = 4.53602, oy = 0.34351

Agusan del Norte Log-PearsonIII 0.02518  0.21467 0.980 ap,p3 = —0.00457, /b\LP3 = 1066.45, c,p3 = 6.84237
Agusan del Norte GEV 0.02537  0.22148 0.990 ficey = 83.4428, Gapy = 27.6386, Eapy = —0.02427
Agusan del Norte PGWMCD 0.02765  0.23858 0.980 & = 1.13086, B = 5.17746, A = 0.003517, U = 53.0787
Agusan del Norte Gamma 0.02917  0.26879 0.960 Qg = 8.71848, B\G = 0.08812

Agusan del Norte Weibull 0.04650  0.63388 0.647 aw = 110.740, EW = 3.08589

Agusan del Sur PGWMCD 0.02260  0.14058 0.995 & = 3.99372, B = 0.21890, A = 0.000214, T = 38.5588
Agusan del Sur ~ GEV 0.02340  0.14822 0.995 ficey = 62.4898, Gapy = 18.4410, £gpy = 0.06404
Agusan del Sur Log-Pearson III 0.02423  0.16040 0.990 ap,p3 = 0.01970, szg = 49.9088, c1,p3 = 0.86508
Agusan del Sur Lognormal 0.02947  0.22720 0.990 AN = 4.25565, oy = 0.32090

Agusan del Sur Gamma 0.04012  0.42032 0.856 ag = 9.50711, B\G =0.12782

Agusan del Sur ~ Weibull 0.06577  1.24630 0.284 Gw = 83.1973, Bw = 2.87205

Dinagat Islands PGWMCD 0.03486  0.31993 0.945 & = 0.82432, B = 50.0000, A = 0.000948, ¥ = 51.2607
Dinagat Islands Gamma 0.03773  0.45680 0.781 ag = 6.28579, BG = 0.06418

Dinagat Islands Lognormal 0.04044  0.44944 0.791 LN = 4.50264, o,y = 0.40307

Dinagat Islands Weibull 0.04153  0.64813 0.721 aw = 110.562, EW = 2.55038

Dinagat Islands Log-Pearson III 0.04507  0.50776 0.721 ar,p3 = 0.02883, szg = 37.3037, c,p3 = 0.87985
Dinagat Islands ~ GEV 0.04571  0.53130 0.692 fapv = 77.6920, Gapy = 29.1790, égrv = 0.11193
Surigao del Norte PGWMCD 0.03486  0.31993 0.905 & = 0.82432, B = 50.0000, A = 0.000948, ¥ = 51.2607
Surigao del Norte Gamma 0.03773  0.45680 0.746 ag = 6.28579, BG = 0.06418

Surigao del Norte Lognormal 0.04044  0.44944 0.756 AN = 4.50264, o,y = 0.40307

Surigao del Norte Weibull 0.04153  0.64813 0.662 aw = 110.562, BW = 2.55038

Surigao del Norte Log-Pearson III 0.04507  0.50776 0.786 ap,p3 = 0.02883, szg = 37.3037, c,p3 = 0.87985
Surigao del Norte GEV 0.04571  0.53130 0.711 AGEvV = 77.6920, 0gryv = 29.1790, EGEV =0.11193
Surigao del Sur Gamma 0.02962  0.27472 0.955 ag = 5.76194, BG = 0.05985

Surigao del Sur PGWMCD 0.03077  0.24906 0.980 & = 1.45143, B = 1.14408, X = 0.005360, U = 38.2879
Surigao del Sur Log-Pearson III 0.03128  0.25815 0.965 ap,p3 = —0.01068, /b\LP3 = 300.527, c,p3 = 5.15441
Surigao del Sur GEV 0.03264  0.27985 0.955 ficev = 76.9516, Gapv = 31.4076, Egrv = 0.03500
Surigao del Sur Lognormal 0.03317  0.27508 0.970 AN = 4.47797, opn = 0.42619

Surigao del Sur Weibull 0.04084  0.55601 0.662 Gw = 108.788, By = 2.46688

Note. AD = Anderson-Darling. Rows are sorted by RMSE within each province. The bold row in each province block indicates the model selected under the

CDF-based RMSE criterion in Equation (2.13). The AD statistic and bootstrap p-value are reported as supplementary goodness-of-fit diagnostics.
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The Anderson-Darling bootstrap diagnostics in Table 2 provide supporting evidence that the RMSE-
selected models are compatible with the annual maximum samples. All selected models yielded
bootstrap p-values above 0.90, suggesting that the fitted distributions do not exhibit strong distributional
conflict with the observed annual maxima under the bootstrap reference procedure. However, these
diagnostics are interpreted as complementary checks only. The final model choice follows the RMSE
criterion in Equation (2.13), because the objective of the application is to select the fitted CDF that most
closely agrees with the empirical distribution of annual maxima.

Methodologically, these results are consistent with rainfall-frequency studies showing that the best-
fitting probability law is often location-dependent and that no single distribution should be assumed
to be uniformly optimal across rainfall stations or regions [2,20,26]. The selection of different models
across the Caraga provinces therefore strengthens the case for a comparative fitting framework rather
than an a priori choice of one standard model. At the same time, the strong performance of the
PGWMCD in three provinces suggests that mixture-based flexibility can be useful when the annual
maximum series exhibits skewness and tail behavior that may not be fully captured by simpler two- or
three-parameter models. This interpretation agrees with broader rainfall-frequency practice, where
model adequacy is commonly evaluated through a combination of fitted-distribution comparison,
goodness-of-fit diagnostics, and hydrologic interpretability rather than through a single universal
distributional rule [8,30,37].

Figure 1 provides the corresponding visual comparison of the fitted PDFs against the empirical
histograms. The bars show the observed annual maximum rainfall values, whereas the curves show the
fitted density functions implied by the numerical MLEs in Table 2. In Agusan del Norte, the Lognormal,
Log-Pearson III, GEV, and PGWMCD curves are visually close over the central portion of the sample,
which is consistent with their similar RMSE values. In Agusan del Sur, Dinagat Islands, and Surigao
del Norte, the PGWMCD provides the smallest RMSE, whereas in Surigao del Sur the Gamma model
is preferred and the PGWMCD remains a close competitor. The fitted-density plots are interpreted as
graphical support only; the formal model ranking follows the CDF-based RMSE in Equation (2.13).
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Ficure 1. Histograms of annual maximum daily rainfall with fitted probability density

functions for the six candidate distributions.

Using the selected fitted distributions, rainfall return levels were computed from Equation (2.14) for
return periods of 2, 5, 10, 25, 50, and 100 years. The estimates in Table 3 increase monotonically with the
return period, as expected from the quantile definition. Agusan del Sur has the lowest estimated return
levels throughout the range of return periods, increasing from 69.08 mm day ! for the 2-year event to

163.41 mm day ! for the 100-year event. The largest 100-year estimates occur in Dinagat Islands and
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Surigao del Norte, both equal to 218.57 mm day !, followed by Surigao del Sur at 213.12 mm day !
and Agusan del Norte at 207.50 mm day !. In the processed NASA POWER extraction, Dinagat Islands
and Surigao del Norte produced identical annual maximum series; consequently, their selected model,

fitted parameters, and return-level estimates are also identical.

TaBLE 3. Estimated rainfall return levels from the RMSE-selected model for each

province.
Province Selected model 2-year 5-year 10-year 25-year 50-year 100-year
Agusan del Norte Lognormal 9332 12460 14493 17027  188.95 207.50
Agusan del Sur PGWMCD 69.08 9117 107.33  129.18 146.13 163.41
Dinagat Islands PGWMCD 88.78 130.36  155.62  183.67  202.03 218.57
Surigao del Norte PGWMCD 88.78 130.36  155.62  183.67  202.03 218.57
Surigao del Sur Gamma 90.77 12742 14992  176.57  195.27 213.12

Note. Values are in mm day_l. The selected model is the fitted distribution with the smallest CDF-based RMSE in
Equation (2.13).

The spatial interpolation in Figure 2 provides a geographic synthesis of the province-level frequency
estimates. The plotted surfaces represent estimated return levels in mm day ! and were generated from
the five representative NASA POWER points described in Subsection 2.4. For shorter return periods,
the estimated design rainfall is relatively moderate over the region, with lower values centered around
Agusan del Sur. As the return period increases, the return-level surface intensifies, especially over the
northern and eastern portions of Caraga. The 50-year and 100-year panels show higher return-level
rainfall over Dinagat Islands, Surigao del Norte, and Surigao del Sur than over the interior Agusan del
Sur point. This spatial pattern is consistent with the fitted return-level estimates in Table 3 and suggests
that the coastal and island provinces may require greater attention in design-rainfall and rainfall-risk
interpretation.

The mapping component also has an important methodological implication. Previous spatial studies
of extreme precipitation emphasize that return-level mapping is valuable because fitted quantiles are
easier to interpret for planning and risk communication than distributional parameters alone [9,10,27].
In the present application, the map serves this same interpretive role by converting the RMSE-selected
fitted CDFs into province-level design-rainfall surfaces. However, unlike fully spatial extreme-value
models, the present map is an interpolated visualization from five representative provincial points.
Hence, its contribution is primarily comparative and regional: it identifies relative spatial contrasts in
estimated return levels across Caraga, while more densely distributed gauges or gridded validation

data would be required for site-specific engineering design.
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FiGure 2. Spatial map of estimated rainfall return levels in the Caraga Region based
on the RMSE-selected model for each province. Values are expressed in mm day .
Province labels indicate Agusan del Norte (ADN), Agusan del Sur (ADS), Dinagat
Islands (DI), Surigao del Norte (SDN), and Surigao del Sur (SDS).

The return-period results should be interpreted as model-based estimates rather than direct observa-
tions. Because return levels are fitted quantiles, they depend on both the selected distribution and the
available 45-year annual maximum record. The use of the RMSE criterion favors overall CDF agreement
with empirical plotting positions, whereas very long return periods are governed by upper-tail behavior.
Therefore, the 50-year and 100-year estimates should be read as extrapolations from the fitted models.
Similarly, the mapped surfaces summarize spatial variation from five representative provincial points
and should be treated as regional-scale visualizations rather than site-specific engineering design
values. Within these limitations, the application demonstrates that the PGWMCD can be connected to

an operational rainfall-frequency workflow: it can be fitted to annual maximum daily precipitation,
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compared against established hydrologic distributions using Equation (2.13), and converted through

Equation (2.14) into interpretable return-period rainfall maps.

4. CONCLUSION

This article developed and applied the Power Generalized Weibull Mixture of Chi-Square Distribution
(PGWMCD) as a flexible model for nonnegative and right-skewed data, with particular emphasis on
annual maximum daily rainfall. The theoretical component defined the PGWMCD in Definition 1
through the continuous mixture construction in Equation (2.1), combining the power generalized
Weibull mixing density in Equation (2.3) with the chi-square-type conditional density in Equation (2.5).
The resulting density in Equation (3.1) was shown in Theorem 1 to be a valid probability density
function, while the raw moment representation and cumulative distribution function were derived
in Theorem 2 and Theorem 3, respectively. These results demonstrate that the proposed model has a
coherent probabilistic foundation and that its distributional shape is governed jointly by the chi-square
component and the power generalized Weibull mixing mechanism.

The empirical component connected these theoretical results to rainfall return-period analysis for the
five provinces of the Caraga Region using annual maximum daily precipitation from 1981 to 2025. The
PGWMCD was fitted together with the GEV, Weibull, Gamma, Lognormal, and Log-Pearson Type III
distributions through numerical maximum likelihood estimation as described in Equation (2.10) and
Equation (2.11). Model comparison was based principally on the CDF-based RMSE in Equation (2.13),
with Anderson-Darling bootstrap diagnostics used as supplementary goodness-of-fit evidence. The
results showed that the PGWMCD achieved the smallest RMSE in Agusan del Sur, Dinagat Islands,
and Surigao del Norte, whereas the Lognormal model was preferred in Agusan del Norte and the
Gamma model was preferred in Surigao del Sur. Hence, the proposed distribution was not uniformly
dominant, but it performed competitively and was selected in three of the five provincial applications.

The return-period analysis further illustrated the practical value of the fitted models. Using the
quantile relationship in Equation (2.14), the RMSE-selected distributions were converted into 2-, 5-,
10-, 25-, 50-, and 100-year rainfall return levels. The estimated return levels increased monotonically
with return period, as expected, and revealed clear spatial contrasts across the region. Agusan del Sur
consistently produced the lowest estimated return levels, whereas Dinagat Islands and Surigao del
Norte produced the largest 100-year estimates. The spatial map of return-period rainfall translated these
fitted quantiles into an interpretable regional surface, indicating greater design-rainfall magnitudes
over the northern and eastern portions of Caraga than over the interior Agusan del Sur point.

These findings have two main implications. First, the derivations show that the PGWMCD extends
the chi-square mixture framework in a mathematically tractable way, while allowing additional flexi-

bility in skewness and tail behavior through the mixing distribution. Second, the rainfall application
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shows that a newly proposed distribution can be evaluated within a complete hydrologic workflow:
construction of annual maxima, numerical likelihood-based estimation, RMSE-based model compar-
ison, supplementary goodness-of-fit checking, return-level computation, and spatial visualization.
This integration is important because distributional flexibility alone is insufficient for applied rainfall-
frequency work; the fitted model must also provide empirical agreement with observed annual maxima
and yield interpretable return-period estimates.

Several limitations should be acknowledged. The rainfall application used a 45-year annual maximum
record for each province, so the 50-year and 100-year return levels necessarily involve upper-tail
extrapolation beyond much of the observed record. The mapped return-period surfaces were also
generated from five representative provincial estimates and should therefore be interpreted as regional-
scale visualizations rather than site-specific engineering design values. In addition, the identical
processed annual maximum series for Dinagat Islands and Surigao del Norte led to identical fitted
parameters and return-level estimates for these two provinces. Future work may extend the analysis by
incorporating additional ground-station observations, quantifying return-level uncertainty through
bootstrap or Bayesian procedures, comparing the PGWMCD under alternative estimation criteria, and
embedding the model within a fully spatial extreme-value framework. Within these qualifications, the
results support the PGWMCD as a theoretically valid and empirically useful candidate distribution for

rainfall return-period modeling and related applications involving nonnegative skewed extremes.
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